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Abstract

We give conditions on the variable exponent ¢ that ensure the existence and nonexistence
of a positive solution to the elliptic equation Au = u?® on RY (N > 3) which satisfies
lim,y_,o u(x) = co. The nonnegative function g is required to be locally Holder continuous
on RY. We prove existence for g > 1 provided g(x) decays to unity rapidly as |x| — oo.
We treat the case g < 1 as a special case of ¢ — 1 changing signs and show that a solution
exists provided ¢ is asymptotically radial. In addition, we give an example to show that our
results are nearly optimal.
2010 Mathematics Subject Classification. 35161, 35]15.
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1 Introduction

We consider the question of the existence of a positive solution to the problem

{ Au = ui® in RY

u(x) — oo as x| — oo,

(1.1)

which is called an entire large solution. Here N > 3, and we assume that ¢ : RY — [0, ) is a
locally Holder continuous function.
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It is well known that, if ¢ is a positive constant, then (1.1) has no solution if ¢ > 1 (see Theorem
II of [4] or Theorem 1 of [14]). Conversely, if ¢ < 1, then (1.1) has a positive solution, and in fact, a
radial solution (see Theorem IV of [4] or Lemma 3 of [14]). (Although these authors do not include
a proof that their positive radial solutions are large, this is easily established (see, e.g., Theorem 1 of
(101).)

The goal of this article is to develop existence of positive solutions when ¢ is a positive function.
It will become clear that functions g for which a solution exists are not so easily classified as for g
constant. For example, we show that (1.1) will, in fact, have a solution when g(x) > 1 provided ¢
decays rapidly to unity at infinity (Theorems 4.2, 4.3). On the other hand, if liminf_,. g(x) > 1,
no positive large solution exists (Theorem 4.1). For the purely sublinear case (g(x) < 1), which is
treated only as a special case of g being sublinear outside some ball, we show that a solution exists
if g is asymptotically radial (Theorems 3.1 and 3.2). To establish the near optimality of these two
theorems, we include an example of a radial function g in which problem (1.1) has no solution even
though g is sublinear outside some ball (Theorem 5.1).

Although we know of no article other than this one that addresses the existence of positive
solutions of (1.1), such results have been established for a bounded domain Q C R”; i.e., solutions
of

{ Au = ui® in Q

ulx) — oo as x — 0Q.

In particular, for g constant, a solution exists if and only if ¢ > 1 (see Theorem 1 of [9] and [6],
or Theorem 5.1 of [1] with 4 = 0.) This, of course, is just the opposite of the case for solutions of
(1.1) where existence requires ¢ < 1 as noted above. For ¢ a function, Lépez-Gémez [11] proved
existence for ¢ > 1in Q and ¢ = 1 on 9Q (see Section 6 of [11] with A = 0), while in [3] the authors
prove existence when g > 1 near 9Q (see Theorem 2 of [3]). Finally, although large solutions are
not considered in [12], the authors allow g — 1 to switch signs (as we do here) and apparently were
the first to do so.

2 Preliminary Results

We will need to prove the existence of positive solutions of the initial value problem

N-1

r

u’(r) +

u'(r) = gu(r), r), u(0) =a >0, u'(0)=0 (2.1

under various conditions on the function g. To do this, we will prove the existence of a positive
solution to the integral equation

u(r) =a+ fr tl‘Nf SN le(u(s), s)ds dt. (2.2)
0 0

We assume g : (0, 00) X [0, 00) — (0, c0) is a continuous function that satisfies one or more of the
following:

G-1 g(t,r) is non-decreasing in ¢ for each fixed r. Furthermore, for each ¢ > 0, there is a positive
constant ¢, such that g(¢,7) > ¢, for all r > 0.

G-2 There exists a non-decreasing, differentiable function f : (0, c0) — (0, o) satisfying
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| ]
—dt = d —dt < © 2.3
o Fo wd - Fo s 23

and constants R > 0 and 0 < 8 < 1 such that

f@® for 0O<r<R, t>0
g(t,r) <
for r >R, t>0.

G-3 There is a locally bounded function u : (0, c0) X (0, 0c0) — (0, 00) such that
lgt,r) —g(s, | <ut, s)t—s|, Vit,se(0,0), 0<r<R,

where R comes from G-2.
Remark 2.1 In the event that R = 0 in G-2, then condition (2.3) and condition G-3 are vacuous.

Lemma 2.1 Suppose that g satisfies G-1 and G-2, with R = 0 in G-2. Then, for any a > 0, the
equation (2.2) has a positive solution u defined for all r > 0. Furthermore, u(r) — oo as r — oo.

Proof. Let [0, R,) be the maximal interval of existence of u. We wish to show that R, = co. Thus
suppose R, < co. Since u is nondecreasing, we get, for any r < R,

T i3
u(r) = a+ f N f sV g(u(s), s)ds dt
0 0
T !
< a+f tl_Nf sNle(1 + u(s), s)ds dt
0 0
T !
<a+ f tl’Nf sN’l(l +u(s)P dsdt
0 0

<a+ frt(l + u()) dt.
0

Therefore, since 0 < 8 < 1, Gronwall’s inequality gives that u is bounded on [0, R,). Thus «’ is
bounded as well and hence u can be extended beyond R,, contradicting the maximality of [0, R,).
Thus R, = oo. Now it is clear that u(r) — oo as r — oo, since, by G-1 we have

M(”)=a+frtl_NfSN_lg(u(s),s)dsdt
0 0

T 3
Za+f tlfo stlg(a, s)dsdt > a+ &rz.

Lemma 2.2 Suppose g satisfies conditions G-1 and G-2 for some R > 0. Then there exists a > 0
such that the integral equation (2.2) has a positive solution u defined for all r > 0. Furthermore,
u(ry > ooasr — oo,
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Proof. : It is obvious that if a positive solution u exists for all 7, then lim,_,, u(r) = oo, as demon-
strated in the proof of Lemma 2.1 above. Thus we only need to show that (2.2) has a solution for
all » > 0. To do this we note that for each a > 0, equation (2.2) has a solution u, in a small inter-
val [0, R,). Suppose that [0, R,) is the maximal interval of existence for the solution u,. We claim
that R, > R for some a > 0. Suppose this is not the case, so that R, < R for all a > 0. Since
[0, R,) is a maximal interval of existence of u,, and u, is positive and non-decreasing it must be that
lim,_,g- u,(r) = oco. Note for 0 < s < R, < R, we have g(u,, s) < f(u,). Differentiating (2.2) and
using this fact gives

u(ry=r'=~ f , sV g(ua(s), s)ds < r' N f , sV f(ua(s)) ds < %f(uam)
0

0

on [0, R,) so that

d (s _r
arJe TOTN

Integrating this over the interval [0, i7) for n < R, we get

iq (1) 2 2
f @ R
a JE 2N 2N

Therefore

00 d.f ] fua(n) df Rz
- -1 Bt TP
fa 7O k)., 7O SN

Since this is true for all a > 0, we obtain

_ *® dé R?
lim — < — <
a0, f(§) 2N

which is impossible since the limit on the left must diverge to oo in view of (2.3). Hence we obtain
a contradiction and therefore (2.2) must have a solution valid on [0, R] for some a > 0.

We now show that this solution is, in fact, valid for all » > 0. To do this, we use u instead of u,,
suppressing the dependence on a. Since u exists (and is continuous) on [0, R], we have u(R) < oo so
that u/(R) < oo and hence the solution u of (2.2) can be extended to some interval [0, R + &), € > 0.
Let

Ry = sup{r : u is a solution of (2.2) on [0, r)}.

Clearly Ry > R. If Ry = oo, we are done. Thus suppose Ry < oo so that as above we must have
1imHRa u(r) = co. Elementary calculations now give, for all r < Ry,
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M(r)=a+frtva SN le(u(s), s)ds dt
0 0

r R r !
=u(R) + f N f sN_lg(u(s), s)dsdt + f N f sN_lg(u(s), s)dsdt
R 0 R R

R r r t
=u(R) + f N le(u(s), s) dsf AN dr + f =N f N le(u(s), s)ds dt
0 R R R

_ 1 RN\ oo
—u(R)+N_2(1—(7) )R fos 2(u(s), s) ds

r !
+ f =N f N le(u(s), s)ds dt
R R

R ’ R R N-2 T t
=u(R) + 1\7_(2) (1—(7) )+fR tl_NfRsN_lg(u(s),s)dsdt.

We use the inequality

frtlfo sV Le(u(s), s)dsdtﬁfrsg(v(s), s)ds
R R K

along with g(v(s), s) < (1 +v(s))? for all s € [R, R) to get

u(r) < u*(R) + fr s(1 + u(s))Pds

R

where
Ru'(R)
*(R) = u(R) + . 24
u'(R) = u(R) + S 2.4)
Since 0 < 8 < 1, Gronwall’s inequality now gives that u is uniformly bounded on [0, Ry), providing
a contradiction. Therefore, we conclude that Ry = oo.

Lemma 2.3 Suppose that g satisfies the conditions G-1, G-2, and G-3. Then, given any constant
M > 0, there exists a > 0 such that the corresponding positive entire solution u, of (2.2) satisfies
u,(R) > M.

Proof. Let A = sup{a > 0 : Eq. (2.2) has a positive entire solution}. If A = oo, then we simply
choose a > M to obtain the result easily.

On the other hand, suppose A < co. To establish the result, we first prove that there exists R4 < R
such that lim,._m: us(r) = oo. To do this, we note that for any a > A, the solution u, must blow up at
some R, > 0, and since u, is increasing in a; i.e., if a < a’, then u, < u,, we must have Ry < R,.
In addition, R, < R follows from the proof of Lemma 2.2 since, if u,(R) < oo, then u, would be
entire. Therefore, we get that lim,_, 4+ R, exists. We let R4 = lim,,4+ R,. To establish our needed
result, we shall show that u,(r) — us(r) asa — A for all r € [0, R4) and that this convergence is
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uniform on compact subsets of [0, R4). We then show that us(r) — oo as r — R, before completing
the proof.
By Condition G-3, we have

lita(r) = ua(r)| < la — Al + fr tl*Nf SN N(gua(s), 5) = g(uals), s)ldsdt
0 0

<la—-Al+

1 T
75 | )9 o s

<la—-Al+ fo 1a(1ta(5), 1r ()litals)  ua(s)lls.

Now let 6 > 0 be given and we show that u, — u,4 uniformly on the closed interval [0, R4 —d]. Thus,
for s € [0, R4 — 6], we see that

A < up(s) < ug(s) < uy(R-90).
Since  is locally bounded, there is a constant Ms > 0 such that
Hua (), upa(s)) < Ms, 0<s<R-6.

Therefore, the above observation yields

a(F) — a(P)] < la — Al + M, fo Slita(s) — A ()lds.

Gronwall’s inequality thus produces

lua(r) — ua(r)| < la — Ale™”, for0 < r <Ry —6, (2.5)

where A 1= As = Ms/2.

From (2.5), it is clear that lim,_,4 u,(r) = ua(r) for all r € [0, R4) with the convergence being
uniform on compact subsets of [0, R4).

To show that us(r) — oo as r — R}, we note first that, by Condition G-2, g(u,, r) < C f(u,) for
all 0 < r < R4 < R and define the function F : (0, c0) — (0, o) by

“ d
F@= | —.
z f(s)
Observe that F” < 0 and F” > 0, and for any a > A and r < R4, we get
AF(tg) = F" (o) Vitgl? + F'(ug)Autg > F'(14g) At = __i(:m;) =T
Uq

Hence

i —li _,N-1
- (r” drF(ua(r»)z L
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which, by integrating over [0, 7], gives
d
— P () 2 r'N(=rNIN) = —r/N.
,

Integrating this over [r, R,] and noting that u,(r) — co as r — R, we get

2 2
R, -7

Flua(r) = =25

< RZ-7r
Since F is decreasing, this produces
ug(r) > F~! (Ri - rz).

Letting a —» A™, we get
ua(r) > F! (Ri - rz).
Therefore, since F~'(z) — oo as z = 0, we get uy(r) — oo as r — R;.

To complete the proof, we choose §y > 0 small so that us(r) > M+1 for r > R4 —0y. Specifically,
observe that ug(R4 — 99/2) > M + 1. Using (2.5) with 6 = dp/4 and r = R4 — 6¢/2, we choose € > 0
small so that (A — a)e™®i < 1for0 <A —a < € to get

0 < us(Ra — 80/2) — tg(Ra — 50/2) < (A — a)e™Ri < 1

so that u,(R4 — 69/2) > M for A — € < a < A. Here Ay := Ay, is the constant in (2.5) corresponding
to the choice dy. Therefore, u,(R) > M since u, is an increasing function.

The following lemma provides an estimate of solutions to (2.2) under appropriate conditions.

Lemma 2.4 Suppose g satisfies G-1, G-2 and G-3. If u is a solution of (2.2) for all r > 0 such that
Vv(R) > 1, then for r > R the solution u satisfies
(B 4wy +2) " i 0<p<t
u(r) < P (2.6)
Ru'(R .
u(R)exp (2R + ) if B=1.

Proof. From the proof of Lemma 2.2, we get for all > R,

’ N-2 r t
u(r)=u(R)+If\l,l_(R2) (1—(R) )+ fR ' fR sV g(u(s), s)ds dt.

-
Therefore, for » > R, we note that u(r) > 1 by G-2, and therefore we have

N-1 r
u'(r) =u'(R) (5;) + N L SN le(u(s), s)ds

N-1 r
Su'(R)(I;) +r1_Nf SN u(sy ds

R
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Multiplying both sides of the last inequality by 7 and recalling that u(r) > 1 for all r > R, we find
that

R\N-! r
u(r)Pu'(r) < u’(R)(7) 5 r>R.

Now suppose that 0 < 8 < 1. We integrate both sides on the interval (R, r) for any r > R to get

1
(R2 n _ r2—n) + _(r2 _ R2)

N—-1
u()' —uR)F < (1 - ) [—” Hox "

JRe®) 1,
N-2 2N

Consequently, we have

1/(1+
W' (R) /(A-B)

/(R) + u(R) + P

s 2l/(lﬁ’)
u(r) < +(R) +2N] S[N

The proof for the case 8 = 1 is similar and therefore omitted.

3 The case when ¢g(x) < 1 at infinity
We define the functions g. and g* from (0, o0) X [0, c0) into (0, c0) by

(") 440

g.(z,r) 1= min{z% g (z,r) = max{z?", 24 ")} 3.1)

where
¢'() = maxq(x),  ¢.(r) := ming(x)

and g comes from (1.1). We require ¢ to satisfy one or both of the following:
Q-1 g : RY — (0, 00) is locally Holder continuous.
Q-2 There exists R > 0 such that g(x) > 1 for [x| < R, and 0 < g(x) < 1 for |x| > R.

When R = 0, condition Q-2 is to be understood in the sense that 0 < g(x) < 1 on RV,

Lemma 3.1 Suppose q satisfies Q-1 and Q-2. Then the functions g. and g* defined in (3.1) satisfy
G-1, G-2 and G-3.

Proof. 1t is obvious that both g.(z, r) and g*(¢, r) are continuous on (0, o) X [0, o0) and each is non-
decreasing in f for each r > 0. If R = 0, and ¢ > 1, then clearly g*(#,r) < ¢ for all r > 0. So, suppose
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R > 0, and hence we suppose that g(x) > 1 for some |x| < R. Then, for 0 < r < R, we see that
q*(r) = q.(r) > 1, and therefore

g,y <t forO<t<1, and g*(t,r)<¢*, for t>1,

where 1 < ¢ := max{q(x) : |x| < R}. Therefore g*(t,r) < t+ ¢ for all (t,7) € (0, ) X [0, c0).
Consequently, both g, and g* satisfy G-2 with f(f) = ¢ + £*. Furthermore, for » > R, we note that

gt,r<? Vr>1 where B:=max{g(x):|x>R)}.
Finally, we note that for0 < r <R
. (s, ) — g.(¢, )] < max{|s®® — (O |57 — (T ON < 7(1+ 5+ )5 — 1.

The same inequality holds with g, replaced by g*. Therefore, both g, and g* satisfy condition G-3
with u(s,£) = ((1 + s + )L,

The following corollary follows easily from Lemmas 2.1, 2.2 and 2.3.

Corollary 3.1 Suppose q satisfies conditions Q-1 and Q-2, and take g in (2.2) to be either g, or g*
as defined in (3.1). Then the following hold:

1. If R = 0, then for any given a > 0 equation (2.2) has a solution defined for all r > 0 and
v(r) = coasr — oo,

2. If R > 0 and M is any positive constant, then there exists a > 0 such that (2.2) has a solution
u defined for all r > 0 for which u(R) > M and u(r) — co as r — oo.

3. Ifuis a solution of (2.2) defined for all r > 0 and satisfying v(R) > 1, then u satisfies (2.6) for
r>R.

The next theorem gives a sufficient condition on ¢ for (1.1) to admit a positive solution.
Theorem 3.1 Suppose q satisfies conditions Q-1 and Q-2. If

f 7 exp( Ar)qos(r) dr < oo, (3.2)
0

for some A such that 2NA > 1, then problem (1.1) admits infinitely many solutions.
Proof. Consider the equations
Av=g0(r),r) and Aw=g.(w(),r) in RV 3.3)

where the functions g, and g* are defined in (3.1). Given positive constants a and b, then v(x) =
v4(|x]) and w(x) := wy(]x]), where v, and w), are solutions of the integral equation (2.2) with v,(0) = a
and wy(0) = b, respectively. We assume that the positive constant a has been chosen so that v(R) > 1,
as given in (2) of Corollary 3.1.

We now show that b can be chosen so that v, < wy, in (0,0). Unless stated otherwise, we
will suppress the subscripts in v, and wj, and simply write v and w, respectively. Note that 8 =
max{g(x) : |x| > R} = 1. Therefore, using (3) of Corollary 3.1 with 8 = 1, we have
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v(ry<{(r) r=R, (3.4
where ® )
RV'(R r
{(r) = v(R)exp( N> + m)
Let

Ry :=sup{r > 0|v(r) <w(¢) forall 0 <r<r}.

Since g*(z,r) > g«(z,r) and v(R) < w(R), it is an easy consequence of the maximum principle that
v(r) < w(r) for all 0 < r < R so that Ry > R. If Ry = oo, then the desired inequality v < w holds for
all » > 0. Thus suppose Ry < co. Then since v(r) > 1 for r > R, we get

Ro s
V(Ro) = a+ f a f sNlg " (W(s), s) ds dt
0 0

, N-2
N SRAGY (1 _ (ﬁ) )

N-2 Ro

R 15
+ f =N f SYH()T Y — w()* DN ds dt
R R

Ry 13
+f tl_Nf SN h()49 ds dt

R Ro

R

0 f
<V'(R) + f N f SN gosc(s)v(s) log v(s) ds dt
R R

R !
+f tl’Nf SN hw(s)?9 ds dt,
R R

. RV (R)
ViR) = vR) +

where

In the last inequality, we have used the hypothesis 0 < g(x) < 1 for |x| > R and the inequality
¢’ =c" < (y—-a)logce

which is valid for any ¢ > 1 and any 0 < @ <y < 1. Now using the inequality (3.4) and integration
by parts we get

Ro !
f =N f M gosc(s)v(s) log v(s) ds dt
R R
R !
< f N f SN qosc(8)L(s) log £(s) ds dt
R R

< fo rqosc(r){(r)log {(r)dr.
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Using (2) of Corollary 3.1, we choose the constant b in (2.2) so that

w(R) > v(R) + f rqosc(r){(r)log {(r)dr (3.5)
0
and note that since

L) log L(r) < L™ = v(R)*M exp (M + M)

N-2

for sufficiently large r, the integral in (3.5) is finite as a consequence of (3.2). Therefore, we have
shown that, by choosing b so that (3.5) holds, we have

00 R t
v(Ry) < v'(R) + f rqosc(r)¢(r)log £(r) dr + f N f SV W()#9 ds di
0 R R
Rw'(R) R 2 AR AV
<w(R) + N_2 [1—(R0) )+L t f}; sYTw(s)Y ds dt

= W(R())

That is, v(Rg) < w(Ry), which contradicts the definition of Ry. Therefore, v < w in RY and
Av=g'(w(r),) > and  Aw = g.(w(r),r) <w™® in RY.

Consequently, there is a solution u, € C*RN) of Au = u?™ in RN such that v, < u, < wp, (see
[13, Theorem 2.10]). Now, according to (2) of Corollary 3.1, we can choose a’ > 0 such that
Vo (R) > u,(R), and as in the proof above we pick b’ > 0 such that v, < w;,. Then again, we find
a solution u, such that v, < u, < wy. We note that u, # u, since u,(R) < vy (R) < uy(R). We

proceed in this manner to produce an infinite number of solutions.

Our next result shows that for sufficiently small R > 0, we can allow 1 — g to change sign
in |x| < R and still get existence of solution to (1.1). In preparation, we need a lemma about the
existence of a solution to (2.1) with g(u, ) = u?'”; i.e.,

Ay = AHEO s 0, 0 wW0)=a, V(0)=0. (3.6)

In the lemma below we assume that g € L*(RV), and we use the notation

[lglleo := max{g(x) : x € RN}.

Lemma 3.2 Suppose that q(x) < 1 for |x| = R for some 0 < R < V2!=ldl~ Then problem (3.6)
admits a solution v, > a for some a > 1, and v,(r) = o0 as r — oo. In particular, if 0 < ||g|l < 1,
problem (3.6) admits such a solution v, for any a > 1.

Proof. We fix any a > 1 such that 0 < R < +/(2a)!-lMl, Note that if 0 < [|gllo < 1, then the
hypothesis implies that 0 < R < 1 and hence 0 < R < 4/(2a)!-4l~ holds for any a > 1.
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Let vy = a, and define a sequence {v;} inductively as follows.

r ! (s
Vi) = a+ f AN f N (v ()" dsar, r>0. 3.7)
0 0
Choose ry small enough such that

R < 1o < \Qa) M- |

Then, by induction, we can show that
a<vj<2a, rel0,r], j=0,1,2,---.
Moreover, we note that v; < v;, in [0, ry]. Consequently v; converges to some v in [0, ro] and v

satisfies the equation

T !
W) =a+ f i f ST O dsdr, 0 <r<n. (3.8)
0 0

Thus we see that v satisfies (3.6) for 0 < r < rg. Let [0, rq], for some r; > ry, be the maximum

interval of existence of v. We claim that r; = oo, for otherwise v(r) — oo as r — r{. (Note that if
v is bounded on [0, 7], so is V', and hence v can be extended beyond [0, r;].) Since ¢*(|x]) < 1 for
R < |x| < ry, this would imply that v is a large solution of

Av = 7 D x € B0, ry).

But this is impossible (see [3, Theorem 1]), and therefore | = co as claimed.

In Theorem 3.1, we required that g(x) > 1 for [x| < R. In that theorem, there was no restriction
on how big R may be. However, if R is sufficiently small, depending on ||g||., We can allow 1 — g(x)
to change sign for [x] < R, and still get existence of entire large solution to problem (1.1). This is the
content of the next theorem. We will need the following notation. Given 0 < 8 < 1 we set

2= if 0<B<1
95(r) = (3.9)
exp(/2N))  if B=1.

Theorem 3.2 Let q satisfy Q-1 and suppose there are constants 0 < R < 217ldl~ and 0 < B < 1 such
that 0 < q(x) < B for all |x| > R. Furthermore, assume that q.(r) < 1 forr > 0. If

f ) r9p(r) Gosc(r) dr < oo, (3.10)
1

then problem (1.1) admits a positive solution.
Proof. Consider the equations
Av=2""  and Aw=w?" in RV (3.11)

Fix any a@ > 1 such that R < +/(2a)'-lldl-. Note that if ||g||lc = 1, then we can take R < 1, and any
choice of a > 1 will do. Lemma 3.2 guarantees the existence of a solution v, to problem (3.6) such
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that v, > a and v,(r) — oo as r — oo. Thus v(x) = v,(|x|), where v, is a solution of the following
integral equation, will provide a solution of (3.11); i.e.,

r !
va(r) = a+ f =N f SN ()7 ds dr, r>0. (3.12)
0 0

We will assume that 0 < 8 < 1, and omit the case 8 = 1 since the proof is similar. By Lemma 2.4,
we see that

v(r) < @(r), r>R,. (3.13)
where i)
RV'(R K
w(r) = (]\;)_(2) +v(R)+r2) . r>0.

Note that since ¢.(r) < 1 for r > 0, a large solution w;, exists for

r !
wy(r) = b + f N f SN ()79 ds dt, r>0. (3.14)
0 0

for any b > 1. This follows from Lemma 2.1 with g(z, r) = 7%,

We will show that b can be chosen in such a way that 1 < v, < wj, in (0, c0). Since the proof is
similar to that of Theorem 3.1, we will be brief.
To this end, we take b such that

RV'(R) 1

R -
b>v( )+N—2 +N—2

f‘x’ rqosc(r)@”(r) log w(r) dr. (3.15)
0

Since 0 < B < 1, we note that @(r)’ log @w(r) < w(r) for sufficiently large r. Therefore, by virtue of
(3.10), the integral in (3.15) is finite.

Since w(R) > v(R), by the maximum principle, we see that v,(r) < wy(r) for all 0 < r < R. Now
let
Ry :=sup{r > 0|v,(t) <wp(t) forall 0<z<r}.

Since v,(R) > wp(R), we have Ry > R. If Ry = oo, then the desired inequality v, < w}, holds for all
r > 0. So let us suppose that Ry < oo and proceed to draw a contradiction. By an argument similar
to the one used in the proof of Theorem 3.1 we have

RV'(R R\
wveon 8 (2)

Ro t
+ f o f " gosc(s)v(s)P log v(s) ds dt
R R

Ro ‘
+f t'_”f S Iw()®®) ds dt.
R R

In this last inequality, we have used the hypothesis 0 < g(x) < 8 for x| > R and the inequality

= < (y-a)Ploge
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which is valid for any ¢ > 1 and any 0 < @ <y < 1. Now, recalling the estimate (3.13) we get, after
integration by parts,

Ry t
f tl_Nf sN_lqosc(s)v(s)B logv(s)dsdt
R R

1 00
< mj(; rqosc(r)w(r)ﬁ log @w(r) dr.

Therefore, our choice of b as in (3.15) shows that

R @ ( (RN e
v(Ry) < w(R) + N_2 (1—(170) )+]; t ﬁs w(s)?'" ds dt

= w(Ryp).
But the last inequality contradicts the definition of Ry. Therefore, v < w in RY and
Av=v()? D > and  Aw = w()?T? < w1 in RV,
Consequently, [13, Theorem 2.10] shows that problem (1.1) admits a solution u such that v < u <w

in RV,

Corollary 3.2 If q.
g-(Ix1) = ¢*(|x]) for |x|

1 on [0,00) and q is radial at infinity, that is there is R > 0 such that

<
> R, then problem (1.1) admits infinitely many positive solutions.

4 The case when g(x) > 1 at infinity

We now investigate the case g(x) > 1 outside some ball in RV,

Theorem 4.1 If liminf| .. g(x) = Bo > 1, then problem (1.1) has no nonnegative entire large
solution.

Proof. Suppose the theorem is not true; i.e., suppose (1.1) has a nonnegative entire large solution, u.
Choose y to be a number in the open interval (1, 8y), and choose R such that g(x) >y > 1 for |x| > R.
Let v, be a nonnegative large solution of Av, = v} on |x| < n. We will be done if we can show that the
limit function v of the decreasing sequence {v,} is large since it would then be a nonnegative entire
large solution of Av = V¥ which is impossible. Thus let Kz = maxjy<g u(x), and we assume with no
loss of generality that K > 1. We show that, for n large, we have u— Kz < v, on |x| < n. If this is, in
fact, true, then this shows v is large and we’re done. Thus suppose max|y<,(u(x)—Kg—v,(x)) > 0 and
note that since u — K —v,, < 0 near the boundary |x| = 7, this maximum must be attained in the open
ball |x| < n. Suppose in particular that it occurs at xp. Note that since u(xy) > Kg + v,(x9) > Kg,
it must be that |xo| > R and hence g(xo) > y. Consequently we get 0 > A(u — Kg — vp))lx=x, =
u(x0)7) — V¥ (x0) > (vu(xg) + Kg)1™ — v} (x0) > (va(xo) + Kg)? — vii(x0) > 0, which provides the
needed contradiction.
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Theorem 4.2 Suppose q is radial and q(r) = 1 + h(r) where the nonnegative function h is bounded

and satisfies
00 2
fo exp(%) rh(r)dr < oo 4.1

where M = sup,., h(r). Then problem (1.1) admits a positive solution.

Proof. It is easy to show that (1 +z)°* <1+ ezforz>0and 0 < & < 1, and we use this to get
2107 = MM < 7(1 4 MM < Z(l " IZ)ZM) @2
If, therefore, we can show that the problem
Av= v+( ;;’) o (43)

has a radial positive entire large solution, then it is easy to show that (1.1) has a positive radial
solution. However, since h satisfies (4.1), we know that (4.3) has a positive entire large solution (see
Lemma in [8]), and hence problem (1.1) has a positive solution.

Theorem 4.3 Suppose q is bounded, locally Holder continuous, and q > 1, all on RN . If ¢* satisfies

0 Mr?
fo‘ CXP(Z(N 2)) r(g*(r) = Ddr < o 4.4)

where M = sup,.(q"(r) — 1), then problem (1.1) admits a positive solution.

Proof. For k € N, let u; be a positive solution of (See Theorem 2 of [3].)

Aug = ul® in |x| < k
u(x) — oo as |x| - k.

It is easy to show that u;.; < u; on |x| < k. Since u; > 0, we know then that the sequence {u;}

converges to a nonnegative function . We now show that u is positive and limj,,« #(x) = co. To do
this, note that as in (4.2), we get, for any nonnegative z,

200 = MDD/ ¢ (g 4 MYG-DIM < o]y MG (=DM (4.5)

< Z(l + wz”j =z+ _(q*(:;_ I)ZM-H'

As with (4.3), there exists a postive entire large radial solution of

A ys @O e
M

since ¢* satisfies (4.4). We now show that v < u; on |x| < k for all k which, in turn, yields v < u on
R", giving the desired result. Thus, suppose that for some k, it is not the case that v < uy on |x| < k;



714 A.V. Lair, A. Mohammed

1.e., maxy<x(v(|x]) — ux(x)) > 0. Since this maximum cannot occur when [x| = k, it must occur in
|x| < k. At that point then we have, using inequality (4.5),

=1
(q )VMH _

O0>Av—w)=v+ i

a5 1 _ 9
u 2Vl —u >0
which provides the needed contradiction.

In the theorem below C stands for the following positive constant.

« 1 C
2VN dt < 4.6
fl '\/t(l+1 -1 a-—1 ( )

independently of 1 < @ < 7. We also need the following lemma.

Lemma 4.1 Suppose 1 < p(r) < q(r) and w, z are radial solutions, respectively, of
Aw =wP?D | w0)=1, w(0)=0 and Az=z1", z0)=1, 7(0) =0.

Then w < z on any interval [0, R) on which both solutions exist.

Outline of Proof. Define the sequence {z;} as the (unique) radial solution of
Az =7, 2(0) =1+ 1/k, 24(0) = 0

and note that it is easy to prove that w < z; on every interval on which both solutions exist since
w(0) < z(0). We can then use a standard argument to get w(r) < zx(r) for all r for which both
solutions exist. Then, by the continuous dependence on initial data, we know z(r) = limg_,c 2x(r)
and hence w < z.

Theorem 4.4 Suppose that q is a non-increasing function such that q(r) > 1 + Cr=! for r > R and
some R > 0, and q(r) — 1 as r — oo. Any solution u of problem (1.1) satisfies

usv, r=0,
where v is a solution of (1.1) such that v(0) = 1 with g = 1.
Proof. For each j € N, let v; be the solution to
vjAv = vi9 () =1, v/(0) = 0. 4.7

Let [0, R;) be the maximal interval of existence for v;. Integrating the equation (¥¥~'v')" = r ‘lv;’.(j )
on (0,7) for any 0 < r < R;, we find that

’ A0
vi(r) < N 0<r<Rj

Using this in the equation
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we get

1 .
78N ai)
V] = NVJ .

Multiplying both sides by v;. and integrating this inequality on (0, r) we obtain

V(r) 2 1
; 2 > for jlarge enough that g(j) < 7.
(e )7 S NGO D) oy T 1)
j

We now integrate this last inequality on (0, R;) and get

Rj < foo dt
oVN ~ S Ve -1
Taking (4.6) into account, and recalling that ¢(r) > 1 + Cr~! for r > R, we conclude that

C
- <J provided that j > R.
q() -1

Therefore, we see that ¢(r) > g(j) for r € [0, R;). Furthermore, R; — oo as j — oco. To see this, first

we integrate the inequality v//v'; < v?(j >v;. on (0, r) to get

R; <

Vv,

—L _<\2
9G)+1
VY

Next we integrate the last inequality on (0, R;) to find that

2 < dt
g -1 =f1 Vit = V2R
Therefore, indeed, R; — oo as j — oo.
Going back to the solutions of (3.7), we note that, by Lemma 4.1,
1<vi() 2vi(r) rel0,R)),
and hence R; < Rj,;. Consequently, we also have
Vil V5 r € [0,R)).

Let
v:i=limv;(r), r=0.

Then it follows that
V(r) = lim v;(r), r>0.

In fact we see that v is a solution of
Av=v, r>0, v0)=1, v'(0)=0.

Now let u be any non-negative solution of (1.1). We wish to show that u < v for r > 0. We consider
two cases.
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Case 1. u(0) > 1. Then by Lemma 4.1, we have u(r) > v;(r) in [0, R;), which is not possible.

Case 2. u(0) < 1 = v(0). Suppose that u(t) > v(¢) for some ¢ > 0. Let

F:=1inf{o : u(n) > v(m) Y ne (o]}
Then 0 < 7, u(#) = v(#) and u(n) > v(n) for n € (#,t]. Let ry € (7, 1) such that u’(ry) > V'(rp). Then
u(rg) > vj(ro) and u'(rp) > v;(ro) for some j > jo, and some j, € N. Without loss of generality,
we may take jo > R, and let us fix j > jo. We claim that u(r) > v;(r) for ry < r < R;. This would
provide the needed contradiction. Suppose, then

o :=sup{T : u(r) > vi(r) ¥ relr,T)}.

Clearly o > ry. We claim that o = R;. Assume that o < R;. Then proceeding as in Lemma 2.4, we
find that

N-1 o
+0'1_Nf sV ()19 ds
T

0

o

)
> u'(ro)(ro )N_l +o N fg SN ()29 ds
)

N-1 o )
+0"_Nf sN_lvj(s)"(f)ds

o

- N-1
—V(ro) (%") + V() > V(@)

- )

and this last conclusion contradicts the definition of o

S An Example

In Section 3 we showed that problem (1.1) admits a positive solution provided that g is sublinear
outside some ball. In particular, Theorem 3.1 establishes existence for g sublinear outside a given
ball, provided g > 1 inside the ball. Similarly, Theorem 3.2 proves existence if ¢ is sublinear outside
some small ball, but inside g — 1 is allowed to change signs. In this section, we provide an example
to show the near optimality of these results by constructing a class of radial exponents g for which
Problem (1.1) fails to admit a positive solution in spite of the fact that g is sublinear outside some
ball.

Suppose p : [0, 00) — (0, o) is a continuous function having the following properties.

1. Thereis d > Osuchthat0 < p(r) < 1for0<r <.

2. There is rg > 6 such that p(rp) > 1.

For each R > ry, we introduce a continuous function pg : [0, c0) — (0, c0) as follows.
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p(r) 0<r<nry
pr(r) =4 p(ro) ro<r<R
p(r—R + rp) r>R.

Theorem 5.1 There is R* > 0 such that if R > R*, then problem (1.1) has no solution when g(x) =
pr(xl) on RY.

Proof. Foreach 0 <o < 1 we let

S 2 > ~1/(1-0)
¢U‘(r) =dagrt-c, r2= 0, where ay ;= | — +N-=-2 .
l-oc\l-0

We note that 0 < 0y < 0 < 1 implies that a,, > a,,, and therefore
@0, (1) £ ¢y, (1) for r € [0, 1]. (5.1
Moreover, a direct computation shows that

Mgy =gl r>0, 0 65(0) =0, ¢(0)=0.
For notational simplicity, in what follows we will write p for pg. Let

a :=min{p(s) : 0 < s < 6} and B :=max{o(s):0< s <8}
Since 0 < a < B8 < 1, we note that for r € [0, €], where £ = min(1, §),
do(r) = %(r) and qﬁfg(r) < ¢Z(r)(r).

Let us also note (see (5.1)) that
g < as re[0,1].

Let g = ¢y, and for j > 1, define a sequence {i/;} on [0, £], iteratively, as follows.

lﬁj(r):frtl_NfSN_lt,bj,l(s)p(S)dsdt.
0 0

By induction it is easy to show that

¢ﬁ$lﬂj$¢j_1ﬁ¢a on [0,g].

Therefore, on letting ¥/(r) = lim;_,, Y ;(r) for 0 < r < &, we see that ¢ is a solution to the following
initial value problem

AW @Y = NP for 0<r<e, and ¥(0)=0, ¥'(0)=0

such that ¢z < ¢ < ¢, on [0, €]. Now define p : [0, 00) — (0, o) as follows.

p(r) if 0<r<r
p(r) = (5.2)

p(ro) if r>ry.
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Since p(r) = p(ry) > 1 for r > ry, notice that the problem
Aw =wP w0) =0, w(0)=0 (5.3)

has no non-trivial and non-negative entire solution since, if it did, then the solution would necessarily
be large, and according to Theorem 4.1, this is not possible. Recall that i is a solution of problem
(5.3) on the ball B(0,&). Since y(e) < ¢,(€), it is clear that ¥ can be extended to a solution of
(5.3) beyond the ball B(0,¢). Let w be such an extension, and let [0, Ry) be the maximal interval
of existence of w. Since, as observed above, problem (5.3) cannot have a non-trivial solution it is
clear that Ry < oo. Since w is non-negative and non-decreasing on [0, Ry) we see that w(r) — oo as
r — R;. We now show that for any R > R* := max{ro, Ro}, problem (1.1), with g(x) := pg(|x]), has
no positive entire radial solution. Indeed, suppose u is such a solution. Observe that

p(r)=pr(r), 0<r<R

Clearly w(0) = 0 < u(0), so that there must exist an interval [0, b], maybe quite small, on which
w < u. Let
B:=sup{b:b <Ry and w(r) <u(r) forall re [0,b]}.

Then B < Ry. If B = Ry, we are done. Suppose then B < Ry. Then we have

B ¢ B /
w(B) = f tl’Nf SN Iw(s)PW ds dr = f tl’Nf sM ()R ds dt
0 0 0 0

B t
< f tl_Nf sV u(syPRS) ds dt
0 0

B t
< u(0) + f =N f sV u(syrS ds dt = u(B).
0 0

Therefore w < u on the interval [0, B + 6) for some 6 > 0. This contradicts the definition of B, and
thus w < u on [0, Ry). But then u cannot be entire since Ry < oo and w(r) — oo for r — Ry.

Acknowledgement: The authors thank the (anonymous) referee for carefully reading the manuscript
and suggesting helpful ways to improve the exposition.
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