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Abstract

In this paper we consider the problem of minimizing the functional

1
J(u) = f(—)lvul”‘” + 00| dx.
Q

p(x

We prove Lipschitz continuity for each minimizer # and establish the nondegeneracy at the
free boundary (d[u > 0]) N Q and the locally uniform positive density of the sets [u > 0]
and [u = 0]. In particular we obtain that the Lebesgue measure of the free boundary is zero.
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1 Introduction

Let Q be a lipschitz bounded domain of R"” and let p be a measurable real valued function defined
in Q and satisfying for some positive numbers p_ and p.

l<p.= igf p(x) < p(x) < py =sup p(x) ae. xe€Q. (1.1
Q
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26 A. Lyaghfouri

We recall some definitions of Lebesgue and Sobolev spaces with variable exponents (see for
example [5], [12], [13] and [15])

LP(Q) = {u: Q - R measurable / p(u) = f Ju(x)PVdx < oo |.
Q

Equipped with the Luxembourg norm

il =t (10 7 p(4)ar< 1),

LPY(Q) is a separable and reflexive Banach space. Moreover we have

Proposition 1.1 ) [jull,y <1 © pu) < 1.

ii) min (a2 Ml ) < pGae) < max (lll2y .l ).

iit) If p1(x) and p2(x) satisfy (1.1) and p1(x) < pa(x) a.e. in Q, then LP*(Q) c L' (Q) and the
embedding is continuous.

iv) The dual space of L™ (Q) is the space LY where q(x) is defined by p(x) % =1.

The Sobolev space with variable exponent is defined by
WHOQ) = {u e L'YQ) | Vu e (L"V(Q)"}.
Equipped with the following norm

Ou
(3)(,'

n
el poy = el + 1Vl Vel =
i=1 p(x)

WPM(Q) is a separable and reflexive Banach space. The space WS"" @(Q) is defined as the
closure of C§(Q) in W!79(Q).
Assume that p satisfies for some L > 0

-Ip(x) = pO)lloglx =y < L, Vx,yeQ. (1.2)
Then we have (see [12])

Proposition 1.2 i) C*(Q) is dense in W'""™(Q).
i) WyP(Q) = W) n whl).
iii) Yu € WyP(Q)  Mullpo < CliVully  (Poincaré’s inequality).

In this paper, we would like to consider the following minimization problem
(py| TFind ue¥ =g+ Wy "(Q) such that :
Jw) < Jv) Yvek,,
1
where J(u) = f (ﬁIVulp(“‘) + Q(x))([u>o])dx , X[u>01 18 the characteristic function of the set [u >
o px

0], g is a function in W*™(Q) and Q(x) is a function satisfying for some nonnegative constants Q_
and Q.

o_= i?zf O(x) < O(x) < Qy =sup O(x) forae. xeQ. (1.3)
Q
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This problem has been studied first in [1] in the case p(x) = 2 in Q. The authors proved Lipschitz
continuity of the minimizers and C' regularity of the free boundary. In [2] the authors extended
the results in [1] to a nonlinear uniformly elliptic operator. The same results were also generalized
in [9] when p(x) is identically equal to a constant p > 1. Recently the problem was addressed in
[17] in the framework of Orlicz-Sobolev spaces.

The main result of this paper is the Lipschitz continuity of the minimizers, which plays an impor-
tant role in studying the regularity of the free boundary for this category of problems in the spirit of
[1]. In Section 1, we prove the existence of a solution to the problem (P). In Section 2, we give some
properties of the solutions. In Section 3, we prove Holder continuity of the minimizers. In Section
4, we prove Lipschitz continuity of the minimizers. In Section 5, we establish the nondegeneracy of
a minimizer at the free boundary (0[u > 0]) N Q and the locally uniform positive density of the sets
[ > 0] and [ = 0]. As a consequence we obtain that the Lebesgue measure of the free boundary is
zero.

2 Existence of a minimizer

Proposition 2.1 There exists a minimizer for the functional J(u).

Proof. Note that K # 0 since g € K. Moreover J(u) > 0. So there exists a minimizing sequence
uy € K, such that limy e J(uy) = infyeq, J(u) = .

If J(g) = 0, then g is a minimizer and the proposition is trivial.

If J(g) > 0, then using a subsequence if necessary, we have for all k

Ju) < a+J(Q) < J(g) + J(g) = 2J(8).
Using the convexity of ¢ — #™ and (1.1), we get
f IV - g"Vdx - < f 2PN (Va " + [Vl )dx
Q Q

2p(x)-1
[ B (T + 19 )i
Q

p(x)
1
< p2t [ (Tl 4 )
QP(X)
< p2P T ) + J(9))

IA

p2" 71 2U(g) + J(9))
3p.2P 1 (g) = C. 2.1)

Using Proposition 1.2 iii) ( the Poincaré inequality ) and Proposition 1.1 i), we obtain from
(2.1), for some positive constant C independent of k

”uk - g“l,p(x) <C. (22)

Since WP (Q) is reflexive, there exists a subsequence, still denoted by (i) and a function u in
WLP(Q) such that
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w —u in WHOQ). (2.3)
Since p(x) > p_ > 1, we have W'"*™)(Q) < W!P-(Q) which leads by (2.3), up to a subsequence,
to
w—u in WY-(Q) (2.4)
wy —>u in LP-(Q) anda.e. in Q. 2.5)

Recall that W, "™ (Q) = W™ (Q) N W, (). Since ue—g € W, "(Q), we have ug—g € W, (Q).
From (2.4) we getu — g € Wé’p @(Q).
It remains to prove that u is a minimizer of J. As in [1], the pointwise convergence implies that

fQ(x)X[u>0] < 11]{1'1 1nff Q(x)/\/[uk>0]- (26)
Q —o Jo
Next we prove that
1 @ o ! )
—|VulPYdx < liminf | ——|Vu|[PMdx. 2.7
o P(x) k= Jo p(x)

Indeed, we have by Young’s inequality

f IVulP@dx = f IVulPD2Vu.V(u — u)dx + f [VulPPD2Vy - Vurdx
Q Q Q
1 1
< f —— |VulPPdx + — |V [PPdx + f [VulPO2Vu.V(u — up)dx.
a q(x) p(x) Q

Then

1 1
f ——|VulfYdx < f —— Vi [PDdx + f IVulPO2Vu.V(u — u)dx.
q p(x) o p(x) Q

The assertion follows then from (2.3) by letting k — oo in the last inequality.
Finally by combining (2.6) and (2.7), we get

1
@ < J(u) < liminf f —— Vi [P dx + lim inf f Q)X 1u>0dx < liminf J(ur) = @
k—o0 Q p(x) k—o0 Q k—o0

Hence

J(u) = vlenvg Jv).

3 Some properties

We will denote by S(g, Q) the set of all minimizers of the functional J(u) subject to the boundary
condition u = g.
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Proposition 3.1 Let u € S(g, Q). Then u is p(x)—Subharmonic in Q, i.e. we have

Apyt = div(VulP™2Vu) >0 in D'(Q).

29

3.1)

Proof. Let £ € Wé’p(x)(Q), >0, and € € (0, 1). Since u — € is a test function for (P), we have

1
——(IV(u - €)IPPdx — |VulP)dx

0<Ju—-¢€l)—Ju)
a p(x)

+

js; o) (Xlu—eg>0] _X[u>0|) dx.

Moreover we have for a.e. x € Q

Xu-ez>01(X) =1 <0 if  u(x) >0

(X[H_EM] _X[u>0]) = { Xiu-eg>01(%) = 0 if u(x)<0.

We deduce from (3.2) that
1
0< f ——(IV(u — € H)IP™ — |[Vul™)dx.
o P(x)
Using the convexity inequality for p > 1: |b|P — |a|P > p(|a|”’2a, b — a), we obtain
f V- e DPD 2 Vu-e ).V dx <0 Ve Wy"™(Q), ¢>0.
Q
Letting € — 0 and taking into account the Lebesgue theorem, we get

f IVulPD2Vu Ve dx <0 Ve WyPY(Q), ¢>0.
Q

Proposition 3.2 Assume that there exists M > 0 such that 0 < g < M on 0Q. Then we have
YueS(E Q) 0<u<<M aein Q.

Proof. Let u € S(g, Q).
DusM:

Since ¢ = (u— M)* € Wé”’(x)(Q), ¢ > 0, we obtain from (3.1)

f IVulP®=2 VuV(u - M) dx <0 or f [V(u — M) P¥dx < 0.
Q Q

Since u = g < M on dQ, we obtain (u — M)* = 0 a.e. in Q, which means that u < M a.e. in Q.

u>0:

(3.2)

(3.3)
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Note that for each € € (0, 1), u+eu™ is a test function for (P). Moreover we have x[,+er>0]—Yu>0] < 0

for a.e. x € Q. Indeed

it u(x)>0

_ _ X[u+eu‘>0](x) -1<0
(K turew>01 = Xus01) (X) = { Xite—tyu->01(x) = 0 it u(x) <0.

It follows that
1
O0<Ju+eu)—Ju) < f —(V(u + e u )P = [Vul'D)dx.
o p(x)

Arguing as in the proof of Proposition 3.1, we get
fg IV(u + e )PV (u + eu).Vu dx > 0.
Letting € — 0, we obtain
L IVulP =2 Vu - Vudx >0 or fg IVu [PDdx < 0.

Since u™ = g~ = 0 on 9Q, we obtain u~ = 0 a.e. in Q. Hence u > 0 a.e. in Q.

Proposition 3.3 Let u € S(g, Q). Then u is p(x)—Harmonic in [u > 0], i.e. we have

Apou=0 in D'([u>0]).

(3.4)

(3.5)

Proof. Let { € D([u > 0]) and € > 0. Then u + € is a test function for (P). Moreover we have

Xurer>0] — Xu>0] < 0 a.e. in Q. Indeed

Xiuzer>01(X) =1 <0 if u(x) >0

(X[“*E§>O]_/\/[”>O])(x)={X[:s£>o](x):0 it u() =0,

It follows that

OSJ(uJ_re{)—J(u)Sf

L (V£ 0P = [Vup)x.
o p(x)

Arguing as in the proof of Proposition 3.1, we get
f IV(u £ €)PY™2V(u + €) - V(£)dx < 0.
Q
Letting € — 0 in (3.6), we obtain

f IVulPO72Vu - V(£)dx <0 or f IVulPY2Vy - Vidx = 0.
Q Q

Remark 3.1 Since A,yu = 0in [u > 0], we deduce (see [7], [10]) that u € C}o"c’([u > 0]).

(3.6)
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Proposition 3.4 Assume that p, Q € C1(Q). Then we have for each u € S(g, Q) and n € D(Q, R")

: px) -1 W _ . _
l1_r>1;1)~f(;|u>sl< p(x) |Vu|p Q)n VAo =

In particular if (O[u > 0]) N Q is smooth enough, we obtain

p(x)
px)—1

Proof. We adapt an idea from [1]. Let n € D(Q,R") and € > 0. We consider T¢(x) = x + en(x).
Since DTy(x) = I,, where I, is the n X n identity matrix, it is clear by the inverse function theorem
that for € small enough 7 is a C'—diffeomorphism from Q into 7.(Q) C Q. Let us now define u, by
uc(x) = u(T<(x)). Then u, is a test function for (P) and we have

IVu(x) = ( Q(x))m) Vxe (Ou>0)NQ.

J(u) < J(ue). 3.7

Using the change of variables y = T.(x), we get for € small enough

Jw) = f L Vi + 00

f SIDTLTUT N + Qoo

— DT AT='0)Vu)IP T O (det(DT (T -1
fn@) p(T;l(y))' (T VI (der(DTUT ' 0))

+ fT @ QT X101 (det(DTe(Tgl(y))))’l' 48)

Note that we have 7-1(y) = y — en(T-1(y)) and DT (T (y)) = 1, + eDn(T-'(y)).
To simplify things, we set x. = T-!(y). Then we obtain easily

(det(DTE(Tgl(y))))q =1-€eV-n+o0(e) (3.9)

O(xe) = Q) — en(xe).-VO(y) + o(e) (3.10)

p(xe) = p(y) - Gn(xe) Vp(y) + o(e) (3.11)
1 1

- ).V 3.12
P(xe) P(V) P (y) 0 VP + o(©) G142

Using (3.9) and (3.10), we get
f 0T W) (der(DTT ) f 0W)¥iueo)

—€ OO us0V - 11— Ef n(x). VOO us01 + 0(€). (3.13)

T(Q) Te(©)
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Using (3.11), we compute

IDT(xVUGIP) = [Vu(y) + € Diglee).Vu(y) o)1 7r00+000)
= exp((Z o) - E”(xf)z'vp O+ o(e)) In (Vu()P +2e(Dn(xo).Vu(y)).Vu(y) + o(e)))
2e(' Dn(xe).Vu(y))
[Vu(y)l?
ep(y)(Dn(xe).Vu(y))
[Vu(y)l?

_ p(y) — en(xe).Vp(y)
= exp (( 2

+0(€))(2In(Vu()) + Vu(y) + oe)))

= [Vu@)IPY exp ( - e(7(xe). V() In(Vu()l) +

= [Vu)PY — e@(xe).V po)IVu)PY In(|Vu(y)))
+ ep()(' Dn(xe).Vu)IVum)IP?=2Vu(y) + o(e).

Vu(y) + oe))

3.14)
Using (3.9), (3.12) and (3.14), we get

1 | )
L(Q) mmTe(T;l(y))Vu(y)w(Tf ("))(det(DTf(Te‘l(y)))) 1

1 1
= f —|Vuy)IPY — e f —— ((x).Vp)IVu@)IP? In(IVuy))
T(Q) py) T(Q) PO

e f (Dn(x).Vu®)Vu)"2Vu(y) - e f L noVuP
T.(Q) 7. POY)

1
ve f ) VDIV + oe). (3.15)
7. P°Q)

Using (3.7), (3.13), (3.15) and the fact that 7(€2) ¢ Q for € small enough, we get

1 .
0<-—€ f ——(x).Vp)IVu@)IP? In(IVu@)l)
T(Q) P(Y)

+e f (Dn(xe). Vu@)Vu@)P™ > Vu(y)
T(Q)
1 i 1 .
—Ef — V.(x)Vu)IP? + ff 2—(U(xe).VP(Y))WM()’)W(”
7. POY) 7@ P
—ff OO0V 11— ff n1(x).VOO)xus01 + 0(é).
T(Q) T(Q)

Repeating the above calculations for —7, dividing by € and letting € — 0, we get

1 .
f —— .V p)IVu)IPY In(Vu(y)l) — f (Dn.Vu(y))Vu@)IP® =2 Vu(y)
a P®y) Q

1 1
— Vv P@)—f NVpO)IVu@) P
+ PO nVu)| sz(y)(n PONIVu(y)l

" fg OO0V -1 + fg 2.V OO0 = 0. (3.16)
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Taking into account that Ayu = 0in [u > 0], we deduce from (3.16) that

()
ﬁ 0] div ((Wpu(l:) + Q)n - (n.Vu)quI”U)_Zvu) =0. (3.17)

Integrating by parts in (3.17) and using the fact that the unit normal vector to d[u > €] is given by
Vu(y)

V= Ful» Ve end up with
Vul|P®

0 = lim div( Vul™” | Q) - (n.Vu)|Vu|p(y)_2Vu)

-0 [u>€] P()’)
Vul|P®)
= limf (' u +0- |Vu|”(y))77.v
=0 Jo[use] p(y)

: p(y) -1 ;

= —llmf 2 (VulPY — Q).
-0 ﬁ[u>e]( P(y) )

O
4 Holder continuity of the minimizers
From now on, we assume that p € Co8(Q) i.e.

JB€(0,1), AL>0: Yx,y e Q [p(x)— pk)| < Lix — yP. 4.1

We also assume that there exists M > 0 such that 0 < g < M on dQ. According to Proposition 3.2
every solution of the problem (P) is nonnegative and bounded by M.

The main result of this section is the Holder Continuity of the minimizers.
Theorem 4.1 We have S(g, Q) C CO"”(Q) for any a € (0, 1).

loc

To prove Theorem 4.1, we follow a similar approach as in [4]. First we need the following lemma
which gives local higher integrability for the gradient of the minimizers in the spirit of [20].

Lemma 4.1 There exist positive numbers ro = ro(8,6(Q)), Co = Co(n, p—, p+, L, B, M, Q) and € =
e(n, p—, p+, L, B, M, Q) such that for each u € S(g,Q), any € € (0, ), any ball B, with r < ry and

B,, cCc Q, we have
1+e
)( IVulP@0+O gy < CO()( (1+ |Vu|p("))dx) , 4.2)
B, B

2r
1
where 5(Q) is the diameter of € and)( V= f V=V,
B, |Br| B,

Proof. Let ry > 0 such that ryp < min (%ﬂ), elL/ﬁ) and let r < ry such that B,, cc Q. To prove (4.2), it

is enough (see [14] Corollary 6.1, p. 204) to prove that there exists m € (0, 1) and a positive constant
C such that

f [VulPPdx < C(()( |Vu|”Zp(")dx)m ++ 1+ Q(x))dx). (4.3)
B, By,

B,
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Indeed we deduce from (4.3) that there exists € > 1 and a positive constant C > 1 (if C < 1, one
can take 1 + C) such that

1+E(]
J( |Vu PO+ gy < C( IVulp(x)dx) + Jf (1+Q(x))1+fﬂdx).
B, By, By

l+€()
C(()[ IVulp(x)dx) +(1+Q+)1+E°)
B,

Then we obtain

f|Vu|p(X)(l+E°)dx <
Br
1+E(]
< C’( |Vu|p(x)dx) +1), C’'=C(1+Q,)"
By,
1+€ I+€o
= c((f IVulp(")dx) +(f dx) )
B, B,
1+€ I+
< c((f (1+|Vu|”(x))dx) +(]f (1+|Vu|”("))dx) )
Bz,— BZr

1+¢€
= co()[ (1 +|Vu|P<x>)dx) . Co=2C.
By,

1 1
Let € € (0, ). Using the inequality (}( Ivlsdx) < (f |v|’dx) , with v = [Vul™, s = 1 + € and
B, B,

t =1+ ¢, we get from the previous estimate

I+e

I+¢
Jf TP+ < ()( |VM|P(X)(1+€0)) ’
B, 5,

e 1+€
CO‘*‘O(]( (1+ |Vu|p(x))dx)
By,

1+e
Co(f (1+ |Vu|p(x))dx) since Co > 1.
B,

IA

IA

Let us now prove (4.3). Let r <t < s < 2r and 57 € C(By) be a cut-off function satisfying

2
n=1 in B, 0<n<1 and Ians—t in B,,.
5 —

Letv = uy + (1 —1)(u — uy). Since vyyp, = u,gp,, the function w = vy + uyq\s, is an admissible test
function for (P) and we have

f (quw“wQ(x)x[u>m)dxs f (LWWW+Q<x>x[w>01)dx
a \p(x) o \p(x)

which can be written as

1 1
L s (ﬁwuv’(” + Q(x)X[u>o])dx < fB g (%wvv)(” + Q(x))([v>o])dx
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or

f VulP@dx < 2+ f IVVPDdx + p, f 0(x)dx. (4.4)
By P- Is, By

Remark that we have in B;: Vv = ((1 = )Vu — (u — u;)Vn)yp,\5,. We deduce that

IVVPD < (1= IVl + u = ug [V Py g5,
< 297N = IVUl”™ + (u = ug VR )y s 5,
_ . 2|u — ugl\p
< P+ ](|Vu|p( ) +(—) ))XB.V\Br'

s—1

1;+2P+—1

Then we get from (4.4), for ¢ =

_ px)
f [VulPWdx < ¢; f IVulPOdx + ¢, 2P f (u) dx + p, f Q(x)dx.
B, BA\B, BB\ S—1 B,

Adding c1 fB [VulP®dx to both sides of the previous inequality and dividing by 1 + ¢;, we get for
0=

l+c|

P+ _ p()
f IVulP@dx < 9 f VP @y + 2 f = u VP f O)dx.  (4.5)
B, B 1+C1 B,\B; s—1 1+C1 Bo,

s

Since 0 < s —¢ < 1 and 0 < u, u; < M, we have for p; = min p(x) and p, = max p(x)
X€By, XEBy,

p(x)
u—u
BB\ S—!

1
lt — ug|POPu — ug|P dx
(s =P fg ‘ ‘

1
< Goon f MPOI=P | — uslP dx
1 MP+ P-
max(( e ) f = | dox. (4.6)
P

Moreover we have by convexity of !

f lu — ugP dx
By

IA

f (|u - M2r| + |Ms - MZrl)p]d)C
By

IN

[ 2 = =
By

21—l f lu = up, P dx + 271! f |us — un, P dx.
By By
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By Holder’s inequality we have

f us — uo P dx
BS‘

|Bs||us - u2r|pl

f udx — us,
P1
f (u — up,)dx
By

_ L
1B, B, f = 103, P dx
BS

f lu = uo, [P dx.
B

f lu—ug/P'dx < 2P+ | — up, P dx.
B, By,

P1

= |Bs|17pI

IA

We deduce that

Letting Z(t) = fB |Vu|Pdx, we obtain from (4.5)-(4.7)

Z(t) < [A(s — )72 + C] + 9Z(s),

22p+ 1. MP+—P-
where A = < max(l, ) f

1+Cl

| — up,|P'dx, and C = ——
C1

O(x)dx.

A. Lyaghfouri

A.7)

Applying Lemma 6.1 [14], p. 191 with p = rand R = 2r, we get Z(r) < c(pa, D[ArP + C],
where c(p2,9) = (1 = )72 (1 —=9A77) < (1 = )P+ = 92P)! = c(py,d), and A € (0,1)

is such that 91772 < 1 which is satisfied if 477+ < 1, or 4 > ﬁl’%.

122+ max(1, MP+"P-)

1+C1

f [VulPPdx
BV

¢ =c(py, D)

IA

Since r < rp < -5, we have by (4.1)

1

rP2=pP1

Then (4.8) becomes

or

LB _ P1
Jf|vu|1’<x)dx < cﬂ"ve (M) dx+ 2t 0dx.
B, By, r By,

1\L@rf
< (;) =

o = DD D)
3= o

1+c¢
(&)
— [t — uo PP dx + 3 Q(x)dx
rP2

By, By,

C2 lu = uz ]\
o fBz,( p ) dx + c3 fBz,- O(x)dx.

148
e—L(4r)B I < o

O(x)dx,

w (Iu — ]\
By,

) dx + c3

r

It follows that we have for

(4.8)

(4.9)
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P1
. . . . . u-—-u ..
The next step consists in estimating the integral J( (M) dx. Let g = n"fl;l < n. We distin-
By r
guish two cases:

Casel: ¢ 2 1 & p; > ;2. Since ¢° = % = pi1, we get by applying the Sobolev-Poincaré
inequality (see [18], Corollary 1.64 p. 38, forg = p; and p = gq)

1
Pi 1
(f u uzrlp‘dx) < Cn, p»r(f |vu|qu) :
Bo, By,
which can be written as

o\ T
f (M) deC(n,p_,m)(f IVul‘fdx) : (4.10)
By, r By,

b
Using (4.9)-(4.10), we get for c4 = cpe ¥ C(n, p—_, p+)2"

n+pl

J( [VulPDdx < m(f IVMI”TPI dx) + cﬂ"f O(x)dx. 4.11)
Bo,

. n+pg P
Now we have by the convexity of 1= =t al

np
()( |Vu|n+pll dx)

n+])l n+py

Py LN "
(f Vul ™71 dx + Jf Va0 dx)
By, N[[Vul<1] By, N[|Vu|>1]

n+m

np(x)
< (1 +J( IVul"*l’ldx)
By N[[Vul>1]
n+m
np(x)
< 2!’1/"(1+()( |Vu|n+mdx) )
B, N[|Vul>1]
Vl+[7]
np(x)
< 2p+/”(1+(]f |Vu|n+mdx) ) (4.12)

s

Using the inequality (}( |v|sdx) < (f [v| dx) ,for0 < s < rand v € L'(By,), with v = [Vu[PW,
B,

By,
we get

andt =

§= n+p| n+p ’

ntpy n+p—

npx) np(x)
(f |VM| n+py ) (f |Vu| n+p_ )
By,

It follows from (4.11)-(4.12), that we have

f [VulPPdx
B,

n+p—

np(x) n
2”*/"04(f |vu|»ip) +2P+/"c4+C32”J( O(x)dx
By, Bay

n+p—

max(C32",2p*/"C4)((}[ |Vu|mdx) +f 1+ Q(x))dx).
By, By,

IA

IA
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This proves (4.3) in this case with m = -1~ L2047 ¢y).

Case2: g < 1 & p; < ;4. Since p; < ;% = 17, we get by applying the Sobolev-Poincaré
inequality (see [18], Corollary 1.64 p. 38, forg = pyand p = 1)
e
P1
()( | — MZrlp]dx) < Cn,pyrt  Vuldx,
B,

By,

which can be written as

_ p1
J[ (M)”‘dx < Cn, p_, p+)()( IVuldx) . (4.13)
By, r B,
4b
Using (4.9) and (4.13), we get for ¢4 = czC(n,p_,er)eLfo 2"
P1
IVulP@dx < c4(}f IVuldx) +c32'F O(x)dx. (4.14)
By, B,

As in the previous case, we have by the convexity of #!

pP1 P
()( IVuldx) (f |Vuldx +f IVuldx)
By, By, N[IVul<1] By, N[[Vul>1]

P !
< (1 +J( [V » dx)
By, N[IVul>1]
| ) P1
< 271 + |Vu| » dx
By, N[|Vu|>1]
< 2/’+—1( (]f i dx) ) (4.15)

1
Ivlsdx) < ()( [v| dx) , with v = |[VuP®, s = and t=-1, weget

1 ) p-
(f Va7 dx) s(f |Vu|75)dx)
By,

It follows from (4.14)-(4.15), that we have

f [VulP@dx
B,

Using the inequality (}(

Bo,

IA

: P-
2P+—1c4()f |Vu|pﬁ(—)dx) +e2'f odx + 27 ey
By, By,

p-
max(C32",2p*_]C4)((]( |Vu|lff)dx) +J( 1+ Q(x))dx).
By, By,

This proves (4.3) in this case with m = 1% and C = max(c32", 27+ '¢y). |

IA

Proof of Theorem 4. 1. We use some ideas from [4]. Let g, ro be as in Lemma 4.1, € € (0, min(e, 3/n))
and let ry such that L(2r )’ < 5. For each r, we set

pi(r)=minp(x) and p;(r) = max p(x).
XEB, xeB,
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Let now u € S(g, Q) and let B, = B,(xp) be a ball of center xy € Q and radius r € (0, min(1, 2rg, r1))
such that B, cc Q. Then one can easily verify that

pr<(1+ g)m <(l+ep, uew-+Hrg) (4.16)

Indeed we have by (4.1)

€ € €
<1+§)P2—(1+6)P1 p2=pi+5(p2=p) =P
€ €
= 14— — - —
(14 35)p2=p1) = 5pi

(1+ DL - Spi

IA

€ €
< (1+51enp-=<
hS (+2)(7‘1)'8 21?1

€. €p. €
< 1+¢ _<
< U+ 5 —3m

€. €p €
< 1+¢ _<
< U+ 5 —3m
_ € € —O
= 2}’?1 2P1—~

We deduce from (4.16) that (1 + §)p> < (1 + €)p(x) for all x € B,. By Lemma 4.1, it follows that
ue Whi+r (B,

Let now v be the unique solution of the Dirichlet problem
Apv=0 in By and  v—ue W, (B (4.17)

Then there exists (see [8] Lemma 2.7) two positive constants C; and p < 5 depending only on p_,
P+ and n such that

1

1
T . e
(]( |Vv|(1+”)P2dx) scl()( (1+|Vu|<1+z>1’2)dx) . (4.18)
Bya B

Since (1 + 5)p2 < (1 + €)p(x) for x € B,)>, we have

f (1+[Vu " Drydx = 1+ f Va1 2P2x + f V| 1+ 2P x
Brp B, »N[|Vu|<1] B, rN[|Vul>1]

2+ f |Vt 1+OPO g,
B,

IA
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Using (4.2) and (4.18), we get

1

2
T+ 2+e
h( |Vv|(1+/‘)p2dx) < C1(2 + f |Vu|<1+f>P<X>dx)
B,-/4 Br/l

l+ey 7=
< cl(z + Co(f 1+ IVul”("))dx) )
B,
1+e

1+ £
< C;(2max(2, co))zfe(f (1 + |vu|P<x>)dx) ’

"

I+e

vl
< cz()f (1+ IVulp(x))dx) ", Cy = 2C, max(2, Cy). (4.19)
B,

Note that the function w = vyp,, + uya\s,, is an admissible test function for the problem (P). So
we have

f (LWWHQ(x)x[u>o])dxs f (L|Vw|P<X>+Q<x>X[W>m)dx
o\ o\ 200

which can be written as

f (p( 9 + Q(X))([u>ol)dx< f (p( I Q(X)X[v>01)d
By B4

or

f ﬂ(WuV’(X) [Vy[PD)dx < f Q(x)dx < C(n)Q.r". (4.20)
r/4 B4

Letu, = tu+ (1 —t)v for ¢ € [0, 1]. Using (4.17) and the inequalities for ¢ > 1 and &, { € R" (see [3])

1 — 1017 > qlg12.( - ) + L if g>2
17— 1219 > qIel92.E = ) + LD — (Pl + 1) if 1<g<2
where ¢ — 2.1l + 172 =0 if £=¢=0,

we obtain if py > 2

=i,
B m— [V(u—v)|P*dx
2]72—1 -1 B

IA

f (IVulP> = |Vv|P2)dx — ps f [VV|P22Vy.V(u — v)dx
r/4

B,y

f (IVulP> — |VvP?)dx,
B4
which can be written, with ¢(p,) = 27+~! — 1, as

f V=P < e(pa) f (Yl — |9P)ds. @.21)
B,y B,y
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When p; < 2, we obtain

3 -1 -
LB D [ 9= P + )
B

rl4

IA

f (IVul™ - [VvP)dx
By

- pzf VP22 V.V (u — v)dx
Brys

f (IVulP> = |Vv|P?)d x.
Bya

This leads, with c(p-) = —3p,(lp6,_1)» to

f V(u— v)Iz(IVul + IVvl)przdx < c(p_)f (IVul”? = |Vv|P?)dx.
Bya Byja

2

Using Holder’s inequality for the pair (%, E)’ the convexity of #’2, and the minimality of v for the

integral f |[Vw|”>dx among all w € u + W(l’pz(B,M)
B4

(p2—2)pp

2-po)p.
f IV(u — v)|P2dx = f V(= P2.(Vul + V) 7 .(Vul + V) dx
By Byja

)23 2-pp
2

< (f IV(u — v)*(|Vul + IVvl)pzzdx) (f (IVu| + IVVI)”de) i
B,./4 B4

P2
2
s( f |V(u—v)|2(|vu|+|Vv|)”2‘2dx) ( f 2p2_1(|Vu|p2+|VV|p2)dx)
B4 B4

2-p
2

2=
2 2
< c(p_)?(f (VP> - IVvl”Z)dx) .(2”2f IVulpzdx)
Brja B4
”n 2-py
2 2
< c(p,p+)(f (IVulP> - |Vv|”2)dx) (f |Vu|p2dx) . (4.22)
Bya By
Now it is easy to verify that Vs >0, V=1 In(?) < é.
P2 P2
Taking s = upy, weget Ve>1 In(f) < < . This leads to
Up2e  up-e

1
Vi>1 (n@)P? < ——~1Hr2,
Hp

Using (4.1), we obtain for some positive constant C(u, 5, L, p-)

Vi>1 |2 = P9 < |py = pollIn(0)|e?> < CALIHIP, (4.23)
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It follows by (4.2), (4.16), (4.19), (4.20), (4.23) and since y < 5, that

f (IVul” — |Vv|P)dx = f (IVul?™ — V[P ™)dx
r/4
f (IVulP> = [VulP®)dx + f (IVv[P® — |Vv|P2)dx
Bya
= f (IVul?™ = [Vy|P™)dx
By
+ f (IVul” = [VulP™)dx + f (IVVPD — |Vy|P2)dx
/an[IVul<1] an[IVul<1]
+ f (IVulP> = [VulP™)dx + f (IVv]P® — |Vy|P?)dx
an[IVul>1] 4N [IVul>1]
<cr+crf f V"7 dx + Cr° f V|72 x
Byjan[[Vul>1] Byjan[[Vv|>1]

<Cr'+cr f [Vu| POy + CrP f [Vy[(+P2 g x
Brja Bys

(1+€)(1+4)
1+5

I+e
<cr +C,ﬂ+"()f (1+ |Vu|”("))dx) + crﬁ”()( (1+ |Vu|p(x))dx) T (424
B, B,

where C is a constant independent of r.

Note that § = (”Ei(”") 1= ”22%”5) > 0. Moreover since 2u < €, we have § < e. It follows

then from (4.24), since r < 1 and B8 — ne > 0

1+0

l+e
f (|Vu|”2—IVvl”z)dx<Cr”+CrB‘"€( f |Vu|”<x)dx) +Crﬂ—"5( f IVul”(x)dx)
Brya

SCr”+CrB_”E(( f IVul”(x)dx) ( f IVul”(")dx) )( f IVul”(x)dx)
B,

<Cr'+CM, rﬁ_”ff IVulPPdx, My = (p.J(©) + (p+J(8))°
B,

=Cr'+ CM P \Vul"Ddx + CM1#7 Vul”dx
B.N[|Vul<1 B.N[|Vul>1
= Cr' + CM P |By|r" + CM P VulP>dx
B,.N[|Vu|>1
< Cr*+CrPme f [VulP>dx. (4.25)
B,

If p, > 2, we obtain from (4.21) and (4.25)

f IV(u — v)|P2dx < CF" + CrP"e f [VulP2dx.
B,y B,
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This leads for each p € (0, r/4) to

f |Vul?dx < f (V@ = vl + Vv dx
B, B,
< ot f (IV(u = )P + |Vv|”)dx
BP
< op+l f IV(u — v)|P2dx + 2P} f |Vv|P2dx
B, B,
<

Cr'+C f |Vv|P2dx + CrP"e f |Vul”2dx.
B, B,

Using the estimate (see [16] Lemma 1.1)

J

o

Widx < Conp-po(£)' f Vi2dx (4.26)
Br/4
and the minimality of v, we get

f [Vul”>Vdx < Cr" + C(E)" f [Vul”>Pdx + CrPe f [Vul”>"dx. 4.27)
B, r B, B,

Now (4.27) clearly holds also for p € [r/4, r]. Therefore if we set ¢(p) = f |Vu|P>P) dx, we obtain
B
from (4.27) for each p € (0, r] ’

1))

f IVulP>Pdx + f |VulP>Pdx
B,N[IVul<1] B,N[[Vul>1]

Cp" + f [VulP> D dx
BF

IA

IA

cr+c[(B) + . (4.28)

If p, < 2, we obtain from (4.22) and (4.25)

)23

2
f V(- v)2dx < C(p_,p+)(Cr"+Crﬂ"f f |Vu|1’2dx) ( f |Vu|”2dx)
Brya B, B ya

2-p
2

3 2r
B-nopy 2 2
< Cr : (r”‘ﬁ+”€+f|Vu|p2dx) .(fIVulpzdx)
B, B,
[} 2n
B-nop) 2 2
< Cr 2 (r”_ﬁ+”€+f |Vu|p2dx) .(r"_ﬁ+”5+f|Vu|pzdx)
B, B,
(B-ne)p
= Cr : 2(r”_ﬁ”‘f+j‘|Vu|p2a'x)
B,
—ne)(2—pr) _ne)p
< o +Crwz”f|vu|mdx.
B,
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Taking into account (4.26) and the minimality of v, this leads for each p € (0, 7/4) to

f Vuldx < =5 4 (B f Vuldx + Cros™ f Vul”dx. (4.29)
B, re Js, B,

Note that (4.29) clearly holds also for p € [r/4, r]. Therefore by arguing as in (4.28), we obtain for
each p € (0, r]

dlp) < Cr= T 1 | (B) T oo (4.30)
Now since r < 1, we deduce from (4.28) and (4.30) that we have in both cases for each p € (0, ]
#(p) < CrFmo 4 C[(/—))n + e ]¢(r). 4.31)
r

Using Lemma 2.7 of [6], we conclude that for each 0 < A < n — (n — (8 — ne)) = 5 — ne, there exists
rp > 0and B = B(C, A,n) > 0 such that for each r < r,, we have

n—(B—ne)—-1
a+o(®) v f VP Odix + By 619
B,

IA

Vp € (0,r) f [VulP2®dx
Bp

—B+ne—A
1+ C)(e)n frone f |VulP*Vdx + Bp"Prre.
r B,

Taking 0 < A < min(8 — ne, ne) and remarking that

fquI”’dx f |Vu|”’dx+f |VulP-dx
B, B,NIVul<1] B,N[IVul>1]

C(n)p”+f [Vu|P2dx,
B,

IA

we obtain for some constant C possibly depending on r, but independent on p
Yo € (0,r) f [VulP-dx < Cp"P. (4.32)
B,

Now let @ € (0, 1) and notice that since p is S-Holder continuous, it is also y-Holder continuous for
each v < 8. We can therefore assume that 8 < p_(1 — a), which leads to
pn—ﬁ — pn—p_+ap_+p_(1—a)—ﬁ < pn—p_Jrap_ vp € (0’ r).
Hence (4.32) becomes
f [VulP-dx < Cp" PP~ Np € (0,r). (4.33)
BP

Using (4.33) and Holder’s inequality, we obtain for some constant C independent on p

1
1 =
Vp €(0,r) fIVuldx < |Bp|1‘p(f |Vu|pdx)
B, B,
< Cpn_ﬂ%pkﬁ#
< Cpn—H—a'

We deduce ([18] Theorem 1.53 (Morrey) p. 30) that u € Cgﬁ (Q), and this holds for any a €
O, D). O
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Remark 4.1 Consider the functional

1
J(uw) = f (—|VM|‘”(X) + Q1(Ox <o) + Qz(x))([u>0]) dx
a \p(x)

with Q; and Q, satisfying the same assumption as Q. For each g € W'"?™(Q), let S(g, Q) be the
set of all minimizers u of J under the condition u — g € WS”’ @(Q). Then it is not difficult to extend
most of the results of the sections 2, 3 and 4 in the following way

1) S(g, Q) # 0.

i) If |glo < M, then |ulo <M VYu e S(g, Q).

iil) Vu € S(g, Q) Apwu =0 in[u #0].

iv) If p, 01, Q> € C1(Q), then we have for each u € S(g, Q) and € D(Q, R")

lim PO =1 g o _ 1) - vdor(x) = 0

€20 Jolu<e p(x)

~1
lim f PO =1 g o _ Q2 vder(x) = 0.
-0 Olu>€] P(x)

vifpe C%(Q), then we have S(g,Q) C CO’“(Q) for any a € (0, 1).

loc

S Lipschitz continuity
The main result of this section is the Lipschitz Continuity of the minimizers.
Theorem 5.1 We have S(g,Q) c C*'(Q).

loc

Lemma 5.1 If u is a minimizer in B,(xg) of the functional

JGw) = f (iwm"”’+Q(x))([u>01)dx,
B,(xo) \P(X)

then v defined by v(y) = M is a minimizer in By for the functional

— 1 _ —
J) = fB | (%Wvl"‘” + Q@))([»O])dy
where P(y) = p(xo + ry) and O(y) = Q(xo + ry).

Proof. Indeed let w € W!P0)(B)) be such that w = v on dB. Then w defined by w(x) = rw(=2)
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belongs to WP (B,(x,)) and satisfies w = u on dB,(xo). Moreover we have

— 1 _ —
J(v) f (~—|Vv|p°’>+Q(y)X[v>m)dy
B \P(Y)

1 ;
f (mwu(xo + )P 1 Q(xo + ry))([u(xo+ry)>()])dy
By

r f (LWu(x)l"“‘)+Q(x)x[u>0])dx
B.(x0) p(x)

IA

o f (in(x)P% Q(X)X[w>0])dx
B,(xo) \P(X)

1 = -
f (~—|VWI” O+ Q(y))(mm)dy = J(w).
B \P(Y)

O

Lemma 5.2 There exists a constant depending only on n, p_, p+,, L, M, and Q. such that for each
u € 8(g, Q) and each ball B,.(xy) CC Q with u(xy) = 0, we have

max u<Cr.
B,/3(x0)

Proof. First note that since u is bounded and continuous in Er/3(xo), u achieves its maximum on
the compact set Eﬁ(xo). Now to prove Lemma 5.2, we argue by contradiction as in [9] and [17].
However we don’t work on the unit ball because otherwise, the constant in the Harnack inequal-
ity (5.8) may depend on the L™ norm of u;. We point out that instead of the Harnack inequality
maxg u < Cming u satisfied by nonnegative p—Harmonic functions when p is constant, we only
have the inequality maxg u < C ( ming u +R) for nonnegative p(x)—Harmonic functions (see [3]).

Assume that there exists a sequence (i) € S(g, ), a sequence (ry); of real numbers and a
sequence of points (xgx)x such that

Vk>1 Bz,k(ka) ccQ, up(xp)=0 and _max ug > kry. 6.1
By, /3(xok)

Let

di(x) = d(x, [ = 01 N B, (o) and Fy = {x € B(xo) / di(x) < w}

2

Because the function x — (%k_x‘“")uk(x) is continuous in E,k (x0r), it achieves its maximum M; on
the compact set Fy. Hence there exists x; € F such that

T — |xx — xoxl
—_—U,
Tk

M = ().

We claim that 5
Vh>1  wu(xg) > gkrk. (5.2)
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First remark that E,k /3(xor) C Fy. Indeed if |x — xqi| < 7¢/3, then we have

T —|x — xoul _ 7k
— > 3 > |x — xor| > di(x).

It follows by (5.1) that

ur(x) > max

(Vk - |x- X0k|)
xeFy 147 XEE,-k/a(XOk) Tk

- 2
M)uk(x) > §krk-

We deduce that we have necessarily |x; — xor| < 7 and then

M 2
ue(xy) = —2k S pp s Skry.

T = X — xorl

Let now 6 = di(xi) = d (xi. [ = 010 By (xor)) = |xi — yul for some y € [ = 0] N By, (xos).
Clearly we have y; € (0[u > 0]) N E,k(ka). Since x; € Fy, we have

7 — |x% — Xoxl

o < > S |xe — xol < i — 20k (5.3)

Moreover we claim that
Bs,(yx) C By (xox)- (5.4)
B%k () C Fy. (5.5)

T — |xx — Xoxl

re =y — xol 2
Y 3

¥y € Bu (- (5.6)

Indeed
(1) If y € Bs,(yx), then we have by the triangle inequality and (5.3)

[y = Xoel < 1y = yil + [y = Xl + e = xokl < 26k + Ik — xoul < 7.
(i) If y € By (yr), then we have again by the triangle inequality and (5.3)
3

46 20k
[y = xoxl < [y = yel + Iy — 2l + 1 — xox| < 3 + 1 = xoul < 1 = =3

which leads to | s
e =y — x
B s -l 2 di).

Hence y € F}.
(iii) Lety € B%(yk). In ii) we established that [y — x| < ‘3—‘(5/< + |xx — xoxl- So by (5.3)
4re— o — xorl e — 1xe — Xoel

4
Vk_|y_x0k|>rk_|xk_x0k|_§6kZrk_|xk_x0k|_§ > = 3
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Using (5.5) and (5.6), we deduce that

T — |X — Xogl
max (—)uk(x)

Ik — | X — Xok

> max —| l)uk(x)
xeFy Tk xEng %) Tk
3
T — |xx — Xorl

> ———— max u(x)

3k xeBg, ()

3

T — |xx — xoxl

which leads to (M)uk(xk)z 3 max ug(x), or
T Tk x€Bs, (%)
3
max  ur(x) < 3up(xg). 6.7

B k)
3

Now since Bg, (x) C [ux > 0], we have A,y ux = 0 in Bs, (xx). Moreover since 6; < r;/2, we have
1% < 2% and B s (4¢) © Buug (x06) © By (xor) © Q. Applying the Harnack inequality in [3], we
get for a positive constant C depending only on n, p and M
. 56
_max u < C(imm uy + —k) (5.8)
By, (x0) Bss, () 6
6 6

Since _ . _ .
Bss, (xx) N Bo (yx) # ¢, 3 X, € Bss (xx) N B (),
6 6 6 6

and we obtain from (5.8) and (5.2)

56,
up(x,) > min  uy > c! _max u — 2k
By, (x0) By, (x0) 6
6 6
56,
> C71 uk(xk) - ?k
c! c! 56k
= Tuk(xk) + TMk(xk) o
1 1 59,
2> i uk(xk)+fkrk—?k
1
> % ur(x) for k large enough since 6 < ry.
It follows that |
max uy > up(x,) > iuk(xk). 5.9
B’%k(vk)

Uy, (yk + %kx)

Let now v (x) =
g (Xz)

. Then v(0) = 0 and we have by (5.7) and (5.9)

1
max vy > — and maxv; < 3. (5.10)
B 2C B,
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Let & = —%—. We have by (5.2), since oy < ry,

6ur(xy) *

o 3 16k<1

1 . .
From Lemma 5.1, we know that — v; is a minimizer of
€k

1
Ji(v) = f —— VPP + Qv
B, Pr(x)

over all functions of W P«(B,) with v — Lv, € WP (B,), where
€k 0

1) 1)
pe(x) = plyi + g"x) and  Qi(x) = Qi + g"x).

Now let wy be defined by
A,,k(x)wk =0 in Bz
Wy — Vg € W(;’m(x)(Bz).

Note that since 0 < v, < 3, we easily derive that 0 < w; < 3. We deduce that w; € C;(;Z(Bz)
for some y € (0,1) and |wil1,,,8, < C(p-, p+,n,L,B) (see [7], [10]). In particular we have, up to a
subsequence,

wy —w in C'(B)). (5.11)
Since E—lka - éwk € Wé‘pk(x)(Bz), we have
1 1
Jil—vi| < | —we
€k €
or

1 1
f (|Vvk|pk(x) - |VWk|pk(X)) dx < f Ok (%) (w01 = Xe>07) dx
B By

2 flfk(X) pk(x)

Since ¢, — 0, we can assume that ﬁ > E,%, which leads to
Ek k

1
f (o) (|Vvk|17k(x) — |Vwk|Pk(x)) dx < f 657 Or(x)dx. (5.12)
B,

B,

Note that for vi = svp + (1 — s)wy, s € [0, 1], we have

1 ! ‘ ‘
f (1797 = [V 0 dxe = f ds f IVusPHO2YVS ¥ (g — wy) dx
B, Pr(x) 0 B

1
= f ds f (170217 v = 19wl 2 ) - 9 o = i)
0 B,

1
d .
_ f ds f (|Vv;|”(” 29y8 — [V 002 Vwk)-v(v;—wk)dx.
o S Jp
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Let us recall the following well know inequalities for ¢ > 1 and &, € R”

-2 -2 & - ¢ if g>2

In particular we deduce from (5.13) the monotonicity of the operator |£9~2¢. Denoting by E; the set
{x € By : pi(x) > 2}, we obtain

1
f g V™ = Vw0
By

1

d

> f TS (VY P2V 08 — [V PH972 Vi) - V(0! — wy)dx
0 B

1
d
= f a (IVVPHO72Wp8 — (Vw972 Vi) - V(0F = wy)dx
0o S JE
U ds 5 5
+ f = f (VS IPEO72Wp8 — [V P92 Vi) - V(0F = wy)dx. (5.14)
0 S JB\E

Using the inequalities (5.13), we get

1
d ‘ ‘ ‘
f = VOV = 9w Vi - V(v - wdx
0

E
Uds
> C(n, p) f — | VO = wplPdx. (5.15)
o S JE

Setting gx(x) = pf (k;;?l, Vi = [Voi|PH072Vyy and Wy = [Vw|P{92Vwy, it is easy to see that we have

Vvi = |Vk|q"(x)_2Vk and Vwy = |Wk|q"(x)_2Wk.
Since g;(x) > 2 in B; \ E, we obtain by using again the inequalities (5.13)

1
d
f Ts f (IVVIPAI2008 — (W PH972 Vi) - V(v — wy)dx
0 Bi\E
"ds (-2 (x)-2
= - (Vi POV = (W97 W) (Vi — Wi)dx
0 B1N[gi(x)>2]

1
d
> C(n, p) f = f Vi = Wil ®dx
0 S JB\E

1
d ' !
=C(n, p) f 4 f VY [PEO2W 08 — [V [PHO =2y [ 4600 (5.16)
0 5 IB\E
Combining (5.12) and (5.14)-(5.16), we obtain

Uds g
Cn, p) f ds f VO — ol
o S JE

1
d .
+C(n, p) f e f [Vvs1P02W 0 — [V 202 Wi |*Pdx < C(n, Q1 )€l™
0 S JB\E
(5.17)
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Using the fact that Vwy is uniformly bounded in B, the convexity of " and 4, and since 1 > 1,
we deduce from (5.17) that

1 1
f |sz|pk(x)dx+f f ‘|Vvli|pk(x)—2vvli|qk(x)dx <Cn, p, Q+)e]f_
0 JE 0 JB\E;
1
or f ds f Vv Pdx < € since [V 2vng MY = [wp,
0 B

Since v — (1 = s)wy = svy, we have

1 1
f sPOds |V Vdx = f ds | |sVvl"@dx
0 B, 0 B

1
= f ds | Vv —(1 - s)Vw|*Wdx
0

By

1
< f ds f 2Py |PED 4 [V [PH)dx - convexity of P4
0 B]

1 1
<ot f ds | [VviPdx + 20+ f ds f IVwelP*)dx.
0 B, 0 By

Then we get for some constant C

[VvelP*®dx < C. (5.18)

B,

Using again (5.12), (5.14), and the inequalities (5.13), we get

1
d
f = f IV} = ol Pdx
0o S JEg

1
d ! . _
¥ f = f IV} = o9V + [Vwi) @ 2dx < C(n, p, Q)el”
0 S JB\E

(5.19)
Note that since [Vv;| < [Vv| + [Vwy|, we have for x € By \ E
(VY] + [VWDPAO2 > (V] + 2|V )2
> 2P|V + [V )Pe02
> 2P-2(|Vwg| + [Vwg])P92, (5.20)

Moreover one has v; — wy = s(vx — wy). It follows then from (5.19)-(5.20) that
1
f sPO g [V (e — wlPPY dx
0 Ey

1
+ f s ds f IV @k = wl? (Vv + Vw92 dx < C(n, p, Q1)ef”
0 Bi\E}
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and then
f V0 — WP dx + f 90k = w2 (V] + Vw02 dx < Cln, p. @)™, (5.21)
Ey B\\E}

Leta = p_/2 and

B ={x € BO\E  IV0i— w0l 67 () + D) |

B2 ={x € BI\E: N0k wo(l > 6 (Vo] + 9wk |
Note that

x € Ef = [V = w)@)P P > el (IVv(x)] + [Vwg(x))> P

= [V = w))PD < €V = w) @I (Tve(0] + [Vw (o)™

Hence we get from (5.21)

f V- wolP"Wdx < Cel ™ = cel . (5.22)

By

apy(x)

x € E} = [V — w)(IY < €7 (IVve(x)] + [V (x))P

api(x) = ap_ = p2/2 } app(x) P’

2-p(x)<2-p_.> 1 2—-p(x) ~ 22-po)°

>
2- Pk(X) = 2-p-

Since 0 < ¢ < 1, we have
ap(x) 2
2-pp(x) 22-po)
€ < g .

Then we obtain by using (5.18) and the fact that Vwy is uniformly bounded in B;
f |V(Vk —_ Wk)|Pk(X)dx < 2(2 p-) f (|VVk| + |Vwk|)pk(x)dx
E,

< 2[’+—1€]<2(2—Tf (|Vvk|m(x)+|Vwk|m(x))dx
E

2

< 2G| (VY + (V)
By
2
< Cet. (5.23)

We deduce from (5.22) and (5.23) that

2

et
f V(v — w)|P"Pdx < C(es,f_/2 + 6,:(2’"”).
Bi\E
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Since €, < 1, we obtain by taking into account (5.21)
f V(v — wlP*Pdx < Cel .
B

This leads by Poincaré’s inequality and (5.11) to

ve — w in W'"P(B)). (5.24)

Note that we have from (5.1) and (5.3), 0y < 1 < % We deduce that 6; — 0 as k — oo, and we get
from (5.10)-(5.11)
{ Apw =0 in B

1 _ .
53¢ Smaxg w<3 in B

0
where py = klim pr(x) = klim pO + gkx) = p(y.), and where up to a subsequence y, = limg_,co V-

Now since v, — wy € WHI(B)) N C%*(By), we can apply Lemma 1.50 of [18] p. 29. We get since
vi(0) =0

1 V(v —
0 <m0 < —— [ i —wildn+ cy [ =Wl

~ Bl Jg, P

Letting k — co and using (5.11) and (5.24), we obtain w(0) = 0. Given that w is nonnegative and
po—Harmonic in B}, we deduce from the strong maximum principle (see [19]) that w = 0 in B;. But
this contradicts the fact that maxg w > 36 m]
Proof of Theorem 5.1. Let Q. = {x € Q/d(x,0Q) > €}. We shall prove that for 0 < € < 1
small enough, Vu is bounded in Qg by a constant depending only on n, p_, p., M, L, 8 and €. Let
xo € Qg.. We distinguish two cases :

1) Be(xp) € [u > 0] : Let v be defined in By by v(y) = @ We easily verify that v satisfies
Ayyyv = 0in By, with g(y) = p(xo + €y) satisfying (1.1) and (4.1) with the same constants p_, p., 8
and L. Moreover v is uniformly bounded by % in B;. We deduce (see [7], [10]) that we have for a
positive constant C = C(n, p—_, p+, M/€, L, 3)

sup|Vv| < C
B2
which leads to

[Vu(xo)l < sup |[Vu| < C.
Beja(xo0)

il) B(xg) N [u = 0] # 0 : Assume that u(xy) > 0 and let ry = d(xo, [u = 0]) be the distance between
xo and the set [u = 0]. Clearly we have B, (xo) C [u > 0]. Moreover we have ry < €. Now let
X1 € 0B,,(xp) N [u = 0]. Then we have for each x € Bg,,(x;)

8e < d(xg,0Q) < |xg — x1| + |x1 — x| + d(x,0Q) < Te + d(x,0Q)

which leads to
d(x,0Q) > € Vx € By (x1).
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Hence
B6r0(xl) - Qe-

It follows from Lemma 5.2 that we have for some positive constant Cy depending only on n, p_, p.,
L’ ﬁ» Q+ and M

max u < Corp.
By (1)

Consequently the function defined in B; by

u(xo + roy)
1o

v(y) =
is uniformly bounded by Cy in B;. Moreover, it satisfies

Agyv=0 in By, with g(y)= p(xo+ roy).

Obviously the function g(y) satisfies (1.1) and (4.1) with the same constants p_, p., 5 and L. We
then deduce (see [7], [10]) that we have for a positive constant C = C(n, p_, p, M, L, 3, Q)

sup|Vy| < C
B2

which leads to
[Vu(xp)l < sup [Vu| < C.

By 12(x0)

Since Vu(x) = 0 a.e. in Qg N [u = 0], it follows that Vu is uniformly bounded in Qg,. |

6 Nondegeneracy and Lebesgue measure of the free boundary

In this section, we assume that the constant Q_ in (1.3) is positive. We prove the nondegeneracy of
the minimizers at their free boundaries and local uniform positive density of the sets [u > 0] and
[u = 0]. As a consequence we obtain that the free Boundary (d[u > 0]) N Q has Lebesgue measure
Zero.

Lemma 6.1 Let u € S(g,Q), D cC Q be a domain and C a Lipschitz constant of u over D. If
c1 > 2C, B, C D, then we have

max u>cir = u>0 in B,.
B,

Proof. We prove the contrapositive of the assertion. Let us assume that u # 0 in B,. Then there
exists a point xo € B, N [u = 0], and we have for each x € B,

u(x) = |u(x) — u(xp)| < Clx — xo| < 2Cr

which leads to max u < 2Cr < ¢;r. ]
B,
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Lemma 6.2 Let D cC Q be a domain. For each k € (0,1), there exists a positive constant ¢ =
ck,n, p—, p+, B, L, M, O_, O, d(D, 0Q)) such that for any u € S(g, Q) and any ball B,(xy) C D with
u(xg) = 0, we have

max u<cr = u=0 in By
B r(%0)

+
Proof. Let r and xj be as in the lemma, and let v be defined by v(y) = M Note that to prove
r

the lemma, it is enough to prove that for each « € (0, 1), there exists a positive constant ¢, such that

max v<c¢ = v=0 in B,
Bk

u(xo +ry)

By Lemma 5.1, the function v(y) = is a minimizer for the functional J in B; over all

functions w € v+ W(;”’ 0+ (B)). Moreover v is bounded in B independently of r. Indeed let C be the

Lipschitz constant of u# over D. Since u(xy) = 0, we have for each x € B, (x0), u(x) = |u(x) — u(xp)| <
Clx — xo| < Cr. We deduce that max u < Cr, ormax v < C(n, p_, p1, 8, L, M, Q,,d(D, dQ)).

By (x0) By
Hence it is enough to prove the lemma when r = 1 and xp = 0. To do that let € = max u and
B
consider the function v, defined by
A],(X)Vf =0 in B\/E \ BK
ve=0 on 0B, 6.1)

Ve = € on BBW.

is an admissible function for the functional J(u). Hence we have J(u) < J(w,) which leads to

We extend v, by 0 to B, and remark that v, > u on 83\/,; . Therefore w. = min(u, v¢)xs & T UXB\B &

1 1
f (== 1Vul’™ + Q)0 )dx < f (== 1Vwel”™ + Q)01 ).
By PY) B :\B,  P(X)

or

IA

1
[ (g + 0w
By

1
f (== (VwelP™ = [Vul?)dx
p(x) B ;\B,

p(x)

. f 000 (X501 ~ Xtus0r)ddx
B\,

1
= f _(|VW€|P(X) _ |Vu|p(x))dx
B \B, P(Y)

since we have in B \ By, we=0 & min(u,ve) =0 & u = 0, due to the fact that we have by
the maximum principle ve > 0 in B \ B, (see [11]).

Using the inequality |Z]P — |£]P < plZ|P~2£.(C — &), due to the convexity of £ — |]P, we obtain
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1
f (E|Vulp(")+Q(x),\/[u>0])dx§ f ITX)(WW PO — [VulP)dx
B, B ;\B«

< f VWP 2Vw, . V(we — u)dx
B ;\B
< - f IV PO 2Vy, V(u — ve)tdx
B ;\B
= —f ul Vv Y2V, .vdo(x) since u* = u. (6.2)
dBy,

Setting M. = max [Vve ()P = Wy (x))IPYD7! with x; € OBy, we deduce from (6.2) that
xX€0B,

f (p( )IVuI”(‘) + Q(x))([u>0])dx <M. | udo(x). (6.3)

0B,

Now we have by (1.3), since Q_ > 0, and by using Young’s inequality

f udo(x) < C(n,K)(f udx+f IVuldx)
OB, By By
= Cn( fB X us01dx + f IVul x>0/ )
1 1
< o f Q—Q(x))([u>o]dx+ f ( I )Qéf)x[u>0])dx)
< o f SV + Qo)

where C; = C(n, &, p—, p+, Q-) is a constant that we can obviously assume to be such that C; > 1.
This leads by (6.3) to

1
f ( [VulP™ + Q(x))([u>01)dx <Ci(1+e)M. f (—|VM|”(X) + Q(x))([u>o])dx. (6.4)
p(x) B \P(X)
We will show that for € small enough, we have CI(L + €)M, < 1. Let us first estimate |Vv.(x1)|
in terms of €. From (6.1), we know that v, € C“’(B\/; \ B,) and for € < 1, that |Vf|1,a,W\BK <

C(p-, p+,n,L,B,k) = C, (see [10]). Integrating by part and using (5.1), we get

f Vv PWdx = f Vv P2V, V(v — €)dx
B \Bs B i \Bk

=—¢ f Vv PD 2V, vdor(x) < € f [VvelPO~ L dor(x)
dBy

9B,
< eM|0B,| < €C3, where C3 =C(p—, p+,n,L,B, ). (6.5)

1 — K .
Let 6 = e+ and assume that 6 < . We claim that

C; )l/p, (C3 )1/p+).

Vv (xp)| < C40% = Cyerorr,  where Cy = Cs + (==
| V(X1)| 4 Q4 E M whnere Cy4 2 max((lBll |B1|

(6.6)
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Indeed let us consider the ball Bs/»(x;) contained in B \ By such that x; € 0Bs/2(x2).
-If [Vve(x)| < C20%, we are done.

-If [Vve(x1)| > C26%, we obtain by using the Holder continuity of Vve in B \ By,

f Vv |PDdx > f Vv PP dx
B \\B« Bspp(x2)
> f (IVve(x))| = C26")PPdx
Bsja(x2)
> §"|Byj2l min ((Vve(x)] = C26)P~, (IVve(x1)| = C26%)7*).

6.7)

Combining (6.5) and (6.7), we obtain

Cs Cs

€= ap+
|B1/2]0" |B12

min ((IVve(xpl = C26%)7, (IVve(xp)| = C26%)P7) <

Using the fact that 6 < 1 and discussing the cases [Vv (x))| — C20% < 1 and [Vv (x))| — C20% > 1, we
easily get

[Vrc(xn)] € C20” + max ((|ij2|>”"-, (|ij2|)‘“’*)50 - Co”.
VK — K

< 1, one has,

Vk — kyn+ap,
)

Hence (6.6) holds. It follows that for ¢ <
assuming C4 > 1 if necessary

or equivalently € < (

a(p--1)

MCi(1+ €) < 2C1 M, = 2C1 Ve (x)IPS)7! < 2C4 (Coemor )P < 20,00 e

- ap+ 1
VK K)an o ) we have M.C (1 +¢€) < 1.

Therefore if € < min (( T
Q2CiCh i

We conclude from (6.4) that

p(x)

1
f (—|Vu|ﬁ<x> N Q(X))([u>0])dx —0
B,
which leads to u = 0 in B,. |

As a corollary of Lemma 6.2, we obtain the following result.

Corollary 6.1 Let u € S(g,Q), D cC Q a domain, xy € DN d[u > 0]. Then for any ball B,(xy) C D,
we have

max u(x) > cr,
X€B,(x0)

where c is the constant in Lemma 6.2 corresponding to k = %

The following theorem shows that the sets [u > 0] and [u = 0] have local uniform positive densities.
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Theorem 6.1 For each domain D CC Q, there exists a constant ¢ € (0, 1) depending onn, p_, p., 3,
L, O_, O+, M and D such that, for any u € S(g, Q), for any xo € DN d[u > 0], and for any r € (0, 1)
with B,(xy) C D, we have

< 1Br(xo) N [u> Ol

B 1B (x0)l

Proof. i) By Lemma 6.2 there exists y € F,/z(xo) such that u(y) > c¢r, where c; is a constant
depending on n, p_, p+, B, L, O—, Q4+, M and D. Now let C be a Lipschitz constant of u over D
which may depend on n, p_, p:, O+, M, L, § and D. We claim that « > 0 in B,,(y) C B,(xo), for
eachk € (0, min (%, ;—‘C)) Indeed let k € (0, min(%, 2‘—‘0)) and x € B,.(y). We have
[x —xol < |x—=yl+|y—x0|l <kr+r/2<r/2+71r/2=r So B,() C B(xp).

Since we have max u > u(y) > cir = C—Kl(Kr), and (7‘ > 2C, we deduce from Lemma 6.1 that

By

u>0in B (y). It foll((;zzvs that

|B,(x0) 0 [u > 01l _ [Ba O] _
|B-(xo)l 1B (x0)

if) Arguing by contradiction, we deduce that there exists a domain Dy cC Q such that

<l-c

VkeN Tu €S, Q) Txor € DoNofug>0] Iri€(0,1):
|By, (xor) N [uy > 0] 1

B, c D d — .
(oe) © Dy an e K+

For each k, we define the function v(y) = "‘(xor—:rr’”) By Lemma 5.1, v is a minimizer in B; over all

functions w € vy + Wé”’ “0)(B,), for the functional

1 ,
Ji(v) = f (—IVVI”"“) + Okxpsor |y, pe(y) = p(xo + ry) and Q(y) = O(xo + rey).
B ()

Since u(xor) = 0, we have as seen in the proof of Lemma 6.2

max v, < C(n, p_, p+,, L, M, Q.,d(D, 0Q)).
B,

Moreover we have 0 € d[v; > 0] and

I[ve = 0] N Byl f Xine=0)V)dy = f Xiw=01(X)r"dx
By By (xor)

|B,, (xor) N [ur = 0]|

= |By]

|Brk(x0k)|
= |B ||Brk(x0k)| - |Brk(x0k) N [uk > 0]|
1 |Brk('x0k)|
= IBI|(1 By (xoi) N [ > 0]|)
|B"k(x0k)|

1 B, |
< IBi(1-(1- m)) = ﬁ
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Since the functions p; and Oy satisfy the same assumptions as p and Q with the same constants, we
can assume that we have a sequence of uniformly bounded minimizers in B; for the functional J, that
we shall denote by (i), such that 0 € d[u; > 0] and ]}im I[ux = 0] N By| = 0. Let vy € WHPW(By)

such that

Ap(x)vk =0 in B]
Vi = U on 031.

Since vy is an admissible function for the functional J, we have J(u;) < J(wy) i.e.

1 1
fBl (mwukw(}c) + Q(x))([uk>o])dx < Ll (mlvmpm + Q(x))([vk>0])dx~

Since by the strong maximum principle v; > 0 in B;, we obtain for €, = |[ux = 0] N By|

| | = (T = ) dx < | 0001 xiusopdy
= ; O = xpy>0)dx
,
= [ 0tuondx
B,
< Q+jl;)([uk:0]dx
= O.llu =010 Byl = Car (68)

Using the fact that €, — 0 and arguing as in the proof of Lemma 5.2, we derive from (6.8) that

lim V(g — vi)|P™® = 0. (6.9)

k—o0 Bip

Note that we have Apyvi = 0in By and |[Vilw, < |kl < C, where C is a constant depend-
ing only on n, p_, p:, B, L, M, Q, and Dy. We deduce that v, € Cl*“(Bl/z) and [Vil1a.8,, <
C(n,p—, p+,B, L, M, O, Do) (see [10]). In particular, we have up to a subsequence

v — v in C'(Bip). (6.10)

Consequently we obtain
AP(X)VZOiIl B]/z. (611)

Using (6.9) and the fact that (i), is uniformly Lipschitz continuous in By, we deduce that there
exists a subsequence and a function u such that

uy — u uniformly in = By (6.12)
w — u in WI(B ). (6.13)

Now comparing (6.9)-(6.10) and (6.12)-(6.13), we deduce that u = v + ¢¢ in By, which leads by
(6.11) to
A,,(x)u =0 in B]/2

O<sux<C in B1/2

u(0) = 0.
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Hence we get by the strong maximum principle (see [11]) that u = 0 in By 5.
But since 0 € d[u; > 0], we have by Corollary 6.1 max u; > ¢, where c is independent of k. There

Bija
exists therefgre a sequence x; € B /4 such that u(xx) > ¢ for all k. Using (6.12), we get u(x,) > c,
where x, € Bj,4 is the limit of a subsequence of (x;);. We have reached a contradiction. O

As a consequence of Theorem 6.1, we obtain the following result regarding the Lebesgue measure
of the free boundary.

Corollary 6.2 The Lebesgue measure of the free boundary 0[u > 0] N Q is zero.

Proof. Note that [u > 0] N Q = U olu>01NQ 1 where Q 1 has been defined in the proof of The-
k=1
orem 5.1. Therefore it is enough to show that d[u > 0] N Q 1 has Lebesgue measure zero.

Let £, be the set of Lebesgue points of the characteristic function [0 in Q%. We know that
|Q% \ L] = 0. Moreover we claim that £;Nd[u > 0] = (. Indeed let us assume that £;No[u > 0] £ 0,
and let xo € Ly N d[u > 0]. By definition we have

lim J( Xotuso)(X)dx = 8lu > 0](xo) = 1. (6.14)
r—=0)p,

Now using the left hand-side estimate in Theorem 6.1 for D = Q 1, we have for r small enough

1B,(x0) N @[u > O])
u> d =
J( Xowo(X)dx 1B, (x0)

IBr(x0)| — 1By(x0) N [u > O]| — |B,(x0) N Int([u = O]
B,(x0)l
_ |Br(x0) N [u> O] |Br(x0) N Int([u = O])]
B,(x0)l |B(x0)l
_ |Br(x0) N [u > O]
B,(x0)l
< l-c<l (6.15)

B,

IA

Comparing (6.14) and (6.15), we see that we have reached a contradiction. Hence we have £;Nd[u >
0] = 0. We deduce that d[u > 0] N Q% C Q% \ L and therefore [0[u > 0] N Q%I = 0. We conclude
that |0[u > 0] N Q| = 0. O
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