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Abstract

This paper is a preliminary work on Heisenberg group domains, devoted to the
study of the Green’s function for the Kohn Laplacian on domains far away from
the set of characteristic points. We give some estimates of the Green’s function, its
regular part and their derivatives analogous to those proved by A. Bahri, Y.Y. Li,
O. Rey in [1], and O. Rey in [16] for Euclidean domains. While the study of such
functions on the set of characteristic points of the given domain will be discussed
in a forthcoming paper.
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1 Introduction and main results

The Green’s function has an important role in the study of semi-linear Dirichlet equations involving
critical Sobolev exponent. More precisely to search a solution of semi-linear equations for the Kohn
Laplacian Ay on domains of the Heisenberg group H", we have to study the Green’s function of
the domain, its regular part and especially the behavior of their derivatives near the boundary of the
domain. The aim of this paper is to establish some estimates of those functions, in terms of the
natural distance of H".

For regular domains the Green’s function is related to the existence of a classical solution of a
particularly Dirichlet problem. The existence and the regularity of this function were studied in [4]
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for degenerate elliptic operators, for hypoelliptic operators one can see [12, 10]. From [14, 15, 6], it
is known that the Green’s function can be estimated in terms of the natural sub-Riemannian distance.
In [13], other results were derived using a probabilistic interpretation. In [17], some estimates of
the Green’s function have been studied for the Kohn Laplacian, under suitable boundary regular-
ity assumptions on a bounded domain of the Heisenberg group H". The solution to the Dirichlet
problem for the Kohn Laplacian in a smooth domain may not be smooth up to the boundary due to
the presence of characteristic points, [10]. One can find in [5] for domains with smooth and non
characteristic boundary, some estimates up to the boundary for the Green’s functions associated to
Hormander operators.

The methods used in the present work are partially inspired from the techniques introduced in
[1, 16, 2]. We consider a bounded domain Q of the Heisenberg group H", such that Q and H" \ Q
satisfy the uniform exterior ball property. This condition seems to be natural since the Koranyi balls
of H" satisfy such a property. In [9], Hansen and Hueber proved that this condition implies that the
domain Q is then regular: for ¢ in C(9Q), the Dirichlet problem Ayu = 0in Q, u = ¢ in 9Q has a
classical solution u € H(Q) N C (ﬁ). In particular Q has a Green’s function, which we denote by G,
and for every & € Q, there exists a classical solution H(¢, .) of the Dirichlet problem:

Ay H(E, ) 0 in Q O
HE,) = T(E) on 0Q, (L.1)

where I'(¢, .) is a fundamental solution of —Ay with pole at & and H(¢, .) is the regular part of G. In
such a case the Green’s function is defined by

G, &) =T, &)~ HEE), VEE Q. (1.2)

We recall that a point & € JQ is called a characteristic point of Q, if Vignp(&y) = 0, where ¢ is a
smooth function which describes the boundary of Q in a neighborhood of &, and Vi denotes the
horizontal gradient of the Heisenberg group H".

For a non characteristic point & € 9Q, the intrinsic outer unit normal to Q at ¢ is given by

S Vay@© 13

Vi@l
For any & near the boundary, let d; = d(¢, 0Q), and define a subdomain of Q as follows:

Qg, = {n € Q such that d(n, 0Q) > dg}.

The intrinsic outer unit normal at £ means the intrinsic outer unit normal to 0Q,, at &.

For Heisenberg group domains €, such that Q and H" \ Q satisfy the uniform exterior ball
property, and far away for the set of characteristic points of , our main results are:

Theorem 1.1 For &, n € Q, & near the boundary 09, let _v:e =V be the intrinsic outer unit normal
to OQ at &, and H the regular part of the Green’s function at this point. We have the following
estimates

. H(.6)=

Cq
(ng)2

+o(d;”)

ii. H@,&) < c(max(dg, dy)) ™
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OH ~
i, |8_n|("’ & < diH(n, &)

iv. |—|(§ f)_g 0(

3
p d;

v. Hn,n) > c.

Theorem 1.2 For each &) and &, in Q, near the boundary, we denote d; the distance of &; to 0Q. Let
V| be the intrinsic outer unit normal to Q at &, and H the regular part of the Green’s function. If
d dp L dEL.6)

d_z’ d_l an d, are bounded, then

— )&, 0.
(Ovl)(fl &) >

Theorem 1.3 Let (£1,&) € Q? be such that d, < dy and ¢, dy < d(&1,&), where ¢y is a fixed
constant. If d is small enough, then

G
(=)¢1,6) <0.
avf]

Theorem 1.4 Let h = 8,0 — PS(a1) and H(E, .) be the regular part of the Green’s function. We have
the following estimates:

H(a 5)
o ohE) L H(a,£) 1
" da O-Cq/l Oa * O(/l3df,)
.. 20hE) _  H(a,$) 1
ii. A Gl o e +0(/l3d;‘)

1
1Al ) = O(ﬁ)

E.

|— |L s = 0(=53)

/l2d2

Vi. |[A— =0
| EX |4 1,
where for a € Q and A > 0 a strictly positive constant, 6, ) denotes the solution of the Yamabe
problem for H" centered in a with concentration A, and Pd, ) is its projection on Q, given by (2.1).

The paper is organized as follows. In section 2, we give notations and recall some known facts
about the Heisenberg group. In section 3, we prove a counterpart of the antimaximum principle for
Apg. The last section is devoted to the proofs of our main results.

Acknowledgments: The authors would like to thank Professor A. Bahri for his helpful support,
and M. Ben Ayed for his fruitful discussions.



596 N. Gamara, H. Guemri

2 Notations and known facts

The Heinserberg group H" is the Lie group whose underlying manifold is R***!, with coordinates
&= (x,y,t)and law group &-& = (x,y,1)- (X', Y, ') = (x+x, y+y , t+1 +2(< x,y > =< x,y>)),
where < .,. > denotes the inner product in R”.

We define a norm on H"” by ||€llg = |I(x,y,)llg = ((|x|2 + |y|2)2 + tz)%, hence we have a nat-
ural distance defined by d(£,&) = ||€~! - €|ly. The dilatations are the following transformations
8, (x,y,1) = (Ax,Ay,2’t), A > 0. The Jacobian determinant of &, is A2"*2, it yields that the
homogeneous dimension of H" is given by 2n + 2.

The CR structure on H" is given by the left invariant vectors fields: X; = 0, + 2y;0; and Y; =
0y, — 2x;0;, (1 < i < n) which are homogenous of degree —1 with respect to the dilations.

We denote by Ay the sublaplacian operator, Ay = Z;‘zl(Xi2 + Yiz), the subelliptic gradient is given
by Vi = (X,Y) = (X1, ..., X, Y1, o0y V).

A fundamental solution of —Ay with pole at £ is (£, &) = where ¢ = 2n + 2 and the

Cq
o A&y
constant ¢, is given in [7].

D. Jerison and J.M. Lee showed in [11], that all solutions of the Yamabe problem on H" are
obtained from

o

I ) O->0a =X, s
I+ 2 — it )

o0,z 1) =

by left translations and dilatations on H". That is for & = (29, %), & = (z,¢) in H" and 1 > 0, we have

/ln

Z,T)= &' &
T+ eqze—myp "ere @D =& ¢

O (&) =0

A basic role in the functional analysis on the Heisenberg group is played by the following Sobolev-
type inequality:

lely. < cIVengl3, V¥ @ € Cy(H")
2
where ¢* = _q2 This inequality ensures in particular that for every domain Q of H”", the function
q-

lol = [Vaeelo

is a norm on Cy’(Q). We shall denote by S '*(Q) the Banach space of the functions u € L*(Q) such
that the distributional derivative X;u, Yiu € L>(Q), fori=1,...n.Let S (1)’2(9) be the closure of C; ()
with respect to this norm, S (1)’2(9) is a Hilbert space with the inner product:

<u,v >S(|J,z= f < Vuu, Vipv > .
Q

Thus there exists a natural orthogonal projection

P:SJH) — S77(Q)
¢ — P
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defined by the equation:

R . AHh 0 inQ AHP¢ = AH¢ in Q
Pé=¢—h with { h = ¢ ondQ { Pp = 0 ondQ.

g* is the critical Sobolev exponent for Ay since the embedding S(l)'z(Q) < L9'(Q) is continuous but
not compact even when Q is bounded.

Let Q be a smooth bounded domain of H" and & € 9. Let ¢ be a smooth function which
describes the boundary of Q in a neighborhood of &:
¢ : By(&,r) — R such that

@2.1)

&) = 0iff £€9Qn Ba(é,r)
& > 0iff £€Qn Byo.r)
Vo # 0

where V denotes the Euclidean gradient. We say that the domain Q satisfies the uniform exterior
ball property if the following condition holds

VE e dQ, Yr €10,rgl An € H" such that 2.2)

There exists ro > 0 such that
(P)o
By, )N Q=0 and & € 0By(n,r).

3 Maximum principle

In our work a basic role is played by different versions of maximum principles for the Kohn Lapla-
cian Ay. First we introduce two versions of the weak maximum principle:

Lemma 3.1 Let Q be an open bounded set of H", u € C*(Q) N C(Q) with Agu(é) >20(or<0)in
Q. Then

supu = supu (or infu = inf u).
a 0 Q 0Q

Lemma 3.2 Let Q be an open set of H", u € Cz(Q)ﬂC(ﬁ) and & € Q, such that SUPgeq u(€) = u(&).
If Agyu(€) > 0 for all € in Q, then & € 0Q.

For the proof and more details one can see [4].
We now turn to the versions of strong maximum principles, we begin by

Theorem 3.1 Let Q be an open set of H", u € C*(Q) such that Agu > 0 in Q. Let & € 0Q be a non
characteristic point such that

i. uis continuous at &y;
ii. u(&p) > u(é) forall £ € Q;
iii. there exists a ball B;(n, R) C Q, with & € 0B;(n, R).

0
Then a—i(fo) > 0, whereV is the unit outer normal to Q) at &.
v
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Proof. Let ¢ be a function describing the boundary 0Q2 near &,. For the Euclidean gradient V we
denote V(&) = (Ny, .., Napt1). Since & is a non characteristic point

Van@(&o) = (N1 + 2y1Nansts oo Ny + 29, Nopi1s Nyt = 2X1Nopi1s ooy Now — 2%, Nopsy) # 0.
In the frame (d,,d,,, d;), we have

Ny + 2y1Nopy

Nn + 2yn]VZn-H
V@) =| Nuwt = 2x1 N , 3.1

N2n - anN2n+1
S0 29iN;i = 2XiNysi + 4zl* Nopar

and

- V(&)
= _EPE0) = (Za T 3.2
v Ve ool Vidi<i<one1 = Zn, Ty) (3.2)

Since & is a non characteristic point, we deduce that Zy # 0.

For a smooth function f, we define the corresponding Taylor expansion of second order at the
point 79 in the direction of the vector field Vy. f as:

1
&) = fo) + uX;f(10) + vYif (o) + w0, f (10) + S f(10)(w, v) + 0(d* (€, mo))
where (u, v, w) are the components of Tyl (&) and *“. is the scalar product in R".

Then for & = & - 7V, where £V = (u, v, w) = (tV;, tVisn, 12V2ns1), We have

L& - i L6 /@
= lim %(u.X,- FE) + V.Y f(&) + Va1 0:f(€) + §9Hf(§)(vi’ Vati)
+ fo(1))
_ ivixif(§o> Y (€).
Therefore _
j—i;@o) = Ve S0 Z. (3.3)

0
In the sequel, we have to show that a—_u>(§0) > 0. For 0 < p < R, we introduce an auxiliary function
%

v, given by

o2 _ R
v:gar—eaR
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where r = d(£,17) > p and a is a positive constant, yet to be determined. We denote ™! - & by (Z, T)
1 . . .
then r = (|Z|* + T?)+. Direct computation gives

(x;j—DIZP + (y;—-)T

Xj(d(¢, ) = ) (3.4)
! ()
and
0= ZP + ;= xp)T
Yi(d(¢, ) = (3.5)
& dBE,.)
Therefore, the subelliptic Laplacian is given by
2n+1
Aur = L Ve
r
where
1 (x;—-) (y;i—-)
Veor = —|1ZP( 7 2 )+T( V)| 3.6
Lo r3[||((yj—-j))) (_(xj_.j) )] (3.6)
For & — & in the direction of ¥V and for R small enough, we can write & as - 7V and
Z=rZy. (3.7)
Then 5
. 2 rAgr
|Venr|” = == |Zn|= # 0 and Vot 2n + 1.
We obtain
Apgv = e‘zmz(4a/2r2|V~‘HInr|2 —2a(|Vanr* + rAyr))

= 2 1Z P (4P — (4n + da).

Hence, @ may be chosen large enough so that Ayv > 0 throughout the annular region A = B\B;(17, p).
Since u — u(&y) < 0 on dB4(n, p), there is a constant € > 0 for which u — u(&y) + ev < 0 on dB4(n, p).
This inequality is also satisfied on dB,(n, R), where v = 0. Thus, we have Ay (u — u(&y) + €v) > 0 in
A, and u — u(&p) + ev < 0 on JA. The weak maximum principle implies that

u—u(é) +ev<0 in A. 3.8)

Taking the normal derivative at &), we obtain

ou v
6—7(50) = _68_7(50).

A computation gives Vygnv = —2are" Vurr, and using (3.3), (3.6) and (3.7), we derive
ov e
— (&) = Vav(&0)-Zy = ~2aR|Zy|'e K.
av
Since |Zy|* # 0, it yields

P
I (&) = 2eaRIZyl' e > 0.
a—)

4

We have also the following result
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Theorem 3.2 [3] Let Q be a domain of H" and u € C*(Q) such that Agu > 0 (< 0). If u achieves
its maximum (minimum) in the interior of Q, then u is a constant.

As a direct consequence of these results, we deduce the following

Corollary 3.1 (The generalized strong maximum principle) If the condition (Po) is satisfied by a
bounded domain Q of H" and by H" \ Q, for given u € C*(Q) N C(Q), and non positive function f,
such that

Agu(¢) = f <0in Q and u = 0 on 09Q,

we have two cases.
a)If f =0inQ, then u = 0 (infg = supg = 0).

B)IFf #0inQ, thenu > 0 and j—_”)(g) <0 forall £ € 0Q.
v

4 Proofs of main results

Proof of Theorem 1.1. (i) Following the work of [16], d = d(&, 0Q) < dy, where d) is a fixed positive
constant, and let £ be the unique point on the boundary which satisfies ¢ = &-dv,and & = £2dV
the ”symmetric” point of & with respect to the boundary of Q. For dj small enough, &” is not in Q.
Let us define the following function on Q

: Cq
Fon= ey
It is an harmonic function, and we have
! - ! =o( ! YondQasd — 0
&) dPE L) dEL D) '
We have
HED = — = f) +o(—o—) on 0Q
BT )
thus, the maximum principle yields
1
Therefore
1 Cq 1
H(,6) = f(§) +0(d_2 = Qa7 +0(d_2 . 4.2)

(ii) We denote by £ the point of Q which realizes d,n.x = max(dg, d,). The function H, is harmonic
in Q and since this function is symmetric, we obtain:

Hm,§) =H(,n) < sugH({, @)
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and using the maximum principle, we derive

c c
HEm<sup H, )= —/————— = .
aEBIS)) infocond®( @) di,,
Hence, H(¢,1) < ¢ max(dg, d,) 2.
(iii) Let B, = B(n, %d,,). According to Proposition 2.1 of [17], we have

c
IV, He(m)| < 7 sup |Hel.
n By
H¢ is an harmonic positive function in Q and in particular in B, then the maximum principle shows
that
sup |Hg| = sup Hg = sup H;.
By By B,
The Harnack inequality yields
sup H < ¢’ inf Hp.
B, B,

We derive

¢, ¢’
Vi He(p)| < — inf He < — He(n).
d)] B, di]

(iv) The function X;(H)(&,.) (resp Y;(H)(&,.)) is harmonic on Q and

¢q . Xid& )
d2(&,.) TdeE, )

For & = (z,1) = (x;,y:,1) , 77“ <& =(Z,T); using (3.4) and (3.5), on 0L, a simple computation gives

(5 - ) o
d6(e‘;‘ ol LR RS QiR

Xi( )=— on 0Q).

Vi H(E,.) =
And using (3.3), we derive
OH
— (&) = VmH(©).Zy.

av
Let & = &-2dV, we consider for 77‘1 -&" =(Z",T") the functions defined on Q by:

oy = d(f )6[<x -NZP+ ¢ -T”
@ =, 0=
IZN|2 ( o =) )+T ( —(x' =) )’ZN >]
v —2¢, . P ,
fw = e )6[( —NZ'P - =0T

R

1Zx ]2 - )+ TN( _({x”__.).) )’ZN >1

(x
D)
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where X denotes X;, and Y denotes Y;, i € 1,2, ...n.
Since we have &1 - &" = &1 . &, then

Zr iz
dE~1EE S dEE e p)e
=X ! - r )

dE~1EE S dEE e
1 " "
+ m[—deAZ |2 - 2de+,1T

Vj
1Zn|?

X;HE )~ fF )

_2cq[(x - )(

)

+ @

2

| < Vi, Zy >],

where Vi = (IZ'PZ" + T’z e )

If d is small enough, &” is not in Q, and fEX (resp ffY) is an harmonic function. Moreover

1 1
XiH(E m) = f () +o(55)  (respectively Y;H(En) = f () + o(5)

uniformly in € 9Q as d goes to zero, and we obtain the following estimates for the function

H(é) = H(,§) :

X;HE) = 2XHE$
= M oap izt + Y2 v, 7y 5]
= (2d)6 NI Vj T Vont1Vntj |ZN|2 2s &N
1
+ O(d_3)’
where
V. =( (Zd)3|ZN|2Vi+V2n+1Vn+i )
2TV QAP ZPyasi = vapvi

For z = (x,y) € Q, we denote by 7 = (y, —x). Since 7 =z+2dzyandZ =7+ ZdZN, it yields
1z 1Z'I*
AETEET T AETEE TP

. % T T’ )
dE-1EE7 )b d(EEE7 S
1 " "y o~
+ ———[2Z'PdZy - 2T  dZ,
dEE ey W A N

Z
2—N2 < V],ZN >].
1Zy|

V]HI” H(é:’ 77) - ff(rl) _ch [Z(

)

If d goes to zero and for i € 9L, we have:

Ve HE 1) = fe()] — 0.
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Then, the maximum principle shows that

1
VarH(E ) = f:(n) + o(73)

T 1Z'*Z" +T Z 2Ny, 7 >]+o(1
e )6 2 z “3)
= Z'PZ+7Z" +24dzZnZ ? + T Z,
A& )6 [1Z| @nIZ'] N)
|Z |2 <|Z'B(Z +2dZy) + T (Z + 2dZx), Zn >]+0(
1
Vi H(§) = 2fg(§) + o(—)
~ 27y 1
= (2d)3 L1201 Zy + TnZy) - TZnE Vo, Zy >] + 0(%
Finally, we obtain :
OH ~4e,
=& = G L1d) (1Znl* < Zy. Zy > +Tn < Zn. Zy >)
=2 < Vy,Zy >]+ O(d_3
= X 220 + o 9
T ap Y NN
deg|Zylt 1
= +o(=).
2ap TP
Since 7 is a unit vector, |Zy|* < 1, therefore
OH calZul® 1
= €01= Ao < 3 d3 < (4.5)
(v) Letdp be a small positive constant. If d,, < dp, we have
C C
H(n, l+0(1)> — > —
() = @d, )2( +o(1)) > EZ 7

If d, > dy, then the function H defined in ﬁdn c Q by Hi (n) = H(n,n) is continuous. Since ﬁdn isa
compact set, we derive

c=inf H < Hap.m).

Qq

Therefore Claim (v) follows.

Proof of Theorem 1.2. We argue by contradiction, and assume the existence of a sequence (£7',£5') €
Q2 such that

Ay dgy  dETED)

— , — an are bounded and (
ey~ dey ey

, m < 0.
e )(51 ) <
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According to (4.3), we have

OH 2% ; . o .
6?_5"1 &) = W[IZ P<Z' Zy>+T <Z,Zy>]+ 0($)’

where (Zy, Ty) denotes V. Since & = &' - 2den V en, it yields

<Z ., Zy> = < Zen _Z§’2”,ZN >
= < Zfr]n - Zg;n + ZdTZN,ZN >

= < Z.f’]" — ngr,ZN > +2d§n|ZN|2
Let Vg, = (Z4,T})), we have Z}, = Zy(£7) + o(1). Then

<z = 2gp, Zn >= |ZyP(dy = di' + o(d])).

Therefore
<Z'Zy> = |1ZyP(d - d" + o(d™) + 2d"|1Zy )

= 1ZyP@ + dy + o(d})),

and
<Z,Zy> = <O =y~ =), Zy > .
‘We have
Vi =¥5 = wa(dy —di' + o(d]"))
and
X=X = v (dl - d" + o(d™M).
Therefore _ .
<Z,Zy>=(dy —d{" +o(d)) < Zy,Zy >= 0.

On the other hand

aier.en =121+ 1"
We have

IZ'P = |Z+2d"Zy)

= |21 +1ZyP@d}dy + o(dD)),

hence
Z'1 = 121 Z @AY + o d)) + AZPIZNPEd D + o(d))
= |ZI* + 2ZP1Zy PAdI A + o(d™)) + 1 Zy (164 &) + o(d™)
+o(d" d'))

= |ZI* + 20ZP1Zn PGl + o(d)) + 1 Zy1F (164 &Y + o(d™)).
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Since
2 2 2
|Z|2 = |ZN|2(dT + dﬁ" - 2d;"d§" + O(d'fl ),

we derive
Z'[* = 121+ BIZy AT ) + A+ o(d™)).

For the last component, we obtain

”

T" = T+Qd'VYTy+4d! <Z,Zy >
= T +4d"Ty.
. . den,en . :
Since |Zy[* + Ty, = 1 and ———=— is bounded, we obtain |T'| < c¢d|" and |Tn| < 1. Therefore
|
” m4 mZ
T = T?+16d]" T3 +8TTyd!

T? + cdﬁ'ﬂ.

IA

Z'F T < (ZP T+ cd™ + 8IZy[ N d2 + dd ) + o(d™).

It yields

OHE &) ZyHAdnd + o(d™)) ™ + dI + o(d))
Te (2P + T2 +cd™ + BIZy(d” dr + dd) + o(d )"

to(—5
dl

Zy*@dr di + ddmdy + o(d))
(Z* + T2 + cd + $|Zy [ (d™d + d"d2) + o(d))*'*

1
+0(_)3
dr
OH(T, 85)
875/111
Proof of Theorem 1.3. We argue by contradiction, and we assume that there exists a sequence
(&, & € Q2 such that

for m large enough, we derive >

0
di' =0, dy >d', cdy <dE&', &) and FG(fT’, 7 > 0.
Vgn

We have two cases:
-If lim &' # lim &, then the strong maximum principle yields a contradiction.
- Suppose now that lim &' = lim &'. Three cases may occur:
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dm
First case: goes to zero Let f : Q — f(Q) = Q, Er— g &

. Weh
@, ém @ eny e

G, = GEM.

1
dz(gm’ m)
where G and G are the Green’s functions of Q and Q respectively. We remark that Zy(v a) =
ZN(ng), thus

1

0 0 ——
—-G&hn) = G ).

v, PEE) TV,
Let E;ﬂ be such that ET € 6Q and c’l\;" = d(’g?;", E;n) For a fixed constant R (0 < R < %), and 7 € Q, let

Bi(11, R) be a ball around 7, contained in ﬁ, which intersects the boundary AQ in ET We introduce
the functional
v(é) = e—[l\f—mli, _ e—OIRZ’

where « is chosen such that Ayv > 0 on B /B(n1,7), where 0 < r < §. The functionnal v satisfies
v=0o0n 0B andv >0 in B;.
Let A be a set independent of m, such that
By(qi,r) CACQ, &' cAand &, € dA.

Observe that, for & € 0B,, we have d(gzn,f) > 1/4 and for each ¢ € [E,E?], (¢ = E kv, with
0<k=<d}),d(s, & = 1/4. Thus

GA&,8)) = Gal6. &) + (f ENdy +0( sup  — (£, dy).

2
GelBr 2] 8_>

Since E’Zn € 0A, then G4(¢&, E;n) = 0. Using the generalized maximum principle, we obtain
GAE, &N = (A + OdY) = cdy,

where ¢ is independent of m. Since A C ﬁ, then G > Gy.
For each & € 0B,, v(¢) < M. Thus, for each & € d(B; \ By)

m

~ = cdy
G- 51 2 0.

Observe that

m

— cdy )
-Au(G(-, &) - VV(')) >0in By \ By.

Thus, using the maximum principle, we derive

m

. em CdZ .
G(, 52 ) - 71}() >0in By \ B>.
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We have E’l" € 0Q and v(E’{’) = 0. Thus

—m

G(fl’fz)— V(fl)_

and N
—(G(fl L&) - —V(fl ) <0.
6 Vi
We derive
( ,6) < Z @< —cdy'. (4.6)
a_)l é:l 52 M 19_>1 gl
Observe that
G —, — G
— (. &) = ( EN+0( sup —— (s, ENd). 4.7)
IV e 5_> Vi §1 ce[é’gl vt &
Forg¢ € [’f\’”, E’l”], we have
PG — 2G 3 .
—5(6.8) = (c,f )+O0( sup —>——(5,0)dy).
g T Y e i
S S 3G, :
Now, for £ € [£7',¢,] and ¢ € [£]', & ], we have to estimate ————. Then, we introduce the sets
IV ()

B3], 1/4) N Q and B4(&, . 1/4) N Q.

Foreach ¢ € BsN Qand neBsin Q, 5(5, n) is an harmonic function in B3 N Q. Using the divergence
theorem, we obtain

—~ 4G
G, =- fa —(c,f)G(c, nds.

(By0) IV

For every 7y, ..., Z, € {X31, ..., Xy, Y1, ..., Y3}, we have
2. 2,G (&) = — f 2 212,65, G(s, mds = O(1).
A(B3;NQ) av

We have also

- G, -
G n) =-— —(¢,nG(c, &dc.
&mn fa - a_v,(c nG(s, dg

Therefore

21220 ZsCET)) = f a:(z. ZyGale. 1. ZaGls, EDds = O(1).
A(BynQY)



608 N. Gamara, H. Guemri

It yields

8G(s,0)

— "> — o). 4.8
e Al 4.8)

G
Therefore (4.6), (4.7) and (4.8) give ——
v,
d m, m dm

Second case: @ is bounded and ———-—
d5 ¢y, &

Let f: Q—>f(Q)—Q g—‘;—>§-‘—d£m then,

—~ —ar déy', &y)
=1, d" = d_’“ = o(1) and d(€", &) = —a el
We denote by G and G the Green’s functions of Q and Q respectively. We have

(a",%") < 0, a contradiction hence the result follows.

goes to zero.

Co.

1 =
G = WG@’;D'

2

As in the first case, we introduce a set A such that
ACQ, & €dA, and&'c A
(A is a compact set independent of m). Observe that
G-Gy20inAand GE &) - Gu& &) =0
Hence
o GEL ) - GuE E <0

Therefore

(f’"f )< —c
(9v 1 :

(c is independent of m). Hence, we derive
G

— (G EN —(G(S BN+ 0 sup — (s, M)

a—v’ 2 8 etz IV &

—c+0(d" < —c+0d!" < —5,

IA

a contradiction and the result follows in this case.

Third case: d— is bounded. We have
1

0
9 e = _><C—q> — L HEn ),

av (€6 v
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According to Theorem 1.2, the second term of the right hand side of the previous equality is strictly
positive. Turning to the first term, we have

0 cq —2¢,

] = x3) o7 =yh
. — ZZ 1 2 T 1 J ,Z
W(dz(é:m’g;n)) dﬁ(fm, ;2;1) <|Z| ( (yyln _y;n) ) ( _(ley, _x,j,,) ) N >
e T ez s T <77y )
TdoEr,Em N e

Recall that < Z Zy>=0and < Z,Zy >= IZN|4(dg' —d{' + o(dY")), a simple computation yields
1Z> < Z,Zy > +T < Z,Zy >= —(d" — d2")*|Zy|*.

We derive

P 2e,(d —dIZyl 9

—G6E.8) = — - H(E &) <0

g o}, &) a7
for m large enough, a contradiction and the result follows. The proof of Theorem 1.3 is thereby
complete.

Proof of Theorem 1.4. Recall that for a € Q and A > 0 a strictly positive constant,
/ln
o
| 1+ A2(Z)P —iT) I"

O@n(é) = where (Z,T)=a™' - &

the constant ¢ is chosen so that ¢, 4 satisfies the Yamabe Equation on H"

4.9)

2
—Apu=u'*"  on H"
u >0.

(i) The function 4 is harmonic and i = ¢, ) in 0Q. Let € € 04, (z,1) = a' - &and d, = d(a, Q).
Then

A 1
e = = 1+0(—
© = e = e —a % es”
by applying the maximum principle, we obtain
H(a, &) 1
h() = +0(—=—),
€)= 0=~ + Ol

(i) Let h(@) := hap(@) = %H(a,f) + fla(€). Then

Fan@) = 6@ — Poian() - ;—’;Hm, £).

We have |

Bd> )

0
%ﬁa,ﬂ)(f) =0(
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Then

0  H(a,$)
2" e 0%
o 0H(a, &) )

= + 0
c,d  da ( B

)

Oha .
a0 &) =

(iii) We have

4]
7@€ = Ol==g).

A4dA
Then

9 Ha.é) 1
o1 e ) T

H(a,¢) 1
O(——
cqA? " (/146113)

oh
7 )

S (%

and therefore

H(a,$) 1
: O(—=—=)-
cgd " (/13d;‘

oh
A= = -
1 o
(iv) Using the Sobolev-type inequality
lele. < clVingl3, Yo € CyEH")

forn = l,% =hon Q, and h = O, On H!\Q, we obtain

( W?“sC]‘WMH%
H! H!

Then
f ~Aban-d@y = f 6?(1,1) = f Vit Snl® = S2,
H H! H!
A4 pr!
[P S
HN\Q H\Q (1 + A%d*(a,§)) HI\B, (1 + 2d%(a, )
1
= O(——
o
and

) too S 1
V6 = 0 ————dr) = O(——).
[ Tl = o[ an = o)

(4.10)
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It yields

2 2 2
f|VH15<a,A)| f|VH‘5(a,A)| —f Vi 6a,0l
Q H HI\Q

1

= 57+ 0(——
((/lda)z)
f Ve Poanl = f —Anban P = f Sty ~ f Seun
Q Q Q Q
_ 2 1
= $7+0(52).

Since S2isa positive constant and 7 =hin Q. we have

1
v 2 _ 10)
j(;l whl” = ((/lda)2 )

and using (4.10), we derive

1
hlpsy = O(—-).
Al = O( ) da)

Similar computations give estimates (v) and (vi).
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