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Abstract
In this paper, we are interested in the following biharmonic equation:
A*u=u71 in Q\X

with Navier boundary conditions on 0f2; where €2 is an open bounded domain of
R™, with n > 5, having a smooth boundary, and ¥ C € is either a set of finite
number of points of Q or a smooth closed submanifold of 2 without boundary.
We construct positive solutions to this problem which are singular at .
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1 Introduction and Main results

In this paper, we are interested in the biharmonic problem

A*u=u? in Q, n>D5, (1.1)
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where €2 is an open bounded subset of R" and p = ;. This problem is the

equivalent of fourth order to the second order elliptic problem
—-Au=uP in QCR", n>3, (1.2)

with p = =5, which has been extensively studied in the past thirty years. This
equivalence must be understood in the sense that we have similar properties of
existence of singular solutions. More precisely, both exponents (p = 2 for the
biharmonic problem (1.1) and p = (1.2))
are the lowest ones for which we can ﬁnd positive singular solutions to the corre-
sponding problem.

We recall that the singular set of a function u defined in some domain € is
defined to be the complement of the set of points in the neighborhood of which u
is bounded and consequently is C°°. Observe that, by definition, the singular set is
closed.

The study of positive weak solutions to the problem (1.2), with —25 < p having
a singular set 3 which is either a set of points or a smooth submanifold of Q with
or without boundary interested many authors. The interested reader may refer to
3], (4], (6], [7), (8], 9], [13], (16], [17], [19], [20], [22], (23], [24], [25], [26], [27] for
some important contributions in this direction.

For the case p = %5, P. Aviles [1], in 1983, studied the asymptotic behavior
near an isolated singularity of (1.2). Concerning the existence of weak solutions
which are singular at finitely many points, F. Pacard, in [18] and [21], considered

the problem
—Au
U

and proved the existence of infinitely many positive weak solutions of (1.3) having
a prescribed singular set.

The existence and the local behavior of positive singular solutions to polyhar-
monic (and in particular biharmonic) equations interested several authors not only
for the study itself but also because higher order equations can be considered as
the simplest examples of semilinear elliptic systems (cf. [10]). Many results were
obtained by several authors. We refer in particular to [2], [5], [11], [12], [15] and
[29]. In the following, we give more details on the results obtained in [5] and [29].

In 1997, R. Soranzo [29], studied the local behavior of singular solutions of the
biharmonic equation

w2 in Q
0 on 012,

(1.3)

A*u=|z||°u? with uw>0, —Au>0 in Q\ {0} c R, (1.4)

where N > 4, Q = B(0,R) is a ball centered at the origin of radius R > 0,
—4 < o <0 and p > 1. He gave a complete description of the singularity and an
existence result when 1 < p < ££2, —4 < ¢ <0, for N > 4, or 1 < p < +o0, for
N = 4. He also gave an a priori estimate of the radially symmetric solutions for

p > %fz, —4 < 0 <0, N > 4. More Precisely, setting u(r) a radial solution to
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(1.4), he proved that the upper bound of u for r small is given by

u(r) < % for p> %2 and
reet (1.5)
u(r) ¢ for p=t2

rN—4(— logr)%

where C' = C(N, p, o) is a positive constant depending on N, p and ¢ but indepen-
dent of u. Later, G. Caristi, E. Mitidieri and R. Soranzo [5] studied the existence
and non existence as well as the local behavior of positive solutions u € C*(2\ {0})
of the polyharmonic equation

{ (=) u=[l 2 [|7 JulP~tu in 2\ {0},

1.6
u>0, —Au>0,--,(=A)f 1ty >0 in Q\ {0}, (16)

where Q = B(0,R) C R™ is a ball centered at the origin of radius R > 0, k > 2,
n > 2k and —2k < 0 <0, p > 1. They also proved the existence of positive singular
solutions of (1.6) for the Navier problem. Their proof is based on the method of
upper and lower solutions and on the Schauder fixed point theorem.

Concerning the biharmonic problem (1.1), when the exponent p is equal to p. =
242 the critical Sobolev exponent of the embedding H?(Q) N HY(Q) — LPT1(Q)
(with © C R™), S. Baraket and S. Rebhi in [2] constructed dipole type singular
solutions. These solutions give rise to complete metrics on the complement of
finitely many points of S™ whose Q-curvature is constant.

In this paper, we are concerned with the problem (1.1) with p = -25. This
exponent has the particularity to be the lowest exponent for which we can find
singular positive solutions to (1.1). It corresponds also to the critical exponent (in
the sense of the Sobolev’s embedding theorem) for the biharmonic problem with
Navier boundary condition in dimension n — 1.

In our study, we focus on questions similar in spirit to those addressed in [1], [18]
and [21] for the problem (1.2) and to those addressed in [23] for the problem (1.2)
for p greater and close to 5. More precisely, we prove the following theorems:

Theorem 1.1 Let € be an open bounded subset of R™ with n > 5, having a smooth
boundary, ¥ a finite set of points such that ¥ C . The problem

A%y = yn-d in Q\X

U > 0 n €

u = 0 on 00 (1.7)
Au = 0 on 00

has a weak solution having a singular set equal to X.

This theorem is very useful in the construction of positive weak solutions to (1.7)
where ¥ is a submanifold of 2 with a boundary. We refer to [28] for more details.

The second result in this paper concerns the construction of a positive weak
solution whose singular set is a smooth submanifold of 2 without boundary. This
is stated as follows:
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Theorem 1.2 Let Q be an open bounded subset of R"T* having a smooth boundary,
n > 5, ©% a k-dimensional smooth submanifold of Q without boundary. Then, the
problem

(1.8)

A2y = yn-d in Q\ Xk
Au = wu =0 on 0N

has a positive weak solution singular at ¥*.

The proofs of Theorem 1.1 and Theorem 1.2 are similar in spirit to the ones in
[23], [24] and [25] concerning the second order elliptic problem. We first construct
a radial solution to the problem

A’y =wu71 in R"\ {0} (1.9)

which is singular at the origin. This construction is the main point in the proof
of both Theorems 1.1 and 1.2. The particular exponent we consider in this paper,
namely ", does not allow to have a radial singular solution which is homogenous.

More precisely, if we look for a radial solution to (1.9) of the form u(z) = u(]| z ||)
ﬁ?
p. We therefore are led to find solutions of the form u(x) =|| z ||*=" v(—log || z ||)
and in this case, we find that v satisfies an autonomous fourth order ordinary dif-
ferential equation. Setting v = ¢(—log(|| ||)4Zn (1 + w) where w is a lower order
term, we get another fourth order ODE satisfied by w. We notice that it does not
seem possible to integrate completely the ODE satisfied by w; because to solve it,
we have to find two quantities preserved along trajectories of the fourth order ODE
obtained. In fact, beside the Hamiltonian energy, it does not seem possible to ob-
tain other quantities which are preserved along trajectories of the ODE satisfied by
w. The key point to solve this fourth order ODE is to use a finite iteration scheme

to construct a good approximate solution to the radial problem.

=c¢ |z ||_ﬁ with p = we get cp = 0. This is due to the particular value of

The next step in finding a singular solution of the main problem is the construc-
tion of approximate solutions using the radial solution obtained previously. Then,
after defining the appropriate functional spaces, we linearize the equation near this
latter approximate solution yielding a solution to our problem by the Schauder fixed
point Theorem (cf. [14]).

The paper is organized as follows: in Section 2, we construct a radial solution
to the problem (1.9). In Section 3, we prove Theorem 1.1 while the last section is
devoted to the proof of Theorem 1.2.

2 Construction of a radial solution to the problem
We notice that through all this section, ¢ will denote a positive constant. In this

section we construct radial solutions to the problem (1.9). The result is given by
the following proposition
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Proposition 2.1 The equation
A%y =un1 in R™\ {0}
has a radial solution which is singular at the origin and is given by

u(@) =[l @ [|*7" v(=log || = ||) (2.1)

with v(t) = ct%(l +0(1)) as t tends to +oo.
Proof. To prove Proposition 2.1, we need first to expand the Bilaplace operator in
spherical coordinates. We then write the equation satisfied by a radial solution u
expressed as in (2.1). This gives an equation satisfied by v. To solve this equation,
knowing that the upper bound of v is given by (1.5), we search for v of the form
v = ct%(l + w). This yields another equation satisfied by w. To solve it, we
introduce some operators and some appropriate functional spaces. Then, we write
the equation in w in two different forms. We first construct a sequence w; using
an iterative scheme in order to improve the estimates for the error term, we then
perturb w setting w = w; + v and find the equation satisfied by v. After further
calculations and approximations, we prove the existence of v by a Schauder fixed
point argument (cf. [14]) which will give us a radial solution to the problem (1.9).
Expanding the bilaplace operator on R™ in spherical coordinates, we get for u
radial:

d*u Z(n—l)d37u (nfl)(n—S)dQJ (n—1)(3—=n) du

A%y = — — .
b dr r dr3 72 dr? r3 dr

(2.2)

Replacing u by its expression (2.1) and setting t = —log(|| « ||), we get the following
differential equation satisfied by v

v@ 4+ a30® + ax0@ + a0V 4 qgv = 073 (2.3)
where
a3 = 2(n-—4),
as = n?—10n+ 20,
a = 2(n-—4)(2-n),
apg = 0

and v, v@ vB) ™) are respectively the first, second, third and fourth ¢-
derivatives of v. Thanks to the result of R. Soranzo [29], replacing o by zero in
the estimates (1.5), we know that we have following upper bound for v for big

values of ¢: -
v(t) <Ct =,

where C depends on n. In view of this upper bound, let us find v a solution to (2.3)
of the form

—n 1
v = ct%(l +w) with ¢t>t >2, and cnE = i(n —4)%(n—2), (24)
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with w a lower order term. Then w satisfies

w® 4+ a30® + asw® + (wu) n %) -

(2.5)
1 w(t 1 c3(t) ca(t cs(t
S0+ e 1+ LQuu) + Sy 1 a0 60,0
where the coefficients ¢;(t) are uniformally bounded in ¢t > 2 for every i € {1, ---, 5}
and Q(w) = a; 4% (\ 14w |n 1 —1— ﬁw).

To solve the equation (2.5), we need to choose a suitable functional space
Notations:

Let Cj’,f ([T, +00)) denote the Fréchet space of C*([T,+c0)) functions w satisfying
[w]jp < 400 for all j < k, where [-];, are the semi-norms defined by

[w];p = sup | tPw?(¢) | (2.6)
t>T

with p, 7 and k in N.
Let BE([T,+00)) be the closed unit ball of C¥ ([T, +00)) and denote by || - ||B;;
the norm defined by

lwllsr= " [w]p- (2.7)

We let Co°([T', +00)) be the Fréchet space of C*°([T',+o0)) functions w satisfying
[w]g,p < +oo for all k.

We will proceed with the proof in two steps.

2.1 Step 1: Finite iteration scheme

We write the equation (2.5) as

D(w) = ge(t) + B(w) + 1Q(w), (28)

where the operators D and F are defined by

D(w) = ay (w<1> + ?), (2.9)
and
Ew) = %(03(15)11)(3) + 04(t)w(2) + 05(,5)11,(1))
(2.10)

3)

—&—cz(t)% —w® — azw® — ayuw®.

Defining the operator G as follows:
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o if f € CY([T,00)) with p > 2, then | f(t) |< t% where ¢ is a positive
—1 [t
constant. Therefore G(f)(t) = — sf(s)ds. In this case, we have

t
|G < 555t
o if f € CY([T,00)), then | f(t) |< t% where c is a positive constant. Therefore

clogt for all

G(f)t) = 1/ sf(s)ds. In this case, we get | G(f)(t) |<

tJr
t>T > 2.

we notice that G is a right inverse of the operator D/a; and we have the following
result:

Lemma 2.1 Let T > 2 be a fived real. The operator G : CP([T,+o0)) —
C° ([T, +00)) is a bounded operator for q > 2.

Proof. We remark that for f € Co°([T), +00))

1
[Gf]O,q—l < mm&q

and for k£ > 1

k—1
[Gf]k,q—l S Z am[f]m,q-

m=0
We prove this last inequality by induction on k using the following inequality for

k>1
k—1

[Gf]k,q—l S Z m!Cvl?a_l[Gf]m,q—l + [f]k—l,q-

m=0

|
Moreover, we notice that the operator E has the following property:

Lemma 2.2 Let T > 2 be a fized real. The operator E : Cx*([T,+oc)) —
Co3o([T, +00)) is a continuous operator.

Proof. This result is due to the fact that

[E(w)]kpr2 < C Z[w]ki,p

i€l

where [ is a finite set. [ |

Taking w € C5°([T, +00)), we find that |zc1 () + E(w)+ $Q(w)| < Ct~2 and we
cannot use the fixed point theorem to find a solution to (2.8). We need to ameliorate
w. For that we need to do some iterations. We introduce the sequence (W, )m>0
satisfying

wo(t) =0, forall t>T,
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and for all m > 0,
1 1
Dwp,1(t) = t—zcl(t) + E(wn(t)) + ;Q(wm(t)).

lcl(t) € C°([T, +00)). Therefore, by the

We remark that w; satisfies Dw;(t) = 2

definition of G, we get
wy € Cpo ([T, +00))  with 0 <py <1, (2.11)
and by iteration on m, we have the following result:

Corollary 2.1 For all m > 2, wy, € C;3([T,+00)) and the error term satisfies

€ Coliop, ([T, +00)).  (2.12)

’Dwm(t) - (tlzcl (1) + E(wm(t)) + %Q(wm(t»)

Proof. Knowing that for all m > 1,

Wt (8) = wn (1) + G o Bl (1)) + G 7Q0um (1)),

we get

Wins1() = w0 (8) = G o Bl (8) w1 (1) + G (5 [Quwm(8) ~ Qum (1) ).

It is easy to see that for all m > 1, we have w,, € C;2([T, +00)) and wy, — Wm—1 €

Coom—1([T,+00)). We also remark that if w € C°([T, +00)) and v € C°([T', +00))

then Q(w +v) — Q(w) € €25, ([T, +00)). The result of the corollary follows easily.l

2.2 Step 2: The linear problem

We now rewrite the equation (2.5) satisfied by w in the following way
~ 1
L(w) = e () + E(w) + zQ(w)7 (2.13)

where the operators L and E are defined by
Lw) = w® + a3w® 4 aqw® + ayw®, (2.14)

and
s 1
E(w) = (c3(t)w<3> +ea(tw® + c5(t)w<1>) + CQ(t)t% - al%. (2.15)

We now perturb w,,, setting w = w,,, + v, and get the following equation satisfied
by v:

L) = B+ B0) + 51QUum + ) — Qo) (216)
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where

R = Blwn —wn1) + 1 1Qun) — Q1)

[, — Wim—1]® = az[wm, — Wh-1]®) — az[wm — Wy —1]P.

We notice that R, € C37. 5, ([T, +00)) and that the operator L goes from
B, ([T, +00)) to By([T, +00)).

We remark that the resolution of the equation (2.5) is finally reduced to the reso-
lution of the equation (2.16). To study this last equation, we will first study the
equation

Lw) = w® + azw® + ayw® + ayw™ = f. (2.17)

It is equivalent to the equation

W =AW + F (2.18)
w 0 1 0 0
with W= [ w® |, A= 0 0 1 and F=1[ 0
w® —ap —az2 —ag f

Proposition 2.2 The solution to the equation (2.18) is given by W =

(/\3 — )\2)]1 — ()\3 — /\1)[2 —+ ()\2 — )\1)[3

(A3 = A2)A 1l — (A3 — Ap)Aela + (A2 — A1) Asls

(A3 — /\2))\%11 — (A3 — /\1))\512 + (A2 — /\1)/\§[3
(2.19)

where, the reals \; with i = 1, 2, 3, are the eigenvalues of the matriz A and for
every t € [T, 4+00),

1
(A2 = A1)(Az — A1)(Az — A2)

“+oo
) =~ [ e (s,
¢
t
L) = et)‘i/ e *Nif(s)ds,  for every i€ {2, 3}.
T
Moreover, if | f(t) |< 1 and T > ——22———  we have
| Bt T

2
(p)( min_ | A; [)

i=1,2,3

Vt € [T,+oof, ||W(t) < P, (2.20)
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Proof. Studying the matrix A, we find that it has three distinct eigenvalues A1, Ao
and A3 which are solutions of the equation

A3+ a3)\2 + asA +a; = 0.
‘We notice that since we have
M+ A+ A3=—a3=—-2n—-4)<0 and MIA3=—a1=2(n—4)(n—2)>0,

necessarily two of the three eigenvalues are negative and one of them is positive.
Set

A1 > 0, A <0 and M3 <0. (221)

A solution to the equation (2.18) is a primitive of e*~?4F(g). In order to sim-
plify the calculus, we have to consider the spectral decomposition of the matrix A
introducing the diagonal matrix A and the matrix P given by

A0 0 1 1 1
A= 0 )\2 0 and P = )\1 )\2 )\3 . (222)
0 0 X A2 A2 a2

With these notations, we have A = P~1'AP which implies that et4 = Pe!AP~1,
Solving the equation (2.18), we then get the solution given in the equation (2.19).
We then deduce, if f satisfies | f(¢) |< &, that the expression of I; is given by

Rl

+oo
o [1(t) = —e’\lt/ e *M f(s)ds. In this case we have
t

Heo 1 1
< e)‘lt/ e M _ds < —¢7P,
¢ sP A1

+oo
eAlt/ e M f(s)ds
t

t
e if i € {2,3}, we have [;(t) = eAit/ e *Y f(s)ds and in this case we have for

T
>T> 22 _
t=T2= min | A\; |’
i=1,2,3
t t 1 9
eA"t/ e_SAif(s)ds < eMt/ e N ds < t7P.
T T sP | Al

This implies that Vi € {1, 2, 3}, I, < <
is implies that Vi € { } ST _.HP?BH‘”

t~P. Using the ex-

pression of the components of W given in the equation (2.19) and the fact that
>T> 2 i i 20).
t>T > min T we get the inequality (2.20) |
i=1,2,3
Thanks to this proposition, we can construct an inverse of the operator L. The
result is given by:
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Proposition 2.3 If p is very large, for all T > cp, the operator L defined by
L(w) = w™ + a3w® + a0 + a1w® = f
has an inverse denoted by G and we have the following estimation of the norm of
G(f) = w:
1 1 C
| w ||B4 L([T4oo)) S C(ﬁ + ) | f lIBo(r, 400 < 1 | f IBo(r,+00)) (2:23)

where C is a constant.

Proof. Using the expressions of W; for ¢ € {1, 2, 3}, noticing that W; = w® for
i € {1, 2, 3} and knowing that we have

1,
L] < pfltl P S Boqr,+o0))
1

| ;| < ﬁ(tl_p =TV P) || f llBo(r ooy for i=2, 3,

we get the following estimates for ¢ € {1, 2, 3}

|>\1 |i—1
Al As = A |

, 1
P10 (¢ <
OO | < g ey |5

t. | Ag |1 | Az i1
+ P1—1)< +
((T) [ Ao = A [[ Az =2 | [A3=Ar[[ A3 — Ag |

As we have w® = f — a;w® — aaw® — azw®) | we get

| le@ ()| < ] f(1) \+Z|a||tp1 )|
1 3
;\|f||33+ﬁ||f||32(z|az|s ))

;;||f|Bg+pil|f||Bg(Z|az|s ).

IN

IN

where, for i € {1, 2, 3},

|)\1|i71
[ A2 = A1 [| Az — A1 |

+((t)p—1_1>( [ A2 |1 | Ag [ >
T |/\2—)\1||)\3—)\2| | Az — A1 || As — Aq |

t
We also have, using the fact that w(t) = / wM (s)ds + w(T),
T

() |< o ( /| Nl (5) | s Pdst | w(T) ).

Si(t) =

)|
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We then use the estimates on | sP~*w/(s) | obtained previously and the fact that

2
t>T > - p| N After straightforward computations we finally get
121513 ‘
- 11
_ -1, (i
lwllps = ngg | 7w () < C(p_ 7t 7)1 By o0
=0 "=

C
< pr— | f BT, +00)) -

2.3 End of the proof of Proposition 2.1

We now return to the construction of the radial solution to the problem. Recall
that we study the equation (2.16) given by

L(v) = Ry + E(v) + %(Q(wm tu)— Q(wm)).

Defining the operator G as follows

G(v)=¢ <Rm +E) + %(Q(wm +v) — Q(wm))) ,

a solution to (2.16) is a fixed point of G. We will prove in the following that G is
a contraction from Bj ([T, +00)) into itself, where ¢ will be fixed later. It is easy

to see that, taking v € Bg([T, +00)), we have % S B;l_H and applying G, we get

g (%) € B;. We also have the following estimates:

1% C 1% C
1GC 5= 1% Nag< 1w sy,

with ¢ independent of T'. Moreover, choosing ¢ > 2 and then taking m > 2 such
that ¢ +1 < m + 2pg, where pg is defined in (2.11), we have

| G(Ru) 1o, < CTHI=m2m0,

I G(EW)) l|ps < g IEW) llpo, < SNl v s

q+1 7 q
and
1 1
16(71QUun +) = Q] ) ay < 11 §(Qum +2) ~ Q) sy,
< L 1QUum +) = Qwm) sy
ST,
< Saorar
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If we take v satisfying || v [|pa< 1, knowing that

G0r) = G( R+ BW) + 5w +v) — Qun)]),

we get
| G) | ps< Tt —m=2p 4 g + E(T—q LT,
The term on the right is very small and less than 1 if we choose ¢ >> 2, and
T >> 1. We will first choose ¢ >> 2, then fix m > 2 such that ¢+ 1 < m + 2py and
choose T such that T > - 24
‘min_ | \; |
1=1,2,3
that G maps B ([T, +00)) into itself.
Finally, we easily prove that, considering the variables ¢, T' and m chosen pre-
viously, G is a contraction from Bfl1 into itself. Therefore, thanks to the Schauder

(as obtained in Proposition 2.3). This implies

fixed point Theorem, we deduce that there exists a fixed point v of G in Bg. Thanks
to the estimates we have, we can verify that w = v+w,, tends to 0 when t — +oco. B

3 Proof of Theorem 1.1

Our aim in this section is the construction of a weak solution of the problem

A%y = yn-d in Q\%
u > 0 in €
u = 0 on Of)
Au = 0 on 0N
where S = {z1, ®2, -+, 2}, which is singular in every point x; with 1 <7 < k.

3.1 Construction of the approximate solution

We will first construct an approximate solution to the problem, then we linearize
the equation near this approximate solution and we finally get the solution by the
fixed point theorem.

Let x € C*°(R"™) be the smooth function defined by

x()=1 if [z|<R
x(x)=0 if [z |=2R,
0<x<1,
where 1
R< - inf d(z;, xj)
3 1<i,j<k



732 Y. Rébai

We denote by @ the approximate solution to the problem defined by
k

u(x) =Y x(z — z)uc(z — ;) (3.1)

=1

where u.(z) = " *ug(ex), and ug is the radial solution to the problem defined in
the previous section.

3.2 The function spaces

Assume ©Q C R™ is an open smooth domain and assume that ¥ = {x1,---, a3} C Q.
Foralll e N, v € R and « € (0, 1), we define the following weighted Holder spaces
@\ %) = {ue @\ ) | || u floye< +00} (3:2)
where the norm || - | .1.o is defined by
!
I 2 g =l ety ) + sip (07 [ uliapzn ) (33)
“ (2) ; pi<diam(Q)/2 [os:2p:]
with
l .
| u |l’a,[Pi’2Pi] = sSup pﬁ | Viu |
PiSHz_zi”SQPi j=1
(3.4)
gt . | V'uly) ~ V) |
pisle—ailly-zl<2  Nv=7l
T Fy
Q1/2) = Q\ {UiL1 B a(i) } (3.5)
pi the polar distance over By z(z;) and | - [lci.a(q, ,) denotes the usual Holder norm

over the set €2y /5.

3.3 A linear problem

We study here the mapping properties of the operator A? when considered between
the weighted spaces C4*(Q\ ¥) and C2* (Q\ ) with Navier boundary conditions.

Proposition 3.1 Fiz v satisfying 4 —n < v < 0. There exists a bounded operator
I, : €% (2\3) — € (Q\ 3)
such that, for all f € CO*(Q\ X), IL,(f) = u is a positive solution of the problem

{A2u = f in Q\X

Au u=~0 on OfQ. (3.6)
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Proof. We notice that as we have chosen v € (4 —n,0), if f € C2*(Q\ ), we can

solve the problem
Ag = f in Q\X
g = 0 on 09Q.

This way, we get a function g € Cif‘z (2\ ). We can then solve the problem

Au = g in Q\X
u = 0 on 0.

This gives us a positive function u € C2*(2\ ) thanks to the maximum principle.
We therefore have the existence of II,, (f) = u and the estimate

| lera< C 1 £ llgne, -

3.4 The nonlinear problem

We now study the nonlinear problem. We will first find the estimates on the error
term due to the approximate solution @, then we study the linearized operator in
% and finally get a solution to a problem as a perturbation of the approximate
solution.

Proposition 3.2 For v satisfying 4 —n < v <0, we have
| A% — a7 o0 < col loge] T (3.7)

Proof. We first recall that from the previous study, we have

u(w) = " tug(ez) =| @ |*7" v(-log || ez )

with
o(t) =t T (1+0(1)), as t— +oo.

4—n
4

Thus uc(x) ~|| = [|*~™ (=loge —log || = |)"® when  — 0. This implies the

following estimates, where C' denotes a constant;

4—n
4

| us(z) |< Ol @ ||*~" [loge + log(]| )] (3.8)
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Then, developing the expression A2u — @77, we get

n
k n—4

Z x(x — x)ue(z — ;)

i=1

n

A% — g3

F
E
"

x(x — x)ue(z — xl))] -

= Z A2 (ue(x — 2;))x(z — 2;) + 4V (Aue(z — 2;))Vx(z — ;)
i=1

+4Vue(z — ;) V(Ax(x — x;)) + 2Au (@ — x;) Ax(x — x;)

n Z Puc(x — x;) 0?x(x — x4)

€ — 4 A2 — &g
axlamh 8$laxh tu (.13 . ) X(l‘ * )

1,h
__n__
—un—4,

Therefore, thanks to the choice made on R, noticing that we have
Supp(x) C B2r) and Supp(Vix) C Boa2r) \ Bo,ry forall 1<i<4,

and using the estimates of u.(z), we have:

k
< C’ZR”’ |loge +logR|™+,

i=1

T (@ — ) [x(@ — @) — 7 (2 — )]

g (x — 2) VI x(x — 25)| < C | loge |4_Tﬂ forall 0<j5<3

and we also have

k
n n 4—n
D (we(w —2:) 7 [x(@ —2;) — (x(& — ;)77 ]| < C | loge | T
i=1
and
: — ;) %x(2 — ;) 4
Yl <o =
;hz xhaxj O0xp0x; < C|loge |
These estimates give the inequality (3.7). |

Our aim is to determine solutions to the problem which are a perturbation of @
by a lower order term w. For this, we set u = w + u the solution to the problem
(1.7). Then w satisfies

20 =| i+ w |71 —A%G.

This equation can be written as follows

A%w=(la+w| T —|a|7™1)— (A%a—|a|=9).
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The problem is then reduced to finding w satisfying

A = (|a+w|™1 —|a|m3) - (A%—|a|7) in Q\X
Aw = 0 on Of)
w =0 on Of).

Defining the operator G from C(2\ X) into C>*(Q\ ) b
Gw) =10, (|t +w 7)) =10, (A%),

the problem is reduced to proving that this operator G is a contraction. We re-
duce our study to the ball of C}*(Q\ ¥) centered at the origin and of radius

0=C| loge\% that we denote By.

") - (A% | @

n _
n—4 — | U

Lemma 3.1 Let p > 1. For any real n > 0, there exists a positive constant Cy
satisfying for any a,b € R:

[Tal+b["=lal|<+nplalb]+Cy b .

Using this result, we can get the estimates

lla+w == —|a|=| [ wl
u+tw |2 —|ul|" o
%= “Tloge] gsl ¢
This gives an upper bound for A2w:
| 8% g, < a5 = | @[ e, + | A% | @2 gpe
4-n
S Oﬂoi%gcf\ H w Hcﬁ,a +C()|10g€| 4" .

Choosing w such that || w |1 < C loge\%, we get
a-n
| A% flgo., < Clloge] 7,
with C' a constant independent of £. We therefore have
| G(w) [lcra< @ forall we By.

Then, the operator G maps By into itself. We now prove that G is a contraction.
Let wy and wy be in By. We have

| Gw1) ~Cw) llote = T (| @+w |77 — @+ wp [75) [ pne
< Ol (a+w |7 — | a+w |75 [ .

Using Lemma 3.1, for a small positive constant 7, there exists C,, such that we have
the following estimates:

@ +wn [T = @+ wp [ |
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A

4 n
(I+n)2g lu+we [P T |wr —we | +C; | wr —wa [T

IN

_4 _4
wr—wa | (L4 m)32g [t ws |77 +Cy | wr —ws |757)
Using the estimates on @ and the fact that w; € By, we get the following inequality
| Gwr) = G(w2) lleaa< Cepy [ Wi — w2 [[gae

where C; g, is a constant depending on ¢, 6 and n. Choosing these parameters
small enough, we get this constant less than 1 which implies that the operator
G is a contraction from By into Byg. Then, thanks to the Schauder fixed point
theorem (cf. [14]), we deduce the existence of a fixed point w to G. It satisfies
A% = (|a4w|™t — | @ |771) — (A%— | @ |72) in Q\ S which implies that
A2(i+w) = (& +w)7 7 and @ + w has the same singularities as % namely the set
S. Moreover, thanks to the choice of v € (4 — n,0) and applying the maximum
principle, we can see that @ +w > 0 in €, which implies that @ + w is a solution to
the problem (1.7). |

4 Proof of Theorem 1.2

We are interested, in this section, in the construction of a weak solution to

A%y = yn-1 in Q
Au = u = 0 on 0N
Sing(u) = XF

where Q is an open subset of R™** having a smooth boundary and Y* is a k-
dimensional smooth submanifold of 2.

4.1 Construction of the approximate solution

We construct a o-tubular neighborhood of ¥* in R"** that we denote N (o, %),
where ¢ is a given positive real, and we set N(o,X¥) its closure. For every x
in N(o,%*%), we set r = dist(x,X*). Fixing o sufficiently small, we can locally
identify N (o, ¥*) with a bundle of radius o; that is for every 3o € £*, there exist a
neighborhood U of 3, in X¥ such that N (o, ¥*) is locally equivalent to the trivial
bundle B™ (o) x U, where B" (o) is the open R™-ball centered at the origin of radius
0. We can therefore have the following local coordinate system for N (o, ¥*) near
yo (cf. R. Mazzeo and N. Smale [17]). We use polar coordinates (r,8) on B" (o) so
that (r,6,y) are coordinates on N (o, x¥).

We consider ¢ > 0. Using the radial solution ug of the problem A2y = y7—1
defined in the section 3, we build u. such that

ue(x) = e" tug(ex) for x € R™. (3.9)



Weak solutions of a biharmonic equation 737

n

We remark that we still have A2u, = u2~*, thanks to the fact that the equation is
invariant under dilation.
Let x be a smooth function from R™ to RT such that

x =1 on B"(1)
x =0 on R™\ B"(1) (3.10)
0< y <1 in R®

For all 7 > 0, we define x,(z) = x(%) and we set, for (z,y) = (r,0,y) € N(0, %),

i (2,y) = Ge(z) = " ug(ex) X0 (2). (3.11)

This construction allows us to define locally the function %, in the neighborhood of
all the points of N (o, $F).

We will prove that . is an approximate solution of the problem (1.8) in a certain
sense. For this, we define Holder spaces CL%(Q2\ £¥) by

Lo
che(Q\ oF) = {u € Ch@\ER) |t e (g < +oo} . (3.12)
Here || - \|C£,Q(Q\Zk) is the norm:
I ”cb‘*(g\zk): o<S;1<I)|m 877w 1 asfs,26] (3.13)

where the norm on the right is the C'*® norm restricted to the set {(r,0,y:s <r <
2s)} with respect to the underlying metric.i.e. :

l

‘ U |l,o¢;[s,25] = sup Zsj | V‘]’U,(QT) ‘
dist(z,Xk)€[s,2s] =0

l AR v/ .
pate sy (L7 Pt )

dist(z;,2F)€[s,25] H Li — Lj ||a

(3.14)

We have the following proposition which gives the local expression of A?:

Proposition 4.1 Let (x,y) € B"(0) x U be the induced coordinates for N (o, %*)
near yo. Then, for u € CH*(N (o, X*))

4
Ay = A2BnU+A2EkU+2ABnAEkU+Z@i Vi (3.15)
i=1
on B"(0) x U, where V? and V denote the Hessian and gradient, respectively, on
N(o,%F%); i.e.

n+m :
; e s 0°
e; - Viu = Z e.qu, 3Ji (w) u

Ji,egi=1

TP (3.16)
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and eq, es, ez and ey are CO sections such that
lex lleos + Il €2 llgo + Il €3 llgne + Il ex llgpa < Co (3.17)
for some constant Cy independent of x, y, or o and for any a, 0 < o < 1.

Proof. This result is deduced from a result proved by D.L. Finn and R. C. McOwen
in their paper [9], where they give the local expression of the Laplacian. Let y =
(Y1, ,yx) be coordinates for ¥ in U, and let g;; and ¢g* denote the coefficients
of the metric on N (o, ¥*) relative to the coordinates (z,y) induced by the bundle
map N (o, %) — B"(c) x U. We know from the papers of D.L. Finn and R.C.
McOwen [9] and R. Mazzeo and N. Smale [17] that the local expression of the
Laplace operator is given, for u € C%%(N (o, %*)), by

Au=Anu+ Agiu+é - Viu+é - Vu (3.18)
with
& oo + Il & llgo.a< Co

for some positive constant Cy independent of x, y, or ¢ and for any «, 0 < o < 1.
In equation (3.18), V2 denotes the Hessian, V denotes the gradient on N(o, X¥)
and &; and &y are C*® sections of T'N(o,X¥) and (Sym?N (o, X*))* respectively.
Writing the expression of the bilaplace operator using this development, we get the
result given in the equation (3.15) and the required estimates follow. |

Using these notations, we prove that 4. is an approximate solution in the following
sense:

Proposition 4.2 Assume that o and v are chosen to satisfy
0<a<l and (4—n)<v<D0.

Then, we have

n
: 2~ ~n—4 o
ghi% | A%d, — al ||Cgf4_ 0.
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Proof. Using the local expression of the bilaplacian (3.15), we can write

4

_n . _n__

A%, —alt = AL+ g e; Vi, —al™*
i=1

= AL u.xo +4V(Au) Ve + 4VuV(Ax,) + 2AuAx,

0%u, n
+u A%y, + e - Vi —al?
83:;8% 8%‘133% ¢ Xo ; ! ¢ N

= (X — X~ 4) nea + 4V (Au)Vxs + 4Vu V(Axs) + 2AuAx,

0%u,

8:518.%;1 8xlaxh

ZQi +Zei - Vi,
i=1 i=1

On the other hand, we know that

+u A%y, + Zez Vi,

i=1

Supp{Q:} C B, \ Bg forall 1<i<6.

We also know that the problem is invariant under dilation. Therefore, if € is very
small, we have | us(z) |[< C || = |*~"| loge +log || « ||| 7" in B, \ Bg (cf. (3.8)).
Then we have, after a straightforward computation,

6
15" Qi 1< C | loge |

i=1
We are interested in the determination of an upper bound for | el - Vi, | for
1 < i < 4. Knowing that | up(z) |< C || = |*™| log || = ||| 7, we have the
inequality
. . 4—n

| Viug (@) |< Coin [l @ P77 og || @ ||| 7T

forall z€ B,\Bg andall i=1,---,4
which implies that

| Viuo |[<C | a |*" | log || z || +loge |"T°

and

4
rdv <Z | e; - Vi, |> < Co%" " | loge \4%

i=1
Then using the estimates on @);, we deduce the estimate

9 P 4 4—n 5 4—n
| A%, — G || < C (o— | loge | 405" | loge |T)
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which tends to zero when ¢ tends to zero. So 4. is an approximate solution in the
sense described above. |

4.2 The linear problem

Proposition 4.3 Let v be given such that 4 —n < v < 0 and consider the operator
L defined from the space CO,(Q\XF) into the space CH(Q\SF) by L(f) = v where
v solves

A%y = f in Q\ Xk

Av on 09 (3.19)
v = 0 on 0N

|
o

Then the operator L is bounded.

Proof. Let us consider the tubular neighborhood of ©* defined by {y € Q |
dist(y,XF) < 6}, Let wyp = 1, we have wy € CH¥(Q\ ©F) and | wo [e2a< c
where c is a positive constant. Using the local expression of the bilaplacian, we may

write
4

A2y = AanwO + A%kwo +2Apn Agrwy + Z ei - V'wp.
i=1

We then find, after a straightforward computation,

4
Awy=v(v—-2)v+n—4)(v+n—2)r""*+ Zei - Viw.

i=1

4
Since, for r < § small enough, Z e; - Viwg is negligible compared to r*~* and we
i=1
have c
AQWO = CVTV74 -+ O(TV74) Z 7’17"1}74
where C), is a positive constant since 4 —n < v < 0. Then &y = C—r” is a
v
supersolution of the problem (3.19) and we have v < C,wy. We can similarly prove
that —&g is a subsolution. This implies that | v |< C, | wg |. Using rescaled
Schauder estimates (cf. [14]), we conclude that
I L) lepa < CULA) llgpm + 11 £ oo ) < €1 flgnm
where C et C’ are two real constants. Then the operator LL is bounded. |

Corollary 4.1 Let v be fized such that 4 —n < v < 0 and let K be fixed from the
4

space C® into itself by K(w) = L(:2;4¢ *w). Then, the norm of this operator is
very small.
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Proof. To prove this result, we decompose K in the following way:

M L
Ko cin@\T) — @\ — i@\

4 4

w — gl tw — L(ﬁﬂgﬁw).

‘We notice that both operators M and L are bounded, so K is bounded too. We also
remark that M is linear and has a small norm. This allows us to deduce that the
norm of I composed with M is very small. |

4.3 The nonlinear problem

We now look for solutions to the problem which are obtained as a perturbation of
@ by a lower order term. Hence we linearize u — A2y — u=—3 about @, and make
a Taylor expansion to get for all u € C2*(Q \ £*) the nonlinear equation

_4 _n_ 1 4 —n
A%y Gl = (A% a7 + / ﬁ | die + tu |75 dt. (3.20)
N

Knowing that the resolution of the problem

A%y = —A20+ | G+ u e in Q\x*k
Au = 0 on Of)
U =0 on Of)

is equivalent to the resolution of the problem

A% = (A% — @l )+ |G +u |7 —aZ i Q\TF
Au = 0 on 0N
U = 0 on 0,

we will prove that the operator P defined from C2<(Q \ £*) into C>*(Q\ ©*) by

n

n _n_
o ~n—4
n—4 —Uge )7

P(u) = L(—(A%G — @2 ")+ | @ +u

is a contraction. We reduce our study to the ball of CH*(Q2\ ©*) of radius 6:

n

By. As we have A%, + @2~ " tends to zero when ¢ tends to zero, we deduce that
L(A%4. + 125"%4) tends to zero in C3*(Q\ ¥¥) as € tends to zero.

We now study L(| @ + u |73 —ﬁg%‘) for w € By. Setting N, the operator
defined from CH*(Q \ £ into €2% (2 \ £*) by N(u) =| @ + u |77 —aZ* and
using the Lemma 3.1, we get

_n_
n—

|ﬂ€+u|ﬁ —u < (147

n i n_
G ] +Cy w7
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and
I LN(@) llora < (1) [ K@) lgta +Co LI |0
< @4+ TKAN w llge +Co [ITLAJ] ] w ||C"?L3
where ||| - ||| is the norm of the considered operator in the corresponding spaces.

Knowing that we chose u € By, we have
_4
ILQ e+ 725 —32) flgges (1) I1K N +C077) || g

We can claim that ||| K |||< 1, thanks to Corollary 4.1; and that for a suitably small
value of n, we can have (1+n) ||| K |||]< 1. We then deduce that if 6 is chosen very

small, we can have (1+n) ||| K ||| +Cn9ﬁ < 1 so that
[ P(u) lca.a< @ forall ue By.

We conclude that the operator P maps By into itself. We now prove that it is a
contraction from By into itself. Let v; and vy be in Bg. We have

| Bvr) = B(oz) flgso =l L(| e +v1 |75 — | . + v [77) [|gga -

Using Schauder estimate, we have

| P(v1) — P(v2) ||C3,u

<C <|| P(v1) — P(v2) [leoo + | e +v1 |77 — | e + 2 |ﬁ||c3ﬂ) ;

and thanks to Lemma 3.1, we have

|1+ 00 |77 = |+ vp |7
~ _4 _n_
< (+n)itg Lt o [T vr —v2 [ +Cy [ v — v [
~ _4 _4 _n_
< lu—wnld+n)2 ((1+77)|Us [T +Cy [ \"*4)+Cn|v1 |== .

We therefore get the following estimate for P(vy) — P(v2):

| B(0r) — Pn) lose < 0(| LIl o1 — 2 [lgne [(He) 2l 15

HI+0) 7250 [ v o

Coa +C || V1 — U2 ||Coa:|

o= g [ (145

4
U+ n)C o 15T +C o= 157 )
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which implies that

[ P(v1) = P(v2) [lepe < Cflor = va flgge (I L[] +1)

n

X [(14 )220, + (14 7) =25 Cy 77 +c,7(29)ﬁ].

Choosing 1 and 0 small enough, we can get

| Bor) = P(w2) et < K |01 — 03 [lgse

with K < 1, which implies that P is a contraction and by the Schauder fixed point
theorem, [14], we get a fixed point u for P. u satisfies A?(u + @) =| u + e |71
and u + . has the same singularities as @. namely those prescribed by L*. We
also have thanks to the choice of v > 4 —n, u + 4. > 0 and A(u + @) < 0 in the
neighborhood of ¥*. Then, thanks to the maximum principle and to the fact that
A%(u+a:) > 0in Q, we get A(u+ i) < 0in . Applying the maximum principle
again, we finally get (u + @.) > 0 in  and it is a solution to the problem (1.8). W
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