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Abstract

This paper is a preliminary work on Heisenberg group domains, devoted to the
study of the Green’s function for the Kohn Laplacian on domains far away from
the set of characteristic points. We give some estimates of the Green’s function, its
regular part and their derivatives analogous to those proved by A. Bahri, Y.Y. Li,
O. Rey in [1], and O. Rey in [16] for Euclidean domains. While the study of such
functions on the set of characteristic points of the given domain will be discussed
in a forthcoming paper.
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1 Introduction and main results
The Green’s function has an important role in the study of semi-linear Dirichlet equations involving
critical Sobolev exponent. More precisely to search a solution of semi-linear equations for the Kohn
Laplacian ∆H on domains of the Heisenberg group Hn, we have to study the Green’s function of
the domain, its regular part and especially the behavior of their derivatives near the boundary of the
domain. The aim of this paper is to establish some estimates of those functions, in terms of the
natural distance of Hn.

For regular domains the Green’s function is related to the existence of a classical solution of a
particularly Dirichlet problem. The existence and the regularity of this function were studied in [4]
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for degenerate elliptic operators, for hypoelliptic operators one can see [12, 10]. From [14, 15, 6], it
is known that the Green’s function can be estimated in terms of the natural sub-Riemannian distance.
In [13], other results were derived using a probabilistic interpretation. In [17], some estimates of
the Green’s function have been studied for the Kohn Laplacian, under suitable boundary regular-
ity assumptions on a bounded domain of the Heisenberg group Hn. The solution to the Dirichlet
problem for the Kohn Laplacian in a smooth domain may not be smooth up to the boundary due to
the presence of characteristic points, [10]. One can find in [5] for domains with smooth and non
characteristic boundary, some estimates up to the boundary for the Green’s functions associated to
Hörmander operators.

The methods used in the present work are partially inspired from the techniques introduced in
[1, 16, 2]. We consider a bounded domain Ω of the Heisenberg group Hn, such that Ω and Hn \ Ω
satisfy the uniform exterior ball property. This condition seems to be natural since the Koranyi balls
of Hn satisfy such a property. In [9], Hansen and Hueber proved that this condition implies that the
domain Ω is then regular: for φ in C(∂Ω), the Dirichlet problem ∆Hu = 0 in Ω, u = φ in ∂Ω has a
classical solution u ∈ H(Ω) ∩ C(Ω). In particular Ω has a Green’s function, which we denote by G,
and for every ξ ∈ Ω, there exists a classical solution H(ξ, .) of the Dirichlet problem:{

∆H H(ξ, .) = 0 in Ω
H(ξ, .) = Γ(ξ, .) on ∂Ω, (1.1)

where Γ(ξ, .) is a fundamental solution of −∆H with pole at ξ and H(ξ, .) is the regular part of G. In
such a case the Green’s function is defined by

G(ξ, ξ
′
) = Γ(ξ, ξ

′
) − H(ξ, ξ

′
), ∀ξ, ξ′ ∈ Ω. (1.2)

We recall that a point ξ0 ∈ ∂Ω is called a characteristic point of Ω, if ∇Hnφ(ξ0) = 0, where φ is a
smooth function which describes the boundary of Ω in a neighborhood of ξ0 and ∇Hn denotes the
horizontal gradient of the Heisenberg group Hn.

For a non characteristic point ξ ∈ ∂Ω, the intrinsic outer unit normal to ∂Ω at ξ is given by

−→ν = ∇Hnφ(ξ)
|∇Hnφ(ξ)|H

(1.3)

For any ξ near the boundary, let dξ = d(ξ, ∂Ω), and define a subdomain of Ω as follows:

Ωdξ = {η ∈ Ω such that d(η, ∂Ω) > dξ}.

The intrinsic outer unit normal at ξ means the intrinsic outer unit normal to ∂Ωdξ at ξ.
For Heisenberg group domains Ω, such that Ω and Hn \ Ω satisfy the uniform exterior ball

property, and far away for the set of characteristic points of Ω, our main results are:

Theorem 1.1 For ξ, η ∈ Ω, ξ near the boundary ∂Ω, let −→ν ξ = −→ν be the intrinsic outer unit normal
to ∂Ω at ξ, and H the regular part of the Green’s function at this point. We have the following
estimates

i. H(ξ, ξ) =
cq

(2dξ)2 + o(d−2
ξ )

ii. H(η, ξ) ≤ c(max(dξ, dη))−2
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iii. |∂H
∂η
|(η, ξ) ≤ c

dη
H(η, ξ)

iv. |∂H
∂−→ν
|(ξ, ξ) ≤

cq

2d3
ξ

+ o(
1
d3
ξ

)

v. H(η, η) ≥ c.

Theorem 1.2 For each ξ1 and ξ2 in Ω, near the boundary, we denote di the distance of ξi to ∂Ω. Let
−→ν 1 be the intrinsic outer unit normal to ∂Ω at ξ1 and H the regular part of the Green’s function. If
d1

d2
,

d2

d1
and

d(ξ1, ξ2)
d1

are bounded, then

(
∂H

∂−→ν 1
)(ξ1, ξ2) > 0.

Theorem 1.3 Let (ξ1, ξ2) ∈ Ω2 be such that d1 ≤ d2 and c2 d2 ≤ d(ξ1, ξ2), where c2 is a fixed
constant. If d1 is small enough, then

(
∂G

∂−→ν ξ1
)(ξ1, ξ2) ≤ 0.

Theorem 1.4 Let h = δ(a,λ)−Pδ(a,λ) and H(ξ, .) be the regular part of the Green’s function. We have
the following estimates:

i. h(ξ) = σ
H(a, ξ)

cqλ
+ O(

1
λ3d4

a
)

ii.
∂h(ξ)
∂a
= σ

1
cqλ

∂H(a, ξ)
∂a

+ O(
1
λ3d5

a
)

iii. λ
∂h(ξ)
∂λ
= −σH(a, ξ)

cqλ
+ O(

1
λ3d4

a
)

iv. |h|L4(Ω) = O(
1
λda

)

v. |1
λ

∂h
∂a
|L4(Ω) = O(

1
λ2d2

a
)

vi. |λ∂h
∂λ
|L4(Ω) = O(

1
λda

)

where for a ∈ Ω and λ > 0 a strictly positive constant, δ(a,λ) denotes the solution of the Yamabe
problem for Hn centered in a with concentration λ, and Pδ(a,λ) is its projection on Ω, given by (2.1).

The paper is organized as follows. In section 2, we give notations and recall some known facts
about the Heisenberg group. In section 3, we prove a counterpart of the antimaximum principle for
∆H . The last section is devoted to the proofs of our main results.

Acknowledgments: The authors would like to thank Professor A. Bahri for his helpful support,
and M. Ben Ayed for his fruitful discussions.
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2 Notations and known facts
The Heinserberg groupHn is the Lie group whose underlying manifold is R2n+1, with coordinates

ξ = (x, y, t) and law group ξ ·ξ′ = (x, y, t) · (x′, y′, t′) = (x+ x
′
, y+y

′
, t+ t

′
+2(< x, y

′
> − < x

′
, y >)),

where < ., . > denotes the inner product in Rn.
We define a norm on Hn by ∥ξ∥H = ∥(x, y, t)∥H =

(
(|x|2 + |y|2)2 + t2) 1

4 , hence we have a nat-
ural distance defined by d(ξ, ξ

′
) = ∥ξ′−1 · ξ∥H . The dilatations are the following transformations

δλ : (x, y, t) → (λx, λy, λ2t) , λ > 0. The Jacobian determinant of δλ is λ2n+2, it yields that the
homogeneous dimension of Hn is given by 2n + 2.

The CR structure on Hn is given by the left invariant vectors fields: Xi = ∂xi + 2yi∂t and Yi =

∂yi − 2xi∂t, (1 ≤ i ≤ n) which are homogenous of degree −1 with respect to the dilations.
We denote by ∆H the sublaplacian operator, ∆H =

∑n
i=1(X2

i +Y2
i ), the subelliptic gradient is given

by ∇Hn = (X,Y) = (X1, ..., Xn,Y1, ..., Yn).

A fundamental solution of −∆H with pole at ξ is Γ(ξ, ξ
′
) =

cq

d(ξ, ξ′)q−2 , where q = 2n+ 2 and the

constant cq is given in [7].
D. Jerison and J.M. Lee showed in [11], that all solutions of the Yamabe problem on Hn are

obtained from

δ(0,1)(z, t) =
σ

|1 + |z|2 − it|n , σ > 0, z = (x, y),

by left translations and dilatations on Hn. That is for ξ0 = (z0, t0), ξ = (z, t) in Hn and λ > 0, we have

δ(ξ0,λ)(ξ) = σ
λn

| 1 + λ2(|Z|2 − iT ) |n where (Z,T ) = ξ−1
0 · ξ.

A basic role in the functional analysis on the Heisenberg group is played by the following Sobolev-
type inequality:

|φ|2q∗ ≤ c|∇Hnφ|22, ∀ φ ∈ C∞0 (Hn)

where q∗ =
2q

q − 2
. This inequality ensures in particular that for every domain Ω of Hn, the function

|φ| = |∇Hnφ|2

is a norm on C∞0 (Ω). We shall denote by S 1,2(Ω) the Banach space of the functions u ∈ L2(Ω) such
that the distributional derivative Xiu, Yiu ∈ L2(Ω), for i = 1, ...n. Let S 1,2

0 (Ω) be the closure of C∞0 (Ω)
with respect to this norm, S 1,2

0 (Ω) is a Hilbert space with the inner product:

< u, v >S 1,2
0
=

∫
Ω

< ∇Hn u,∇Hn v > .

Thus there exists a natural orthogonal projection

P : S 1,2
0 (Hn) −→ S 1,2

0 (Ω)
ϕ 7−→ Pϕ
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defined by the equation:

Pϕ = ϕ − h with
{
∆Hh = 0 in Ω

h = ϕ on ∂Ω ⇐⇒
{
∆H Pϕ = ∆Hϕ in Ω

Pϕ = 0 on ∂Ω. (2.1)

q∗ is the critical Sobolev exponent for ∆H since the embedding S 1,2
0 (Ω) ↪→ Lq∗(Ω) is continuous but

not compact even when Ω is bounded.
Let Ω be a smooth bounded domain of Hn and ξ0 ∈ ∂Ω. Let φ be a smooth function which

describes the boundary of Ω in a neighborhood of ξ0:
φ : Bd(ξ0, r) −→ R such that

φ(ξ) = 0 i f f ξ ∈ ∂Ω ∩ Bd(ξ0, r)
φ(ξ) > 0 i f f ξ ∈ Ω ∩ Bd(ξ0, r)
∇φ , 0

where ∇ denotes the Euclidean gradient. We say that the domain Ω satisfies the uniform exterior
ball property if the following condition holds

(P)0


There exists r0 > 0 such that
∀ ξ ∈ ∂ Ω, ∀ r ∈ ]0, r0] ∃ η ∈ Hn such that
Bd(η, r) ∩Ω = ∅ and ξ ∈ ∂Bd(η, r).

(2.2)

3 Maximum principle
In our work a basic role is played by different versions of maximum principles for the Kohn Lapla-
cian ∆H . First we introduce two versions of the weak maximum principle:

Lemma 3.1 Let Ω be an open bounded set of Hn, u ∈ C2(Ω) ∩ C(Ω) with ∆Hu(ξ) ≥ 0 ( or ≤ 0) in
Ω. Then

sup
Ω

u = sup
∂Ω

u ( or inf
Ω

u = inf
∂Ω

u).

Lemma 3.2 LetΩ be an open set ofHn, u ∈ C2(Ω)∩C(Ω) and ξ0 ∈ Ω, such that supξ∈Ω u(ξ) = u(ξ0).
If ∆Hu(ξ) > 0 for all ξ in Ω, then ξ0 ∈ ∂Ω.

For the proof and more details one can see [4].
We now turn to the versions of strong maximum principles, we begin by

Theorem 3.1 Let Ω be an open set of Hn, u ∈ C2(Ω) such that ∆Hu ≥ 0 in Ω. Let ξ0 ∈ ∂Ω be a non
characteristic point such that

i. u is continuous at ξ0;

ii. u(ξ0) > u(ξ) for all ξ ∈ Ω;

iii. there exists a ball Bd(η,R) ⊂ Ω, with ξ0 ∈ ∂Bd(η,R).

Then
∂u

∂−→ν
(ξ0) > 0, where −→ν is the unit outer normal to ∂Ω at ξ0.
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Proof. Let φ be a function describing the boundary ∂Ω near ξ0. For the Euclidean gradient ∇ we
denote ∇φ(ξ0) = (N1, ..,N2n+1). Since ξ0 is a non characteristic point

∇Hnφ(ξ0) = (N1 + 2y1N2n+1, ..,Nn + 2ynN2n+1,Nn+1 − 2x1N2n+1, ..,N2n − 2xnN2n+1) , 0.

In the frame (∂xi , ∂yi , ∂t), we have

t∇Hnφ(ξ0) =



N1 + 2y1N2n+1
...

Nn + 2ynN2n+1
Nn+1 − 2x1N2n+1
...

N2n − 2xnN2n+1∑n
i=1 2yiNi − 2xiNn+i + 4|z|4N2n+1


, (3.1)

and

−→ν = ∇Hnφ(ξ0)
|∇Hnφ(ξ0)|H

= (νi)1≤i≤2n+1 = (ZN ,TN). (3.2)

Since ξ0 is a non characteristic point, we deduce that ZN , 0.

For a smooth function f , we define the corresponding Taylor expansion of second order at the
point η0 in the direction of the vector field ∇Hn f as:

f (ξ) = f (η0) + uXi f (η0) + vYi f (η0) + w∂t f (η0) +
1
2

qH f (η0)(u, v) + o(d2(ξ, η0))

where (u, v,w) are the components of τη−1
0

(ξ) and “.“ is the scalar product in Rn.

Then for ξ0 = ξ · t−→ν , where t−→ν = (u, v,w) = (tνi, tνi+n, t2ν2n+1), we have

∂ f

∂−→ν
(ξ0) = lim

t→0

f (ξ · t−→ν ) − f (ξ)
t

= lim
t→0

1
t
(
u.Xi f (ξ) + v.Yi f (ξ) + t2ν2n+1∂t f (ξ) +

t2

2
qH f (ξ)(νi, νn+i)

+ t2o(1)
)

=

n∑
i=1

νiXi f (ξ0) + νn+iYi f (ξ0).

Therefore

∂ f

∂−→ν
(ξ0) = ∇Hn f (ξ0).ZN . (3.3)

In the sequel, we have to show that
∂u

∂−→ν
(ξ0) > 0. For 0 < ρ < R, we introduce an auxiliary function

v, given by
v = e−αr2 − e−αR2
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where r = d(ξ, η) > ρ and α is a positive constant, yet to be determined. We denote η−1 · ξ by (Z,T )
then r = (|Z|4 + T 2)

1
4 . Direct computation gives

X j(d(ξ, .)) =
(x j − · j)|Z|2 + (y j − · j)T

d3(ξ, .)
, (3.4)

and

Y j(d(ξ, .)) =
(y j − · j)|Z|2 + (· j − x j)T

d3(ξ, .)
. (3.5)

Therefore, the subelliptic Laplacian is given by

∆Hr =
2n + 1

r
|∇Hn r|2

where

∇Hn r =
1
r3

[
|Z|2
( (x j − · j)

(y j − · j))
)
+ T
( (y j − · j)
−(x j − · j)

)]
. (3.6)

For ξ → ξ0 in the direction of −→ν and for R small enough, we can write ξ as η · r−→ν and

Z = rZN . (3.7)

Then

|∇Hn r|2 = |Z|
2

r2 = |ZN |2 , 0 and
r∆Hr
|∇Hn r|2 = 2n + 1.

We obtain

∆Hv = e−2αr2(
4α2r2|∇Hn r|2 − 2α(|∇Hn r|2 + r∆Hr)

)
= e−2αr2 |ZN |2

(
4α2r2 − (4n + 4)α

)
.

Hence, αmay be chosen large enough so that ∆Hv ≥ 0 throughout the annular region A = B\Bd(η, ρ).
Since u − u(ξ0) < 0 on ∂Bd(η, ρ), there is a constant ϵ > 0 for which u − u(ξ0) + ϵv ≤ 0 on ∂Bd(η, ρ).
This inequality is also satisfied on ∂Bd(η,R), where v = 0. Thus, we have ∆H(u − u(ξ0) + ϵv) ≥ 0 in
A, and u − u(ξ0) + ϵv ≤ 0 on ∂A. The weak maximum principle implies that

u − u(ξ0) + ϵv ≤ 0 in A. (3.8)

Taking the normal derivative at ξ0, we obtain

∂u

∂−→ν
(ξ0) ≥ −ϵ ∂v

∂−→ν
(ξ0).

A computation gives ∇Hn v = −2αre−αr2∇Hn r, and using (3.3), (3.6) and (3.7), we derive

∂v

∂−→ν
(ξ0) = ∇Hn v(ξ0).ZN = −2αR|ZN |4e−αR2

.

Since |ZN |4 , 0, it yields
∂u

∂−→ν
(ξ0) ≥ 2ϵαR|ZN |4e−αR2

> 0.

We have also the following result
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Theorem 3.2 [3] Let Ω be a domain of Hn and u ∈ C2(Ω) such that ∆Hu ≥ 0 (≤ 0). If u achieves
its maximum (minimum) in the interior of Ω, then u is a constant.

As a direct consequence of these results, we deduce the following

Corollary 3.1 (The generalized strong maximum principle) If the condition (P0) is satisfied by a
bounded domain Ω of Hn and by Hn \ Ω, for given u ∈ C2(Ω) ∩ C(Ω), and non positive function f ,
such that

∆Hu(ξ) = f ≤ 0 in Ω and u = 0 on ∂Ω,

we have two cases.
a) If f = 0 in Ω, then u = 0 (inf

Ω
= sup

Ω
= 0).

b) If f , 0 in Ω, then u > 0 and
∂u

∂−→ν
(ξ) < 0 for all ξ ∈ ∂Ω.

4 Proofs of main results
Proof of Theorem 1.1. (i) Following the work of [16], d = d(ξ, ∂Ω) < d0, where d0 is a fixed positive
constant, and let ξ

′
be the unique point on the boundary which satisfies ξ

′
= ξ · d−→ν , and ξ

′′
= ξ.2d−→ν

the ”symmetric” point of ξ with respect to the boundary of Ω. For d0 small enough, ξ
′′

is not in Ω.
Let us define the following function on Ω

f : η 7−→
cq

d2(ξ′′ , η)
.

It is an harmonic function, and we have

1
d2(ξ, η)

− 1
d2(ξ′′ , η)

= o(
1

d2(ξ′ , ξ)
) on ∂Ω as d → 0.

We have

H(ξ, η) =
cq

d2(ξ, η)
= f (η) + o(

1
d2(ξ′ , ξ)

) on ∂Ω

thus, the maximum principle yields

H(ξ, .) = f (.) + o(
1

d2(ξ′ , ξ)
) on Ω. (4.1)

Therefore

H(ξ, ξ) = f (ξ) + o(
1
d2 ) =

cq

(2d)2 + o(
1
d2 ). (4.2)

(ii) We denote by ζ the point of Ω which realizes dmax = max(dξ, dη). The function Hζ is harmonic
in Ω and since this function is symmetric, we obtain:

H(η, ξ) = H(ξ, η) ≤ sup
α∈Ω

H(ζ, α)
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and using the maximum principle, we derive

H(ξ, η) ≤ sup
α∈∂Ω

H(ζ, α) =
c

in fα∈∂Ωd2(ζ, α)
=

c
d2

max
.

Hence, H(ξ, η) ≤ c max(dξ, dη)−2.
(iii) Let Bη = B(η, 1

2 dη). According to Proposition 2.1 of [17], we have

|∇ηHn Hξ(η)| ≤
c
dη

sup
Bη
|Hξ |.

Hξ is an harmonic positive function in Ω and in particular in Bη, then the maximum principle shows
that

sup
Bη
|Hξ | = sup

Bη
Hξ = sup

Bη

Hξ.

The Harnack inequality yields
sup
Bη

Hξ ≤ c′ inf
Bη

Hξ.

We derive

|∇ηHn Hξ(η)| ≤
c
′′

dη
inf
Bη

Hξ ≤
c
′′

dη
Hξ(η).

(iv) The function Xi(H)(ξ, .) (resp Yi(H)(ξ, .)) is harmonic on Ω and

Xi(
cq

d2(ξ, .)
) = −2cq

Xi(d(ξ, .))
d(ξ, .)3 on ∂Ω.

For ξ = (z, t) = (xi, yi, t) , η−1 · ξ = (Z,T ); using (3.4) and (3.5), on ∂Ω, a simple computation gives

∇Hn H(ξ, .) =
−2cq

d6(ξ, .)

[
|Z|2
( (x j − · j)

(y j − · j))
)
+ T
( (y j − · j)
−(x j − · j)

)]
And using (3.3), we derive

∂H

∂−→ν
(ξ, .) = ∇Hn H(ξ).ZN .

Let ξ
′′
= ξ · 2d−→ν , we consider for η−1 · ξ′′ = (Z

′′
,T ′′) the functions defined on Ω by:

f X
ξ (η) =

−2cq

d(ξ′′ , η)6 [(x
′′ − ·)|Z′′ |2 + (y

′′ − ·)T ′′

−2
νi

|ZN |2
< |Z′′ |2

( (x
′′ − ·)

(y
′′ − ·)

)
+ T

′′( (y
′′ − ·)

−(x
′′ − ·)

)
,ZN >]

f Y
ξ (η) =

−2cq

d(ξ′′ , η)6 [(y
′′ − ·)|Z′′ |2 − (x

′′ − ·)T ′′

−2
νn+i

|ZN |2
< |Z′′ |2

( (x
′′ − ·)

(y
′′ − ·)

)
+ T

′′( (y
′′ − ·)

−(x
′′ − ·)

)
,ZN >]
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where X denotes Xi, and Y denotes Yi, i ∈ 1, 2, ...n.
Since we have ξ

′−1 · ξ′′ = ξ−1 · ξ′ , then

X jH(ξ, η) − f X
ξ (η) = −2cq[(x − ·)( |Z|2

d(ξ′−1ξ, ξ
′−1η)6 −

|Z′′ |2
d(ξ−1ξ

′
, ξ
′−1η)6

)
+ (y − ·)( T

d(ξ′−1ξ, ξ
′−1η)6 −

T
′′

d(ξ−1ξ
′
, ξ
′−1η)6 )

+
1

d(ξ−1ξ
′
, ξ
′−1η)6 [−2dν j|Z

′′ |2 − 2dν j+nT
′′

+ 2
ν j

|ZN |2
| < V1,ZN >],

where V1 =
( |Z′′ |2Z

′′
+ T

′′
z−iη−1·ξ′′

)
.

If d is small enough, ξ
′′

is not in Ω, and f X
ξ (resp f Y

ξ ) is an harmonic function. Moreover

X jH(ξ, η) = f X
ξ (η) + o(

1
d3 ) ( respectively Y jH(ξ, η) = f Y

ξ (η) + o(
1
d3 ))

uniformly in η ∈ ∂Ω as d goes to zero, and we obtain the following estimates for the function
Ĥ(ξ) = H(ξ, ξ) :

X jĤ(ξ) = 2X jH(ξ, ξ)

=
−4cq

(2d)6 [(2d)3(|ZN |2ν j + ν2n+1νn+ j) − 2
ν j

|ZN |2
< V2,ZN >]

+ o(
1
d3 ),

where

V2 =
( (2d)3|ZN |2νi + ν2n+1νn+i

(2d)3|ZN |2νn+i − ν2n+1νi

)
.

For z = (x, y) ∈ Ω, we denote by z̃ = (y,−x). Since z
′′
= z + 2dzN and z̃

′′
= z̃ + 2dZ̃N , it yields

∇Hn H(ξ, η) − fξ(η) = −2cq[Z(
|Z|2

d(ξ′−1ξ, ξ
′−1η)6 −

|Z′′ |2
d(ξ−1ξ

′
, ξ
′−1η)6 )

+ Z̃(
T

d(ξ′−1ξ, ξ
′−1η)6 −

T
′′

d(ξ−1ξ
′
, ξ
′−1η)6 )

+
1

d(ξ−1ξ
′
, ξ
′−1η)6 [−2|Z′′ |2dZN − 2T

′′
dZ̃N

+ 2
ZN

|ZN |2
< V1,ZN >].

If d goes to zero and for η ∈ ∂Ω, we have:

d3[∇Hn H(ξ, η) − fξ(η)] −→ 0.
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Then, the maximum principle shows that

∇Hn H(ξ, η) = fξ(η) + o(
1
d3 )

=
−2cq

d(ξ′′ , η)6

[|Z′′ |2Z
′′
+ T

′′
Z̃
′′ − 2ZN

|ZN |2
< V1,ZN >

]
+ o(

1
d3 )

=
−2cq

d(ξ′′ , η)6

[|Z′′ |2Z + Z̃Z
′′
+ 2d(ZN |Z

′′ |2 + T
′′
Z̃N)

− 2ZN

|ZN |2
< |Z′′ |2(Z + 2dZN) + T

′′
(Z̃ + 2dZ̃N),ZN >

]
+o(

1
d3 ).

(4.3)

∇Hn H(ξ, ξ) = 2 fξ(ξ) + o(
1
d3 )

=
−4cq

(2d)3 [(|ZN |2ZN + TN Z̃N) − 2ZN

| ZN |2
< V2,ZN >] + o(

1
d3 ).

Finally, we obtain :

∂H

∂−→ν
(ξ, ξ) =

−4cq

(2d)6 [(2d)3(|ZN |2 < ZN ,ZN > +TN < Z̃N ,ZN >)

−2 < V2,ZN >] + o(
1
d3 )

=
−4cq

(2d)3 [|ZN |4 − 2|ZN |4] + o(
1
d3 )

=
4cq|ZN |4

(2d)3 + o(
1
d3 ).

(4.4)

Since −→ν is a unit vector, |ZN |4 ≤ 1, therefore

|∂H
∂−→ν

(ξ, ξ)| =
cq|ZN |4

2d3 + o(
1
d3 ) ≤

cq

2d3 + o(
1
d3 ). (4.5)

(v) Let d0 be a small positive constant. If dη < d0, we have

H(η, η) =
cq

(2dη)2 (1 + o(1)) ≥ c
d2
η

≥ c
d2

0

.

If dη ≥ d0, then the function Ĥ defined in Ωd0 ⊂ Ω by Ĥ(η) = H(η, η) is continuous. Since Ωd0 is a
compact set, we derive

c = inf
Ωd0

Ĥ ≤ H(η, η).

Therefore Claim (v) follows.

Proof of Theorem 1.2. We argue by contradiction, and assume the existence of a sequence (ξm1 , ξ
m
2 ) ∈

Ω2 such that

dξm1
dξm2
,

dξm2
dξm1

and
d(ξm1 , ξ

m
2 )

dξm1
are bounded and (

∂H

∂−→ν ξm1
)(ξm1 , ξ

m
2 ) ≤ 0.
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According to (4.3), we have

∂H

∂−→ν ξm1
(ξm1 , ξ

m
2 ) =

2cq

d6(ξm′′1 , ξ
m
2 )

[|Z′′ |2 < Z
′′
,ZN > +T

′′
< Z̃,ZN >] + o(

1
d3 ),

where (ZN ,TN) denotes −→ν ξm1 . Since ξm
′′

1 = ξ
m
1 · 2dξm1

−→ν ξm1 , it yields

< Z
′′
,ZN > = < zξm′′1

− zξm2 ,ZN >

= < zξm1 − zξm2 + 2dm
1 ZN ,ZN >

= < zξm1 − zξm2 ,ZN > +2dm
1 |ZN |2.

Let −→ν ξ1 = (Z1
N , T

1
N), we have Z1

N = ZN(ξm2 ) + o(1). Then

< zξm1 − zξm2 ,ZN >= |ZN |2
(
dm

2 − dm
1 + o(dm

1 )
)
.

Therefore

< Z
′′
, ZN > = |ZN |2

(
dm

2 − dm
1 + o(dm

1 )
)
+ 2dm

1 |ZN |2

= |ZN |2(dm
1 + dm

2 + o(dm
1 )),

and

< Z̃,ZN > = <
(
ym

1 − ym
2 ,−(xm

1 − xm
2 )
)
,ZN > .

We have
ym

1 − ym
2 = ν2(dm

2 − dm
1 + o(dm

1 ))

and
xm

1 − xm
2 = ν1(dm

2 − dm
1 + o(dm

1 )).

Therefore
< Z̃,ZN >= (dm

2 − dm
1 + o(dm

1 )) < Z̃N ,ZN >= 0.

On the other hand
d4(ξm

′′

1 , ξ
m
2 ) = |Z′′ |4 + T

′′2.

We have

|Z′′ |2 = |Z + 2dm
1 ZN |2

= |Z|2 + |ZN |2(4dm
1 dm

2 + o(d2
1)),

hence

|Z′′ |4 = |Z|4 + |ZN |4(4dm
1 dm

2 + o(dm2

1 ))2 + 2|Z|2|ZN |2(4dm
1 dm

2 + o(dm2

1 ))

= |Z|4 + 2|Z|2|ZN |2(4dm
1 dm

2 + o(dm2

1 )) + |ZN |4(16dm2

1 dm2

2 + o(dm4

1 )

+o(dm3

1 dm
2 ))

= |Z|4 + 2|Z|2|ZN |2(4dm
1 dm

2 + o(dm2

1 )) + |ZN |4(16dm2

1 dm2

2 + o(dm4

1 )).
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Since
|Z|2 = |ZN |2(dm2

1 + dm2

2 − 2dm
1 dm

2 + o(dm2

1 )),

we derive
|Z′′ |4 = |Z|4 + 8|ZN |4(dm3

1 dm
2 + dm

1 dm3

2 + o(dm4

1 )).

For the last component, we obtain

T
′′
= T + (2dm

1 )2TN + 4dm
1 < Z̃,ZN >

= T + 4dm2

1 TN .

Since |ZN |4 + T 2
N = 1 and

d(ξm1 , ξ
m
2 )

dm
1

is bounded, we obtain |T | ≤ cdm2

1 and |TN | ≤ 1. Therefore

T
′′2 = T 2 + 16dm4

1 T 2
N + 8TTNdm2

1

≤ T 2 + cdm4

1 .

|Z′′ |4 + T
′′2 ≤ |Z|4 + T 2 + cdm4

1 + 8|ZN |4(dm3

1 dm
2 + dm

1 dm3

2 ) + o(dm4

1 ).

It yields

∂H(ξm1 − ξm2 )

∂−→ν ξm1
≥

|ZN |4(4dm
1 dm

2 + o(dm2

1 ))(dm
1 + dm

2 + o(dm
1 ))(|Z|4 + T 2 + cdm4

1 + 8|ZN |4(dm3

1 dm
2 + dm

1 dm3

2 ) + o(dm4

1 ))
)6/4

+o(
1

dm3

1

)

=
|ZN |4(4dm2

1 dm
2 + 4dm

1 dm2

2 + o(dm3

1 ))(|Z|4 + T 2 + cdm4

1 + 8|ZN |4(dm3

1 dm
2 + dm

1 dm3

2 ) + o(dm4

1 ))
)6/4

+o(
1

dm3

1

),

for m large enough, we derive
∂H(ξm1 , ξ

m
2 )

∂−→ν ξm1
> 0.

Proof of Theorem 1.3. We argue by contradiction, and we assume that there exists a sequence
(ξm1 , ξ

m
2 ) ∈ Ω2, such that

dm
1 → 0, dm

2 ≥ dm
1 , c2dm

2 ≤ d(ξm1 , ξ
m
2 ) and

∂

∂−→ν ξm1
G(ξm1 , ξ

m
2 ) > 0.

We have two cases:
- If lim ξm1 , lim ξm2 , then the strong maximum principle yields a contradiction.
- Suppose now that lim ξm1 = lim ξm2 . Three cases may occur:
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First case:
dm

2

d(ξm1 , ξ
m
2 )

goes to zero Let f : Ω→ f (Ω) = Ω̂, ξ 7−→ ξ̂ = ξ

d(ξm1 , ξ
m
2 )

. We have

G(ξ, η) =
1

d2(ξm1 , ξ
m
2 )

Ĝ(̂ξ, η̂),

where G and Ĝ are the Green’s functions of Ω and Ω̂ respectively. We remark that ZN(−→ν ξm1 ) =
ZN(−→ν ξ̂m1 ), thus

∂

∂−→ν 1
G(ξm1 , η

m
1 ) =

1
d3(ξm1 , ξ

m
2 )
∂

∂−→ν ξ1
Ĝ(̂ξm1 , η̂

m
2 ).

Let ξ
m
j be such that ξ

m
j ∈ ∂Ω̂ and d̂m

j = d(̂ξmj , ξ
m
j ). For a fixed constant R (0 < R < 1

2 ), and η1 ∈ Ω̂, let

B1(η1,R) be a ball around η1 contained in Ω̂, which intersects the boundary ∂Ω̂ in ξ
m
1 .We introduce

the functional
v(ξ) = e−α|ξ−η1 |2H − e−αR2

,

where α is chosen such that ∆Hv ≥ 0 on B1/B2(η1, r), where 0 < r < R
2 . The functionnal v satisfies

v = 0 on ∂B1 and v > 0 in B1.

Let A be a set independent of m, such that

B2(η1, r) ⊂ A ⊂ Ω̂, ξ̂m2 ∈ A and ξ
m
2 ∈ ∂A.

Observe that, for ξ ∈ ∂B2, we have d(ξ
m
2 , ξ) ≥ 1/4 and for each ς ∈ [̂ξ, ξ

m
2 ], ( ς = ξ̂ · k−→ν 2 with

0 ≤ k ≤ d̂m
2 ), d(ς, ξ) ≥ 1/4. Thus

GA(ξ, ξ̂m2 ) = GA(ξ, ξ
m
2 ) +

∂GA

∂−→ν 2
(ξ, ξ

m
2 )d̂m

2 + O( sup
ς∈[̂ξm2 ,ξ

m
2 ]

∂2GA

∂−→ν 2
2

(ξ, ς)d̂m2

2 ).

Since ξ
m
2 ∈ ∂A, then GA(ξ, ξ

m
2 ) = 0. Using the generalized maximum principle, we obtain

GA(ξ, ξ̂m2 ) ≥ c(A)d̂m
2 + O(d̂m2

2 ) ≥ cd̂m
2 ,

where c is independent of m. Since A ⊂ Ω̂, then Ĝ ≥ GA.
For each ξ ∈ ∂B2, v(ξ) ≤ M. Thus, for each ξ ∈ ∂(B1 \ B2)

Ĝ(ξ, ξ̂m2 ) −
cd̂m

2

M
v(ξ) ≥ 0.

Observe that

−∆H(Ĝ(·, ξ̂m2 ) −
cd̂m

2

M
v(·)) ≥ 0 in B1 \ B2.

Thus, using the maximum principle, we derive

Ĝ(·, ξ̂m2 ) −
cd̂m

2

M
v(·) ≥ 0 in B1 \ B2.
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We have ξ
m
1 ∈ ∂Ω̂ and v(ξ

m
1 ) = 0. Thus

Ĝ(ξ
m
1 , ξ̂

m
2 ) −

cd̂m
2

M
v(ξ

m
1 ) = 0,

and
∂

∂−→ν 1
(Ĝ(ξ

m
1 , ξ̂

m
2 ) −

cd̂m
2

M
v(ξ

m
1 )) ≤ 0.

We derive

∂Ĝ

∂−→ν 1
(ξ

m
1 , ξ̂

m
2 ) ≤

cd̂m
2

M
∂v

∂−→ν 1
(ξ

m
1 ) ≤ −cd̂m

2 . (4.6)

Observe that

∂Ĝ

∂−→ν 1
(̂ξm1 , ξ̂

m
2 ) =

∂Ĝ

∂−→ν 1
(ξ

m
1 , ξ̂

m
2 ) + O( sup

ς∈[̂ξm1 ,ξ
m
1 ]

∂2Ĝ

∂−→ν 2
1

(ς, ξ̂m2 )d̂m
1 ). (4.7)

For ς ∈ [̂ξm1 , ξ
m
1 ], we have

∂2Ĝ

∂−→ν 2
1

(ς, ξ̂m2 ) =
∂2Ĝ

∂−→ν 2
1

(ς, ξ
m
2 ) + O( sup

ζ∈[̂ξm2 ,ξ
m
2 ]

∂3Ĝ

∂−→ν 2
1∂
−→ν (ζ)

(ς, ζ)d̂m
2 ).

Now, for ζ ∈ [̂ξm2 , ξ
m
2 ] and ς ∈ [̂ξm1 , ξ

m
1 ], we have to estimate

∂3Ĝ(ς, ζ)

∂−→ν 2
1∂
−→ν (ζ)

. Then, we introduce the sets

B3(ξ
m
1 , 1/4) ∩ Ω̂ and B4(ξ

m
2 , 1/4) ∩ Ω̂.

For each ξ ∈ B3∩ Ω̂ and η ∈ B4∩ Ω̂, Ĝ(ξ, η) is an harmonic function in B3∩ Ω̂. Using the divergence
theorem, we obtain

Ĝ(ξ, η) = −
∫
∂(B3∩Ω̂)

∂G3

∂−→ν
(ς, ξ)Ĝ(ς, η)dς.

For every Z1, ..., Zα ∈ {X1, ..., Xn,Y1, ..., Yn}, we have

Z1...ZαĜη(ξ) = −
∫
∂(B3∩Ω̂)

(
∂

∂−→ν
(Z1...ZαG3(ς, ξ)))Ĝ(ς, η)dς = O(1).

We have also

Ĝ(ξ, η) = −
∫
∂(B4∩Ω̂)

∂G4

∂−→ν
(ς, η)Ĝ(ς, ξ)dς.

Therefore

Z1...Zα(Z1...ZβĜ(ξ, η)) =
∫
∂(B4∩Ω̂)

−∂
∂−→ν

(Z1...ZβG4(ς, η))(Z1...ZαĜ(ς, ξ))dς = O(1).
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It yields

∂3Ĝ(ς, ζ)

∂−→ν 2
1∂
−→ν (ζ)

= O(1). (4.8)

Therefore (4.6), (4.7) and (4.8) give
∂Ĝ

∂−→ν 1
(̂ξm1 , ξ̂

m
2 ) ≤ 0, a contradiction hence the result follows.

Second case:
d(ξm1 , ξ

m
2 )

dm
2

is bounded and
dm

1

d(ξm1 , ξ
m
2 )

goes to zero.

Let f : Ω→ f (Ω) = Ω̂, ξ 7−→ ξ̂ = ξ
dm

2
then,

d̂m
2 = 1, d̂m

1 =
dm

1

dm
2
= o(1) and d(̂ξm1 , ξ̂

m
2 ) =

d(ξm1 , ξ
m
2 )

dm
2

≥ c2.

We denote by G and Ĝ the Green’s functions of Ω and Ω̂ respectively. We have

G(ξ, η) =
1

dm2

2

Ĝ(̂ξ, η̂).

As in the first case, we introduce a set A such that

A ⊂ Ω̂, ξm1 ∈ ∂A, and ξ̂m2 ∈ A

(A is a compact set independent of m). Observe that

Ĝ −GA ≥ 0 in A and Ĝ(ξ
m
1 , ξ̂

m
2 ) −GA(ξ

m
1 , ξ̂

m
2 ) = 0.

Hence
∂

∂−→ν 1
(Ĝ(ξ

m
1 , ξ̂

m
2 ) −GA(ξ

m
1 , ξ̂

m
2 )) ≤ 0.

Therefore
∂Ĝ

∂−→ν 1
(ξ

m
1 , ξ̂

m
2 ) ≤ −c

(c is independent of m). Hence, we derive

∂

∂−→ν 1
(Ĝ(̂ξm1 , ξ̂

m
2 ) =

∂

∂−→ν 1
(Ĝ(ξ

m
1 , ξ̂

m
2 ) + O( sup

ς∈[̂ξm1 ,ξ
m
1 ]

∂2Ĝ

∂−→ν 2
1

(ς, ξ̂m2 )d̂m
1 )

≤ −c + O(d̂m
1 ) ≤ −c + O(d̂m

1 ) ≤ − c
2
,

a contradiction and the result follows in this case.

Third case:
d(ξm1 , ξ

m
2 )

dm
1

is bounded. We have

∂

∂−→ν
G(ξm1 , ξ

m
2 ) =

∂

∂−→ν
(

cq

d2(ξm1 , ξ
m
2 )

) − ∂
∂−→ν

H(ξm1 , ξ
m
2 ).
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According to Theorem 1.2, the second term of the right hand side of the previous equality is strictly
positive. Turning to the first term, we have

∂

∂−→ν
(

cq

d2(ξm
1 , ξ

m
2 )

) =
−2cq

d6(ξm
1 , ξ

m
2 )
< |Z|2

( (xm
1 − xm

2 )
(ym

1 − ym
j )
)
+ T
( (ym

1 − ym
j )

−(xm
1 − xm

j )

)
, ZN >

=
−2cq

d6(ξm1 , ξ
m
2 )
|Z|2(< Z,ZN > +T < Z̃,ZN >).

Recall that < Z̃,ZN >= 0 and < Z,ZN >= |ZN |4(dm
2 − dm

1 + o(dm
1 )), a simple computation yields

|Z|2 < Z,ZN > +T < Z̃,ZN >= −(dm
1 − dm

2 )3|ZN |4.

We derive

∂

∂−→ν
G(ξm1 , ξ

m
2 ) =

2cq(dm
1 − dm

2 )3|ZN |4

d6(ξm1 , ξ
m
2 )

− ∂
∂−→ν

H(ξm1 , ξ
m
2 ) < 0

for m large enough, a contradiction and the result follows. The proof of Theorem 1.3 is thereby
complete.

Proof of Theorem 1.4. Recall that for a ∈ Ω and λ > 0 a strictly positive constant,

δ(a,λ)(ξ) = σ
λn

| 1 + λ2(|Z|2 − iT ) |n where (Z, T ) = a−1 · ξ

the constant σ is chosen so that δ(a,λ) satisfies the Yamabe Equation on Hn{
−∆Hu = u1+ 2

n on Hn

u > 0.
(4.9)

(i) The function h is harmonic and h = δ(a,λ) in ∂Ω. Let ξ ∈ ∂Ω, (z, t) = a−1 · ξ and da = d(a, ∂Ω).
Then

h(ξ) =
(
σ

λ

| 1 + λ2(|z|2 − it) |
)
= σ

1
λ||z|2 − it| (1 + O(

1
λ2d2

a
))

by applying the maximum principle, we obtain

h(ξ) = σ
H(a, ξ)

cqλ
+ O(

1
λ3d4

a
),

(ii) Let h(ξ) := h(a,λ)(ξ) =
cq

σλ
H(a, ξ) + f(a,λ)(ξ). Then

f(a,λ)(ξ) = δ(a,λ)(ξ) − Pδ(a,λ)(ξ) −
cq

σλ
H(a, ξ).

We have
∂

∂a
f(a,λ)(ξ) = O(

1
λ3d5

a
).
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Then

∂ha

∂a
(ξ) =

∂

∂a
(σ

H(a, ξ)
cqλ

) + O(
1
λ3d5

a
)

=
σ

cqλ

∂H(a, ξ)
∂a

+ O(
1
λ3d5

a
).

(iii) We have
∂

∂λ
f(a,λ)(ξ) = O(

1
λ4d4

a
).

Then

∂h
∂λ

(ξ) =
∂

∂λ
(σ

H(a, ξ)
cqλ

) + O(
1
λ4d4

a
)

= −σH(a, ξ)
cqλ2 + O(

1
λ4d4

a
)

and therefore

λ
∂h
∂λ

(ξ) = −σH(a, ξ)
cqλ

+ O(
1
λ3d4

a
).

(iv) Using the Sobolev-type inequality

|φ|2q∗ ≤ c|∇Hnφ|22, ∀φ ∈ C∞0 (Hn)

for n = 1, h̃ = h on Ω, and h̃ = δ(a,λ) on H1\Ω, we obtain

(
∫
H1

h̃4)2/4 ≤ c
∫
H1
|∇H1 h̃|2. (4.10)

Then ∫
H1
−∆Hδ(a,λ).δ(a,λ) =

∫
H1
δ4(a,λ) =

∫
H1
|∇H1δ(a,λ)|2 = S 2,

∫
H1\Ω
δ4(a,λ) =

∫
H1\Ω

λ4

(1 + λ2d2(a, ξ))4 ≤
∫
H1\Bi

λ4

(1 + λ2d2(a, ξ))4

= O(
1

(λda)4 )

and ∫
H1\Ω
|∇H1δ(a,λ)|2 = O(

∫ +∞
λda

r5

(1 + r2)4 dr) = O(
1
λ2d2

a
).
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It yields ∫
Ω

|∇H1δ(a,λ)|2 =

∫
H

|∇H1δ(a,λ)|2 −
∫
H1\Ω
|∇H1δ(a,λ)|2

= S 2 + O(
1

(λda)2 )

∫
Ω

|∇H1 Pδ(a,λ)|2 =

∫
Ω

−∆Hδ(a,λ)Pδ(a,λ) =
∫
Ω

δ4(a,λ) −
∫
Ω

δ3(a,λ)h

= S 2 + O(
1
λ2d2

a
).

Since S 2 is a positive constant and h̃ = h in Ω, we have∫
Ω

|∇H1 h|2 = O(
1

(λda)2 ),

and using (4.10), we derive

|h|L4(Ω) = O(
1
λda

).

Similar computations give estimates (v) and (vi).
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R. Acad. Sci. Paris, t.330, Srie I (2000), 433–436.

[6] C.L. Fefferman, A. Sánchez-Calle, Fundamental solutions for second order subelliptic operators, Ann.
Math. 124 (1986), 247–272.

[7] G.B.Folland, E.M.Stein, Estimates for the ∂b complex and analysis on the Heisenberg group, Comm.
Pure Appl. Math. 27 (1974), 429–522.

[8] D. Gilbarg, N.S. Trudinger, Elliptic Partial Differential Equations of Second Order, 2nd Edition 224
Springer-Verlag.

[9] W. Hansen, H.Hueber, The Dirichlet problem for sublaplacians on nilpotent Lie groups-Geometric cri-
teria for regularity, Math. Ann. 276 (1987), 537–547.

[10] D.Jerison, The Dirichlet problem for the Kohn Laplacian on the Heisenberg group. Parts I and II, J.
Funct. Anal. 43 (1981), n.1, 97–142 and n.2, 224–257.



612 N. Gamara, H. Guemri

[11] D. Jerison, J.M. Lee, The Yamabe Problem on CR manifolds, J. Dif. Geom. 25 (1987), 167–197.

[12] J. J. Kohn, L. Nirenberg, Non-coercive boundary value problems, Comm. Pure Appl. Math. 18 (1965),
443–492.

[13] M. Chaleyat-Maurel, J.F. Le Gall, Green function, capacity and sample paths properties for a class of
hypoelliptic diffusions processes, Probab. Th. Rel. Fields 83 (1989), 219–264.

[14] A. Nagel, E.M. Stein and S. Wainger, Balls and metrics defined by vector fields I. Basic properties, Acta
Math. 155 (1985), 103–147.

[15] A. Snchez-Calle, Fundamental solutions and geometry of the sum of square of vector fields, Invent.
math. 78 (1984), 143–160 .

[16] O. Rey, The role of Green’s function in a nonlinear elliptic equation involving the critical Sobolev
exponent, J. Funct. Anal. 89 (1990), 1–52.

[17] F. Uguzzoni, E. Lanconelli, On the Poisson Kernel for the Kohn Laplacian, Rend. Math. Appl. 17 (1997),
659–677.


