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Abstract

In this paper we consider the following nonlinear elliptic equation with Dirichlet
boundary conditions: —Au = K(z)uP, v > 0in Q, v = 0 on 99, where  is
a smooth domain in R, n > 4 and p+ 1 = anQ is the critical Sobolev expo-

nent. Using dynamical and topological methods involving the study of critical

points at infinity we establish, under generic conditions on K, some existence and
multiplicity results.
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1 Introduction and main results.

In this paper, we prove some existence and multiplicity results for the following
nonlinear problem under Dirichlet-boundary conditions

+2

—Au=K(z)un2, in
u>0 in Q (1.1)
u=20 on 0f).

where € is a bounded smooth domain of R, n > 4, and K is a C3-positive function
on €. One motivation to study this equation comes from its resemblance to the pre-
scribed scalar curvature problem in conformal geometry, which consists in finding
suitable conditions on a given function K defined on M to be the scalar curvature
of a metric g conformally equivalent to g, where (M, g) is an n-dimensional Rieman-
nian manifold without boundary. The special nature of problem (1.1) appears once
considered from a variational viewpoint. Indeed, although this problem enjoys a
variational structure in the sense that its solutions can interpreted as critical points
of some functional, its associated Euler-Lagrange functional does not satisfy the
Palais-Smale condition. This means that there exist noncompact sequences along
which, the functional is bounded and its gradient goes to zero. This is due to the
non compactness of the embedding H}(Q) into L%(Q) In the case of manifolds
without boundary, this problem has been widely studied in various works (see for
example the monograph [1] and the reference therein). In contrast to the extensive
literature regarding the prescribed scalar curvature problem on manifolds without
boundary, in particular on spheres, there are few known results on (1.1). In dimen-
sion four, M. Ben Ayed and M. Hammami [11] have studied problem (1.1); they
characterized the critical points at infinity for the associated variational problem
and using an Euler-Poincaré argument, they gave an existence result. See also [16]
for the dimension four. For higher dimensions, E. Hebey [15] studied the case where
2 is a ball and K = K(|z]). We observe that when K is constant, the problem
(1.1) is called the Yamabe problem on manifolds with boundary. It has also been
studied through the works [5], [10] and some references therein.

In order to state our main results, we need to introduce some notations, and to
pose the assumptions used in this paper. We denote by G the Green function and
by H its regular part, that is for each = € ,

G(Ivy) = |$_y|—(n—2) —H(.’E,y) in O
AH(z,.) =0 inQ (1.2)
G(z, .) =0 ono.

Throughout this paper, we assume that K has only non-degenerate critical points
Yos Y1, - - -5 Yn , ordered in the following way:

K(yo) = K(y1) = ... > K(yn) (1.3)
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with
AK(y;
_ABWD) | sp (e u) £0 fori=0,1,... .k ifn=4
3K (y) (1.4)
AK(y;) #0 fori=0,1,...,h, if n > 5.
Let F* be the subset of the critical points of K satisfying
AK (y; .
—3K(y) +8H(yi,y:) >0 iftn=4
(y:) (1.5)
—AK(y;) >0 if n > 5.

K(x)

(A7) Assume that for each z € 9Q, we have ey

normal vector on 0f2.

In the first part of this work, we focus on the case n > 5 and characterize
the critical points at infinity of the associated variational problem (see definition
2.1), which will be used to prove some existence results. A similar problem has been
studied in [5], [2] and [3] but on a compact Riemannian manifold without boundary.
For a € Q and A > 0, let

< 0, where v is the outward

)\ 71;2
5or(@) = en () ¥

Al@) =e 14 X2z — al? (1.6)
where ¢, is a positive constant chosen such that J, » is the family of solutions of
the following problem

—Au = |u|7™=u, u>0inR". (1.7)

Let P be the projection from H'(Q) on H{(2); that is, u = Pf is the unique
solution of
Au=Af in Q, u=20 on 0f. (1.8)

Our first main result is the following:

Theorem 1.1 Let n > 5. Assume that (1.1) has no solutions. Under the assump-
tion (A1), the critical points at infinity of the associated variational problem (see
definition 2.1 below) correspond to

p

1
(yi 7"'ayip)oo = 7M‘P6(y7700)
' ]Z1 K(Zlij)TQ !

where p € N* and the points y;, are the critical points of K satisfying —AK (y;,;) >
0, foranyi=1,...,p and any y;;, # yi, ifj # k. Such a critical point at in-
finity has a Morse index equal to i(Yi,,...,Yi,)oo =D — 1 + Z?Zl n — ki;, where
ki, :==ind (K, y;, ).
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The proof of this theorem is quite delicate and extremely technical. It relies on
the construction of a suitable pseudo-gradient Z at infinity, as in [5], [8], which is
based on very delicate expansion of the associated Euler-Lagrange functional J and
its gradient dJ in the neighborhood of its potential critical point atin finity. With
respect to the closed case, new difficulties arise here. For example, looking at the
expansion of J near infinity, one notices that the regular part of the Green function
goes to infinity, and therefore dominates AK (see the expansion of J below). To
overcome such a difficulty, we need to control the flow lines near the boundary. In
[1], T. Aubin showed that any concentration point on 92 of a sequence of subcritical
solutions has to satisfy %—f < 0 (see Proposition 6.44 of [1]). Using the assumption
(A1), we prove in our case that the boundary does not have any role in the existence
of a critical point at infinity. To analyze the effect of the boundary, we define a
pseudo-gradient vector field for J, which allows us to control the minimal distance
to the boundary, in fact along the flow lines generated by this vector field, the
minimal distance to the boundary is an increasing function whenever it is small
enough. Furthermore, if all the points are in a compact set of €2, the regular part of
the Green function becomes bounded and we can extend the construction of [5] to
our situation. We hope that this theorem and its related delicate construction will
be useful elsewhere. For example it should be useful for the study of the existence
of solutions to (1.1). At this point, we will illustrate its usefulness through the
following result.Set C*° the set of the critical points at infinity of the associated
variational problem:

= = {T;o::(yinn'ayip)oo;pEN*, i, CF*VYEk=1,....p

and yi, # yi, if k.

Let Iy := sup{i(7;°), 75° € C*}. For £ =0,...,¢; we define the following set

X = U W (1)

TSOEC® i(T5e) <L

where W2°(7,°) is the unstable manifold associated to the critical point at infinity
7,°. X7 is a stratified set of top dimension < £. Without loss of generality, we may
assume it equals to £. Moreover X;* is contractible in ¥, since ¥T is a contractible
set. Let §(X/°) be a contraction of X/° in X1, 0(X7°) is a stratified set of dimension
¢+ 1. Now for each 77¢ € C* such that i(7;°) = £ + 1, we define the intersection
number modulo 2, between the suspension of the complex at infinity of order £+ 1,
0(X7°) and the stable manifold of the critical point at infinity 7.° by
w(my") = 0(X7°) - WE(7,°).

S

Observe that this intersection number is well defined since we may assume by
transversality that
9(0(X77) N W (1) = 0.
Indeed, dim 9(0(X7°)) = £ while codimW(7°) = £+ 1.
We are now ready to state the following existence result
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Theorem 1.2 Let Q@ C R";n > 5 and 0 < K € C*(Q) meeting the assumption
(Aq). If there exists £ € N such that

(1) 2 (~1)") £ 1,

TSe €C, i(T5e) <L

(ii) u(7;°) =0 (mod2), for any 7,° € C> suchthat i(7°) ={+1,
then there exists a solution w of (1.1) such that:
Morse(w) < £+ 1,

where Morse(w)is the Morse index of w.

Now observe that under our assumption, for n > 5 the above sum, when taking
into account all the critical points at infinity is always equal to 1. Hence there is no
hope to obtain an existence result by using the total sum. However, it might happen
that some critical points at infinity induce some difference of topology between the
level sets of J. A natural question arises therefore: under which condition can we
use this local information to deduce an existence result? Regarding this question,
Theorem 1.2 gives a sufficient condition under which the fact that some partial sum
is different from one implies that our problem has at least one solution. An example
of functions satisfying the conditions of Theorem 1.2 is the family of functions given
by A. Bahri (see page 324 of [2]). Indeed, assume the following:

(H1) K(yo) > K(y1) > ... > K(yn), with F* = {yo, y1},
(H2) Q is a contractible set.

Corollary 1.1 On Q C R™;n > 5, let 0 < K € C?(Q) satisfying the assumptions
(A1), (H1) and (Hz). There exists a universal constant €(n) > 0 such that if
(Hs) [[K = 1| (o) < e(n),

then problem (1.1) has a solution.

Our aim in the second part of this work is to extend the above argument to
dimension four, in order to give some existence and multiplicity results generalizing
the previous existence result obtained by Ben Ayed and Hammami [11]. For s € N*
and for any s-tuple 75 = (i, ...,%:,) € (F7)® such that y;, # y;, if p # ¢, we define
a matrix M (7s) = (Mpq)1<p,q<s DY

AK(yi,)  8H(yi,, vi,)

My = 3K (y;,)? K(yi,)
(1.9)
Mpq —_8 G(yip7 yiq) . fOI‘ » 7& q.
(K(yip)K(yiq )) :

We denote by p(7s) the least eigenvalue of M(7s). It was first pointed out by A.
Bahri [4], that when the self interactions of the functions failing the Palais-Smale
condition and the mutual interactions between two different such functions are of
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the same size, the function p plays a fundamental role in the existence of solutions
to problems like (1.1). Regarding problem (1.1), such a phenomenon appears for
n =4, see [11].
(A2) Assume that for any s € N*, p(75) # 0.
We set

Fo :={m=(y1,...,Yyp) € F™ (see1.5), p € N*, suchthat p(r,) >0}

and we define an index i : Fy — N, defined by i(7,) =p—1+>"_ 4 —ind(K,y;)
where ind(K,y;) denotes the Morse index of K at y;.

Now we state our main result for dimension four.

Theorem 1.3 Let Q C R* and 0 < K € C%(Q) satisfying the assumptions (Ay)
and (Az).

If there exists £ € N such that:

(i) > (),

TpEF o, i(1p) <t

(i) ¥ 7 € Fooy i(75%) £ £+ 1.
Then, there exists a solution w to the problem (1.1) of Morse index < ¢+ 1.
Moreover for generic K, we have

Ny > [1— S (=i

TpEF o, i(mp) <L
where Ny denotes the set of solutions of (1.1) having their Morse indices less or
equal to £+ 1.

We point out here that, taking in the above statement, ¢ to be f4, where ¢4 is the
maximal index over all elements of F,,, the second assumption of theorem 1.3 is
trivially satisfied. Thus, as consequence of the above theorem we have the following
corollary, which recovers previous existence result of [11].

Corollary 1.2 On Q C R?*, let 0 < K € C?(Q) satisfying the assumptions (Ay)

and (Ag). If,
> (=) A,
TpEF s

then there exists at least one solution of (1.1). Moreover for generic K, we have

1— Z (_1)1'(%)

TpEF s

where N denotes the set of solutions of (1.1).

N >

The rest of the paper is organized as follows. In the second section, we set up
the variational structure and we recall some well known facts. In the third section,
we perform an accurate expansion of J near potential critical points at infinity and
we prove a Morse Lemma at infinity. In section four we construct a pseudo-gradient
W, that will be useful in the proof of Theorem 1.1; and in the last section, we give
the proofs of our existence and multiplicity results.
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2 Variational structure and preliminary results.

Our problem (1.1) has a variational structure. Indeed, solutions of (1.1) correspond
to positive critical points of the functional

1 n—2 2n
umziéww— %.LKMWQ (2.1)

defined on Hg(). Let X = {u € H}(Q), st. [Jul> = [,|Vu[*> =1}, and
>t = {u eX,u>0 } Instead of working with the functional I defined above, it
is more convenient here to work with the functional

I(u) = EWW”% (2.2)

2n_ n
(Joo Kl %)

defined on ¥. One can easily verify that if u is a critical point of J on X7, then
J(u)%u is a solution of (1.1). Notice that the functional J does not satisfy the
Palais-Smale condition (P.S for short). That is that there exist sequences along
which J is bounded, its gradient goes to zero and which is not convergent. The
analysis of the sequences failing (P.S) condition can be performed following the
ideas introduced in [12] and [18]. Let for ¢ > 0 p € N* and w either a solution of
(1.1) or zero,

Vip,e,w)={ueSt st. 3a; €Q, Ay >1, ;>0 for 1 <i <p,
and 3 ap > 0, with [|u — agw — Y°0_, a;Pdg, \ || < e, 5 <eVi#j,

4

m.[{ i 4 n
%T(a) — 1’<z—: Vi, j=1,...,p,and o > J(u)" 2 — 1| <¢ }
o] K(aj)

1
Nidi > -,
g

(=2
where d; = d(a;, 0Q) and e;; = (% + % + i\ la; —aj|2) 2 If wis a function in
V(p, e, w), one can find an optimal representation of u following the ideas introduced
in [6] and [5]. Namely we have
Proposition 2.1 For any p € N*, there is ¢, > 0 such that if € < €, and u €
V(p,e,w), then the following minimization problem
min{ [u—Y""_| @;Pdq, », —ao(w+h)|, a; >0, A\; >0, a; €Q, h € T,W,(w) }
- (2.3)

has a unique solution (&, @, A, h) (up to permutation) . Thus we can uniquely write
u as follows (we drop the bar)

uw=3y"  a;Pés x, +ag(w—+h)+v (2.4)
where v belongs to H}(Q) N T,Ws(w), and satisfies
- 0P6; 0P,
v 6)\1 ’ 8ai

(v, ¢;) =0 for i=1,..,pandp; =Po

(v,wy =0
(v, hy =0 for all h € T,W,(w).
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Here, P§; = Pd,, 5, and ( , ) denotes the scalar product defined on Hg () by

(1, v) = /Q Vuvo.

Notice that Proposition 2.1 is also true if we take w = 0, therefore h = 0 and

u € V(p,e) := V(p,e,0). The failure of the (P.S) condition can be described
following the ideas developed in [12], [18] and [21]. Such a description is by now
standard and reads as follows. Let dJ be the gradient of J.

Proposition 2.2 Let (u;); C ¥ be a sequence such that dJ tends to zero and
J(uj) is bounded. Then, there exists an integer p € N*, a sequence €; > 0,
e; — 0, and an extracted subsequence of wu;’s, again denoted by wu;, such that
uj € V(p,ej,w), where w is zero or a solution of (1.1).

Following A. Bahri [4], we introduce the following definition:

Definition 2.1 A critical point at infinity of J in X7 is a limit of a flow line u(s)
of the equation

ou
u(0) =wug

such that u(s) remains in V' (p,e(s), w), for s > sg. .

Here, w is either zero or a solution of (1.1), and &(s) is some function tending to
zero when s — 4o00. Using Proposition 2.1, u(s) can be written as:

p
u(s) = Z a;i(5)Pdg, (s), 2 (s) T ao(s)(w + h(s)) + v(s).
i=1
Denoting by a; = lima;(s) and «; = lim «;(s) , we denote by
P
(@1,..., Gp, W)oo OF ZaiPéai,oo + apw
i=1

such a critical point at infinity. If w # 0, it is called of w-type.

3 Expansion of the functional and its gradient.

In this section we will give the expansion of the functional in the potential sets
V(p, e, w) where w is critical point of J or zero, (0J (u), /\% 3612‘?‘ ) and (0J(u), \; %P)i")
in V(p, €), where 0; denotes dq,, x,)-
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Proposition 3.1 Fore > 0 small enough and uw =Y _"_, ;Pd4, , + ao(w+h) +v
in V(p,e,w), we have the following expansion

Sh 2 2 P aw(a;
J(u) = Siaf+ad|w] "‘2[1_ cao '~ ()
(Sn Zi:lof‘n_(zK(ai)+0‘€_2 [ wl?) ™ R
1— “AKz 1 & a?H(a;, a; 1
- n SZ (a:) 4+ —co % — 0 a;a
noo= i oy
H(aZa a/])
X(% W> + fi(v) + Q1(v) + f2(h) + Q2(h)
2
+ (ZAQ —M =z T i+ ol® + ikl )]
i#j
where,
o 2 dy 2n ly|?
S, = 02 (x)dm, Co = Cp, 2/ P c3 = Cp ? 7dy
g OV B (14 [y[2)™5 re (14 [y[2)"

p _2n_ 2n_ P
=50 ol "K(a)+og *fwl? =5, af +ad || w]?

i=1 i=1

1 9 1n+2/ 2 1n+2 /
v) = —|v K Y («q;P) 1y o | Kwitze?
Qu(v) = - loll* - Z Bin 2%

— 4
6L—2/meh2

2 b n
v) = —E/KZ(aiPdi)£v7 and
i=1

_Lppo L
Qa(t) = 1]

n+2

2000 2a0/
h)=— a;(Pd;, h) — K o;Po; + agw) "2 h
falh) = S 3 oud Z o)

Proof. Recall that
[ull®

" (K= )

=3 Expanding N we get

We need to estimate N = |ju|?> and D72 = Jo Klu

P
D aillPoi|l* + 2000 (Pdi, w+ k) + g (|67 + [w]?) + [[v]|* + D aia; (P, P6;).
i=1 i#]
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Using a computation similar to the one performed in [4], we have

H(ai ai) log)\zdl
2 = S S
[P0l = 5n =250 O((Am—)”>'

H(a;, a;) B logheds o
Pél P6 = i 77] — 2l H1 | F
(Pé;, Po;) C2<5J (AiXj) ™2 2)+O( 0g(&;; )+k§j (Akdk)n) or i # j
n+2 )
woow) = [ 6=t o)
Thus
H
N = ’Yl+202aozaz prpes 2) + 209 Zaz Pé;, h) "‘022%% €ij — ijz)
=1 N7 i=1 i#j (AiXj) 2
P
H(a,- a-)
2 1y Wy 2 9
_ 2gaﬁ oZIIR12 + Jlv] +o(ZAH Ad - 1+Z%)-
(3.1)

2n

Dz =
1L+2
= /Kza,Pa T g /Kwn?—k—ao/KZaZPd

n+2 n+2

+ /K Z%P(S wiss + 5 /K Z%Pé +a0w -2

(aoh +v) + 15 /K ZalPé + aw) 7 (a2h? + v + 2a0h0) +

+ O(Z/w":f’d? —|—w2P5{‘2> +o(|lv]|* + [|R]]?)- (3.2)

Using Lemmas 6.1, 6.2, 6.3, 6.4 and 6.15, we derive

P 2n
/ K(Z OéiPéi) n=2
i=1

2n

2 AK(a;) 2
" (K<ai)sn+03 (a:) _ _2n

A2 n—2

|
\'M@
L

CQK(ai) X
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/ Kuws = ul?. (3.4)

/Kw{;ii Po; = 02w$ﬁzz) + ( nf?) (3.5)
A\ A’
p n42 p n42 y P 1
[rCars)Hu-ad ot re D ro(d ). 60
i=1 i=1 A2 i=1 A °
/wﬁpaf + WP = O(Anl,Q). (3.7)

/K ZaZPé + agw)™Foh = o vl + 4] + Z = ) (68

Concerning the linear form in v, since v € Ty, (Wg(w) ), it can be written as

P o
/K(Z a; Pé; + aow) "2y

i=1

P n+42 4 4
/K(Z aiP(SZ-) "2+ 0 (Z/(u)nzPéi + wPéi"2)|v>

i=1 i
fi(v) + O(Z Hvi)

i A

K2

Finally we have

K alPé +a0w ez v = K azP(S ez 2—}—04” 2 | Kwizv?+o(|jv
0

(3.9)

/K ZazPé +a0w)" *h?=ag” Z/Kwn 2h? + of||h]?). (3.10)
=1

1
a,i"’* K(a;)

Combining (3.1) to (3.10), and since =1+ o0(1), our proposition follows.

a]."72 K(ay)

Proposition 3.2 We have
(i) Q1(v) is a definite positive quadratic form on

E, = { veE Hy()NT, (Ws(w)) s.to satisfies (2.5)}.

(ii) Q2(h) is a definite negative quadratic form on T,,(Wy(w) ).

Proof. The proof is similar up to minor modifications to the corresponding statement
in [5](see the proof of Lemma 6 of [5]). As a Corollary of Proposition 3.2, we have
the following result.



548 7. Bouchech, H. Chtioui

Proposition 3.3 Let u =" a;Pd,, x, +ao(w+h)+v inV(p,e,w). There is
an optimal (0, h) and a change of variables, v—v+—V and h—h+— H, such
that J reads as

P
J(w) = (Y aiPba,x, + aow + b+ 0) + V2 =~ |[H|%.

i=1

Furthermore, we have the following estimates

S =)

i=1 A,
and
P
L DK 1
ol = (; i, A?)
n—2 1 )
O( 175]51] loge?”) " +21W) Zf?’l,<6
+
w2 o (loghid) 5w\
O( ) Z2(n 2) logs 4 1771.) ifn>6
i#j Cij ) Z (A d) )
Hence
Sh a? +ad || wl? 209000 o o w(a;
J(u) _ E =1 0 | — 1 — 2 OZ ;)
(Sn Zi:l OZ{L72K(CL'L) +016L72 || w ||2) i il i=1 )\1 2

2n

1n—2 o' AK(a) 1 <~ Hla, a
- ey ey Rl
B1 n — A "o K(a) T A

- *622%0‘](5” W)“(ZA /\d”2+zg”)]

i#]
+ IVIP ==

Proof. The expansion of J with respect to h (respectively to v) is very close up to a
multiplicative constant to Q2(h)+ f2(h) (respectively to Q1 (v)+ f1(v)). Since Q3 is
negative definite (respectively @1 is positive definite), there is a unique maximum h
in the space of h (respectively a unique minimum  in the space of v). Furthermore,
it is easy to derive that ||h|| < ¢||f2] and ||7]| < ¢|/f1]|. The estimate of ¥ follows
from Proposition 5.4 of [4]. For the estimate of h we use the fact that for each
h € T,,W, (w) which is a finite dimensional space, we have ||h||s < ¢||h]]. Therefore,

1
we derive that || f2]| = O(3°Y_, ——=). Then our result follows.
2

%
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Proposition 3.4 Let n > 5. For ¢ small enough and v =Y %_, a;P§; € V(p,e),
we have the following expansion:

0P¢; ~.n—2 AK(a;)) n-—-2 _H(a,a;)
(0J (u), /\iT)\i)Hé = 2J(u) [ozicl( )K(ai))\? -5t =
~ 8&" n—2 H(ai,aj)
- &Y o+ ——3)
j#i OX; 2 () }
1 & 1 n
T s s 1
+ 0(28” + 32 + Z ()\kdk)”fl) + O(Zakj log(ey; )),
i#] k=1 k#j
where ¢; and ¢3 are two positif constants.
We have "
8J () = 2. (u) [u +J(w)7= A (Kuf)] .
Thus
OP¢; 0Pé; n nt2 OP9;
@I035y =270 [Zj: 03 (P 0 ) = () /Ku N ]
(3.11)
Observe that
P n+2 P
n—2 nt2 n+ 2 _4
(Z OéjP(Sj) = Z(Oéjpéj)"—z + n_2(aiP51)"—2 Zajpéj
J J J#i
+ O ((azpél)m Z(&]P(S])ﬁ)
J#i
+ O( Z (ajP(Sj)ﬁ(akPék)%)
£k, kij#i
Combining (3.12), (3.13), Lemmas 6.5, . .., 6.9 and the fact that | ); aalz\‘ji |< ¢d;, Poy, <

4

0 and J(u)ﬁa;zﬁK(aj) =1+4+0(1)Vj=1,...,p. Proposition 3.4 follows.

Proposition 3.5 Let n > 5. For e small enough and u = Y%_, a;Pé; € V(p,e),
we have

1 0P¢;

1P, s e, VE(a)
7)\1' 8(11- Hé

= J(u)|—a) " GI T S (14 o(1)

7

(07 (u)
;o 8H(ai, ai)

13 day (1+0(1))
= 1 ey 1 OH (a;,a;)

T 22 %5 T e 14 o(1
2#1’ o, AT A Oai )1+ o(l))

n_ B 1 " log(Ardy,)

n— 1 cWEk

+ O(E EkaZog(Ekj)+ﬁ+E:W
? k=1
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where ¢3 and ¢y are two positif constants

Proof. As in the proof of Proposition 3.4, we get (3.12) but with \; 22% changed by

LTON
)\%%La‘ji. Thus, using lemmas 6.10, . ..,6.14 the proposition follows.

4 Construction of a pseudo-gradient.

Observe that for u = Y7 | a;Pd,,5, + v € V(p,e), using Proposition 3.3 after a
change of variables we can write

p
J(u) = J(O_ aiPda,x, +0) + [V,

i=1
In the V variable we define a pseudo-gradient by setting

ov
ds Hv,

where p is a very large constant. Then at s =1 V(s) = e **V(0) will be very small
as we wish. This shows that in order to define our deformation, we can work as if
V was zero. The deformation will extend immediately with the same properties to
a neighborhood of zero in the V' variable. Therefore we need to define a vector field
in {>F | @iPbu,, +0 € V(pe)}

Theorem 4.1 Let n > 5. There exists a pseudo-gradient W so that the following
holds. There is a constant ¢ > 0 independent of u = Y 0_ | a;Pdq,, € V(p,€) so
that

(i) <6J(u),W(u)) < _c<i(|W§E“i)| N A12 N W) +Z€£’:;>'

i 7]

(i1) (07 (u + ), W () + %(W)) < fc(z(@ N ;2

i

1 no
- e )
i#]
(iii) The minimal distance to the boundary d;(t) = d(a;(t)0Q), only increases if it
18 small enough.
(iv) |W| is bounded. Furthermore, the only case where the maximum of the \;’s is

not bounded is when each point a; is close to a critical point y;, of K in F* (see
1.5) with y;, # vy;, for each i # k.

(V)If each a; belongs to a neighborhood of y;, € F* with yj, # y;, for i # k there
ezists a change of variables

’ /

(@i, Ai) — (a;, A\;)
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such that

P ZNP 2
J(Z(Xipfsi‘FU) _ Sn ;:1:1 @ — {1_ ZAK(y]l)}+|V|2
i— (X o ?K(ay)) ™ oA

where 1 is a positive constant.

Before giving the proof of theorem 4.1, we need to state two results which deal with
two specific cases of theorem 4.1. The proof of these results will be given later. Let
dy > 0 be a constant small enough such that

oK
v
Then we have the following propositions

Proposition 4.1 In V(p,e) := {u = P a;Ps; € V(p,e), d(a;,00) > do, V1<
i < p}, there exists a pseudo-gradient W1 so that the following holds: There is a
constant ¢ > 0 independent of u € V(p,e) so that

VK (a;)]
(@00, Wi () < (3 (KL o g+ Ye).
i Z i#]
Proposition 4.2 InVy(p,e) :== {u=>"_, a;P6; € V(p,e), d(a;, Q) < 2dy, V 1 <
i < p}, there exists a pseudo-gradient Wy so that the following holds: There is a
constant ¢ > 0 independent of u € Va(p,e) so that

@1 Wa(w) < —e(S (N4 Lo 57 ei),

7]

Proof of Theorem 4.1 We divide the set {1, ...,p} into two sets.

The first contains the indices of the points near the 92 and the second contains the
indices of the points far away from 0f2. Let us define

B:={1<i<p st d;>2dy}.

(x) < —cp, Vo € Qq, := {z € Q,d(x,00) < 2dy}, where, ¢y > 0, a fixed constant.

By: = BU{igB st 3(i1,...,ir)withiy =1, i, € B, and l|aj_, —a;| <
d,
2Dy kE<r}.
p

B2 = {1, ...,p}\Bl.
Observe that
(01) d; == d(ai,aQ) <2dy Vié€ DBs,.

d
(O32) The advantage of By is that if i € By and j ¢ By, then |a; — a;| > =0

Now we write u as

U= Uy + U2, U = Z a; Py, (1<k<2).
1€B}
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Observe that u; € V(card(B;),e). Then we use the previous construction as in
Propositions 4.1 to u;, which means we apply the previous construction to the sub-
pack of functions u = Z;aqd(Bl) a; P¢; forgetting the indices i ¢ By. Let Wy (uy)
be the vector field thus defined. The same argument can be repeated for us which
is in V3 (card(Bz),e) and we will denote by Wa(uz) the vector field thus defined.

Define W as W(u) = Wi(u1) + Wa(uz). Thus we have

(VJ(U),W(U,)) - (VJ(ul),Wk.(ul))+<VJ(u2),Wk(uQ))
L1 1
* O(Xk:[Ai S WATS I iEB%: " cij).
From the observation (O1) we get ¢;; = o(kzlzj ()\k)l) = o(k;j ﬁ), since

n > 5. Thus claim (i)of Theorem 4.1 follows. The proof of claim (ii) is similar to
the proof of Lemma 3.3 of [8] and Appendix 2 of [5]. The conditions (iii) and (iv)
are satisfied by the definition of the vector field W and the proof of (v) follows from
the expansion of the functional J given by Proposition 3.3 taking w =0 and v =0

sothat H =0,V =0 and O(ZEU—I-ZGU)SJE) zo(zp: )\12)

Proof of Proposition 4.1. Let n > 0 a fixed constant small enough with
lyi — yj| > n ¥V i#j. We divide the set V(p, e) into four sets

p
Vi(p,e) = {u=Y_ ;P €V(p,e), a; € B(y;,,n) with — AK(y;,) > 0,
i=1

Vi=1,...,p, andy;, # y;, Vi #k}.

P

‘/2(]77 = Z P6 EVp, )7 aleB(y]wn)? V’L#k, Vizla"'ap7
=1

Yj, #yjk and Ji1,...,0, st —AK(y;,) <0, Vk=1,...,q}.

P
Va(p.e) = {u=)Y_ a;Ps € V(pe), ai€Bly,n),Vi=1,...p andIi#k

=1
sty = yjk}

P
Vzl(p7 5) = { U= Zazpdz € V(pa 5)1 st Ja; ¢ UVK(y):O B(yﬂ?)}
i=1

We will define the pseudo-gradient depending on the sets V;(p,e), i = 1,...,4 to
which u belongs.
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Lemma 4.1 In Vi(p,e), there exists a pseudo-gradient Wl so that the following
holds: There is a constant ¢ > 0 independent of u € Vi(p,e) so that

000, Wrtw) < o3[V L] )

Proof. In this region, we define Zy, by Z1 = >0, a;\; dalj\ From Proposition 3.4
we obtain

oa02) = 2160|S st D LERG - T e
N i :
+ O(Zazj+z>\2>
iF#£] i=1

We have —AK (a;) is close to —AK(y;,) >0,V i=1,...,p. Moreover |a; — a;| >

g p
nv¥ i # j, so /\Zgi:: =0(eiy) = O(mlﬂ) = 0(2 )\1%>, since n — 2 > 2. Thus

@, 21) <~ i+ Zp: 12)

1 VK (a;) 0P,
Ai [VK(ai)|  Oa;

We let now: Z, = >0, ¢(N|VK(a;)])

: 1
where  ¢:R — R, t»—>q§(t):{ (1) gmif
From Proposition 3.5 we obtain
p
VK a; 1
07(w). Z2) < ~¢ 3 o VE@)) [VEO 4 0() + o<y
i=1 ! i i#j

For M > 0 a fixed constant large enough we derive

@I(0). 0.2+ 22) < —e(3 (B, L1,

i=1 ¢ v i)

We let Wl =M.Z1+ Z,. Then Wl satisfies Lemma 4.1.

Lemma 4.2 In Va(p,e), there exists a pseudo-gradient Wg so that the following
holds: There is a constant ¢ > 0 independent of u € Va(p,€) so that

o200, = (S5 L] 5)
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Proof. We can assume that a; € B(y;;,n), with —AK(y;,) <0,V j=1,...,q

q
0Pé;

Let Z5 = Z —aiAiW. From Proposition 3.4 we obtain
i=1 v

(0J(u), Zy) = 2J(u) {Z —Oél_’r?ILQcQJ( = n_ n;Q}A{if)a;\l

sa T g eo(Sed )

j#i,1<i<q i#],

Z
J < —cegj;. Furthermore we

O\
have —AK(a;) < —y (y >0)Vi=1,...,q. Thus we derive

(0J(u), Za) < —c( Z Eij +Z /\2> +0(zp: /\12)

i#5,1<i<q i=1

In this region we have |a; — a;j| >, V i # j, then A,

Let now 1
I:= {lgigp s.t /\i<EMin{/\j,j:1,...,q}}.
We have .
@I().2) < —e( 3 eyt Y A2) + O(Z ;2)
ig, i1 i1

If I = (), then we get all the indices in the last upper bound and we obtain Lemma
4.2 in this case. If I # 0, we let u = ), _; a; Pd;. Observe that u € Vi(£,¢), where

¢ = Card(I). Define Z,(@) = Z, (@), where Z; is the pseudo-gradient defined in the
proof of Lemma 4.1. We have

(07(w), Za(@) < —e( Y EW+ZA2)+O(§: A2)+o( > ei):

i#j, i€ iel i€l il

For m > 0 a positive constant small enough
VK (a;)|
(OJ( ) MZ1+Z2+’I7’ZZ —C(z;[ )\Z : z:|+z¢:fz]>
1= 1F]

We let . /
Wg = MZl + 22 +’ITLZa.

Thus Lemma 4.2 follows.

Lemma 4.3 In Vi(p,e), there exists a pseudo-gradient Wg, so that the following
holds: There is a constant ¢ > 0 independent of u € V3(p, ) so that

000, W) < —o( 3-[N L) 4 > )
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Proof. We order the concentrations A;’s in such a way: A\; < ... < A,. For each
critical point yy, of K, we set By, := {j, a; € B(yx,n)}. Without loss of generality, we
can assume yi, .. ., Yy, are the critical points such that Card(By) > 2, Vk=1,...,¢
Let co and M7 > 0 two fixed constant large enough. We set

We define

1 VK(CLZ') 8P5a. i
To = 7 i\
1= D N VK (a)| 0a; and

iel
7 6P6Qi7/\l 6P6ai7A'L
Z3—_M122/\1 N 12/\l o\
iZ 1 i€l

where, M is a positif constant large enough and m; a positif constant small enough.
From Proposition 3.5 we obtain

VK (Lz 1 68@‘
(07 (u), Zs(w) < —e 3 ——— | (Z w2 X' da; |)‘

icly icl, i#£7, €1

Observe that
1 8€ij

)\7 Oa;

ZO(EZ‘J‘) V1<i<p,je€l.
Then

(0J(w), Zs(w) < —c2@+o(zé+ > a)

iel, iel, 7t i#j,iely, i€l

+ 0( Z sl-j).

i#j,1€l1,jEIo

1
From the definition of I; we can make appear the quantity co Z 2 in the last
el i
upper bound. Taking ¢ large enough we get

(07 (u). Zs(w)) < (Z'VKG’ +Y ol X )

i€ly i€l Z i#£j, €11, jE1o
—+ O( E Eij) .
i#£j,i€11, jEI
Now from Propositions 3.4, we have

@I, 7)< (06 - 3 MAEE) - m(3 0t

i€l g i€l iA] i€ls 2

_ Z )\86”) ( 2+ZE’W>'

i€ls, i#] i=1p l k#r

| —

=N
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. O Oe;
Observe that 2\, —2 8)\1 + 27, ;}\J <

by ?;)\” < —cgyj since A\; ~ Aj. Thus for my < M; we have

(aJ(u),z;,(u))g_c(Ml Soeptm Y aij)+0(z %HZ%).

i€1a,i#] i,j€I2, i#] igl, i€l ~t

—ceij, Vi # j and for i # j € I, we have

Then we derive
@I, Zsw)+ 24 < —e( SIS 4 L5 ey) o (30 Sk 3 ),
i€ly 7‘ i#£j igly " i€ly

We distinguish two cases:

1
case 1: I; NI, # (). In this case, we can make appear )\—% in the last upper bound

P
1
and so all the quantity Z SVE

i=1 "'
For m; small enough, the quantity O(Z %) is then absorbed. For M; large
icl; 7t
enough, we have
My 1
(X 5) =olz)
igly, T 1
We obtain :
|VK a)] =1
(8 (w), Zs(u) + Zy(u (Z X5z +Zeij).
i€l i=1 "% i#j
We define P oPs
X3 = Z L (a’i) ai, N

“ N [VK(a;)|  Oa;

From Proposition 3.5 we obtain

@10, %) < —e 3 PR o(F L 30ey),

ic€ls iely i#£]

For ¢3 > 0 a positive constant large enough, the vector field Wg, =c3 X3+ 23+ Zé
satisfies Lemma 4.3.

case 2: I; NIy = (). In this case, for each i € I, the point a; is close to a critical
point yg, of K. If we suppose that there exist ¢, j € Iy such that a; and a; in B(y,n)
for n small enough and y a critical point of K, then |VK (ag)| > c|ly—ay| for k =i, j,

since y is non-degenerate critical point of K. Therefore, A\;|a; — a;| < ¢ (we assume
n—2

A\ T L. _ .
that \; < )\j). This implies that €;; > c(/\—) *  which is a contradiction with
J
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the fact that A; and \; are of the same order. Thus our assumption is false. And
for u = ,c; @;Pd;, we have then a; € B(y;,,n) with y;, # y;,, Vi # k € I
and therefore & € V;(¢,e) where i = lor2and ¢ = Card(l,). Let then Z; the
corresponding vector field in V;(¢,e) (i = 1or2). We have

@7, Zw) < o Y e+ Y 5)+o( X )

i#j,t,j€12 icly i€l2,jZ 1>
P
1 . . ] 1
Observe that )\—% appear in this upper bound, so we can make appear Z - For
i=1

My > 0 a fixed constant large enough, the vector field Wg = My(Zs + Z3") + Z3"
satisfies the next upper bound:

070, W < —e([ T LT 57,

i=1 ’ i#£j

and so Lemma 4.3 follows in this case.

Lemma 4.4 In Vy(p,e), there exists a pseudo-gradient W;; so that the following
holds: There is a constant ¢ > 0 independent of uw € Vy(p,e) so that

000, Watw) < —o( 3-[N L) >es)

Proof. Without loss of generality, we suppose A\ < A; <... < A,
We denote by i; the index satisfying a;, ¢ Uv i (y)—0B(y,n) and a; € B(y;,,n), Vi <

il. Let
U= oPs.
i<iy
Observe that @ € V;(i; —1,¢), i = 1or2or3. Then we define Z,'() the correspond-
ing vector field and we have

(8J(u),Z4’(17))g—c(Z{M+$}+ > es)ro( Y WFZA?)'
i<iy v i i£j,4,5<i1 i<iy, j>i1 i>iq
Let now
Jy =

1 VK(CLl ) aP(Saq, Ai 8P(5a
— 1 R VD P P et
/\il ‘VK(ailﬂ 6&1‘1 ° Z ’

i>11

where M3 > 0 a fixed constant large enough. From Propositions 3.4 and 3.5 we
obtain

—c iy Ogij
(0J(u), Zy(u)) < )\—il—c gij — Ms Z 2>\3/\j

i,j>11 i>11,5<i1

+ O(Z ]‘fj) +O()\2 Z%).

1217 " i
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Observe that if 7 > 4; and j < i1, we have A\; > A;, Then )\; (36;7

S 7C€ij. Thus

7

0700, Zaw) < -~ My Y ey +0(X N+ Y ens).

“ >0y, i) i>ip Tt g

We choose M3 > 1 so that (Z#il Eilj) is absorbed by M3 ZiZil,i;éj gij. On the
M3
)

(2

1 1
other hand we have \; > \;, for i > i, then Vi o()\—) which makes O(Z
i i1

i>i1

1
absorbed by SV We deduce

11

(8J(u),Z4(u)) S j\cg — M3 Z Eij.

1 1
Also SV make Z x appear. We let

11 7;21‘1 X3
Wi(uw) = MZy+ Zy + mZ,,

and thus derive

(@10). W) < —o( [T L LT3,

i=1 v g i#]
The claim of Lemma 4.4 follows. The vector field W, required in Proposition 4.1

will be defined by a convex combination of the vector fields Wy (u), Wa(u), Ws(u)
and Wy(u).

Proof of Proposition 4.2. We will introduce some technical lemmas for the proof
of Proposition 4.2. Without loss of generality, we suppose A\id; < ... < Apd). Let
c1 > 0 a fixed constant small enough. We define

Iy := {1} @] {1 <i<p, st i pgdy < Ap_1dig—1 < Apdy, VE < Z}

In I5, we order the A\;’s : A;; < ... < \;,. For ¢z > 0 a fixed constant small enough,
we define

<N\ <\

1 j i1

Iy, = {is} U{l1 <k <s, st

For u = Y7 a;P5; € V,(p,e), we introduce the following condition: for i €

{1,...,p}

sy (4)
GYasY kiS ) Tz :
2t ki j=1 (Airj) 2
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,p} into T U Ty, where

We divide the set {1, ...
i satisfies (4.1)}, and

Ty={1<i<p, st
T2 = {1,,p}\T1

P

Lemma 4.5 For j ¢ I, , k € I, , and j € Ty we have

1 o 1

— e jlar —ajlel T = —_—
N f10 = agleiy 0(?—; (/\idi)n_l>

Proof. We distinguish two cases

J € I>. In this case, we have A\; < cp\;. Observe that
1 =25 Aj1on=t
XA’“M% — aj|5kj ? = O((/\—i)%‘kj 2).

case 1:

On the other hand we have

P
e <c —, since j € T}
& gxd) M) 1 N

‘We obtain

p p 1
G <ol (Z} o) 1) :0(; (Aidi)”*l)

1
—/\k)\j|ak —
& I5. Let c3 > 0 a fixed constant small enough. If dj, < c3d;, using the

i,

case 2:
fact that 7 € Ty, we get

1 _n_
fAkAj|ak — aj|5,:j_ < )\
k i=1

This gives the lower bound
E 1

F(Ndy) T (di)

)\)\ o2
N EAjlak — aj|skj CCBZ()\d)

We derive
1 _n_ p

n—2

T“)\kAﬂak —aj; Ek)j :O(; 7()\1(12)”_1)

If c3d; < dj < édj we get

1 ¢ v
—AeAjlag — a; |5" - = = 1
A, ’ i ; (Nidi) 7 (Xidy) "= (i) #
n—2 P
ccy? 1
(Akdk)’lLQl ’
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2

M‘\

n
<1

since j ¢ [rand k € I5. Taking

small enough, thus we derive

RIS

C.

1 n_ u 1
TZ‘SAk/\”ak — aj|€/:j_2 = O(Z W)

i=1

If d; < c3dy, observe that in this case |ax — a;| > cdg, so we have d; < % |ap — ay.
We derive that

1 _n_ 1
—AeAjlag —ajlef? < e =
i ! (Njlar — ai)) 7 (\law — a;)) %
n-2 1
cey”

IN

n

(\jd) 7 (i) ¥
n—2 P 1

6632 Z (}\ldl)n,1

i=1

= (X )

i=1

IN

Lemma 4.6 There exist a vector field X1 such that

p

(s < =e(5+ 3, prgyer 2 ) w02 5)

kET2,1<j<p i=1

Proof. We define the vector field Y by Y7 := 1 Diels 85;‘?" (—a;v;). From Propo-

sition 3.5, we obtain

(07 (u), Y7)

<

1 1 1 s
= ot i) a0l X el - gl = wiler?)

s sWis s kj€lx;

1 s =
+ XO( > )\k>\j|ak—aj|5kj2>+O(Z‘3kj2>
s ke])\is 7j€1)‘i5 k#j
L yio(y L)
+ O<Z ()\kdk)"—1> to( 2 N
k=1 i€l

We can make the term (\;d;)!~" appear in the last upper bound and so all the
(A\id;)' ™. Observe that for k,j € I, , vk — v;| = O(|ax — a;]). So we get

1 a1 !
3, wAilan = agllve = vileg;™ = $m0(Ek) = o(37)-

s s
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For j € Ty and k # j we have

n—

1
a,:j’z <c

()\Zdl)l_n

P
i=1

n

1
We are left with the estimation of )\—_)\k)\j|a;€ —ajleg;” with j € Iy, and k € I, .

1s

If k€ Thorj € Ty, we get:

1 =] s Aj1 o=l
AT_S/\MJ‘\% —ajleg;” = O(Njlak — ajleg;™) = 0((7;)2€kj ) = O(%)

If k,7 € Ty, we use the estimation of Lemma 4.5. As a conclusion of the last
discussion, we obtain

P
(0T (u), YY) < —c(% +Y° W) +o( > 5kj)~
te =1 VTR k€T, 1<5<p

Let Ty = {iy, ..., 4, }, with A;; < ... < \;.. We define

r

- OPs;
Y2 - Qk_l i >\z L .
2 kz::l Qi Ay, a/\ik
We have(see the proof of Lemma 3.4 of [11])
P P
0368 < = 30 (3 o) +0(30 ) +o(X gt )
JETs k) i=1 =1 ROk

Taking m > 0 a fixed constant large enough, the vector field
X; = Y2+ mYy,
satisfies the claim of Lemma 4.6.

Lemma 4.7 There exist a vector field Xo such that

(8J(u),X2)§—c(zp:;)+O( 3 ekj)+0(2pjuidj)nl)-

%

i=1 JET,1<k<p i=1
Proof. Let {1,...,p} =: {io,...,ip}, with Ay < ... < \;. We define for M a large
constant,

, ) 2
Iy = {1<i<p, stla;— aio‘ > Mdio}'

" ’ ’ d?,
Iy :={i & Iy, s.t (i1, ..., %), withiy =4, i, € I, and |a;,_, —a;,| < ]\j[, Vk<r}
p

Io o= {1,....p\{I, U I, }.
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Let us define for ¢5 > 0 a fixed constant small enough
IAiO = {ZO} U {1 S .7 S D, s.t 02)\ik S )\ik71 S )\ik’ Yk S .7}

We set

1 OP6;
X2 = — Z (—OéiVi).

by Oa;
o i€loNly, v

Observe that d; ~ d;,, for i € Ip N I,,. From Proposition 3.5

1 1 _n_
(0J(u), X2) < _C§C<T)+>\' O( Z )\k)\j|ak—aj||1/k—1/j\5,;‘j’2)
o 0 kel Nlo
1 n n—1
2o Y el ) +o(X )
o k€Ix, No,i¢Ix, Mo k#j
“ oX ) oY )
o - -
= (Aedi)" ! ‘ A7
= zeloﬂb\io

Observe that for k, j € I, N lo, v — vj| = O(Jax — a;]). From this, we deduce

1 I 1 1
)\T(])\k/\ﬂak —ajllvk —vjleg; = )\T()O(Skj) = O(Ti()).
. . 1 s .
Now, we need to estimate the quantity TAkAj\ak — aj|ekj , for j ¢ I, N

0

Iy, and k € IAiO N Iy. We have two cases

1
case 1: j & I In this case, we have |a, — a;| > —Mdie. On the other hand, we
p
observe that di ~ d;,. Thus, We deduce

n—1

1 _n 1 1
— e\ —a;ler % = o —— =0 —rnr— n=2Y
A720 7 |ak “ |Ek] (Alo dio Ek]) ( ()‘10 dio)nil ) * O(Ek] )

case 2: j € I In this case, we observe that d; ~ d ~ d;; and |ap — a;| <

——d;,. Using Lemma 6.16 we obtain H,;; < ¢ —a and H;; <c———.
o o Ji dj 2 J (didj)Tz
If j € Ty, we deduce
1 w3 1 =
/\T()Ak)\ﬂak —ajlegT < gi)\ﬂak ajleg;
c P 1
< =\ ; m m
>~ Cf ]lak ajlizzl()\zdz)i()\gd]>§
c 1< 1
<
- CQ’M; (\idi) 3 (N\;d;) "=
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1

We choose i o(1), and therefore

S =

1 o u 1

M jlag —agler? = ( 7)

Nig eAsla aj‘gkj ¢ ; (Aid;)n—t

1 _n_

— A Ajlak — aj|6,?j’2 = O(Ekj). We conclude that

Nig
@1 %) = —ee(5-)+0( Y ew) +0(ggy)

o €T, 1<k<p
P P
+ o3 ) O3 )

Such vector field X5 satisfies the upper bound of Lemma 4.7. To get the proof of
Proposition 4.2, we need to define

X3:<§;Mw%i?>< > )

1<i,j<p,i#]

If j € Ty, we easily have

1 n-1 1
Observe that 51%72 ()\kdk) (Zg ) (W) Furthermore, we
k#j
have H;; < # and H;; < #, fori, j = 1,...,p. From Proposition 3.4
i iaj) 2
we obtain

P P
-l 1
@), X5) <~ 3 =) +o(3 5 d o) o %)
1<i,j<p i=1 k=1 "F
Thus for m; > 0 a fixed constant large enough the vector field
Wa(u) := X3+ mq(Xz +m1X1)

satisfies the claim of Proposition 4.2.

5 Proofs of the theorems

Proof of Theorem 1.1. Using Theorem 4.1 the only region where \;’s are unbounded
is the one where each point a; is close to a critical point y;; € F' T where Yi; # Yiy,
for j # k. In this region, the normal form of J given by Theorem 4.1 allows us
to split the variables A;’s and a;’s. Then it is easy to see that if (aj,...,ap) is
equal to (yi,,...,¥:,), only \; can move. Since —AK (y;,) > 0, in order to decrease
the functional J we have to increase \; and therefore we obtain a critical point at
infinity only in this region.
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In order to compute the Morse index of such a critical point at infinity, we observe
that this Morse index corresponds to the Morse index of the critical point of the
following function

2
= NP 2
S D iy O

glag,...,0p, a1,...,ap) = . o s
( =10 K(ai)) "
In the variables «;’s, we have a degenerate critical point (@r,...,&,) which is a
maximum and satisfies
o7 PK(a) _ |
07;72 K(aj)

This critical point has an index equal to p— 1 (since the functional g is homogenous
in the variables «; and the critical point correspond to a maximum). Then we have

2

2 1 & 1 =
glar,...,0p, ar,...,ap) = Sy (Z ﬁ> (1 — |Y|2).

= K(a:)

Here Y € RP~! is the coordinates (as,...,a,). Again using the Morse lemma for
g in the variables a;’s, we obtain

2 /L 1 n u _
gloa, ... 0, a1,...,ap) = S ( 7;2) (L= P+ (a7 P = o)
o K(yj.) i=1
where (aj, a; ) are the coordinates of a; near y;, along the stable and the unstable

manifold of K at y;,. Thus, the Morse index of such a critical point at infinity is
equal to

P
p—1+ Zn —ind(K, y;,).
i=1
Proof of Theorem 1.2. before giving the proof of the Theorem, we will introduce

some definitions

Definition 5.1 Let z,, and z;o two critical points at infinity. 2z, is said to be
dominated by z., if

Wa(2oe) N Wi(2a) # 0

i.e there exists (at least) a flow line of decreasing pseudo-gradient of J descending
from z__ to 2. If we assume that the intersection is transverse, then we obtain

index(z;o) > index(zeo) + 1.

Definition 5.2 Given two sub-manifolds N and M of ¥ which have transverse
intersection and complementary dimensions, we note by (N.P) their number of
intersection points (see [19] for the whole definitions).
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Finally, we also introduce the following definition

Definition 5.3 Let N be a sub-manifold of ¥ and z., be a critical point at infinity
such that i(zo) = dim(N), where i(2s) is the Morse index of J at zo,. Following
definition 5.2, the number of intersection points between N and W°(zs) is well
defined. We denote this number by (N - zs).

Arguing by contradiction, we suppose that J has no critical points in X 7. It follows
from Theorem 1.1 that the critical points at infinity of J are 7,° := (¥i,, ., ¥i,)ocs P €
N* y, € FT,Vj=1,....,pand y;, # v, if j # k. We denote by C> the set of
the critical points at infinity. Recall that

X = U W (15°)

TSeEC® i(T5e) <L

X7 is a stratified set of dimension ¢, which is contractible in . We denote by
6(X;°) the contraction of X;* in . The dimension of §(X;°) is equal to ¢ + 1.
Using the gradient flow of —J to deform 6(X/°). By transversality arguments, we
can assume that deformation avoids all critical points at infinity having their Morse
indices greater than ¢ + 1. It follows then by Proposition 4.21 of [7] (see also the
proof of Lemma 7 of [5]) that (X /°) retracts by deformation on the set

XU U (O(X5°) - 722 W (15°)
ToOEC™, i(TI?O):Z-Q-l

Using the condition (ii) of the Theorem, we may assume that the deformation of
0(X7°) along any pseudo-gradient flow of —J avoids all critical points at infinity
having their Morse indices equal to £+ 1. Thus §(X7°) retracts by deformation on

X = U W= (1,°),
TSoEC i(T50) <t
and hence _
=X =Y ()

TEPEC™, i(Too) <L

since (X ;°) is a contractible set. Here X' denotes the Euler-Poincaré characteristic.
Such an equality contradicts the assumption (i) of Theorem 1.2.

Proof of corollary 1.1. Let ¢ = n — ind(K, y1). It follows from the results of
Theorem 1.1 that under the assumption (Hy),the only critical points at infinity of
the associated variational problem are (¥9)oo, (¥1)oo and (Yo, ¥1)eo of index respec-
tively 0, fand £ 4 1. Thus, the first assumption of Theorem 1.2 follows in this case.
Observe that

X5 = U W) = |J We ().

TP EC™i(Too) <L yeEF+
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On the other hand, the unstable manifold at infinity of such critical points at
infinity W°(y) oo, ¥y € F* can be described using [5] as the product of W(y) ( for
a pseudo-gradient of K) by [4, +oo[ domain of the variable A, for some positive
number A large enough. Thus X/° can be parameterized by X x [A, +o00[, where

X = |J Ws(y). Using the assumption (Hz), there exists a contraction
yeF+

h:[0,1] x X — Q

h continuous, such that for any a € X, h(0,a) = a and h(1,a) = ag a point of X.
Such a contraction gives rise to the following contraction

hoo : [O, 1] X XES — E+, (t,a,/\) — Pé(h(t,a),)\) + v.
Fort =0, hoo(0,a, \)+0 = P4 )+ € X7°, he is a continuous and hoo(1,a, ) =
Po(q,,5) + 0. Setting 0(X°) = hoo([O, 1] x X(E’O) - 0(X;°) is a contraction of

X7 in¥*t. Now we have the following expansion

1P +5) ~ ()

Therefore under the assumption (Hjz) such contraction is performed under the level

n=2
Sp™ 4+ €, € positive small enough. Again by the assumption (Hg) of corollary
n—2
S
1.1, we derive that for each p > 2, J(75°) := 37F_, —_—
K(yi;) ™

[1 +O(%)].

is above the level

n—2
2S," —e. Thus we get
0(X7°)) NWy(p,°) =0, Vp>2.

In particular, for each critical point at infinity (7,°) of index £+ 1 (we have only
(Y0, Y1)oo of index £ + 1, in our statement), we have

(ry) = (X7%) - Wy(73%) = 0.

Thus the second assumption of Theorem 1.2 is satisfied, which concludes the proof
of corollary 1.1.

Proof of Theorem 1.3. We introduce the following lemma.

Lemma 5.1 Let n = 4 and let w be a non-degenerate critical point of J in XV.
Then, for each p € N*, there is no critical points or critical points at infinity in
the set V(p, €, w), that means, we can construct a pseudo-gradient of J so that the
Palais-Smale condition is satisfied along the decreasing flow lines.

Proof. Let uw = Y_%_| a;Pé4, , + ao(w + h) + v in V(p,e,w). Using the expansion
of J(u) given by Proposition 3.1, we have for n = 4,

() Sy P ai+ad||wl? {1 2co00 x— a;w(a;)
u) = .-
(54 oK (a;) +ag || w ||2) : L Ai
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p
C2 1
= 23wy oY) 1+ Yoew)| +IVIE+ HI
i k=R i
The result follows from the above expansion and the fact that w > 0, € €.
Setting

by = sup{i(rp); Tp € Fuo},
for k € {0,...,4;} we define the following sets

X3 = Unery, i(ry)<k W2 (15°),

where W2°(7,°) is the unstable manifold associated to the critical point at infinity
7,7 and

CXP°) == {tu+ (1= 1)(yo)o, t€[0,1], ue Xi7},
where g is a global maximum of K on Q. By a Theorem of Bahri-Rabinowitz [7],
it follows that

Wee(r2) =We(r)u | W)U | Walw),

oo oo
zoo<7'p w<Tp

where o is a critical point at infinity dominated by 7,° and w is a solution of (1.1)
dominated by 7;°. By transversality arguments for we assume that the index of xo
and the Morse index of w are no bigger than k. Hence

Xp=|J weeEeu | waw).

i(rp)<k wWLT®

It follows that X° is a stratified set of top dimension < k. Without loss of gen-
erality we may assume it equals to k, therefore C(X°) is also a stratified set of
top dimension k + 1. Now we use the gradient flow (—0J) to deform C(Xg°). By
dimension arguments we can assume that the deformation avoids all critical as well
as critical points at infinity having their Morse indices greater than k+ 2. It follows
then by a Theorem of Bahri and Rabinowitz [7] that C(X}°) retracts by deformation
on the set
U=Xru |J Wreou [ Walw).
1(Too)=k+1 w<TEe

Now taking k = ¢ and using the assumption of Theorem 1.3, we deduce that there
are no critical points at infinity with index ¢+ 1, we derive that C(X/°) retracts by
deformation onto

Z¥ = XU U W (w). (5.1)
w; VJ(w)=0; wdominated by c(xp°)

Now observe that it follows from the above deformation retract that the problem
(1.1) has necessary a solution w with Morse(w) := m(w) < £+ 1. Otherwise it
follows from (5.1) that

1=x(z&) = Y (-1,

TpEF o, i(Tp) <L
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where X' denotes the Euler Characteristic. Such an equality contradicts the as-
sumption (7) of the Theorem. Now for generic K, it follows from the Sard-Smale
Theorem that all solutions of (1.1) are non-degenerate solutions, in the sense that
their associated linearized operator does not admits zero as an eigenvalue, see [22].
We derive now from (5.1), taking the Euler Characteristic of both sides that:

1= X(Zgo) = Z (_1)i(7p) + Z (_1)7n(w).
TpEF o, i(1p) <V w<C (X)), VJ(w)=0
It follows then that
1— Z (=1)im)| < Z (=1)™®) < N,
TpE€Foo, i(mp) <L w, VJ(w)=0, m(w)<l+1

where Ny denotes the set of solutions of (1.1) having their Morse indices < ¢ + 1.

6 APPENDIX

In this Appendix, we collect the estimates of the different integral quantities which
occur in the paper. These estimates were originally introduced by Bahri [4] and
Bahri-Coron [6]. For the proofs we refer the interested reader to [4], [6] and [20].
In this Appendix, we suppose that A;d; is large enough and €;; is small enough.
We have the following estimates:

H
Lemma 6.1 |[PS? = 8, — ¢ L84 O(log()\d))

An—2 ()\d)n

where ¢1 = ¢ / de and ¢y, is defined in (1.6)

1=Cn — s n .6).

Re (14 2)2)"2
_2n_ 2n AK(a 2n H(a,a
Lemma 6.2 [ KP§»2 =c¢; *K(a)S, + clT() R 2clK(a)% +
log(Ad)

(T )

Lemma 6.3 Fori+# j
H(a;, a; log(A\pd n_ _
(P, Péj) = e (=15 - M) +o(> logQnde) | = log(e;}"))-
k=i,j

n—2

(Aidj) 2
Lemma 6.4 Fori# j

nt2
/Q KPS/ P, = K(aj)(P8;, P5;) + 0( 3

. k—i,j
+ofe+ (Akdk)nﬂ)'

Lemma 6.5 (Pd, A

A S v

oPs n—2 H(a,a) O(log()\d))
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n+2 P —2 AK
Lemma 6.6 [, KP§is /\8a 0 _(n 5 (e)

1
+O(F) 0<(>\d)"*1)>'
Lemma 6.7 Fori# j

OP¢; Ogi; n—2 Ha;,a; log(Akdy) = =2 _
(PO NG5 = er (Mgt (Ai)w])%)*O(Z gD 1o log(i}"))-
‘ ¢ ing) ? k=i,j

Lemma 6.8 Fori# j

nt2 8P6 OP¢; log(Ad) n_ .
/KP6 Ni—— K(aj)(Péj’)‘iT)\i)+O<z +el P log(e;; ))

+ O(W + €ij>-

Lemma 6.9 Fori# j

oPsit OPs; log(AM)  mp
oA = KA *O@j AT
1
+ O(i(Akdk)nfl +€ij)-
10Ps. 1 ¢ OH 1

n210P0 _n—2 VK(a) Cn
Lemma 6.11 [ KP5 {508 = 5=, 5o (1+0(1)) — 20K (a) 10
OH log(A\d) 1
5 (@0 +0( Oar )
Lemma 6.12 For i # j
1 6P6l C1 1 0H 861“ 1)
Ps;, — - . i, 0
( 7N Oa; ) (A )\7)(” 2 \; Oa; 7, aJH_Cl)\ da; + <kZ (Ardr)

Lemma 6.13 Fori#j

wiz 1 QP6, 1 9P, 1 o
/KPéj X oa, = K(a;)(Pd; —_74)—&-0(2'(74-5.. log(g..)).

Lemma 6.14 For i # j

n4+2

1 8P5" 2 1 OPY; 1 —ns _
/ KP(SJ —K((LO(P(%,YW) +O(Z (7 +5ij ZOQ(Eijl)).

aj

Lemma 6.15 For 0 = (4 n) — Pd(a,n) and H the regular part of the Green’s func-
tion, we have the following estimates:
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Cn

0(z) @H(a,w) + O()\(n;)m), 0], 20, = O(()\d)l()

a0 ¢y OH 1 1o o1
%(x)— o2 &l(a,x)—i—O()\(”H)dnH X%‘L% _O(()\d)%)

Lemma 6.16 For each a € €1, near the boundary of 2, let n, = n the outward
normal to 0 at a.
H(a,a) = (2d)?>~" + o(d*™™), H(z,a) < cmaz(dy,d,)? ™"

OH n—2 1 OH c .
—_— < — .
T @00) = g T ) [y @0 < @)

Lemma 6.17 Let ©1 and x4 be two points of Q such that dy < do and cody <

G
Tm)(xhxg) <0.

|x1 — z2| where co is a fized constant. If dy is small enough then (
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