Advanced Nonlinear Studies 5 (2005), 223-252

Finite Speed of Propagation in Monostable
Degenerate Reaction-Diffusion-Convection

Equations

Luisa Malaguti

Department of Engineering Sciences and Methods,
University of Modena and Reggio Emilia, Reggio Emilia, Italy 42100

e-mail: malaguti.luisa@unimore.it
Cristina Marcelli

Department of Mathematical Sciences,
Polytechnic University of Marche, Ancona, Italy 60131

e-mail: marcelli@dipmat.univpm.it

Received 28 December 2004
Communicated by Chris Cosner

Abstract

We study the existence and properties of travelling wave solutions of the Fisher-KPP

reaction-diffusion-convection equation; + h(u)u, = {D(u)ux} + g(u), where the

x

diffusivity D(u) is simply or doubly degenerate. Both the cases wh¢t) and D(1) are
possibly zero real values or infinity, are treated. We discuss the effects, due to the presence
of a convective term, concerning the property of finite speed of propagation. Moreover, in
the doubly degenerate case we show the appearance of new types of profiles and provide
their classification according to sharp relations between the nonlinear terms of the model.
An application is also presented, concerning the evolution of a bacterial colony.
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1 Introduction
This paper deals with the reaction-diffusion-convection equation
ug + h(u)uy = [D(u)uxL + g(u) t>0,z€eR (1.1)
whereg € C[0, 1] is a Fisher-KPP reaction term, that is it satisfies
g(u) >0 foru e (0,1) and g¢(0)=g(1) =0, (1.2)

h € C[0,1] is a nonlinear convective term ard € C*[0,1] is a degenerate diffusivity,
satisfying

D(0)=0, D(1)>0 and D(u) >0 for 0 <u < 1. (1.3)

When D(1) > 0 Eg. (1.1) has a unique degeneracy at 0 (simply degenerate case), instead
when D(1) = 0 it has a pair of degeneracies at 0 and 1 (doubly degenerate case).

Reaction-diffusion equations with a degenerate diffusion coeffidént were mainly
introduced in the investigation of various biological phenomena. In particular, in population
migration and dispersal models (see, i.e., [2], [15], [17]). Recently, also in the study of the
pattering behavior of bacterial colonies (see [18]).

This paper deals with the existence and properties of travelling wave solutions (t.w.s.)
of Eqg. (1.1) connecting the stationary states 0 and 1. As it is known, they play a relevant
role in describing the asymptotic behavior of general classes of solutions of (1.1) (see e.g.
[8] and [9] for recent contributions).

Recall that a t.w.s. is a solutiom(¢, z) having a constant profile, that is such that
u(t,x) = p(x — ct) = (&) for some functionp(¢) (the wave shape) and constar{the
wave speed). Observe thatsatisfies the ordinary differential equation

(D(p)¢')" + (c = h(p))¢’ + g(p) =0 (1.4)
and the boundary conditions
p(—o0) =1, ¢@(+00)=0. (1.5)

Front propagation for reaction-diffusion equations (without convective effects) was ex-
tensively investigated (see e.g. [6], [7], [15], [16], [19] and references there contained). In
particular, it is well-known that Fisher-KPP equations always support a halffdinet-oo)
of admissible wave speeds and estimates of the threshold speed available (see [3],
[7], [14], [17]). Also variational characterizations of exist and we refer to [1] for a re-
cent contribution in this direction. Moreover, when the diffusion term presents a unique
degeneracy at0 anﬁ(o) = 0, it was showed that the t.w.s. having spe€ds of a special
type (sharp-type), since it is right compactly supported, that is it reaches the equilibrium 0
at a finite value, with the precise non-zero slope* /D (0).

In order to justify this behavior let us consider the singular associated system

¢ =
{ Do) = —cv — D) — g(p) (1.6)



Reaction-diffusion-convection equations 225

(where" stands for differentiation with respect¢g whose singularity can be removed by
introducing a parameter = 7(§) satisfying‘jl—g = m (see [2]; or [15], page 290).
The new system

¢ = D(p)v
O 2o o —ato a7

is obtained where noidenotes differentiation with respecttoSystem (1.7) is equivalent
to (1.6) in the strip{(¢,v) : 0 < ¢ < 1,v € R} and whenD(0) > 0 it has the equilibria
Py = (0,0), P, = (1,0), P. = (0, —¢/D(0)). Itis then natural to expect that, for suitable
¢, (1.7) admits orbits both connectigy with P, and P, with P.: while the former ones
correspond to classical t.w.s., the latter originate sharp-type t.w.s.

In [14] we investigated such a problem under mild assumptions and we also treated
the doubly degenerate case showing that no other sharpness phenomenon arises due to the
degeneracy at 1.

When the equilibrium 0 is attained at a finite value, the dynamics is said to have the
property offinite speed of propagation. If g is not locally continuously differentiable at
0, this phenomenon can occur also for- ¢* ( see [7, Theorem 38]) but in this case the
profile reaches the equilibrium with zero slope, so it can be continued up to infinity (see
e.g. [17]).

The introduction of a convective terin(«) inside the model changes its dynamics
and, according to our knowledge, up to now the study of front propagation for reaction-
diffusion-convection equations with a degenerate diffusivity was an open problem. The aim
of the present paper is to investigate such a problem, both in the simply and in the doubly
degenerate case. In particular, we will show that here the double degeneracy can determine
the appearance of new types of sharp t.w.s, which can be right compactly supported, left
compactly supported, or both of them. In other words, they can leave the equilibrium 1
and/or reach the equilibrium 0, at finite values and with non-zero slope. This means that,
in this framework, the density(t, ) not only spreads with finite speed but also reaches its
maximum value 1 in finite times.

All these different situations can be handled by using the following unifying definition
of t.w.s.

Definition 1.1 A function v = wu(t,z) is said to be a t.w.s. (with wave speed c)
if there exist a (maximal) interval (a, (), with —oo < a < 8 < 400, and a
function ¢ € C(cl(a, B)) N C?(a, B), satisfying equation (1.4) in (o, 3), such that
u(t,x) = p(x — ct) = p(§) and

pla)=1, ¢(B)=0 (1.8)
5%& D(p(€)¢'(§) = 513}31 D(p(8)¢' (&) =0. (1.9)

A t.w.s. ¢ is said to be of front-type if (o, 3) = R, sharp of type (I) if a = —cc
and € R, sharp of type (II) if « € R and [ = +o0; sharp of type (III) if both
a, B eR.
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In Remark 2.1 we discuss the relations between this definition and other well-known
ones. In particular, wher(«, 3) = R condition (1.9) is automatically satisfied and then
the previous definition reduces to the classical one for the non-degenerate case. Moreover,
in the present regularity setting this condition is equivalent to that given in weak form in
[7]. Finally, whenD(0) # 0 and3 € R the t.w.s. reaches the equilibrium 0 with the slope
(h(0) — ¢)/D(0) and also in this case the previous definition coincides with that used in
[17]. Similarly, whenD(1) = 0, D(1) # 0 anda € R, the t.w.s. reaches the equilibrium
1 with the slopgh(1) — ¢)/D(1).

Again one can use a dynamical systems approach in order to understand the appearance
of these solutions. Indeed, with the additional convective tef), system (1.7) maintains
the equilibriaP, and P;, while P. becomeg0, (h(0) — ¢)/D(0)) (whenD(0) # 0) and
the new equilibriumP, := (1, (h(1) — ¢)/D(1)) arises wherD(1) = 0 and D(1) # 0.
Both connections fronF, to P, and from P, to P, are allowed and they originate sharp
t.w.s. of type (Il) and (l11) respectively.

Observe that, when the reactivityis not continuously differentiable at O, precisely
whenfo‘s ﬁ du < oo, all the t.w.s. having wave speed> ¢* attain the equilibrium 0
at a finite value (see Theorem 8.1); however, their slope is zero so they can be smoothly
continued up to infinity. According to Definition 1.1, such t.w.s. are of front-type; instead
the sharp t.w.s. of type (l) reach the equilibrium O with a non-zero slope (eventually infi-
nite), hence they are not continuable up to infinity. In this way, concerning the property of
finite speed of propagation, we are able to distinguish between a smooth and a non-smooth
attaining of the equilibrium. A similar situation holds for the equilibrium 1 too. We discuss
this topic in Section 8.

The present investigation starts with the proof of the appearance of a threshold speed
¢* satisfying

h(0) <e" <2,/ sup Dls)g(s) + max h(u) (1.10)

36(071] S U,E[O,l}

such that Eq. (1.1) has t.w.s. (of front or sharp-type) if and ontyJf ¢* (see Theorem

2.2). We remark that, in this general framework, at our knowledge this existence was never
previously stated. However, the main purpose of this paper is to classify these t.w.s. In
particular, in the simply degenerate case we will show that the t.w.s. having spead

be sharp of type (1) or of front-type, according to the value*of /(0). This phenomenon

is clearly in contrast to what happens for the reaction-diffusion equation without convection
where the threshold speed t.w.s. is always sharp of type (I). The following result provides a
classification of t.w.s. in the simply degenerate case, under the assurbytips 0. The

case whenD(0) = 0 is more complicated and will be treated in Section 6.

Theorem 1.1 Let g, D satisfy (1.2), (1.3) and D(0) # 0. Assume that D(1) > 0.
Then, there exists a threshold value ¢* satisfying (1.10) such that Eq. (1.1) has

(i) no t.w.s. for c¢<c*;

(ii) a unique (up to shifts) t.w.s. for ¢ = c*, which is of front-type if ¢* = h(0),
whereas it is sharp of type (1) if ¢* > h(0);
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(#i) a unique (up to shifts) front-type t.w.s. for every c > c*.

A natural question arises, from the previous classification result, concerning the study
of the sign ofc* — h(0), since the exact value of is unknown in general, being available
only the estimate (1.10). The following results deal with the comparison betweamnd
h(0).

Theorem 1.2 Let g, D satisfy (1.2) and (1.3). Assume that h(p) < h(0) for ¢ €
(0,1) and

(h(e) — h(0)] / “h(s) — h(0))ds (1.11)

e

D(p)g(yp) <
then ¢* = h(0).

Theorem 1.3 Let g, D satisfy (1.2) and (1.3). If h(y) > h(0) in a right neighbor-
hood of 0, then c¢* > h(0).
Moreover, if for some § > 0 and { > % we have h(p) < h(0) in [0,0], but

D(p)g(w) = Llh(p) — h(0)] /Ow[h(S) —h(0)]ds  for 0<p<d, (1.12)

then again ¢* > h(0).

Note that conditions (1.11) and (1.12) are very close each other and they respectively
imply that the t.w.s having speed is of front-type or sharp of type (). The previous results
show that both the cases = 1 (0) andc* > h(0) can really occur (see also Example 2.1);
in particular, wherh(y) is monotone, the former case can occur only whéndecreasing
and the validity ofc* = h(0) necessarily implie () not identically zero.

In the doubly degenerate case, the situation is more complicated since also the value
h(1) — cis involved in the classification of t.w.s. The results related to this case are the
following ones.

Theorem 1.4 Let g, D satisfy (1.2), (1.3) and D(0) # 0. Assume that D(1) = 0,
D(1) # 0 and h(0) < h(1). Then, there exists a threshold value c*, satisfying (1.10)
such that Fq. (1.1) has

(i) no tw.s. forc<c*;
(ii) a unique (up to shifts) t.w.s. for ¢ = c*, which is:

- sharp of type (II) if ¢* = h(0);
- sharp of type (III) if h(0) < ¢* < h(1);
- sharp of type (I) if ¢* > h(1);

(1i) a unique (up to shifts) t.w.s. for every ¢ > ¢* which is:
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- sharp of type (II) if ¢ < h(1);
- of front-type if ¢ > h(1).
Theorem 1.5 Let g, D, satisfy (1.2), (1.3) and D(0) # 0. Assume that D(1) = 0,

D(1) # 0 and h(0) > h(1). Then, there exists a threshold value ¢*, satisfying (1.10)
such that Eq. (1.1) has

(i) no tw.s. forc<c*;

(i) a unique (up to shifts) t.w.s. for ¢ = c*, which is of front-type if ¢* = h(0),
whereas it is sharp of type (1) if ¢* > h(0);

(#ii) a unique (up to shifts) front-type t.w.s. for every c > c*.

Also in this case it is important to know the sign@f— h(1) and the following results
account for this study.

Theorem 1.6 Let g, D satisfy (1.2) and (1.3). Let D(1) = 0. Assume that h(p) <
h(1) for ¢ €10,1) and

1

D()g(e) < 1 o)~ h(0)] [ (o) = hlds  for cvery € (0.1) (L13)

=0 (1.14)

then ¢* < h(1).

Theorem 1.7 Let g, D satisfy (1.2) and (1.3). Let D(1) = 0. If h(v) > h(1) in a
right neighborhood of 0, then ¢* > h(1). Moreover, if for some § > 0 and £ > i we
have h(p) < h(1) in [0,0], but

D((e) = dnle) - (1) [ ()~ h(Dlds  Jor 0<p<s  (L15)

then again c* > h(1).

As an example, it is easy to check that fdw) := u(1 — u), D(u) := u(1 — u) and
h(u) := 2u, all the conditions of Theorems 1.3 and 1.6 are satisfied anditfien< ¢* <
h(1). Theorem 1.4 then implies that the t.w.s. having sp€&ed sharp of type (Ill), those
with speed* < ¢ < h(1) are sharp of type (Il) and the remaining ones are front-type t.w.s.

In Section 5 we present some applications of Theorem 1.3 (see Corollaries 5.1, 5.2 and
5.3). We also provide several examples of dynamics with polynomial convective terms
h(w) for which all the possibilities can occur concerning the t.w.s. having sgleddont-
type or sharp of type (I) in the simply degenerate case; front-type or sharp of type (1), (ll),
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(1l in the doubly degenerate one. Finally we give a generalization of Theorem 1.3 and
Theorem 1.7 (see Proposition 5.1) suitable to treat also the caseiagis oscillatory.

As already mentioned, a different situation occurs whe(0) = 0 (or D(1) = 0 and
D(1) = 0). Indeed, in this case, wheri = h(0) the threshold speed t.w.s. can be of
front-type or sharp of type (l), according to the various relations betwée) h(u) and
D(u) (see Theorem 6.2). This study enables, in particular, to analytically solve a recently
proposed model on the spatiotemporal evolution of a bacterial colony (see Eq. (6.12) in
Section 6). The obtained conclusions confirm previous numerical computations discussed
in [18].

Our approach allows us to treat also dynamics where the diffusivity has infinite slope at
the equilibria 0 and 1. This occurs, for instance, in porous media equatioas(u™ ).,
for1 < m < 2 (see e.g. [5]) and also in the model studied by Kamin-Rosenau [8]. When
D(O) or D(l) is infinite, Eq. (1.1) does not support sharp type t.w.s. Roughly speaking,
this can be justified with the coincidence of the equilibrium pdinbof system (1.7) with
P,. We discuss this matter in Section 7.

As regards the methodology, our approach is based on a refined upper and lower solu-
tions method, combined with phase-plane techniques, applied to an associated first order
singular problem (see Section 2). The classification of the t.w.s. having spéedarried
out by an approximation technique based on a sequence of reaction-diffusion equations
whose reaction terms vanish in a right neighborhood of 0 (see Section 3). Section 4 con-
tains the proofs of classification Theorems 1.1, 1.4, 1.5, while the proofs of the other ones
are presented in Section 5, together with examples and applications.

2 First order singular analysis

The aim of this section is to develop our method in searching for t.w.s. which is based on
a first order singular analysis. We start with some preliminary properties satisfied by all
types of t.w.s.

Proposition 2.1 Let ¢ be a t.w.s. of Eq. (1.1) satisfying boundary conditions (1.8).
Then ¢'(§) < 0 whenever 0 < p(§) <1 and its wave speed ¢ satisfies ¢ > h(0).

Proof. Let p(§) be a tw.s. of Eq. (1.1), with wave speedas stated in Definition
1. Assume, by contradiction, the existence of a vajyesuch thaty’(¢,) = 0 and
0 < p(&) < 1. From (1.2) and Eq. (1.4) it follows thdp is a local maximum point
for ¢. Therefore, by boundary conditions (1.8), there exists another pgirt &, such
thatp(zg) = ¢'(x9) = 0. Hence, integrating (1.4) ifx, &), by (1.8) and (1.9) we ob-
tain ffi g(p(0))do = 0, contradicting the positivity of. Similarly we can exclude that
¢’ (&) takes positive values. Moreover, singé¢) < 0 whenevel) < ¢(§) < 1, for every
¢ < h(0) we have
(D(p)¢") = (h(p) — )¢’ — g(y) <0
in a left neighborhood of, contradicting (1.9), bein®(¢(&))¢’(£) < 0. a

Notice that, wherh(y) = 0, that is when there is no convective effect, the admissible
wave speeds satisfy the sharper constraint 0 as already showed in [14]. As a conse-
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guence of the monotonicity of each t.w.s. showed above, there exists the inverse function

€ =£(p)in (0,1). Put
2(#) = D(p)¢'(€(9)) 0<p <1, (2.1)

by (1.9) it satisfies the singular first order boundary value problem

=h(p)—c— D(wlg(so)
{ (ga) <0, ¢€(0,1) (2.2)
2(07) =2(17) =0

This means that each t.w.s. of Eq. (1.1) satisfying (1.8) gives rise to a solution of
(2.2). As we will show in Theorem 2.1, also the converse is valid, i.e. there is a one-to-one
correspondence between t.w.s. of (1.1) satisfying conditions (1.8) and solutions of (2.2).
Our analysis is based on this correspondence.

In order to prove it we need to show the differentiability -ofit the extreme points
¢ = 0andy = 1. In Theorem 2.1 the value @f(0), as well as of(1) whenD(1) = 0,
will be also used as a criterion for distinguishing between front and sharp-type t.w.s.

Lemma 2.1 Let z(p) be a solution of (2.2) for some given real ¢ > h(0). Then,
2(0) exists and it holds 2(0) = 0 or 2(0) = h(0) — ¢. Moreover, if D(1) = 0, also
2(1) ewists and it holds 2(1) =0 or 2(1) = h(1) —

Proof. Letz = z(¢) be a solution of (2.2) for some real> h(0). Of course we have

DT 2(0) := limsup ) < 0. Since
p—0+
(1) — e 2(0)) 22 - 2EE gy
andD(0) € R, we have
: o) 2e)
Jim (hp) e = 2(9)) Z 2 = 0. (23)

Therefore, if DT2(0) < 0then A(0) — ¢ = lim Z(¢) = lim () < 0.
p—0t =0t @

Assume now, by contradictior); z(0) < D*z(0) = 0. Given a real numbem &
(D42(0),0), we can find two sequencég,, )., (wn)» in (0, 1) convergent to 0 such that

Z(f:) =7 and i <2'(<pn) — Z((;pn")) = % (2(;0))@:% >0
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Hence, ifc = h(0), being 2(w,) < z(“") = n, we geti(w,) - @ n* > 0, in
contradiction with (2.3). Instead, éf > h( )assummg with no loss ofgeneralﬁyo)

7 we obtain
D(‘Pn)
o 9(¢en)
n

whenn — +o0, in contradiction with:(¢,,) > 1. So, we conclude that eithé&rtz(0) < 0
and there exist$(0) = h(0) — ¢, or D*2(0) = D4 2(0) = 0 = 2(0).

Z(pn) = h(pn) —c— — h(0) — ¢

Now let us consider the extreme poipt= 1 in the caseD(1) = 0. Similarly to the
previous case we obtain

1% . . D(p)
Jim R (h(p) e~ 2(9) = lim (o) 7 =0. (2.4)
Hence, ifD_z(1) > 0 then
(1) —c= lim 3(g) = lim ¥ 50,
p—1- p—1- ® — 1

Assume now, by contradictiof,= D_z(1) < D~ z(1). As in the study aip = 0, given a
positive real numbek € (0, D~z(1)), we can find two sequencés,, )., (¢). in (0,1)
convergent td such that

Aon) _ A and L (é(d)n) M) _ 4 <;(f)1)| > 0;
p=¢n

(bn_l ¢n—1 _(bn—l d(p

() T 2(¢n) Y _ d [ 2(9)

Hence, ifc > h(1), beingz(¢,) > 220 = A, we obtainz(y,) - 242} > X2 > 0iin
contradiction with (2.4). Otherwise, when< h(1), assuming\ < h(1) — ¢, we get

S g(¢n)
A
whenn — +o0, in contradiction withz(¢,,) < A. Therefore eitheg(1) = h(1) — cor
Z2(1) =0. O

The following result provides a classification of the appearing t.w.s. under the assump-
tion D(0) # 0 (andD(1) # 0 for the doubly degenerate case). The case whéh = 0
and/orD(1) = 0 will be treated in Section 6.

2(¢n) = h(¢n) —c— —h(l)—c> A

Theorem 2.1 Let g, D satisfy (1.2), (1.3) and D(0) # 0. There is a one-to-one
correspondence between the t.w.s. (of front or sharp-type) of Eq. (1.1) satisfying
(1.8) (modulo shifts of the origin) and the solutions of problem (2.2) with ¢ > h(0).
Moreover, if D(1) > 0 (simply degenerate case), to every solution z(y) corresponds:

- a front-type t.w.s. iff 2(0) =
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- a sharp t.w.s. of type (I) iff 2(0) = h(0) —c < 0.

Instead, if D(1) =0 and D(1) # 0 (doubly degenerate case), to every solution z(p)
corresponds:

- a front-type t.w.s. iff 2(0) = 2(1) =

- a sharp t.w.s. of type (1) iff 2(1) =0 and 2(0) = h(0) — ¢ < 0;

- a sharp t.w.s. of type (II) iff 2(1) =h(1) —c >0 and 2(0) =0;

- a sharp t.w.s. of type (III) iff (1) =h(1)—c>0 and 2(0) = h(0) —c < 0.
Proof. We already showed that each t.ws.of equation (1.1) satisfying (1.8) gives rise

to a solution of problem (2.2), defined by (2.1). Now tdbe a solution of (2.2) for some
¢ > h(0). Letp = ¢(&) be the (unique) solution of the Cauchy problem

= ;((Z)) , 9(0)

defined on its maximal existence interyal, 5) C R. Of coursey is a decreasing solution
of Eq. (1.4) in(r, B) and ¢(a™) =1, p(3) = 0.

We have to verify the validity of conditions (1.9). To this aim,df = —oo, for every
¢ < Ointegrating (1.4) if¢, 0] we get

% (2.5)

»(0) 0
D(p(&)¢/(€) = DAONF0) = eo(0) ~¢(9) ~ [ hodo+ [gliolo)ao (26
%2}
So, according to conditions (1.2) and (1.8)(x(£))¢’(£) has limit as¢ — —oo and the
boundedness @f implies that it is equal to zero. A similar reasoning holds whea +occ.
Then, if « = —oc and g = 40, ¢ is a front-type t.w.s.

. . z(¢)
Instead, ifa € R, we have lim ¢’ = hm —~. So, if D(1) > 0 we have
Jim @€ = lim 55 (1)

5lim+ ©'(€) = 0; whereas, ifD(1) = 0 then by V|rtue of Lemma 2.1 we havg’(a*) = 0

or ¢'(at) = (h(1) — ¢)/D(1). Wheng'(at) = 0, the functiony can be continued in all
(—o0, 3), remaining a solution of (1.4). In both cases the first condition in (1.9) holds.

Similarly, wheng € R, it is possible to show that'(5~) = 0 or ¢/'(5~) = (h(0) —
¢)/D(0). When ¢'(37) = 0, the functiony can be continued in alky, +-00), remaining
a solution of (1.4). In both cases the second condition in (1.9) holds.

Summarizing, if ¢’ (a™) = 0 and ¢’ (87) = 0, ¢ is a front-type t.w.s., instead in the
other casesp is a sharp t.w.s. of type (1), (Il), (111) according to the various eventualities.
Finally, observe that by the definition gf we haveD(y)¢’(£(¢)) = z(p), and this

shows that the correspondence is one-to-one. O

Remark 2.1 In view of the proof of the above Theorem 2.1, it is clear that when
(@, B) = R then Definition 1.1 reduces to the classical one, since condition (1.9) is
automatically satisfied. Instead, when @ = —o0, § € R and D(0) # 0, then each



Reaction-diffusion-convection equations 233

t.w.s. satisfying (1.9) reaches the equilibrium 0 with the slope ¢ — h(0)/D(0). Vice
versa, each solution of (1.4) satisfying boundary conditions (1.8), satisfies conditions
(1.9) too. So, also in this case Definition 1.1 reduces to that used in [17].

Finally, in [7] a more general definition of t.w.s. was proposed in the setting
of the theory of distributions. We point out that, in this regularity framework,
we obtain the same solutions as in the quoted monograph. In fact, according to
property (1.9), all our t.w.s. satisfy the definition proposed in [7]. Vice versa,
since for each solution in the sense of [7] the corresponding z(p) defined as in (2.1)
satisfies (2.2), then previous theorem states that it is a front-type t.w.s. or sharp
of type (I), (II) or (III).

The following result deals with the solvability of (2.2) depending on its paranaeter
can be proved with the same techniques developed in [12] for the non-degenerate case (i.e.
for D(0)D(1) > 0). In fact these methods only depend on the product fundtiom)g(u)
which vanishes att = 0 andu = 1 in every case. A detailed investigation of the simply
and doubly degenerate cases in absence of the convectivity ) can be found in [14,
Theorems 9 and 14]

Theorem 2.2 Let g, D satisfy (1.2) and (1.3). Then a real value ¢* exists such
that (2.2) is solvable if and only if ¢ > ¢*. Moreover the solution is unique and c*
satisfies inequalities (1.10).

Proof. According to [12, Theorem 4.1], there exists a real vatusuch that the boundary
value problem

{ u" = (¢ = h(u))u' + D(u)g(u) = 0
u(—00) =0, u(+o00) =1

has a unique solution (up to space shifts) forcat ¢* and inequalities (1.10) hold. As a
consequence of [12, Lemma 2.2], this implies that also

C = ¢~ h(yp) — D(W)Cg(w)
Clp) >0, 0<p<1
¢0F)=0,¢(17)=0

is uniquely solvable, for ak > ¢*. The change of variable(y) = —((¢) then leads to
the conclusion. O

Example 2.1 Take g(u) = u?(1 — u), D(u) := u(l —u) and h(u) := u(4u — 3)
for 0 < u < 1. Tt is easy to check that problem (2.2) is solvable with ¢ = 0 and
2(u) = u?(u — 1). According to (1.10), ¢* = 0 and since #(0) = 0 and (1) = h(1),
Theorem 2.1 implies that the corresponding t.w.s. is sharp of type (II).
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3 Existence of constant profile solutions for a re-
lated combustion model

This section deals with front propagation for a class of equations obtained by (1.1) when
assuming that the reaction term vanishes fe&uch a kind of equations frequently occurs

in combustion models, where an ignition temperature is present, before which no reaction
is active (see [4]). This analysis will be used in the proof of Theorems 1.1, 1.4, 1.5 in order
to prove the appearance of sharp profiles of type (1) or (lll) for Eg. (1.1) corresponding to

the threshold speed, whenc* > h(0).

Givend € (0, 3) we define

0 0<p<v
go(9) == min{g(p), L0 (p—0)} ¥ < <20 (3.1)
9(») 20 < <1,

and consider the family of boundary value problems

= h(p) — D(W)Qﬂ(@)
{ 2(p) <0, for 0< Lp < 1 (3.2)
2(07) =2(17) =0

depending on the paramet@r
Also in this case it is possible to show that the solvability of (3.2) is equivalent to the
existence of decreasing t.w.s. for the reaction-diffusion equation

up + h(w)ug = [(D(w)ue], + go(u), (3.3)

which satisfy the boundary conditiogg—oo) = 1 andp(+00) = 0. Indeed, wher = 0
andD = 1 the proof of this statement can be found in [6]; while foand D in C'[0, 1]
and D positive, it is in [13, Theorem 1]. The same argument as in [13] holds also when
D(0) = 0, sincegy(¢) = 0in (0,9). However we do not make use of this equivalence
in the present paper, but we are only interested in the solvability of the first order problem
(3.2).

When D(yp) is positive on[0, 1] andh = 0, Berestycki, Nicolaenko and Scheurer [4]
proved the existence of a unique admissible 0 corresponding to a unique (up to space
shifts) wave profile of (3.3) betwedrand1, for eachy € (0, 1). On the other hand, in [13]
we showed that when the additional convective térip) prevails overD andgy, then it
can prevent the appearance of front propagation for (3.3) between its stationary siades
1 for any speed € R.

Concerning the special problem (3.2), in this Section we prove that i h(0),
whateverh(y) may be, problem (3.2) is solvable, for sufficiently smallThis is enough
for our aims.

Theorem 3.1 Let g, D satisfy (1.2), (1.3) and ¢* > h(0). Then there exists ¥ €
(0, 2) such that, for every 0 < 9 <4 problem (3.2) is solvable for a unique value
¢ = ¢y. Moreover, h(0) < ég < c* and the solution is unique.
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The proof of this theorem requires the following result.

Lemma 3.1 If ¢* > h(0), for all h(0) < ¢ < ¢* there exists Wy = wWp(c) < 0 such
that for every wy < wo < 0 the solution z(p) of

f=h(p)—c— %, (3.4)

with initial condition z(0) = wy, satisfies z(pg) = 0 for some 0 < pg < 1.

Proof. Let z*(y) denote the unique solution of (2.2) with= c¢*. Givenc < ¢*, first we
show that whenevef(y) is a negative solution of (3.4) defined on €l 1), then it holds
C(p) < z*(yp) for everyp € (0,1). Assuming in fact (@) > 2*(p) for somep € (0, 1),

we obtain

(9) = i) = 2O . g - o - DOIE)

and this leads to the contradictory conclusior ¢(17) > z*(17) = 0.

Now, for somec < ¢* assume by contradiction the existence of a negative increasing
sequencéw,, ), convergent to 0 such that for all € N the solutionz,, (¢) of (3.4) with
2, (0) = w,, is defined on al(0, 1). By what is proved above;,(¢) < z*(¢) forn € N
andy € (0,1), and(z,(¢)), is an increasing sequence on f@l1]. So we can define
z(¢) = sup,en2n(@), 0 < ¢ < 1. The monotone convergence theorem implies that
z(¢p) is a solution of (3.4) on al(0, 1) satisfyingz(0") = 0. By the definition ofc* (see
Theorem 2.2), we get(1~) < 0.

Let us consider the monotone sequefGg »)),, of solutions of (3.4) satisfying,, (1) =
Z(lTj. Notice that(,, (@) > z*(@) for somen € N andg € (0,1) implies¢, (@) > 2* (@)
in contradiction with(,,(17) < 0. Hence(,(¢) < z*(¢) foralln € Nandy € (0,1). In
particular¢,, is defined on all0, 1] and sincez(¢) < (. (p) for all ¢, ¢, (01) = 0. The
monotone convergence theorem guarantees that the limit functi@np jof is a solution of
(2.2), in contradiction with Theorem 2.2, since< ¢*. O

Proof of Theorem 3.1. For every giverc > h(0) andd € (0
unique solution of the Cauchy problem

{ i=h(p) —c— D(so)zgo(sa)7 (3.5)

1), let ¢..o(p) be the

’2

defined on its maximal existence interjal gy(c)) C (0,1). Note that ifc; < ¢ then
Cer () > Ceno(p) forevery 0 < ¢ < min{gy(c1),po(cz)}. In fact, we have
Cer,9(9) > o0 (@) in (0,99); moreover in each intervédD, o) where(., 4(¢) > (ey0()

we have N D

“ D(p)gs () _
> /0 (h(@) —C2 — W) dp = Ccz,ﬂ(a)-
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This implies, in particular,

Po(c1) < @ylcz) and (e, v(Pol(c1)”) > Cepu(Polcr) ). (3.6)

Puté := 1(c* + h(0)), let 2(p) be a solution of (3.4) for = & with 2(0) = wy < 0
such that (o) = 0 for somey, € (0,1) as stated in Lemma 3.1. Itis easy to show the
existence ofp € (0, ¢p) satisfying

»
2@)</nhWMw—é¢<Ofmamy<¢<¢. (3.7)
0

Putd := 14 and fix0 < ¢ < 9. According to (3.7) and the definition gf, we obtain
that2(¢) < Ce0(p) for every0 < ¢ < 29. When2y < ¢ < 1 both(; s(p) andz(y) are
solutions of the equation in (2.2). The uniqueness of the solution of the associated Cauchy
problems then implie$y(¢) < ¢o < 1.

Consider now.- » and again let*(y) be the solution of (2.2) for = ¢*. Itis easy to
see that.« »(¢) < 2*(¢) for 0 < ¢ < . Moreover, when assuming- 4() < z*(¢) for
somep € (0, 1), itholdsCe- 9(P) < Ze« (7). This impliesgy(c*) = 1 and(.- »(17) < 0.

Put A:= {c > h(0) : py(c) < 1}, B :={c> h(0) : gy(c) =1and¢.y(17) < 0},
the previous discussion shows thate A and ¢* € B. Moreover, by the continuous
dependence on initial data of the Cauchy problem

D(p)gs(p)

=hp) —e———

[y
- =)= [ (o) = . (35)
itis easy to check thas is open. Hence, puty := inf B, we getcy ¢ B andh(0) < ¢y <
c*, so by (3.6) it followszy = sup A . The proof of the solvability of (3.2) for = ¢y will
be complete if we show thaty ¢ A.

To this purpose, let us assume by contradiction ¢hdt,y) < 1. Consider a decreasing
sequencéc, ), convergent ta®y and define(,(¢) := (., s(p). Of course,((,(¥)), is
an increasing sequence of negative functions, convergdfit ihto a function((y). By
applying the monotone convergence theorem, we get

1) = @) = lim (¢a(1) — Gulg) = lim (h<s>—cn—D(’”’”<“">) ds =

n—-4oo n— 00 v Cn(s)

:L:ﬂ&@@—%—Dgg@)m

This implies that((¢) < 0 for a.e. ¢ € (0,1) and is continuous if0, 1]. Moreover,
in every interval where it is negative, it is a solution of the equation in (3.2} fer ¢.
The unique solvability of (3.8), considered when= ¢, then implies¢;, » = ¢ on all
[0, 29(cy)). Therefore, there exists an intervial b) C (¢y(¢y), 1) such that(p) < 0in
~ . L= D
(a,b) and((a) = 0, but this implies((a™) = lim+ h(p) — ¢y — (g()i(@) = 400, a
p— gp

contradiction.
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Thus, we conclude thaiy(¢y) = 1 and(z, »(17) = 0, that is¢z, ¢ () is the solution
of (3.2) we were looking for.

The uniqueness ofy is a consequence of the strict monotonicity in (3.6) and the
unigueness of the solution follows from the uniqueness property of problem (3.8).

4 Proofs of classification theorems 1.1, 1.4, 1.5

Note that the analysis of the admissible wave speeds as well as the estimate of the threshold
valuec* are contained in Theorem 2.2. So here we have to prove the classification of the
various types of t.w.s. according to the value of the speed

Proof of Theorem 1.1. Givenc > ¢* consider the t.w.sp(&) with speed: and letz(y)

be defined by (2.1), satisfying the first order dynamic (2.2) (see Theorems 2.1 and 2.2). Let
z* denote the solution of (2.2) with = ¢*. Reasoning as at the beginning of the proof

of Lemma 3.1, we obtain*(p) < z(p) for all ¢ € (0,1). From Proposition 2.1, we get

h(0) — ¢ < h(0) — ¢* <0, hence if 2(0) = h(0) — cthen z(p) < z*(p) for sufficiently

small positivep, a contradiction. Therefore, by applying Lemma 2.1 we haye) = 0.
Theorem 2.1 then implies that &) has a front-type profile.

Let us now consider the t.w.s having speeé c*. First note that ifc* = h(0), then
according to Lemma 2.1, we havé0) = 0 and this implies tha(¢) has a front-type
profile.

Now, letc* > h(0). By virtue of Lemma 2.1 and Theorem 2.1, we have to show that
£*(0) = h(0) —c*. In order to do this, let be the positive value given by Theorem 3.1 and
consider the decreasing sequenige= 2~", n > 1. By virtue of Theorem 3.1, problem
(3.2) withy = 9, is solvable for a unique = ¢,, satisfyingh(0) < ¢, < ¢*. Letus denote
by z, () its unique solution.

Following the same proof of [14, Lemma 12], with the only introduction of the ad-
ditional convective ternmh(y), one can show thdt,,),, is a strictly increasing sequence
converging towards*. As a consequence, by using the same argument of [14, Lemma 13],
that works also with the additional functidr{y), it is possible to prove the existence of a
positive decreasing sequenéeg ),, convergent to 0 and a sequerieg, (¢)),, of continuous
functions defined oifD, u,,) with w,, < u,,4, for all n, satisfying the following properties

(i) Un(p) = [ (h(s) —cn )ds forall ¢ € [0,b,];

(it) V() > [ (h(s) — c*)ds foreveryyp € [0,uy);

(iii) P (0) = h( <p) —Cp — %{é;") for everyp € [b,, un);
(v) Pn(u,) = 0;

(v) Pulp) = Ynia(p)  forallp e [0, un).

NOW putu = supneN U, < 1andy(p) := inf,eny¥n(p). By (i) it follows that
) > fo *)ds for 0 < ¢ < w. Moreover, by(iii) and the dominated conver-
gence theorem we get thatp) is a solution in(0, @) of the equation in (2.2) and hf)
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we have
@ ®
l/ h(s)dsfc*gwgwn(w):l/ h(s)ds —c,, 0< @ <b,
¥ Jo ¥ ¥ ¥ Jo

which implies the existence af(0) = 2(0) — ¢*.

Moreover, following the same argument used in the proof of [14, Theorem 2], it is
possible to prove that(z—) = 0. Therefore, ifu = 1 then by the uniqueness of the
solution of (2.2) forc > ¢* (see Theorem 2.2) it follows () = 2*(p) and thenz*(0) =
h(0) — ¢*. Instead, whem < 1, sincez*(u) < 1 the uniqueness of the Cauchy problem
associated to (3.4) implies () < ¥(p) forall 0 < ¢ < @ and consequently

#0) = tim 2P < m Y oy e 0
=0t @ =0t

Proof of Theorems 1.4 and 1.5. Taking account of Theorem 2.1 and the proof of Theorem
1.1, it only remains to discuss the valuez¢l —) depending on the wave speedSince

_ D(p)g(p)
z(y)
we get 2(1) > h(1) —ec. Hence, ife < h(1) then necessarilyi(1~) = h(1) —c by Lemma
2.1, and the t.w.s. is sharp of type (ll) or (Ill) according to the valug(@f — c. Instead,
whenh (1) — ¢ < 0 we havez(1) = 0, sincez(yp) is a negative function with(1) = 0. O

>h(p)—c, 0<p<l,

5 Comparison between c¢* and h(0), h(1)

In this Section we give the proofs of Theorems 1.2, 1.3, 1.6 and 1.7, together with some
corollaries and examples. To this aim we need the following lemma whose proof is omitted
since it is quite similar to the one given in [14, Lemma 8] for the same result but in the
special case wheh(y) = 0.

Lemma 5.1 Assume that there exists a negative function n € C*(0,1) such that
n(0%T) =0 and

D(p)g(p)

(2) for every v € (0,1)

() = h(p) —c -
(that is m is an upper solution for the equation in (2.2)). Then problem (2.2) admits
a solution z(p) > n(e).

Proof of Theorem 1.2. Let us consider the functior (¢) := £ fo“"(h(s) — h(0))ds.
Sinceh(p) < h(0) foreveryp € (0,1), H(p) < 0 for everyp € (0,1]. Moreover, from
(1.11) it follows that

f(g) = 2 (h() = h(0)) > hp) — h(0) - DSZ?EZE”

5 for0 < <1
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thatisH () is an upper solution for the equation in (2.2) fo= h(0). Hence, by Lemma
5.1 we infer that problem (2.2) admits a solutiondoe 1 (0). Beinge* > h(0), we deduce
c¢* = h(0). a

Proof of Theorem 1.6. Let us consider the function () := 3 fo h(1))ds.
SinceH(¢) < 0 for everyyp € (0, 1], by (1.13) it follows thatH( ) is an upper solution
for the equation in (2.2). Therefore, by applying Lemma 5.1 we get that problem (2.2)
admits a solutionz(y) for ¢ = h(1).

From assumption (1.14) we infer the existence of a positivedieal 1 such that

D(p)g(p) 1 1
“Ho 3 (h(@) = h(1)) > 2(h(1) —h(0)) for0 < <éy. (5.1)

Now, for everye > 0, let us consider the solution () of the following terminal value
problem

TP {2(@) fl(@())—h(l)—i—e—[)(f()g)(“’)7 0<p<l
5

We havez(p) < Z(p) for all ¢ € (0,1], since z(1) < Z(1) andz.(¢) = Z(¢ )for
someg € (0,1) implies z.(¢) > Z(@). Letdy € (0,1 — d1) be such that putting*
1(h(1) — h(0)) we havez.-(p) > H(y) for everyyp € [1 — &2, 1]. Reasoning as before,
when we compared, andz, we get

z(p) > H(p) foreverye <e* andp €[l —ds,1]. (5.2)

D(p)g(e) 1

H(p) 2
(1.13) we deduce that > 0. Hence, consider noy := min{m, ¢*} > 0 and the solution
zp(¢) of problem (TR). From (5.1) and the definitions pfandm, it follows that

Putm := min

(h(p) — h(l))) for ¢ € [01,1 — d2]. By assumption

H(p) > h(p) —h(1) +p— Dgzi()(p) for every0 < ¢ < 1 — 6,

that isH(y) is an upper-solution for the equation in (JJAn [0,1 — d5]. Hence, by (5.2),
it follows thatz,(¢) > H(¢) in its maximal existence interval0, 1]. Since alsoz, () <
Z(p) in (0,1], we infer thatz,(0") = 0. According to Lemma 5.1, this implies that
problem (2.2) admits a solution fer= h(1) — p, thatisc* < h(1). O

Theorems 1.3 and 1.7 are consequence of the following result, which extends and uni-
fies them.

Proposition 5.1 Let g, D satisfy (1.2) and (1.3). Fori=0,1, put

kilg) = min{h(p) — h(i), 0}. (5.3)
If for some d > 0 and € > i it holds

D)) = thile) [ hls)ds for0 << (5.4)

then ¢* > h(i).
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Proof. Fix i € {0,1} and assume, by contradiction, the existence of a solutfgn of
problem (2.2) fore = h(i).

We can take, without restrictions,c (i, 1) in assumption (5.4). Observe that, in this
casei(p) > ak;(p) for ¢ € (0,6) and somex > 0 implies

2p) = (1= —)ki(p) (5:5)
in the same interval. In fact, since fg" ki(p)ds < z(p) <0 in (0,6), we get by (5.4)

bhie) Jo kils)ds _ Ly

) 2 kile) = a [ ki(s)ds o)
O (2

Puta; :=1and a,41 :=1— ai until a,, > 0. Since ¢ > %, we obtaina, 1 < a,, SO

if a,, > 0 for everyn € N, thenEZ’n — ) for some\ > 0, a contradiction. Therefore, there
existsn* € N such thata,- 1 < 0.

Observe now that (¢) = h(p)—h(i) — D(;)g)(w > a1k;(y), so from (5.5) we deduce
that

%2}
Z(CP) > an*+1/ kl(s)ds >0 in (Oa 5)7
0
a contradiction. Hence" > h(i). O

We remark that Theorems 1.2, 1.3, 1.6 and 1.7 are especially suitable for treating mono-
tone convectivitiedi(y). In particular, Theorem 1.3 states that, whenévés increasing,
¢* > h(0). In the simply degenerate case this implies that the threshold t.w.s. is right com-
pactly supported, i.e. it is sharp of type (I). The same is true also in the doubly degenerate
case, when in addition (1.15) holds (see Theorem 1.7). Instead, when assuming (1.13) and
(1.14) and the strict monotonicity @f, the threshold profile is sharp of type (Ill) and both
equilibria0 and1 are reached at finite values (see Theorem 1.6).

Instead, Proposition 5.1 only concerns the behavior of the negative part respectively of
h(¢) — h(0) andh(p) — h(1) with respect to the produd?(y)g(¢) and can be applied to
oscillatory convective terms too, as the following example shows.

Example 5.1 Let h(u) := usin 2 for u € (0,1] and h(0) = 0. Define ko(u) as in
(5.3). Since ko(u) > —u, we get ko(u) [, ko(s)ds < % for all 0 < u < 1. Therefore,
whenever D(u)g(u) > ku? in a right neighborhood of 0 for some k > %, by applying

the previous proposition one concludes that ¢* > h(0).

Now we state some applications of Theorem 1.3, useful when the calculation of the
integral function ofh is not easy. The following results take into consideration the case
whenh(p) < h(0) in a right neighborhood of 0. In the class of functidiis) which are
locally monotone in some intervi, §], this is the only remaining case; in fact whenever
h(¢) > h(0)in [0, d] thenc* > h(0) (see Theorem 1.3).



Reaction-diffusion-convection equations 241

Corollary 5.1 Let there exist o >a >0, 3 >3>0 and § >0 such that

a? < h(0) = h(g) < a'e®  for every 0< <4 (5.6)

lim sup ' PP h(0) — h()]?
p—0t D(go)g(go)

Then ¢* > h(0).

<§xﬁ+u. (5.7)

Proof. By (5.7) there exists a positiye< ¢ such that
o ¢[h(0) — h(p)]
a(f+1)  9h
Moreover, by (5.6) it follows that
fow [h(0) — h(s)]ds - o S
e[h(0) =h(p)] ~ a(B+1)
Hence, taking (5.8) into account, we get

D(p)g(p) > for everyy € (0, p]. (5.8)

] o _ 2
)~ ()] [ 1100) = s < 2 AHOZEIE < pgygce),

that is (1.12) holds fof = 1 and the assertion follows as an application of Theorem 1.3.

O
Example 5.2 Take h(u) := —kuP for some k,p > 0. By applying Corollary 5.1
. - T p+l
with a = o =k, 8 = 3 = p, we deduce that if lznis()lip D(w)g(w) < 2 then
¢* > h(0) =0.
Moreover, take h(u) := —ku?|logu|? for some k,p,q > 0. In this case, for
every € > 0 there exists § > 0 such that
kuP < kuP|logu|? < kuP™¢  for every u € (0,0].
u2p+176
So, if lim ————— =0 for some € > 0, then the conditions of Corollary 5.1 are
u—0+ D(u)g(u)
satisfied for « = o/ =k and 8 =p —€/2, 5’ = p. Hence c¢* > h(0) = 0.
Corollary 5.2 Let h(p) € C™[0, 4] for some & > 0, with
R(O0)=h"0)=...=h"D0)=0 and R™(0) < 0. (5.9)
If
h(0) — h(p)]?
lim sup [h(0) = h(p)] <n+1 (5.10)

then c¢* > h(0).
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_ 2

Proof. PutL := limsup M
¢—07" D(p)g(¢)

h(0) — h(p) = Ag™ + o(p™), takene > 0 in such a way tha=<(n + 1) > L, there is

0 > 0 such that

<n+1land) := —h™(0)/n! > 0. Since

(A=) <h(0) = h(p) < (A+¢€)p™ foreveryp € [0,4d].

Therefore, the assertion follows as a consequence of Corollary 5.16with 3’ = n,
a=A—¢a =\+e O

Corollary 5.3 Assume that h(p) < h(0) in a right neighborhood of 0 and

lim sup £l1(0) = hle)] < 400. (5.11)

e—ot  D(p)aly)
Then ¢* > h(0).

Proof. Let k > limsup M Let 6 > 0 be such thath(y) < h(0),
p—0t D(Qp)g(@)

D(e)g() > polh(0) = ()] and ~ [Th(0) ~ h(olds <

for everyy € (0,6]. We have

©
D(p)g(p) > [h(0) — h(p)] / [h(0) — h(s)]ds forevery ¢ € (0, ]
0
and the assertion follows from Theorem 1.3. O

Of course, analogous conditions to those in Corollaries 5.1, 5.2 and 5.3 could be given
in order to guarantee that assumption (1.15) holds and then no sharp t.w.s. of type (ll) and
() exists.

6 Analysis of D(0)=0 and D(1)=D(1) =0

The present section is devoted to the study of dynamics such fn@) = 0 and/or
D(1) = D(1) = 0, for which the classification of the t.w.s. is not as simple as when the
derivatives do not vanish. Indeed, we show that in the simply degenerate case also when
¢* = h(0) the corresponding t.w.s. can be of front-type or sharp of type |, according to the
relations between the nonlinear teri$u), g(u), h(u). Note, moreover, that in this case
the associated system (1.7) has no more the additional equilitifium 1(0) — ¢*/D(0)
and the sharp-type t.w.s. can reach the equilibrium 0 with infinite slope.

We begin analyzing the situation which arises when h(0).
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Theorem 6.1 Let g satisfy (1.2) and let D € C[0,1] be such that
D(0)=D(0)=0, D(p) >0 for every 0 < p <1.
Assume that
0< D(p)p <kD(p) for every 0 < o <6 (6.1)

for some 8,k > 0. Then, for every ¢ > h(0) there is a one-to-one correspondence
between the t.w.s. (of front or sharp-type) of Eq. (1.1) satisfying (1.8) (modulo
shifts of the origin) and the solutions of problem (2.2).

Moreover, to every solution z(p) corresponds:

- a front-type t.w.s. iff 2(0) =0;
- a sharp t.w.s. of type (I) iff 2(0) = h(0) —c < 0.

Proof. First observe that Proposition 2.1 and Lemma 2.1 hold even vi@n = 0 and
then each t.w.s. gives rise to a solution of problem (2.2) defined by (2.1). Vice versa, let
»(€) be the unique solution of (2.5) defined on its maximal existence intéiwva) C R.
Also in this casep(¢) is a decreasing solution of Eq. (1.4) (i, 3) satisfyingp(a™) = 1
andp(6~) = 0. Then, ifa = —o0 ands = +oo, by repeating the same argument used in
the proof of Theorem 2.1, it is easy to show that conditions (1.9) hold:ard front-type
t.w.s. Moreover, beind(1) > 0 it is easy to show that ift € R theny’(a™) = 0 and
againy can be continued ift-co, 3) as a solution of Eq. (1.4).

Let us now consider the cagec R. If 2(0) = h(0) — ¢ < 0then ¢'(f~) = —oo and
511%1 D(p(€))¢' (&) = 2(0) = 0. So,p is a sharp t.w.s. of type (I). Let us take into consid-

D(p&) _ y,, 2#)

eration the case'(o)-: 0. By (2.5) we getgl_i}rg_ o' (§) PO ) =0,
so by (6.1) we obtain
lim ¢'(€)D((€)) = 0. (6.2)

§—pB~

Let us consider system (1.7) with the additional convective tértp), for = = 7(§) :=
ff 1/D(¢(s)) ds, with & € (a, 8). Of coursey(€) is a strictly increasing function defined

in (a, 3). Moreover, sincey’(§) = ;((t;)) andz(p) = o(p), we get

lim 7‘ / /
E—p- D(p(€))

Let {(7) be the inverse function of(¢). Let us definev(r) := ¢'(£(7)) andy)(7) :=
v(T)D(¢(&(T))). By (6.2) we have

lim ¢(7) = lim v(§)D(p(€)) =0. (6.3)

T—+o0 E—B-
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Moreover, the second equation of system (1.7) becomes

(1) = —(c = h(p(&(7))) + ¢(7))o(T) — g(@(§(7)))- (6.4)

Let us fix € > 0. Since liril g(p(&(1))) = 0, there exists™ € R such that

9(p(&(7))) < e foreveryr > 7~ (6.5)

Let us now consider the function

we(r) 1= e~ [T le=MpE@)+u(o)] ds {U(T*) i / " S e=h(p(E(@)) +(@)]do ds}

*

which is the unique solution of the linear Cauchy problem

W+ (¢ = h(p(E()) +(r))w = —€,  w(T™) =v(r7).
By (6.3) we have

lim_c— h(p(E(r)) +(r) = c = h(0) > 0,

T—-+00

then [ >[c — h(p(&(s))) + ¥(s)] ds = +oo, hence

. —€
Am wer) = Ty

(6.6)

On the other hand, by (6.%).(7) is a lower-solution for Eq. (6.4) ifr*, +00), Sow,(7) <
v(t) < 0 for everyr > 7*. Hence, by (6.6) we gegtlirg_ o) = lirf v(T) = 0.

Theoreforey (&) can be continued on alla, +00) as a solution of (1.4). This means that
(&) is a front-type t.w.s. O

Remark 6.1 Observe that when D(0) # 0 then condition (6.1) is trivially satisfied.
Moreover, note that if D € C"[0,6] with D(0) = 0,...,D"=D(0) = 0 and
D™ (0) # 0 for some § > 0 and n € N, then again condition (6.1) holds. So, in
particular, it is satisfied whenever D(¢p) is analytic in some right neighborhood of
0. In fact, we have

_ 1

D(p) = — D™ (0)¢" +o(¢") ,  ¢D(p) = D™ (0)p™ + o(¢"™)

(n—1)!

©D(p)
D(yp)

hence, —n as ¢ — 0" and (6.1) holds.

Theorem 6.1 showed that it* > h(0) the same analysis carried out in the case
D(0) > 0 holds also in the present situation. In particular this is true when the assumptions
of Theorem 1.3 hold. However, this result can not be applied whea 2 (0). Recall that
if D(0) > 0 then the tw.s.o*(€) having speed(0) is indeed of front-type. But now,
when D(0) = 0 this conclusion is not always valid. We will show that both the situations
can in fact occur, that i9*(£) can be of front-type or sharp of type (1).
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Theorem 6.2 Assume that D(0) = 0 and ¢* = h(0). Let ¢*(€) denote the t.w.s.
having speed h(0). If

Jo [h(s) — h(0)]ds

lim — 0, 6.7
A D) (67)
©*(&) s of front-type. Whereas if
o < liminf MO MO, (6.8)
e=0" D(p)
and
fiminf 22 5 ¢ (6.9)
#=0" D(p)

©*(&) is sharp of type (I).

Proof. Letz*(y) denote the solution of problem (2.2) foe= ¢* = h(0). Since

Jo [h(s) — h(0)]ds < )
D(p) ~ D(p)

then assumption (6.7) impli *((:j)) — 0asyp — 0. Consequently(p*) (37) = 0,
whereg is the right endpoint of the maximal existence intervapdf satisfyingy™(8~) =
0. Thereforep* is of front-type.

Let (6.8), (6.9) hold and introduce positive constahts A andj with 0 < § < 1, such
that

<0 in(0,1)

h(@)—h(0)> M and 9

4 : >\ forall ¢ € (0,4]. (6.10)
D(y) D(y)
First assume thaﬂim+ ';(SD)) = 0. According to (6.9), when integrating the equation
»—0 ®
in (2.2) we get
IS — sy BRSPS ) Degle)
Pt D(p) o0+ D(p) p—0% 2% () D()
in contradiction with (6.8).
Consider now the case whém inf 2 (%) < 0 andlim sup 2 (p) = 0 and lety,, —
p—0t D(¢) e—o+ D(p)
+ d (z"(e) _ z (san ; it
0% be such that@ ( Do) ) o =0and3 ) — 0 whenn — +oc. Notice that it is not
restrictive to assume,, < ¢ and )) > _W for all n. From the choice ofp,, we get
(o) = % By the equatlon in (2.2) and (6.10) we deduce

B h(en) —h(0) _ 2"(on) | D(en)glen) _
Mo~ Diew) T embDlon) ~ M
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again a contradiction. Hendin sup 7 () = limsup(¢*)'(€) < 0, andy*(¢) is sharp of
p—0t D(SD) E—pB~
type (I) sinces € R. |

Remark 6.2 Assuming D(p) > 0 in some interval [0, 8], if we replace (6.8) and (6.9)
with the stronger conditions

h(y) — h(0) (%)

—A:= lim —————, L:= lim =——
e=0" D) v=0% D(p)

with A € R, L € RU {+00}, observe that whenever 4L > A\? then condition (1.12)
of Theorem 1.3 holds and ¢* > h(0). So, in the framework of Theorem 6.2 we always
have 4L < \2.

Moreover, in order to compare condition (6.7) with the pair of conditions (6.8),
(6.9), note that if (1.11) holds, which implies ¢* = h(0), then A2 > 4L. Hence,
whenever L > 0 then necessarily A > 0 and consequently the validity of assumption
(6.7) implies that L = 0.

Example 6.1 Put h(u) := —u? and D(u)g(u) < u®/12. It is immediate to verify
that the assumptions of Theorem 1.2 are satisfied, hence ¢* = 0. In particular,
when D(u) = u?, implying g(u) < u3/12, then (6.7) holds and the t.w.s. ¢* is of
front-type. Instead, taking D(u) = u?® and g(u) = 5u?, then (6.8) and (6.9) are
satisfied and ¢* is sharp of type (I).

As regards the doubly degenerate case, the following result, analogous to Theorem 6.1,
holds.

Theorem 6.3 Let g satisfy (1.2) and let D € C*[0,1] be such that
D(0) =0, D(0) >0, D(1)=D(1) =0, D(p) >0 for every 0<¢ < 1.
Assume that
0<D(p)(¢—1) < LD(p) foreveryl —o<p<1 (6.11)

and some o, L > 0.
Then if ¢ # h(1) to every solution z(p) of problem (2.2) with ¢ # h(1) corre-
sponds:

- a front-type t.w.s. iff 2(0) = 2(1) =0;
- a sharp t.w.s. of type (I) iff 2(1) =0 and 2(0) = h(0) — ¢ < 0;

- a sharp t.w.s. of type (II) iff 2(1) =h(l) —c >0 and 2(0)=0;

a sharp tow.s. of type (I) iff 2(1) =h(1l) —c>0 and 2(0) = h(0) —c < 0.
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Sketch of the proof. The proof is quite analogous to that of Theorem 6.1. In fact, also

in this case, wheri(1) = 0, assumption (6.11) implies th?ﬁm+<p'(f)D(<p(€)) = 0.
Moreover,r(£) — —occ asé — a™. The only difference is that now we take the solution
w(7) of the linear Cauchy problem

W+ (¢ —h(r) +¥(r)w =0, w(0)=v(0).

which is an upper-solution of equation (6.4) (irco, 0]. So, again we deducev(r) <
v(1) < 0 for everyr <0, and w(7) — 0 asT — —oo leads to conclusion. O

Of course, when botiD(0) = D(1) = 0, then the pair of conditions (6.1), (6.11)
implies the validity of the analysis carried out in Theorem 2.1.

In [18] the following equation
b = (D(b)by)s + (1 —b)b (6.12)

was proposed, modelling the evolution of a bacterial colony and its nutrient in a plane
surface, when assuming the conservation of total mass. TheytéiRe> 0 for 0 < b <
1andD(0) = D(1) = 0. By means of a numerical simulation the special case when
D(b) = (1 — b)b is solved, showing the presence of a sharp-type t.w.s. corresponding to
the threshold wave speed. The investigation developed in this paper enables to analytically
solve the general situation whén € C'[0, 1] and it satisfies conditions (6.1) and (6.11);

in particular for an arbitrary analytib. Indeed, according to Theorems 6.1 and 6.3 we get
ac* > 0 satisfying (1.10) such that all conclusiofig, (7i) and (iii) of Theorem 1.1 hold

also in this case.

7 Diffusion with infinite slope at the equilibria

In this section we briefly treat the case of diffusion with infinite slope at one or both the
equilibria. Such a situation leads to a regularization of the appearing t.w.s., since it prevents
sharpness phenomena, i.e. the attaining of the equilibria with non-zero slope.

In the simply degenerate case the following result holds.

Theorem 7.1 Let g satisfy (1.2) and D € C[0,1]NC"(0,1) satisfy (1.3) with D(1) >
0 and D(0) = +o00. Assume that

D(p)g(p) =o(y) as¢p—0". (7.1)
Then, there exists a threshold value ¢* satisfying (1.10) such that Eq. (1.1) has:
(i) no tw.s. for c<c*;

(it) a unique (up to shifts) front-type t.w.s. for ¢ > c*.
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Sketch of the proof. First note that Proposition 2.1 holds also in this case. As regards
Lemma 2.1, its proof works in this setting thanks to condition (7.1). Finally, the correspon-
dence proved in Theorem 2.1 between the t.w.s. and the solutions of problem (2.2) is still
valid, but all the appearing t.w.s. are of front-type since the solutig¢g) of the Cauchy
problem (2.5) satisﬁegslim+ o) = Elir}? ¢'(£) = 0. So, in this case we do not need to

know the value o£(0). O

Similarly, in the doubly degenerate caseDi(l) = —o0, we need to assume that

D(p)g(p) =01 —¢p) asp—1". (7.2)

In this case, the degeneracy at 1 does not causes the attaining of the equilibrium 1 with a
negative slope, and the t.w.s. are of front-type or sharp of type I, according to the value of
D(0). In particular, when bottD(0) = +oo and D(1) = —oo are satisfied, if (7.1) and

(7.2) hold, then all the t.w.s. are of front-type.

8 Smooth attaining of the equilibria

According to Definition 1.1, in the class of front-type t.w.s. we did not distinguish between
strictly decreasing solutions and solutions which smoothly attain one or both the equilibria
at finite values. On the other hand, this is an interesting question. When a t.w.s reaches the
value 0, it has the property of finite speed of propagation, whereas when equilibrium 1 is
attained, we could say that the t.w.s. has the property of finite speed of saturation.

We discuss the attaining of O in detail, while we briefly treat the issue concerning 1,
being quite similar.

Let (&1,&0) be the interval such thad < ¢(§) < 1 for every&; < £ < &, with
o(&) =1, p(&) = 0. The existence and uniqueness of such an interval follows from
Proposition 2.1. Of course(€) attains the value 0 if and only § € R.

As already observed in [7], note that

D(s)
—2(s)

€ = +o0 ifand only if/ ’ ds = +oo.
0

In fact, by (2.1)¢, = +oc if and only if

/oE —z((ss)) ds = /0E _md’s - /O(Sﬁ_l)/(s)ds = 400.

2

-

According to Lemma 2.1 and Theorem 2.1, whgf) < 0 andD € C*[0, 1] then neces-
sarily §; € R. Therefore, we focus our investigation on the ca&® = 0. This situation
occurs whenevet > ¢* or ¢ = ¢* = h(0).

The first result deals with the t.w.s. having speed c¢*. The proof of the necessary
part is an adaptation of [7, Theorem 38] due to the presence of convective effects.
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Theorem 8.1 Let g, D satisfy (1.2) and (1.3) respectively. Moreover, assume that

for some § >0, D(p)g(y) is differentiable in (0,9) with d(dLiDg)(go) —0 asp— 0"
and
i) —e is monotone (increasing or decreasing) in (0,0). (8.1)
D(p)g(¢)

1
If ¢ > c*, then the front t.w.s. attains the value 0 if and only if f02 g(ls)ds < 400

Proof. First assume thagfoé 3Gy ds = +oo. Puté := 3(c — h(0)) > 0. We can assume,
without restrictione — h(yp) > 2¢in (0,4) and

& (c—h(0)) in(0,5). (8.2)

Put Z(¢) := —D(p)g(¢)/¢ and observe that, by (8.2), {0, §) we have

o) = - 170

(p)—é—-—=5—>

2 D(p)g(¢) D(¢)g(p)
> ——(c—h(0)) = ——== > h(p) —c— ——F~—.
5(c—h(0)) () )
Therefore, if2(s) = z(s) for somes € (0,4), thenZ(s) > 2(s). Hence, two cases can
oceur:Z(p) > z(p) in (0,9) or Z(p) < z(p) in (0, p) for somed < p < 4.
Let us show that the former case does not hold. Indeed, otherwise we have

o . 9)D() . 9$)D(e) _ Cesd
implying 220 < 1 [#h(s)ds + & — c. Thus, limsupz(;p) <h0)—c+E<0,a
p—0F

contradiction since(0) = 0. Therefore~1D(¢)g(¢) = Z(¢) < z(p) in (0, p) for some
0 < p < ¢ and then
/% (s) ds>5/é1ds—+oo
o —2(s) o 9(s) '

Let us now consider the case whq@% ﬁ ds < +oo. First observe that assumption
(8.1) implies thatz(¢) < 0in (0,¢) for somee > 0. Indeed, otherwise there exist points
0 < 1 < 2 < @3 < dsuchthati(p;) =0,i=1,2,3, andz(y1) < z(p2), 2(p3) <
2(p2). But beingz(y;) = 0, from Eq. (2.2) we get(yp;) = %ﬁ’f‘f), a contradiction
with (8.1).

Then, we have
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—Z

for someK > 0, and then [, S) ds < K [§ oty ds < +oo. O

1
Let us now consider the case= c¢* = h(0). In this case, even iff ? g(ls) 5 = 400,
both the situations occur: 0 can be reached at a finite value or there is a positive t.w.s.

Proposition 8.1 Let g, D satisfy (1.2) and (1.3) respectively. If all the conditions of
Theorem 1.2 hold (implying ¢* = h(0)) and

i D L
/0 5 (h(0) — h(s)) ds du=+ (8.3)

then the t.w.s. having speed c* is positive everywhere.
Instead, if (8.1) holds and

Fh0) —h(s) o
/O 7 ds < + (8.4)

then the t.w.s. with speed c¢* attains the equilibrium 0 at a finite value.

Proof. Assume all the conditions of Theorem 1.2 andAty) = 5 [ (( h(0)) ds.
As showed in the proof of Theorem 1Hy) is an upper-solution for the equatlon in(2.2)
with ¢ = h(0) and by Lemma 5.1 we geH (¢) < z(p). So, by (8.3)

7 D(s) e 3 D(s)

o =) P F o THE P

Instead, if (8.1) and (8.4) hold, theriy) < 0 in a right neighborhood of 0 (see the proof
of Theorem 8.1) and then

D(p) _ 2(p) +1(0) = hp) _ h(0) = h(p)
—z(p) 9(p) - ge)
and the assertion follows by (8.4). O

Remark 8.1 In order to compare assumptions (8.3) and (8.4), note that under con-
dition (1.11) we have

1
1 [2 _
/ du<?t / * hO) —h(s)
NG ) ds 4 Jo 9(s)
and the above Proposition covers all the bltuatlons with the exception of the case
1
when/sz = 400 and / u) du < 4o00.
0 9(u) Jo (h h(s)) ds

Moreover, the previous result holds also When D(O) = 400, provided that (7.1)
is satisfied.
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Example 8.1 Let g(u) = u?(1 — uw)?, D(u) = u, h(u) = u(4u — 3). Then, as
already showed in Example 2.1, ¢* = 0 = h(0) with z(u) = u?(u — 1). In this case

foé Pz((?) du = 400 and the corresponding front-type t.w.s. is strictly decreasing.

Note that condition (8.3) is satisfied. Instead, taking g(u) := u(1—wu)? and D(u) :=
1

u?, with the same h(u), we have f02 PZ((‘?) ds < +oo and the corresponding front-

type t.w.s. reaches the equilibrium 0 at a finite value.

As regards the attaining of the equilibrium 1, we briefly note that in the simply degen-
erate case, i.e.D(1) > 0, wheng(1l) > —oo thenp(§) < 1 forall £ € R (see [11,
Proposition 2] ). Instead, in the doubly degenerate case, a result analogous to Theorem
8.1 holds whenever > h(1), and the corresponding t.w.s. satisfigg) < 1 for every
¢ € (—o0, @) (see Definition 1.1). While, when< h(1) the t.w.s. is sharp of type (Il) or
(1N; in both cases it attains the value 1 at a finite value.
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