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Abstract

In this paper, we are interested in the following biharmonic equation:

∆2u = u
n

n−4 in Ω \ Σ

with Navier boundary conditions on ∂Ω; where Ω is an open bounded domain of

Rn, with n ≥ 5, having a smooth boundary, and Σ ⊂ Ω is either a set of finite

number of points of Ω or a smooth closed submanifold of Ω without boundary.

We construct positive solutions to this problem which are singular at Σ.

2000 Mathematics Subject Classification. 35J60, 35A20, 35A25, 35A35, 35B40.
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1 Introduction and Main results

In this paper, we are interested in the biharmonic problem

∆2u = up in Ω, n ≥ 5, (1.1)
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thankful to Dong Ye for bringing [29] to her attention and for useful comments.
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where Ω is an open bounded subset of Rn and p = n
n−4 . This problem is the

equivalent of fourth order to the second order elliptic problem

−∆u = up in Ω ⊂ Rn, n ≥ 3, (1.2)

with p = n
n−2 , which has been extensively studied in the past thirty years. This

equivalence must be understood in the sense that we have similar properties of
existence of singular solutions. More precisely, both exponents (p = n

n−4 for the
biharmonic problem (1.1) and p = n

n−2 for the second order elliptic problem (1.2))
are the lowest ones for which we can find positive singular solutions to the corre-
sponding problem.

We recall that the singular set of a function u defined in some domain Ω is
defined to be the complement of the set of points in the neighborhood of which u
is bounded and consequently is C∞. Observe that, by definition, the singular set is
closed.

The study of positive weak solutions to the problem (1.2), with n
n−2 < p having

a singular set Σ which is either a set of points or a smooth submanifold of Ω with
or without boundary interested many authors. The interested reader may refer to
[3], [4], [6], [7], [8], [9], [13], [16], [17], [19], [20], [22], [23], [24], [25], [26], [27] for
some important contributions in this direction.

For the case p = n
n−2 , P. Aviles [1], in 1983, studied the asymptotic behavior

near an isolated singularity of (1.2). Concerning the existence of weak solutions
which are singular at finitely many points, F. Pacard, in [18] and [21], considered
the problem

{ −∆u = u
n

n−2 in Ω
u = 0 on ∂Ω,

(1.3)

and proved the existence of infinitely many positive weak solutions of (1.3) having
a prescribed singular set.

The existence and the local behavior of positive singular solutions to polyhar-
monic (and in particular biharmonic) equations interested several authors not only
for the study itself but also because higher order equations can be considered as
the simplest examples of semilinear elliptic systems (cf. [10]). Many results were
obtained by several authors. We refer in particular to [2], [5], [11], [12], [15] and
[29]. In the following, we give more details on the results obtained in [5] and [29].

In 1997, R. Soranzo [29], studied the local behavior of singular solutions of the
biharmonic equation

∆2u =‖ x ‖σ up with u ≥ 0, −∆u ≥ 0 in Ω \ {0} ⊂ RN , (1.4)

where N ≥ 4, Ω = B(0, R) is a ball centered at the origin of radius R > 0,
−4 < σ ≤ 0 and p > 1. He gave a complete description of the singularity and an
existence result when 1 < p < N+σ

N−4 , −4 < σ ≤ 0, for N > 4, or 1 < p < +∞, for
N = 4. He also gave an a priori estimate of the radially symmetric solutions for
p ≥ N+σ

N−4 , −4 < σ ≤ 0, N > 4. More Precisely, setting u(r) a radial solution to
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(1.4), he proved that the upper bound of u for r small is given by




u(r) ≤ C

r
4+σ
p−1

for p > N+σ
N−4 , and

u(r) ≤ C

rN−4(− log r)
N−4
4+σ

for p = N+σ
N−4 ,

(1.5)

where C = C(N, p, σ) is a positive constant depending on N , p and σ but indepen-
dent of u. Later, G. Caristi, E. Mitidieri and R. Soranzo [5] studied the existence
and non existence as well as the local behavior of positive solutions u ∈ Ck(Ω \ {0})
of the polyharmonic equation

{
(−∆)ku =‖ x ‖σ |u|p−1u in Ω \ {0},
u ≥ 0, −∆u ≥ 0, · · · , (−∆)k−1u ≥ 0 in Ω \ {0},

(1.6)

where Ω = B(0, R) ⊂ Rn is a ball centered at the origin of radius R > 0, k ≥ 2,
n ≥ 2k and −2k < σ ≤ 0, p > 1. They also proved the existence of positive singular
solutions of (1.6) for the Navier problem. Their proof is based on the method of
upper and lower solutions and on the Schauder fixed point theorem.

Concerning the biharmonic problem (1.1), when the exponent p is equal to pc =
n+4
n−4 , the critical Sobolev exponent of the embedding H2(Ω) ∩ H0

1 (Ω) ↪→ Lp+1(Ω)
(with Ω ⊂ Rn), S. Baraket and S. Rebhi in [2] constructed dipole type singular
solutions. These solutions give rise to complete metrics on the complement of
finitely many points of Sn whose Q-curvature is constant.

In this paper, we are concerned with the problem (1.1) with p = n
n−4 . This

exponent has the particularity to be the lowest exponent for which we can find
singular positive solutions to (1.1). It corresponds also to the critical exponent (in
the sense of the Sobolev’s embedding theorem) for the biharmonic problem with
Navier boundary condition in dimension n− 1.
In our study, we focus on questions similar in spirit to those addressed in [1], [18]
and [21] for the problem (1.2) and to those addressed in [23] for the problem (1.2)
for p greater and close to n

n−2 . More precisely, we prove the following theorems:

Theorem 1.1 Let Ω be an open bounded subset of Rn with n ≥ 5, having a smooth
boundary, Σ a finite set of points such that Σ ⊂ Ω. The problem





∆2u = u
n

n−4 in Ω \ Σ
u > 0 in Ω
u = 0 on ∂Ω

∆u = 0 on ∂Ω

(1.7)

has a weak solution having a singular set equal to Σ.

This theorem is very useful in the construction of positive weak solutions to (1.7)
where Σ is a submanifold of Ω with a boundary. We refer to [28] for more details.

The second result in this paper concerns the construction of a positive weak
solution whose singular set is a smooth submanifold of Ω without boundary. This
is stated as follows:
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Theorem 1.2 Let Ω be an open bounded subset of Rn+k having a smooth boundary,
n ≥ 5, Σk a k-dimensional smooth submanifold of Ω without boundary. Then, the
problem

{
∆2u = u

n
n−4 in Ω \ Σk

∆u = u = 0 on ∂Ω
(1.8)

has a positive weak solution singular at Σk.

The proofs of Theorem 1.1 and Theorem 1.2 are similar in spirit to the ones in
[23], [24] and [25] concerning the second order elliptic problem. We first construct
a radial solution to the problem

∆2u = u
n

n−4 in Rn \ {0} (1.9)

which is singular at the origin. This construction is the main point in the proof
of both Theorems 1.1 and 1.2. The particular exponent we consider in this paper,
namely n

n−4 , does not allow to have a radial singular solution which is homogenous.
More precisely, if we look for a radial solution to (1.9) of the form u(x) ≡ u(‖ x ‖)
= c0 ‖ x ‖− 4

p−1 with p = n
n−4 , we get c0 = 0. This is due to the particular value of

p. We therefore are led to find solutions of the form u(x) =‖ x ‖4−n v(− log ‖ x ‖)
and in this case, we find that v satisfies an autonomous fourth order ordinary dif-
ferential equation. Setting v = c(− log(‖ x ‖) 4−n

4 (1 + w) where w is a lower order
term, we get another fourth order ODE satisfied by w. We notice that it does not
seem possible to integrate completely the ODE satisfied by w; because to solve it,
we have to find two quantities preserved along trajectories of the fourth order ODE
obtained. In fact, beside the Hamiltonian energy, it does not seem possible to ob-
tain other quantities which are preserved along trajectories of the ODE satisfied by
w. The key point to solve this fourth order ODE is to use a finite iteration scheme
to construct a good approximate solution to the radial problem.

The next step in finding a singular solution of the main problem is the construc-
tion of approximate solutions using the radial solution obtained previously. Then,
after defining the appropriate functional spaces, we linearize the equation near this
latter approximate solution yielding a solution to our problem by the Schauder fixed
point Theorem (cf. [14]).

The paper is organized as follows: in Section 2, we construct a radial solution
to the problem (1.9). In Section 3, we prove Theorem 1.1 while the last section is
devoted to the proof of Theorem 1.2.

2 Construction of a radial solution to the problem

We notice that through all this section, c will denote a positive constant. In this
section we construct radial solutions to the problem (1.9). The result is given by
the following proposition
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Proposition 2.1 The equation

∆2u = u
n

n−4 in Rn \ {0}

has a radial solution which is singular at the origin and is given by

u(x) =‖ x ‖4−n v(− log ‖ x ‖) (2.1)

with v(t) = ct
4−n

4 (1 + o(1)) as t tends to +∞.

Proof. To prove Proposition 2.1, we need first to expand the Bilaplace operator in
spherical coordinates. We then write the equation satisfied by a radial solution u
expressed as in (2.1). This gives an equation satisfied by v. To solve this equation,
knowing that the upper bound of v is given by (1.5), we search for v of the form
v = ct

4−n
4 (1 + w). This yields another equation satisfied by w. To solve it, we

introduce some operators and some appropriate functional spaces. Then, we write
the equation in w in two different forms. We first construct a sequence wj using
an iterative scheme in order to improve the estimates for the error term, we then
perturb w setting w = wj + ν and find the equation satisfied by ν. After further
calculations and approximations, we prove the existence of ν by a Schauder fixed
point argument (cf. [14]) which will give us a radial solution to the problem (1.9).

Expanding the bilaplace operator on Rn in spherical coordinates, we get for u
radial:

∆2u =
d4u

dr4
+

2(n− 1)
r

d3u

dr3
+

(n− 1)(n− 3)
r2

d2u

dr2
+

(n− 1)(3− n)
r3

du

dr
. (2.2)

Replacing u by its expression (2.1) and setting t = − log(‖ x ‖), we get the following
differential equation satisfied by v

v(4) + a3v
(3) + a2v

(2) + a1v
(1) + a0v = v

n
n−4 (2.3)

where 



a3 = 2(n− 4),
a2 = n2 − 10n + 20,
a1 = 2(n− 4)(2− n),
a0 = 0

and v(1), v(2), v(3), v(4) are respectively the first, second, third and fourth t-
derivatives of v. Thanks to the result of R. Soranzo [29], replacing σ by zero in
the estimates (1.5), we know that we have following upper bound for v for big
values of t:

v(t) ≤ Ct
4−n

4 ,

where C depends on n. In view of this upper bound, let us find v a solution to (2.3)
of the form

v = ct
4−n

4 (1 + w) with t ≥ t0 ≥ 2, and c
4

n−4 =
1
2
(n− 4)2(n− 2), (2.4)
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with w a lower order term. Then w satisfies

w(4) + a3w
(3) + a2w

(2) + a1

(
w(1) +

w

t

)
=

1
t2

c1(t) +
w(t)
t2

c2(t) +
1
t
Q(w) +

c3(t)
t

w(3) +
c4(t)

t
w(2) +

c5(t)
t

w(1)

(2.5)

where the coefficients ci(t) are uniformally bounded in t ≥ 2 for every i ∈ {1, · · · , 5}
and Q(w) = a1

4−n
4

(
| 1 + w | n

n−4 −1− n
n−4w

)
.

To solve the equation (2.5), we need to choose a suitable functional space

Notations:

Let Ck
p ([T, +∞)) denote the Fréchet space of Ck([T, +∞)) functions w satisfying

[w]j,p < +∞ for all j ≤ k, where [·]j,p are the semi-norms defined by

[w]j,p = sup
t≥T

| tpw(j)(t) | (2.6)

with p, j and k in N.
Let Bk

p ([T, +∞)) be the closed unit ball of Ck
p ([T, +∞)) and denote by ‖ · ‖Bk

p

the norm defined by

‖ w ‖Bk
p
=

∑

0≤j≤k

[w]j,p. (2.7)

We let C∞p ([T, +∞)) be the Fréchet space of C∞([T, +∞)) functions w satisfying
[w]k,p < +∞ for all k.

We will proceed with the proof in two steps.

2.1 Step 1: Finite iteration scheme

We write the equation (2.5) as

D(w) =
1
t2

c1(t) + E(w) +
1
t
Q(w), (2.8)

where the operators D and E are defined by

D(w) = a1

(
w(1) +

w

t

)
, (2.9)

and
E(w) =

1
t

(
c3(t)w(3) + c4(t)w(2) + c5(t)w(1)

)

+c2(t)
w

t2
− w(4) − a3w

(3) − a2w
(2).

(2.10)

Defining the operator G as follows:
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• if f ∈ C0
p([T,∞)) with p > 2, then | f(t) |≤ c

tp
where c is a positive

constant. Therefore G(f)(t) =
−1
t

∫ +∞

t

sf(s)ds. In this case, we have

| G(f)(t) |≤ c
p−2 t1−p.

• if f ∈ C0
2 ([T,∞)), then | f(t) |≤ c

t2
where c is a positive constant. Therefore

G(f)(t) =
1
t

∫ t

T

sf(s)ds. In this case, we get | G(f)(t) |≤ c log t

t
for all

t ≥ T > 2.

we notice that G is a right inverse of the operator D/a1 and we have the following
result:

Lemma 2.1 Let T > 2 be a fixed real. The operator G : C∞q ([T, +∞)) −→
C∞q−1([T,+∞)) is a bounded operator for q > 2.

Proof. We remark that for f ∈ C∞q ([T,+∞))

[Gf ]0,q−1 ≤ 1
q − 2

[f ]0,q

and for k ≥ 1

[Gf ]k,q−1 ≤
k−1∑
m=0

αm[f ]m,q.

We prove this last inequality by induction on k using the following inequality for
k ≥ 1

[Gf ]k,q−1 ≤
k−1∑
m=0

m!Ck−1
m [Gf ]m,q−1 + [f ]k−1,q.

¥
Moreover, we notice that the operator E has the following property:

Lemma 2.2 Let T > 2 be a fixed real. The operator E : C∞p ([T, +∞)) −→
C∞p+2([T, +∞)) is a continuous operator.

Proof. This result is due to the fact that

[E(w)]k,p+2 ≤ C
∑

i∈I

[w]ki,p

where I is a finite set. ¥

Taking w ∈ C∞p ([T, +∞)), we find that | 1
t2 c1(t)+E(w)+ 1

t Q(w)| ≤ Ct−2 and we
cannot use the fixed point theorem to find a solution to (2.8). We need to ameliorate
w. For that we need to do some iterations. We introduce the sequence (wm)m≥0

satisfying
w0(t) = 0, for all t ≥ T,
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and for all m ≥ 0,

Dwm+1(t) =
1
t2

c1(t) + E(wm(t)) +
1
t
Q(wm(t)).

We remark that w1 satisfies Dw1(t) =
1
t2

c1(t) ∈ C∞2 ([T, +∞)). Therefore, by the
definition of G, we get

w1 ∈ C∞p0
([T, +∞)) with 0 < p0 < 1, (2.11)

and by iteration on m, we have the following result:

Corollary 2.1 For all m ≥ 2, wm ∈ C∞p0
([T, +∞)) and the error term satisfies

∣∣∣∣Dwm(t)−
( 1

t2
c1(t) + E(wm(t)) +

1
t
Q(wm(t))

)∣∣∣∣ ∈ C∞m+2p0
([T, +∞)). (2.12)

Proof. Knowing that for all m ≥ 1,

wm+1(t) = w1(t) + G ◦ E(wm(t)) + G
(1

t
Q(wm(t))

)
,

we get

wm+1(t)− wm(t) = G ◦ E(wm(t)− wm−1(t)) + G
(1

t

[
Q(wm(t))−Q(wm−1(t))

])
.

It is easy to see that for all m ≥ 1, we have wm ∈ C∞p0
([T, +∞)) and wm − wm−1 ∈

C∞p0+m−1([T, +∞)). We also remark that if w ∈ C∞k ([T, +∞)) and v ∈ C∞q ([T, +∞))
then Q(w + v)−Q(w) ∈ C∞k+q([T, +∞)). The result of the corollary follows easily.¥

2.2 Step 2: The linear problem

We now rewrite the equation (2.5) satisfied by w in the following way

L(w) =
1
t2

c1(t) + Ẽ(w) +
1
t
Q(w), (2.13)

where the operators L and Ẽ are defined by

L(w) = w(4) + a3w
(3) + a2w

(2) + a1w
(1), (2.14)

and

Ẽ(w) =
1
t

(
c3(t)w(3) + c4(t)w(2) + c5(t)w(1)

)
+ c2(t)

w

t2
− a1

w

t
. (2.15)

We now perturb wm, setting w = wm + ν, and get the following equation satisfied
by ν:

L(ν) = Rm + Ẽ(ν) +
1
t
[Q(wm + ν)−Q(wm)], (2.16)



Weak solutions of a biharmonic equation 727

where

Rm = Ẽ(wm − wm−1) +
1
t
[Q(wm)−Q(wm−1)]

−[wm − wm−1](4) − a3[wm − wm−1](3) − a2[wm − wm−1](2).

We notice that Rm ∈ C∞m+2p0
([T,+∞)) and that the operator L goes from

B4
p−1([T, +∞)) to B0

p([T, +∞)).

We remark that the resolution of the equation (2.5) is finally reduced to the reso-
lution of the equation (2.16). To study this last equation, we will first study the
equation

L(w) = w(4) + a3w
(3) + a2w

(2) + a1w
(1) = f. (2.17)

It is equivalent to the equation

W (1) = AW + F (2.18)

with W =




w(1)

w(2)

w(3)


 , A =




0 1 0
0 0 1
−a1 −a2 −a3


 and F =




0
0
f


 .

Proposition 2.2 The solution to the equation (2.18) is given by W =

1
(λ2 − λ1)(λ3 − λ1)(λ3 − λ2)




(λ3 − λ2)I1 − (λ3 − λ1)I2 + (λ2 − λ1)I3

(λ3 − λ2)λ1I1 − (λ3 − λ1)λ2I2 + (λ2 − λ1)λ3I3

(λ3 − λ2)λ2
1I1 − (λ3 − λ1)λ2

2I2 + (λ2 − λ1)λ2
3I3




(2.19)
where, the reals λi with i = 1, 2, 3, are the eigenvalues of the matrix A and for
every t ∈ [T, +∞),





I1(t) = −eλ1t

∫ +∞

t

e−sλ1f(s)ds,

Ii(t) = etλi

∫ t

T

e−sλif(s)ds, for every i ∈ {2, 3}.

Moreover, if | f(t) |≤ 1
tp

and T ≥ 2p

min
i=1,2,3

| λi | , we have

∀t ∈ [T, +∞[, ‖ W (t) ‖≤ 2
(p)( min

i=1,2,3
| λi |) t1−p. (2.20)
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Proof. Studying the matrix A, we find that it has three distinct eigenvalues λ1, λ2

and λ3 which are solutions of the equation

λ3 + a3λ
2 + a2λ + a1 = 0.

We notice that since we have

λ1 + λ2 + λ3 = −a3 = −2(n− 4) < 0 and λ1λ2λ3 = −a1 = 2(n− 4)(n− 2) > 0,

necessarily two of the three eigenvalues are negative and one of them is positive.
Set

λ1 > 0, λ2 < 0 and λ3 < 0. (2.21)

A solution to the equation (2.18) is a primitive of e(t−θ)AF (θ). In order to sim-
plify the calculus, we have to consider the spectral decomposition of the matrix A
introducing the diagonal matrix Λ and the matrix P given by

Λ =




λ1 0 0
0 λ2 0
0 0 λ3


 and P =




1 1 1
λ1 λ2 λ3

λ2
1 λ2

2 λ2
3


 . (2.22)

With these notations, we have Λ = P−1AP which implies that etA = PetΛP−1.
Solving the equation (2.18), we then get the solution given in the equation (2.19).
We then deduce, if f satisfies | f(t) |≤ 1

tp , that the expression of Ii is given by

• I1(t) = −eλ1t

∫ +∞

t

e−sλ1f(s)ds. In this case we have

∣∣∣∣eλ1t

∫ +∞

t

e−sλ1f(s)ds

∣∣∣∣ ≤ eλ1t

∫ +∞

t

e−sλ1
1
sp

ds ≤ 1
λ1

t−p.

• if i ∈ {2, 3}, we have Ii(t) = eλit

∫ t

T

e−sλif(s)ds and in this case we have for

t ≥ T ≥ 2p

min
i=1,2,3

| λi | ,

∣∣∣∣eλit

∫ t

T

e−sλif(s)ds

∣∣∣∣ ≤ eλit

∫ t

T

e−sλi
1
sp

ds ≤ 2
| λi | t

−p.

This implies that ∀i ∈ {1, 2, 3}, Ii ≤ 2
| λi | t

−p ≤ 2
min

i=1,2,3
| λi | t

−p. Using the ex-

pression of the components of W given in the equation (2.19) and the fact that
t ≥ T ≥ 2p

min
i=1,2,3

| λi | , we get the inequality (2.20). ¥

Thanks to this proposition, we can construct an inverse of the operator L. The
result is given by:
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Proposition 2.3 If p is very large, for all T ≥ cp, the operator L defined by

L(w) = w(4) + a3w
(3) + a2w

(2) + a1w
(1) = f

has an inverse denoted by G and we have the following estimation of the norm of
G(f) = w:

‖ w ‖B4
p−1([T,+∞))≤ C(

1
p− 1

+
1
T

) ‖ f ‖B0
p([T,+∞))≤

C

p− 1
‖ f ‖B0

p([T,+∞)) (2.23)

where C is a constant.

Proof. Using the expressions of Wi for i ∈ {1, 2, 3}, noticing that Wi = w(i) for
i ∈ {1, 2, 3} and knowing that we have

| I1 | ≤ 1
p− 1

t1−p ‖ f ‖B0
p([T,+∞))

| Ii | ≤ 1
p− 1

(t1−p − T 1−p) ‖ f ‖B0
p([T,+∞)) for i = 2, 3,

we get the following estimates for i ∈ {1, 2, 3}

| tp−1w(i)(t) | ≤ 1
p− 1

‖ f ‖B0
p

[ | λ1 |i−1

| λ2 − λ1 || λ3 − λ1 |

+
(

(
t

T
)p−1 − 1

)( | λ2 |i−1

| λ2 − λ1 || λ3 − λ2 | +
| λ3 |i−1

| λ3 − λ1 || λ3 − λ2 |
)]

.

As we have w(4) = f − a1w
(1) − a2w

(2) − a3w
(3), we get

| tp−1w(4)(t) | ≤ tp−1 | f(t) | +
3∑

i=1

| ai || tp−1w(i) |

≤ 1
t
‖ f ‖B0

p
+

1
p− 1

‖ f ‖B0
p

( 3∑

i=1

| ai | Si(t)
)

≤ 1
T
‖ f ‖B0

p
+

1
p− 1

‖ f ‖B0
p

( 3∑

i=1

| ai | Si(t)
)
,

where, for i ∈ {1, 2, 3},

Si(t) =
| λ1 |i−1

| λ2 − λ1 || λ3 − λ1 |

+
(

(
t

T
)p−1 − 1

)( | λ2 |i−1

| λ2 − λ1 || λ3 − λ2 | +
| λ3 |i−1

| λ3 − λ1 || λ3 − λ2 |
)

.

We also have, using the fact that w(t) =
∫ t

T

w(1)(s)ds + w(T ),

| tp−1w(t) |≤ tp−1

(∫ t

T

| sp−1w′(s) | s1−pds+ | w(T ) |
)

.
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We then use the estimates on | sp−1w′(s) | obtained previously and the fact that

t ≥ T ≥ 2p

min
i=1,2,3

| λi | . After straightforward computations we finally get

‖ w ‖B4
p−1

=
4∑

i=0

sup
t≥T

| tp−1w(i)(t) |≤ C(
1

p− 1
+

1
T

) ‖ f ‖B0
p([T,+∞))

≤ C

p− 1
‖ f ‖B0

p([T,+∞)) .

¥

2.3 End of the proof of Proposition 2.1

We now return to the construction of the radial solution to the problem. Recall
that we study the equation (2.16) given by

L(ν) = Rm + Ẽ(ν) +
1
t

(
Q(wm + ν)−Q(wm)

)
.

Defining the operator G̃ as follows

G̃(ν) = G
(

Rm + Ẽ(ν) +
1
t

(
Q(wm + ν)−Q(wm)

))
,

a solution to (2.16) is a fixed point of G̃. We will prove in the following that G̃ is
a contraction from B4

q ([T, +∞)) into itself, where q will be fixed later. It is easy

to see that, taking ν ∈ B4
q ([T, +∞)), we have

ν

t
∈ B4

q+1 and applying G, we get

G(
ν

t
) ∈ B4

q . We also have the following estimates:

‖ G(
ν

t
) ‖B4

q
≤ c

q
‖ ν

t
‖B0

q
≤ c

q
‖ ν ‖B4

q
,

with c independent of T . Moreover, choosing q > 2 and then taking m ≥ 2 such
that q + 1 < m + 2p0, where p0 is defined in (2.11), we have

‖ G(Rm) ‖B0
q+1
≤ CT q+1−m−2p0 ,

‖ G(Ẽ(ν)) ‖B4
q
≤ c

q
‖ Ẽ(ν) ‖B0

q+1
≤ c

q
‖ ν ‖B4

q

and

‖ G
(

1
t
[Q(wm + ν)−Q(wm)]

)
‖B4

q
≤ c

q
‖ 1

t
(Q(wm + ν)−Q(wm)) ‖B0

q+1

≤ c

q
‖ Q(wm + ν)−Q(wm) ‖B0

q

≤ c

q
(T−q + T−1).
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If we take ν satisfying ‖ ν ‖B4
q
≤ 1, knowing that

G̃(ν) = G
(
Rm + Ẽ(ν) +

1
t
[Q(wm + ν)−Q(wm)]

)
,

we get
‖ G̃(ν) ‖B4

q
≤ cT q+1−m−2p0 +

c

q
+

c

q
(T−q + T−1).

The term on the right is very small and less than 1 if we choose q >> 2, and
T >> 1. We will first choose q >> 2, then fix m ≥ 2 such that q +1 < m+2p0 and

choose T such that T ≥ 2q

min
i=1,2,3

| λi | (as obtained in Proposition 2.3). This implies

that G̃ maps B4
q ([T, +∞)) into itself.

Finally, we easily prove that, considering the variables q, T and m chosen pre-
viously, G̃ is a contraction from B4

q into itself. Therefore, thanks to the Schauder
fixed point Theorem, we deduce that there exists a fixed point ν of G̃ in B4

q . Thanks
to the estimates we have, we can verify that w = ν+wm tends to 0 when t → +∞. ¥

3 Proof of Theorem 1.1

Our aim in this section is the construction of a weak solution of the problem




∆2u = u
n

n−4 in Ω \ Σ
u > 0 in Ω
u = 0 on ∂Ω

∆u = 0 on ∂Ω

where S = {x1, x2, · · · , xk}, which is singular in every point xi with 1 ≤ i ≤ k.

3.1 Construction of the approximate solution

We will first construct an approximate solution to the problem, then we linearize
the equation near this approximate solution and we finally get the solution by the
fixed point theorem.

Let χ ∈ C∞(Rn) be the smooth function defined by




χ(x) = 1 if ‖ x ‖≤ R

χ(x) = 0 if ‖ x ‖≥ 2R,

0 ≤ χ ≤ 1,

where
R <

1
3

inf
1 ≤ i, j ≤ k

i 6= j

d(xi, xj).
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We denote by ū the approximate solution to the problem defined by

ū(x) =
k∑

i=1

χ(x− xi)uε(x− xi) (3.1)

where uε(x) = εn−4u0(εx), and u0 is the radial solution to the problem defined in
the previous section.

3.2 The function spaces

Assume Ω ⊂ Rn is an open smooth domain and assume that Σ = {x1, · · · , xk} ⊂ Ω.
For all l ∈ N, ν ∈ R and α ∈ (0, 1), we define the following weighted Hölder spaces

Cl,α
ν (Ω \ Σ) =

{
u ∈ Cl,α

loc(Ω \ Σ) | ‖ u ‖Cl,α
ν

< +∞
}

(3.2)

where the norm ‖ · ‖Cl,α
ν

is defined by

‖ u ‖Cl,α
ν

=‖ u ‖Cl,α(Ω1/2) +
l∑

i=1

sup
ρi≤diam(Ω)/2

(
ρ−ν

i | u |l,α,[ρi,2ρi]

)
, (3.3)

with

| u |l,α,[ρi,2ρi] = sup
ρi≤‖x−xi‖≤2ρi




l∑

j=1

ρj
i | ∇ju |




+ρl+α
i sup

ρi ≤‖ x− xi ‖, ‖ y − xi ‖≤ 2ρi

x 6= y

| ∇lu(y)−∇lu(x) |
‖ y − x ‖α

,

(3.4)

Ω(1/2) = Ω \ {∪k
i=1B1/2(xi)

}
, (3.5)

ρi the polar distance over B1/2(xi) and ‖ · ‖Cl,α(Ω1/2) denotes the usual Hölder norm
over the set Ω1/2.

3.3 A linear problem

We study here the mapping properties of the operator ∆2 when considered between
the weighted spaces C4,α

ν (Ω \Σ) and C0,α
ν−4(Ω \Σ) with Navier boundary conditions.

Proposition 3.1 Fix ν satisfying 4− n < ν < 0. There exists a bounded operator

Πν : C0,α
ν−4(Ω \ Σ) −→ C4,α

ν (Ω \ Σ)

such that, for all f ∈ C0,α
ν−4(Ω \ Σ), Πν(f) = u is a positive solution of the problem

{
∆2u = f in Ω \ Σ
∆u = u = 0 on ∂Ω.

(3.6)
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Proof. We notice that as we have chosen ν ∈ (4− n, 0), if f ∈ C0,α
ν−4(Ω \ Σ), we can

solve the problem
{

∆g = f in Ω \ Σ
g = 0 on ∂Ω.

This way, we get a function g ∈ C2,α
ν−2(Ω \ Σ). We can then solve the problem

{
∆u = g in Ω \ Σ
u = 0 on ∂Ω.

This gives us a positive function u ∈ C4,α
ν (Ω \Σ) thanks to the maximum principle.

We therefore have the existence of Πν(f) = u and the estimate

‖ u ‖C4,α
ν
≤ C ‖ f ‖C0,α

ν−4
.

¥

3.4 The nonlinear problem

We now study the nonlinear problem. We will first find the estimates on the error
term due to the approximate solution ū, then we study the linearized operator in
ū and finally get a solution to a problem as a perturbation of the approximate
solution.

Proposition 3.2 For ν satisfying 4− n < ν < 0, we have

‖ ∆2ū− ū
n

n−4 ‖C0,α
ν−4
≤ c0| log ε| 4−n

4 . (3.7)

Proof. We first recall that from the previous study, we have

uε(x) = εn−4u0(εx) =‖ x ‖4−n v(− log ‖ εx ‖)

with

v(t) = t
4−n

4 (1 + o(1)), as t → +∞.

Thus uε(x) ∼‖ x ‖4−n (− log ε − log ‖ x ‖) 4−n
4 when x → 0. This implies the

following estimates, where C denotes a constant;

| uε(x) |≤ C ‖ x ‖4−n |log ε + log(‖ x ‖)| 4−n
4 . (3.8)
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Then, developing the expression ∆2ū− ū
n

n−4 , we get

∆2ū− ū
n

n−4 =

[
k∑

i=1

∆2(χ(x− xi)uε(x− xi))

]
−

[
k∑

i=1

χ(x− xi)uε(x− xi)

] n
n−4

=
k∑

i=1

[
∆2(uε(x− xi))χ(x− xi) + 4∇(∆uε(x− xi))∇χ(x− xi)

+4∇uε(x− xi)∇(∆χ(x− xi)) + 2∆uε(x− xi)∆χ(x− xi)

+
∑

l,h

∂2uε(x− xi)
∂xl∂xh

∂2χ(x− xi)
∂xl∂xh

+ uε(x− xi)∆2χ(x− xi)




−ū
n

n−4 .

Therefore, thanks to the choice made on R, noticing that we have

Supp(χ) ⊂ B(0,2R) and Supp(∇iχ) ⊂ B(0,2R) \B(0,R) for all 1 ≤ i ≤ 4,

and using the estimates of uε(x), we have:
∣∣∣∣∣

k∑

i=1

u
n

n−4
ε (x− xi)[χ(x− xi)− χ

n
n−4 (x− xi)]

∣∣∣∣∣ ≤ C

k∑

i=1

R−n | log ε + log R |−n
4 ,

∣∣∣∣∣
k∑

i=1

∇juε(x− xi)∇4−jχ(x− xi)

∣∣∣∣∣ ≤ C | log ε | 4−n
4 for all 0 ≤ j ≤ 3

and we also have
∣∣∣∣∣

k∑

i=1

(uε(x− xi))
n

n−4
[
χ(x− xi)− (χ(x− xi))

n
n−4

]
∣∣∣∣∣ ≤ C | log ε | 4−n

4

and ∣∣∣∣∣∣

k∑

i=1

∑

h,j

∂2uε(x− xi)
∂xh∂xj

∂2χ(x− xi)
∂xh∂xj

∣∣∣∣∣∣
≤ C | log ε | 4−n

4 .

These estimates give the inequality (3.7). ¥

Our aim is to determine solutions to the problem which are a perturbation of ū
by a lower order term ω. For this, we set u = ω + ū the solution to the problem
(1.7). Then ω satisfies

∆2ω =| ū + ω | n
n−4 −∆2ū.

This equation can be written as follows

∆2ω = (| ū + ω | n
n−4 − | ū | n

n−4 )− (∆2ū− | ū | n
n−4 ).
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The problem is then reduced to finding ω satisfying




∆2ω = (| ū + ω | n
n−4 − | ū | n

n−4 )− (∆2ū− | ū | n
n−4 ) in Ω \ Σ

∆ω = 0 on ∂Ω
ω = 0 on ∂Ω.

Defining the operator G from C4,α
ν (Ω \ Σ) into C4,α

ν (Ω \ Σ) by

G(ω) = Πν

(
(| ū + ω | n

n−4 − | ū | n
n−4 )− (∆2ū− | ū | n

n−4 )
)

= Πν(∆2ω),

the problem is reduced to proving that this operator G is a contraction. We re-
duce our study to the ball of C4,α

ν (Ω \ Σ) centered at the origin and of radius
θ = C| log ε| 4−n

4 that we denote Bθ.

Lemma 3.1 Let p ≥ 1. For any real η > 0, there exists a positive constant Cη

satisfying for any a, b ∈ R:
∣∣∣
∣∣ | a | +b

∣∣p− | a |p
∣∣∣ ≤ (1 + η)p | a |p−1| b | +Cη | b |p .

Using this result, we can get the estimates

‖| ū + ω | n
n−4 − | ū | n

n−4 ‖C0,α
ν−4
≤ C

1
| log ε| ‖ ω ‖C4,α

ν
.

This gives an upper bound for ∆2ω:

‖ ∆2ω ‖C0,α
ν−4

≤ ‖| ū + ω | n
n−4 − | ū | n

n−4 ‖C0,α
ν−4

+ ‖ ∆2ū− | ū | n
n−4 ‖C0,α

ν−4

≤ C 1
| log ε| ‖ ω ‖C4,α

ν
+C0| log ε| 4−n

4 .

Choosing ω such that ‖ ω ‖C4,α
ν
≤ C| log ε| 4−n

4 , we get

‖ ∆2ω ‖C0,α
ν−4
≤ C| log ε| 4−n

4 ,

with C a constant independent of ε. We therefore have

‖ G(ω) ‖C4,α
ν
≤ θ for all ω ∈ Bθ.

Then, the operator G maps Bθ into itself. We now prove that G is a contraction.
Let ω1 and ω2 be in Bθ. We have

‖ G(ω1)−G(ω2) ‖C4,α
ν

= ‖ Πν

(| ū + ω1 |
n

n−4 − | ū + ω2 |
n

n−4
) ‖C4,α

ν

≤ C ‖ (| ū + ω1 |
n

n−4 − | ū + ω2 |
n

n−4
) ‖C0,α

ν−4
.

Using Lemma 3.1, for a small positive constant η, there exists Cη such that we have
the following estimates:

∣∣∣ | ū + ω1 |
n

n−4 − | ū + ω2 |
n

n−4 |
∣∣∣
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≤ (1 + η) n
n−4 | ū + ω2 |

4
n−4 | ω1 − ω2 | +Cη | ω1 − ω2 |

n
n−4

≤ | ω1 − ω2 |
(
(1 + η) n

n−4 | ū + ω2 |
4

n−4 +Cη | ω1 − ω2 |
4

n−4

)
.

Using the estimates on ū and the fact that ωi ∈ Bθ, we get the following inequality

‖ G(ω1)−G(ω2) ‖C4,α
ν
≤ Cε,θ,η ‖ ω1 − ω2 ‖C4,α

ν

where Cε,θ,η is a constant depending on ε, θ and η. Choosing these parameters
small enough, we get this constant less than 1 which implies that the operator
G is a contraction from Bθ into Bθ. Then, thanks to the Schauder fixed point
theorem (cf. [14]), we deduce the existence of a fixed point ω to G. It satisfies
∆2ω = (| ū + ω | n

n−4 − | ū | n
n−4 ) − (∆2ū− | ū | n

n−4 ) in Ω \ S which implies that
∆2(ū + ω) = (ū + ω)

n
n−4 and ū + ω has the same singularities as ū namely the set

S. Moreover, thanks to the choice of ν ∈ (4 − n, 0) and applying the maximum
principle, we can see that ū + ω ≥ 0 in Ω, which implies that ū + ω is a solution to
the problem (1.7). ¥

4 Proof of Theorem 1.2

We are interested, in this section, in the construction of a weak solution to




∆2u = u
n

n−4 in Ω
∆u = u = 0 on ∂Ω

Sing(u) = Σk

where Ω is an open subset of Rn+k having a smooth boundary and Σk is a k-
dimensional smooth submanifold of Ω.

4.1 Construction of the approximate solution

We construct a σ-tubular neighborhood of Σk in Rn+k that we denote N(σ,Σk),
where σ is a given positive real, and we set N(σ, Σk) its closure. For every x
in N(σ, Σk), we set r = dist(x, Σk). Fixing σ sufficiently small, we can locally
identify N(σ, Σk) with a bundle of radius σ; that is for every y0 ∈ Σk, there exist a
neighborhood U of y0 in Σk such that N(σ,Σk) is locally equivalent to the trivial
bundle Bn(σ)×U , where Bn(σ) is the open Rn-ball centered at the origin of radius
σ. We can therefore have the following local coordinate system for N(σ, Σk) near
y0 (cf. R. Mazzeo and N. Smale [17]). We use polar coordinates (r, θ) on Bn(σ) so
that (r, θ, y) are coordinates on N(σ,Σk).

We consider ε > 0. Using the radial solution u0 of the problem ∆2
nu = u

n
n−4

defined in the section 3, we build uε such that

uε(x) = εn−4u0(εx) for x ∈ Rn. (3.9)
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We remark that we still have ∆2
nuε = u

n
n−4
ε , thanks to the fact that the equation is

invariant under dilation.
Let χ be a smooth function from Rn to R+ such that





χ = 1 on Bn(1
2 )

χ = 0 on Rn \Bn(1)
0 ≤ χ ≤ 1 in Rn

(3.10)

For all τ > 0, we define χτ (x) = χ(x
τ ) and we set, for (x, y) = (r, θ, y) ∈ N(σ,Σk),

ũε(x, y) ≡ ũε(x) = εn−4u0(εx)χσ(x). (3.11)

This construction allows us to define locally the function ũε in the neighborhood of
all the points of N(σ, Σk).

We will prove that ũε is an approximate solution of the problem (1.8) in a certain
sense. For this, we define Hölder spaces Cl,α

ν (Ω \ Σk) by

Cl,α
ν (Ω \ Σk) =

{
u ∈ Cl,α

loc(Ω \ Σk) | ‖ u ‖Cl,α
ν (Ω\Σk)< +∞

}
. (3.12)

Here ‖ · ‖Cl,α
ν (Ω\Σk) is the norm:

‖ u ‖Cl,α
ν (Ω\Σk)= sup

0<s≤|Ω|
s−ν | u |l,α;[s,2s], (3.13)

where the norm on the right is the Cl,α norm restricted to the set {(r, θ, y : s ≤ r ≤
2s)} with respect to the underlying metric.i.e. :

| u |l,α;[s,2s] = sup
dist(x,Σk)∈[s,2s]




l∑

j=0

sj | ∇ju(x) |



+sl+α sup
dist(xi,Σk)∈[s,2s]

( | ∇lu(xi)−∇lu(xj) |
‖ xi − xj ‖α

)
(3.14)

We have the following proposition which gives the local expression of ∆2:

Proposition 4.1 Let (x, y) ∈ Bn(σ) × U be the induced coordinates for N(σ,Σk)
near y0. Then, for u ∈ C4,α(N(σ,Σk))

∆2u = ∆2
Bnu + ∆2

Σku + 2∆Bn∆Σku +
4∑

i=1

ei · ∇iu (3.15)

on Bn(σ) × U , where ∇2 and ∇ denote the Hessian and gradient, respectively, on
N(σ,Σk); i.e.

ei · ∇iu =
n+m∑

j1,···,ji=1

ej1,···,ji

i (x)
∂iu

∂xj1 · · · ∂xji

, (3.16)
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and e1, e2, e3 and e4 are C0,α sections such that

‖ e1 ‖C0,α
−2

+ ‖ e2 ‖C0,α
−1

+ ‖ e3 ‖C0,α
0

+ ‖ e4 ‖C0,α
1
≤ C0 (3.17)

for some constant C0 independent of x, y, or σ and for any α, 0 < α < 1.

Proof. This result is deduced from a result proved by D.L. Finn and R. C. McOwen
in their paper [9], where they give the local expression of the Laplacian. Let y =
(y1, · · · , yk) be coordinates for Σk in U , and let gij and gij denote the coefficients
of the metric on N(σ, Σk) relative to the coordinates (x, y) induced by the bundle
map N(σ,Σk)|U → Bn(σ) × U . We know from the papers of D.L. Finn and R.C.
McOwen [9] and R. Mazzeo and N. Smale [17] that the local expression of the
Laplace operator is given, for u ∈ C2,α(N̄(σ,Σk)), by

∆u = ∆nu + ∆Σku + ẽ2 · ∇2u + ẽ1 · ∇u (3.18)

with

‖ ẽ1 ‖C0,α
0

+ ‖ ẽ2 ‖C0,α
1
≤ C0

for some positive constant C0 independent of x, y, or σ and for any α, 0 < α < 1.
In equation (3.18), ∇2 denotes the Hessian, ∇ denotes the gradient on N̄(σ, Σk)
and ẽ1 and ẽ2 are C0,α sections of TN(σ, Σk) and (Sym2N(σ, Σk))∗ respectively.
Writing the expression of the bilaplace operator using this development, we get the
result given in the equation (3.15) and the required estimates follow. ¥

Using these notations, we prove that ũε is an approximate solution in the following
sense:

Proposition 4.2 Assume that α and ν are chosen to satisfy

0 < α < 1 and (4− n) < ν < 0.

Then, we have

lim
ε→0

‖ ∆2ũε − ũ
n

n−4
ε ‖C0,α

ν−4
= 0.
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Proof. Using the local expression of the bilaplacian (3.15), we can write

∆2ũε − ũ
n

n−4
ε = ∆2

Bn ũε +
4∑

i=1

ei · ∇iũε − ũ
n

n−4
ε

= ∆2
Bnuεχσ + 4∇(∆uε)∇χσ + 4∇uε∇(∆χσ) + 2∆uε∆χσ

+
∑

l,h

∂2uε

∂xl∂xh

∂2χσ

∂xl∂xh
+ uε∆2χσ +

4∑

i=1

ei · ∇iũε − ũ
n

n−4
ε

= (χσ − χ
n

n−4
σ )u

n
n−4
ε + 4∇(∆uε)∇χσ + 4∇uε∇(∆χσ) + 2∆uε∆χσ

+
∑

l,h

∂2uε

∂xl∂xh

∂2χσ

∂xl∂xh
+ uε∆2χσ +

4∑

i=1

ei · ∇iũε

=
6∑

i=1

Qi +
4∑

i=1

ei · ∇iũε

On the other hand, we know that

Supp{Qi} ⊂ Bσ \Bσ
2

for all 1 ≤ i ≤ 6.

We also know that the problem is invariant under dilation. Therefore, if ε is very
small, we have | uε(x) |≤ C ‖ x ‖4−n| log ε + log ‖ x ‖| 4−n

4 in Bσ \ Bσ
2

(cf. (3.8)).
Then we have, after a straightforward computation,

|
6∑

i=1

Qi |≤ C | log ε | 4−n
4 .

We are interested in the determination of an upper bound for | ei · ∇iũε | for
1 ≤ i ≤ 4. Knowing that | u0(x) |≤ C ‖ x ‖4−n| log ‖ x ‖| 4−n

4 , we have the
inequality

| ∇iu0(x) |≤ Cσ,i,n ‖ x ‖4−n−i| log ‖ x ‖| 4−n
4

for all x ∈ Bσ \Bσ
2

and all i = 1, · · · , 4;

which implies that

| ∇iuε |≤ C ‖ x ‖4−n−i| log ‖ x ‖ + log ε | 4−n
4

and

r4−ν

(
4∑

i=1

| ei · ∇iũε |
)
≤ Cσ5−ν−n | log ε | 4−n

4 .

Then using the estimates on Qi, we deduce the estimate

‖ ∆2ũε − ũ
n

n−4
ε ‖C0,α

ν−4
≤ C

(
σ4−ν | log ε | 4−n

4 +σ5−ν−n | log ε | 4−n
n

)
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which tends to zero when ε tends to zero. So ũε is an approximate solution in the
sense described above. ¥

4.2 The linear problem

Proposition 4.3 Let ν be given such that 4−n < ν < 0 and consider the operator
L defined from the space C0,α

ν−4(Ω\Σk) into the space C4,α
ν (Ω\Σk) by L(f) = v where

v solves




∆2v = f in Ω \ Σk

∆v = 0 on ∂Ω
v = 0 on ∂Ω.

(3.19)

Then the operator L is bounded.

Proof. Let us consider the tubular neighborhood of Σk defined by {y ∈ Ω |
dist(y, Σk) ≤ δ}. Let ω0 = rν , we have ω0 ∈ C4,α

ν (Ω \ Σk) and ‖ w0 ‖C4,α
ν
≤ c

where c is a positive constant. Using the local expression of the bilaplacian, we may
write

∆2ω0 = ∆2
Bnω0 + ∆2

Σkω0 + 2∆Bn∆Σkω0 +
4∑

i=1

ei · ∇iω0.

We then find, after a straightforward computation,

∆2ω0 = ν(ν − 2)(ν + n− 4)(ν + n− 2)rν−4 +
4∑

i=1

ei · ∇iω0.

Since, for r < δ small enough,
4∑

i=1

ei · ∇iω0 is negligible compared to rν−4 and we

have
∆2ω0 = Cνrν−4 + o(rν−4) ≥ Cν

2
rν−4

where Cν is a positive constant since 4 − n < ν < 0. Then ω̃0 =
2

Cν
rν is a

supersolution of the problem (3.19) and we have v ≤ Cνω0. We can similarly prove
that −ω̃0 is a subsolution. This implies that | v |≤ Cν | ω0 |. Using rescaled
Schauder estimates (cf. [14]), we conclude that

‖ L(f) ‖C4,α
ν
≤ C(‖ L(f) ‖C0,α

ν
+ ‖ f ‖C0,α

ν−4
) ≤ C ′ ‖ f ‖C0,α

ν−4
,

where C et C ′ are two real constants. Then the operator L is bounded. ¥

Corollary 4.1 Let ν be fixed such that 4 − n < ν < 0 and let K be fixed from the

space C4,α
ν into itself by K(ω) = L( n

n−4 ũ
4

n−4
ε ω). Then, the norm of this operator is

very small.
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Proof. To prove this result, we decompose K in the following way:

M L
K : C4,α

ν (Ω \ Σk) −→ C0,α
ν−4(Ω \ Σk) −→ C4,α

ν (Ω \ Σk)

ω 7−→ n
n−4 ũ

4
n−4
ε ω 7−→ L( n

n−4 ũ
4

n−4
ε ω).

We notice that both operators M and L are bounded, so K is bounded too. We also
remark that M is linear and has a small norm. This allows us to deduce that the
norm of L composed with M is very small. ¥

4.3 The nonlinear problem

We now look for solutions to the problem which are obtained as a perturbation of
ũε by a lower order term. Hence we linearize u 7→ ∆2u− u

n
n−4 about ũε and make

a Taylor expansion to get for all u ∈ C4,α
ν (Ω \ Σk) the nonlinear equation

∆2u− n

n− 4
ũ

4
n−4
ε u = −(∆2ũε − ũ

n
n−4
ε ) +

∫ 1

0

4n

(n− 4)2
| ũε + tu | 8−n

n−4 dt. (3.20)

Knowing that the resolution of the problem




∆2u = −∆2ũε+ | ũε + u | n
n−4 in Ω \ Σk

∆u = 0 on ∂Ω
u = 0 on ∂Ω

is equivalent to the resolution of the problem





∆2u = −(∆2ũε − ũ
n

n−4
ε )+ | ũε + u | n

n−4 −ũ
n

n−4
ε in Ω \ Σk

∆u = 0 on ∂Ω
u = 0 on ∂Ω,

we will prove that the operator P defined from C4,α
ν (Ω \ Σk) into C4,α

ν (Ω \ Σk) by

P(u) = L(−(∆2ũε − ũ
n

n−4
ε )+ | ũε + u | n

n−4 −ũ
n

n−4
ε ),

is a contraction. We reduce our study to the ball of C4,α
ν (Ω \ Σk) of radius θ:

Bθ. As we have ∆2ũε + ũ
n

n−4
ε tends to zero when ε tends to zero, we deduce that

L(∆2ũε + ũ
n

n−4
ε ) tends to zero in C4,α

ν (Ω \ Σk) as ε tends to zero.

We now study L(| ũε + u | n
n−4 −ũ

n
n−4
ε ) for u ∈ Bθ. Setting N, the operator

defined from C4,α
ν (Ω \ Σk) into C0,α

ν−4(Ω \ Σk) by N(u) =| ũε + u | n
n−4 −ũ

n
n−4
ε and

using the Lemma 3.1, we get
∣∣∣ | ũε + u | n

n−4 −ũ
n

n−4
ε

∣∣∣ ≤ (1 + η)
n

n− 4
ũ

4
n−4
ε | u | +Cη | u |

n
n−4
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and

‖ LN(u) ‖C4,α
ν

≤ (1 + η) ‖ K(u) ‖C4,α
ν

+Cη ||| L ||| ‖ u ‖
n

n−4

C4,α
ν

≤ (1 + η) ||| K ||| ‖ u ‖C4,α
ν

+Cη ||| L ||| ‖ u ‖
n

n−4

C4,α
ν

where ||| · ||| is the norm of the considered operator in the corresponding spaces.
Knowing that we chose u ∈ Bθ, we have

‖ L(| ũε + u | n
n−4 −ũ

n
n−4
ε ) ‖C4,α

ν
≤

(
(1 + η) ||| K ||| +Cηθ

4
n−4

)
‖ u ‖C4,α

ν
.

We can claim that ||| K |||< 1, thanks to Corollary 4.1; and that for a suitably small
value of η, we can have (1 + η) ||| K |||< 1. We then deduce that if θ is chosen very
small, we can have (1 + η) ||| K ||| +Cηθ

4
n−4 ≤ 1 so that

‖ P(u) ‖C4,α
ν
≤ θ for all u ∈ Bθ.

We conclude that the operator P maps Bθ into itself. We now prove that it is a
contraction from Bθ into itself. Let v1 and v2 be in Bθ. We have

‖ P(v1)− P(v2) ‖C4,α
ν

=‖ L(| ũε + v1 |
n

n−4 − | ũε + v2 |
n

n−4 ) ‖C4,α
ν

.

Using Schauder estimate, we have

‖ P(v1)− P(v2) ‖C4,α
ν

≤ C
(
‖ P(v1)− P(v2) ‖C0,α

ν
+ ‖| ũε + v1 |

n
n−4 − | ũε + v2 |

n
n−4 ‖C0,α

ν

)
;

and thanks to Lemma 3.1, we have
∣∣∣ | ũε + v1 |

n
n−4 − | ũε + v2 |

n
n−4

∣∣∣

≤ (1 + η) n
n−4 | ũε + v1 |

4
n−4 | v1 − v2 | +Cη | v1 − v2 |

n
n−4

≤ | v1 − v2 | (1 + η) n
n−4

(
(1 + η) | ũε |

4
n−4 +Cη | v1 |

4
n−4

)
+ Cη | v1 |

n
n−4 .

We therefore get the following estimate for P(v1)− P(v2):

‖ P(v1)− P(v2) ‖C4,α
ν

≤ C

(
||| L ||| ‖ v1 − v2 ‖C0,α

ν

[
(1 + ε)2 n

n−4 ‖ ũε ‖
4

n−4

C0,α
ν

+(1 + η) n
n−4Cη ‖ v1 ‖

4
n−4

C0,α
ν

+Cη ‖ v1 − v2 ‖
4

n−4

C0,α
ν

]

+ ‖ v1 − v2 ‖C0,α
ν

[
(1 + η)2 n

n−4 ‖ ũε ‖
4

n−4

C0,α
ν

+ (1 + η) n
n−4Cη ‖ v1 ‖

4
n−4

C0,α
ν

+Cη ‖ v1 − v2 ‖
4

n−4

C0,α
ν

])
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which implies that

‖ P(v1)− P(v2) ‖C4,α
ν

≤ C ‖ v1 − v2 ‖C0,α
ν

(||| L ||| +1)

×
[
(1 + η)2 n

n−4Cη + (1 + η) n
n−4Cηθ

4
n−4 + Cη(2θ)

4
n−4

]
.

Choosing η and θ small enough, we can get

‖ P(v1)− P(v2) ‖C4,α
ν
≤ K ‖ v1 − v2 ‖C4,α

ν

with K < 1, which implies that P is a contraction and by the Schauder fixed point
theorem, [14], we get a fixed point u for P. u satisfies ∆2(u + ũε) =| u + ũε |

n
n−4

and u + ũε has the same singularities as ũε namely those prescribed by Σk. We
also have thanks to the choice of ν > 4 − n, u + ũε > 0 and ∆(u + ũε) < 0 in the
neighborhood of Σk. Then, thanks to the maximum principle and to the fact that
∆2(u + ũε) ≥ 0 in Ω, we get ∆(u + ũε) ≤ 0 in Ω. Applying the maximum principle
again, we finally get (u + ũε) ≥ 0 in Ω and it is a solution to the problem (1.8). ¥
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[11] F. Gazzola and H.-C. Grunau, Radial entire solutions for supercritical biharmonic
equations, Math. Ann. 334 (2006), 905–936.

[12] D. Geng, On blow-up of positive solutions for a biharmonic equation involving nearly
critical exponent, Comm. Partial Differential Equations 24 No.11-12 (1999), 2333–
2370.

[13] B. Gidas and J. Spruck, Global and local behavior of positive solutions of nonlinear
elliptic equtions, Comm. Pure Appl. Math. 34 (1981), 525–598.

[14] D. Gilbarg and N. S. Trudinger, Elliptic partial differential equations of second order,
Springer-Verlag, Berlin Heidelberg New York, 1977.

[15] C.-S. Lin, A classification of solutions of a conformally invariant fourth order equa-
tion in Rn, Comment. Math. Helv. 73 (1998), 206–231.

[16] R. Mazzeo and F. Pacard, A construction of singular solutions for a semilinear
elliptic equation using asymptotic analysis, J. Differential Geometry 44 (1996), 331–
370.

[17] R. Mazzeo and N. Smale, Conformally flat metrics of constant positive scalar cur-
vature on subdomains of the sphere, J. Diff. Geometry 34 (1991), 581–621.

[18] F. Pacard, Existence et convergence de solutions faibles positives de −∆u = u
n

n−2

dans des ouverts bornés de Rn, n ≥ 3, C.R. Acad. Sci. Paris, t.314 Série I (1992),
729–734.

[19] F. Pacard, Existence de solutions faibles positives de −∆u = uα dans des ouverts
bornés de Rn, n ≥ 3, C.R. Acad. Sci. Paris, t.315 Série I (1992), 793–798.

[20] F. Pacard, A note on the regularity of weak solutions of −∆u = up in Rn, n ≥ 3,
Houston Journal of Mathematics, Vol. 18 4 (1992), 621–632.

[21] F. Pacard, Existence and convergence of positive weak solutions of −∆u = u
n

n−2 in
bounded domains of Rn, n ≥ 3, Calc. Var. 1 (1993), 243–265.

[22] F. Pacard, The Yamabe problem on subdomains of even dimensional spheres, Top.
Methods. Nonlinear Analysis 6 No.1 (1995), 137–150.
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