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Abstract

In this paper we consider the following nonlinear elliptic equation with Dirichlet

boundary conditions: −Δu = K(x)up, u > 0 in Ω, u = 0 on ∂Ω, where Ω is

a smooth domain in R
n, n � 4 and p + 1 = 2n

n−2
is the critical Sobolev expo-

nent. Using dynamical and topological methods involving the study of critical

points at infinity we establish, under generic conditions on K, some existence and

multiplicity results.
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1 Introduction and main results.

In this paper, we prove some existence and multiplicity results for the following
nonlinear problem under Dirichlet-boundary conditions⎧⎨⎩ −Δu = K(x)u

n+2
n−2 , in Ω

u > 0 in Ω
u = 0 on ∂Ω.

(1.1)

where Ω is a bounded smooth domain of Rn, n � 4, and K is a C3-positive function
on Ω̄. One motivation to study this equation comes from its resemblance to the pre-
scribed scalar curvature problem in conformal geometry, which consists in finding
suitable conditions on a given function K defined on M to be the scalar curvature
of a metric g̃ conformally equivalent to g, where (M, g) is an n-dimensional Rieman-
nian manifold without boundary. The special nature of problem (1.1) appears once
considered from a variational viewpoint. Indeed, although this problem enjoys a
variational structure in the sense that its solutions can interpreted as critical points
of some functional, its associated Euler-Lagrange functional does not satisfy the
Palais-Smale condition. This means that there exist noncompact sequences along
which, the functional is bounded and its gradient goes to zero. This is due to the

non compactness of the embedding H1
0 (Ω) into L

2n
n−2 (Ω). In the case of manifolds

without boundary, this problem has been widely studied in various works (see for
example the monograph [1] and the reference therein). In contrast to the extensive
literature regarding the prescribed scalar curvature problem on manifolds without
boundary, in particular on spheres, there are few known results on (1.1). In dimen-
sion four, M. Ben Ayed and M. Hammami [11] have studied problem (1.1); they
characterized the critical points at infinity for the associated variational problem
and using an Euler-Poincaré argument, they gave an existence result. See also [16]
for the dimension four. For higher dimensions, E. Hebey [15] studied the case where
Ω is a ball and K = K(|x|). We observe that when K is constant, the problem
(1.1) is called the Yamabe problem on manifolds with boundary. It has also been
studied through the works [5], [10] and some references therein.

In order to state our main results, we need to introduce some notations, and to
pose the assumptions used in this paper. We denote by G the Green function and
by H its regular part, that is for each x ∈ Ω,⎧⎨⎩ G(x, y) = |x− y|−(n−2) −H(x, y) in Ω

ΔH(x, . ) = 0 in Ω
G(x, . ) = 0 on ∂Ω.

(1.2)

Throughout this paper, we assume that K has only non-degenerate critical points
y0, y1, . . . , yh , ordered in the following way:

K(y0) � K(y1) � . . . � K(yh) (1.3)



Nonlinear elliptic equation with Sobolev exponent 539

with ⎧⎪⎪⎨⎪⎪⎩
−ΔK(yi)

3K(yi)
+ 8H(yi, yi) �= 0 for i = 0, 1, . . . , h, if n = 4

ΔK(yi) �= 0 for i = 0, 1, . . . , h, if n � 5.

(1.4)

Let F+ be the subset of the critical points of K satisfying⎧⎪⎪⎨⎪⎪⎩
−ΔK(yi)

3K(yi)
+ 8H(yi, yi) > 0 if n = 4

−ΔK(yi) > 0 if n � 5.

(1.5)

(A1) Assume that for each x ∈ ∂Ω, we have
∂K(x)

∂ν
< 0 , where ν is the outward

normal vector on ∂Ω.

In the first part of this work, we focus on the case n ≥ 5 and characterize
the critical points at infinity of the associated variational problem (see definition
2.1), which will be used to prove some existence results. A similar problem has been
studied in [5], [2] and [3] but on a compact Riemannian manifold without boundary.
For a ∈ Ω and λ > 0, let

δa,λ(x) = cn

( λ

1 + λ2|x− a|2
)n−2

2

(1.6)

where cn is a positive constant chosen such that δa,λ is the family of solutions of
the following problem

−Δu = |u| 4
n−2u, u > 0 inRn. (1.7)

Let P be the projection from H1(Ω) on H1
0 (Ω); that is, u = Pf is the unique

solution of

Δu = Δf in Ω , u = 0 on ∂Ω. (1.8)

Our first main result is the following:

Theorem 1.1 Let n ≥ 5. Assume that (1.1) has no solutions. Under the assump-
tion (A1), the critical points at infinity of the associated variational problem (see
definition 2.1 below) correspond to

(yi1 , . . . , yip)∞ :=

p∑
j=1

1

K(yij )
n−2
n

Pδ(yij
,∞)

where p ∈ N
∗ and the points yij are the critical points of K satisfying −ΔK(yij ) >

0 , for any i = 1, . . . , p and any yij �= yik if j �= k. Such a critical point at in-
finity has a Morse index equal to i(yi1 , . . . , yip)∞ := p − 1 +

∑p
j=1 n − kij , where

kij :=ind(K, yij ).
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The proof of this theorem is quite delicate and extremely technical. It relies on
the construction of a suitable pseudo-gradient Z at infinity, as in [5], [8], which is
based on very delicate expansion of the associated Euler-Lagrange functional J and
its gradient ∂J in the neighborhood of its potential critical point at infinity. With
respect to the closed case, new difficulties arise here. For example, looking at the
expansion of J near infinity, one notices that the regular part of the Green function
goes to infinity, and therefore dominates ΔK (see the expansion of J below). To
overcome such a difficulty, we need to control the flow lines near the boundary. In
[1], T. Aubin showed that any concentration point on ∂Ω of a sequence of subcritical
solutions has to satisfy ∂K

∂ν < 0 (see Proposition 6.44 of [1]). Using the assumption
(A1), we prove in our case that the boundary does not have any role in the existence
of a critical point at infinity. To analyze the effect of the boundary, we define a
pseudo-gradient vector field for J , which allows us to control the minimal distance
to the boundary, in fact along the flow lines generated by this vector field, the
minimal distance to the boundary is an increasing function whenever it is small
enough. Furthermore, if all the points are in a compact set of Ω, the regular part of
the Green function becomes bounded and we can extend the construction of [5] to
our situation. We hope that this theorem and its related delicate construction will
be useful elsewhere. For example it should be useful for the study of the existence
of solutions to (1.1). At this point, we will illustrate its usefulness through the
following result.Set C∞ the set of the critical points at infinity of the associated
variational problem:

C∞ =
{
τ∞p := (yi1 , . . . , yip)∞; p ∈ N

∗, yik ∈ F+ ∀ k = 1, . . . , p

and yik �= yij if k �= j
}
.

Let l� := sup{i(τ∞p ), τ∞p ∈ C∞}. For � = 0, . . . , �� we define the following set

X∞
� =

⋃
τ∞
p ∈C∞, i(τ∞

p )≤�

W∞
u (τ∞p )

where W∞
u (τ∞p ) is the unstable manifold associated to the critical point at infinity

τ∞p . X∞
� is a stratified set of top dimension ≤ �. Without loss of generality, we may

assume it equals to �. Moreover X∞
� is contractible in Σ+, since Σ+ is a contractible

set. Let θ(X∞
� ) be a contraction ofX∞

� in Σ+, θ(X∞
� ) is a stratified set of dimension

� + 1. Now for each τ∞p ∈ C∞ such that i(τ∞p ) = � + 1, we define the intersection
number modulo 2, between the suspension of the complex at infinity of order �+1,
θ(X∞

� ) and the stable manifold of the critical point at infinity τ∞p by

μ(τ∞p ) = θ(X∞
� ) ·W∞

s (τ∞p ).

Observe that this intersection number is well defined since we may assume by
transversality that

∂(θ(X∞
� )) ∩W∞

s (τ∞p ) = ∅.
Indeed, dim ∂(θ(X∞

� )) = � while codimW∞
s (τ∞p ) = �+ 1.

We are now ready to state the following existence result
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Theorem 1.2 Let Ω ⊂ R
n;n ≥ 5 and 0 < K ∈ C2(Ω) meeting the assumption

(A1). If there exists � ∈ N such that

(i)
∑

τ∞
p ∈C∞, i(τ∞

p )≤�

(−1)i(τ
∞
p ) �= 1,

(ii) μ(τ∞p ) = 0 (mod 2), for any τ∞p ∈ C∞ such that i(τ∞p ) = �+ 1,

then there exists a solution w of (1.1) such that:

Morse(w) ≤ �+ 1,

where Morse(w)is the Morse index of w.

Now observe that under our assumption, for n ≥ 5 the above sum, when taking
into account all the critical points at infinity is always equal to 1. Hence there is no
hope to obtain an existence result by using the total sum. However, it might happen
that some critical points at infinity induce some difference of topology between the
level sets of J . A natural question arises therefore: under which condition can we
use this local information to deduce an existence result? Regarding this question,
Theorem 1.2 gives a sufficient condition under which the fact that some partial sum
is different from one implies that our problem has at least one solution. An example
of functions satisfying the conditions of Theorem 1.2 is the family of functions given
by A. Bahri (see page 324 of [2]). Indeed, assume the following:
(H1) K(y0) ≥ K(y1) ≥ . . . ≥ K(yh), with F+ = {y0, y1},
(H2) Ω is a contractible set.

Corollary 1.1 On Ω ⊂ R
n;n ≥ 5, let 0 < K ∈ C2(Ω) satisfying the assumptions

(A1), (H1) and (H2). There exists a universal constant ε(n) > 0 such that if

(H3) ‖K − 1‖L∞(Ω) ≤ ε(n),

then problem (1.1) has a solution.

Our aim in the second part of this work is to extend the above argument to
dimension four, in order to give some existence and multiplicity results generalizing
the previous existence result obtained by Ben Ayed and Hammami [11]. For s ∈ N

∗

and for any s-tuple τs = (yi1 , ..., yis) ∈ (F+)s such that yip �= yiq if p �= q, we define
a matrix M(τs) = (Mpq)1≤p,q≤s by⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

Mpp = − ΔK(yip)

3K(yip)
2
+

8H(yip , yip)

K(yip)

Mpq = −8
G(yip , yiq )(

K(yip)K(yiq )
) 1

2

for p �= q.

(1.9)

We denote by ρ(τs) the least eigenvalue of M(τs). It was first pointed out by A.
Bahri [4], that when the self interactions of the functions failing the Palais-Smale
condition and the mutual interactions between two different such functions are of
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the same size, the function ρ plays a fundamental role in the existence of solutions
to problems like (1.1). Regarding problem (1.1), such a phenomenon appears for
n = 4, see [11].

(A2) Assume that for any s ∈ N
∗, ρ(τs) �= 0.

We set

F∞ := {τp = (y1, . . . , yp) ∈ F+ (see 1.5), p ∈ N
∗, such that ρ(τp) > 0}

and we define an index i : F∞ → N, defined by i(τp) = p− 1+
∑p

i=1 4− ind(K, yi)
where ind(K, yi) denotes the Morse index of K at yi.
Now we state our main result for dimension four.

Theorem 1.3 Let Ω ⊂ R
4 and 0 < K ∈ C2(Ω) satisfying the assumptions (A1)

and (A2).
If there exists � ∈ N such that:
(i)

∑
τp∈F∞, i(τp)≤�

(−1)i(τp) �= 1,

(ii) ∀ τp ∈ F∞, i(τ∞p ) �= �+ 1.
Then, there exists a solution w to the problem (1.1) of Morse index ≤ �+ 1.
Moreover for generic K, we have

N� ≥
∣∣∣∣∣1− ∑

τp∈F∞, i(τp)≤�

(−1)i(τp)

∣∣∣∣∣
where N� denotes the set of solutions of (1.1) having their Morse indices less or
equal to �+ 1.

We point out here that, taking in the above statement, � to be ��, where �� is the
maximal index over all elements of F∞, the second assumption of theorem 1.3 is
trivially satisfied. Thus, as consequence of the above theorem we have the following
corollary, which recovers previous existence result of [11].

Corollary 1.2 On Ω ⊂ R
4, let 0 < K ∈ C2(Ω) satisfying the assumptions (A1)

and (A2). If, ∑
τp∈F∞

(−1)i(τp) �= 1,

then there exists at least one solution of (1.1). Moreover for generic K, we have

N ≥
∣∣∣∣∣1− ∑

τp∈F∞

(−1)i(τp)

∣∣∣∣∣
where N denotes the set of solutions of (1.1).

The rest of the paper is organized as follows. In the second section, we set up
the variational structure and we recall some well known facts. In the third section,
we perform an accurate expansion of J near potential critical points at infinity and
we prove a Morse Lemma at infinity. In section four we construct a pseudo-gradient
W , that will be useful in the proof of Theorem 1.1; and in the last section, we give
the proofs of our existence and multiplicity results.
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2 Variational structure and preliminary results.

Our problem (1.1) has a variational structure. Indeed, solutions of (1.1) correspond
to positive critical points of the functional

I(u) =
1

2

∫
Ω

|∇u|2 − n− 2

2n

∫
Ω

K|u| 2n
n−2 (2.1)

defined on H1
0 (Ω). Let Σ =

{
u ∈ H1

0 (Ω) , s.t. ‖u‖2 =
∫
Ω
|∇u|2 = 1

}
, and

Σ+ =
{
u ∈ Σ , u > 0

}
. Instead of working with the functional I defined above, it

is more convenient here to work with the functional

J(u) =

∫
Ω
|∇u|2(∫

Ω
K|u| 2n

n−2

)n−2
n

(2.2)

defined on Σ. One can easily verify that if u is a critical point of J on Σ+, then
J(u)

n
4 u is a solution of (1.1). Notice that the functional J does not satisfy the

Palais-Smale condition (P.S for short). That is that there exist sequences along
which J is bounded, its gradient goes to zero and which is not convergent. The
analysis of the sequences failing (P.S) condition can be performed following the
ideas introduced in [12] and [18]. Let for ε > 0 p ∈ N

∗ and w either a solution of
(1.1) or zero,

V (p, ε, w) =
{
u ∈ Σ+ s.t. ∃ ai ∈ Ω, λi >

1
ε , αi > 0 for 1 � i � p,

and ∃ α0 > 0, with ‖u− α0w −∑p
i=1 αiPδai,λi‖ < ε, εij < ε ∀ i �= j,

λidi >
1

ε
,
∣∣∣α 4

n−2

i K(ai)

α
4

n−2

j K(aj)
− 1
∣∣∣< ε ∀ i, j = 1, . . . , p, and |α

4
n−2

0 J(u)
n

n−2 − 1| < ε
}

where di = d(ai, ∂Ω) and εij =
(
λi

λj
+

λj

λi
+λiλj |ai−aj |2

)− (n−2)
2 . If u is a function in

V (p, ε, w), one can find an optimal representation of u following the ideas introduced
in [6] and [5]. Namely we have

Proposition 2.1 For any p ∈ N
∗, there is εp > 0 such that if ε < εp and u ∈

V (p, ε, w), then the following minimization problem

min
{ ‖u−∑p

i=1 αiPδai,λi −α0(w+h)‖ , αi > 0 , λi > 0 , ai ∈ Ω , h ∈ TwWu(w)
}

(2.3)
has a unique solution (ᾱ, ā, λ̄, h̄) (up to permutation) . Thus we can uniquely write
u as follows (we drop the bar)

u =
∑p

i=1 αiPδai,λi + α0(w + h) + v (2.4)

where v belongs to H1
0 (Ω) ∩ TwWs(w), and satisfies⎧⎪⎨⎪⎩

〈v, φi〉 = 0 for i = 1, ..., p and φi = Pδi,
∂Pδi
∂λi

,
∂Pδi
∂ai〈v, w〉 = 0

〈v, h〉 = 0 for all h ∈ TwWu(w).

(2.5)
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Here, Pδi = Pδai,λi
and 〈 , 〉 denotes the scalar product defined on H1

0 (Ω) by

〈u, v〉 =
∫
Ω

∇u∇v.

Notice that Proposition 2.1 is also true if we take w = 0, therefore h = 0 and
u ∈ V (p, ε) := V (p, ε, 0). The failure of the (P.S) condition can be described
following the ideas developed in [12], [18] and [21]. Such a description is by now
standard and reads as follows. Let ∂J be the gradient of J .

Proposition 2.2 Let (uj)j ⊂ Σ+ be a sequence such that ∂J tends to zero and
J(uj) is bounded. Then, there exists an integer p ∈ N

∗, a sequence εj > 0,
εj → 0, and an extracted subsequence of uj’s, again denoted by uj, such that
uj ∈ V (p, εj , w), where w is zero or a solution of (1.1).

Following A. Bahri [4], we introduce the following definition:

Definition 2.1 A critical point at infinity of J in Σ+ is a limit of a flow line u(s)
of the equation ⎧⎪⎨⎪⎩

∂u

∂s
= −∂J(u)

u(0) = u0

such that u(s) remains in V (p, ε(s), w), for s � s0. .

Here, w is either zero or a solution of (1.1), and ε(s) is some function tending to
zero when s → +∞. Using Proposition 2.1, u(s) can be written as:

u(s) =

p∑
i=1

αi(s)Pδai(s),λi(s) + α0(s)
(
w + h(s)

)
+ v(s).

Denoting by ai = lim ai(s) and αi = limαi(s) , we denote by

(a1, . . . , ap, w)∞ or

p∑
i=1

αiPδai,∞ + α0w

such a critical point at infinity. If w �= 0, it is called of w-type.

3 Expansion of the functional and its gradient.

In this section we will give the expansion of the functional in the potential sets
V (p, ε, w) where w is critical point of J or zero, (∂J(u), 1

λi

∂Pδi
∂ai

) and (∂J(u), λi
∂Pδi
∂λi

)
in V (p, ε), where δi denotes δ(ai, λi).
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Proposition 3.1 For ε > 0 small enough and u =
∑p

i=1 αiPδai,λi
+α0(w+ h) + v

in V (p, ε, w), we have the following expansion

J(u) =
Sn

∑p
i=1 α

2
i + α2

0 ‖ w ‖2(
Sn

∑p
i=1 α

2n
n−2

i K(ai) + α
2n

n−2

0 ‖ w ‖2)n−2
n

[
1− 2c2α0

γ1

p∑
i=1

αiw(ai)

λ
n−2
2

i

− 1

β1

n− 2

n
c3

p∑
i=1

α
2n

n−2

i ΔK(ai)

λ2
i

+
1

γ1
c2

p∑
i=1

α2
iH(ai, ai)

λn−2
i

− 1

γ1
c2
∑
i
=j

αiαj

×
(
εij − H(ai, aj)

(λiλj)
n−2
2

)
+ f1(v) +Q1(v) + f2(h) +Q2(h)

+ o
(∑

k

1

λ2
k

+
1

(λk dk)n−2
+
∑
i
=j

εij + ‖v‖2 + ‖h‖2
)]

where,

Sn =

∫
Rn

δ
2n

n−2

(O, 1)(x)dx, c2 = c
2n

n−2
n

∫
Rn

dy

(1 + |y|2)n+2
2

, c3 = c
2n

n−2
n

∫
Rn

|y|2
(1 + |y|2)n dy

β1 = Sn

p∑
i=1

α
2n

n−2

i K(ai) + α
2n

n−2

0 ‖w‖2, γ1 = Sn

p∑
i=1

α2
i + α2

0 ‖ w ‖2

Q1(v) =
1

γ1
‖v‖2 − 1

β1

n+ 2

n− 2

∫
K

p∑
i=1

(αiPδi)
8

n−4 v2 − 1

β1

n+ 2

n− 2
α

4
n−2

0

∫
Kw

4
n−2 v2

Q2(h) =
1

γ1
‖h‖2 − 1

β1

n+ 2

n− 2
α

4
n−2

0

∫
Kw

4
n−2h2

f1(v) = − 2

β1

∫
K

p∑
i=1

(αiPδi)
n+2
n−2 v, and

f2(h) =
2α0

γ1

p∑
i=1

αi〈Pδi, h〉 − 2α0

β1

∫
K
( p∑
i=1

αiPδi + α0w
) n+2

n−2h

Proof. Recall that

J(u) =
‖u‖2(∫

Ω
K|u| 2n

n−2

)
n−2
n

.

We need to estimate N = ‖u‖2 and D
n

n−2 =
∫
Ω
K|u| 2n

n−2 . Expanding N we get

p∑
i=1

αi‖Pδi‖2 + 2αiα0〈Pδi, w + h〉+ α2
0

(‖h‖2 + ‖w‖2)+ ‖v‖2 +
∑
i
=j

αiαj〈Pδi, Pδj〉.
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Using a computation similar to the one performed in [4], we have

‖Pδi‖2 = Sn − c2
H(ai, ai)

λn−2
i

+O
( logλidi
(λiλj)n

)
.

〈Pδi, Pδj〉 = c2

(
εij − H(ai, aj)

(λiλj)
n−2
2

)
+O

(
ε

n
n−2

ij log(ε−1
ij ) +

∑
k=i, j

logλkdk
(λkdk)n

)
, For i �= j

〈Pδi, w〉 =
∫
Ω

δ
n+2
n−2

i w = c2
w(ai)

λ
n−2
2

i

+O
( logλidi

λ
n−2
2

i (λidi)2

)
.

Thus

N = γ1 + 2c2α0

p∑
i=1

αi
w(ai)

λ
n−2
2

i

+ 2α0

p∑
i=1

αi〈Pδi, h〉+ c2
∑
i
=j

αiαj(εij − H(ai, aj)

(λiλj)
n−2
2

)

− c2

p∑
i=1

α2
i

H(ai, ai)

λn−2
i

+ α2
0‖h‖2 + ‖v‖2 + o

(∑
i

1

λ
n−2
2

i

+
1

(λi di)n−1
+
∑
i
=j

εij

)
.

(3.1)

D
n

n−2 =

∫
Ω

K|u| 2n
n−2

=

∫
K
( p∑
i=1

αiPδi
) 2n

n−2 + α
2n
n−2
0

∫
Kw

2n
n−2 + 2n

n−2α0

∫
K
( p∑
i=1

αiPδi
) n+2

n−2w

+ 2n
n−2α

n+2
n−2

0

∫
K
( p∑
i=1

αiPδi
)
w

n+2
n−2 + 2n

n−2

∫
K
( p∑
i=1

αiPδi + α0w
) n+2

n−2 ×

(α0h+ v) + n(n+2)
(n−2)2

∫
K
( p∑
i=1

αiPδi + α0w
) 4

n−2 (α2
0h

2 + v2 + 2α0hv) +

+ O

(∑
i

∫
w

4
n−2Pδ2i + w2Pδ

4
n−2

i

)
+ o
(‖v‖2 + ‖h‖2). (3.2)

Using Lemmas 6.1, 6.2, 6.3, 6.4 and 6.15, we derive∫
K
( p∑
i=1

αiPδi
) 2n

n−2 =

p∑
i=1

α
2n

n−2

i

(
K(ai)Sn + c3

ΔK(ai)

λ2
i

− 2n

n− 2
c2K(ai)×

H(ai, ai)

λn−2
i

)
+

2n

n− 2
c2
∑
i
=j

α
n+2
n−2

i αjK(ai)εij

− 2n
n−2c2

∑
i
=j

α
n+2
n−2

i αjK(ai)
H(ai, aj)

(λiλj)
n−2
2

+ o
(∑

i

1

λ2
i

+
1

(λi di)n−1
+
∑
i
=j

εij

)
. (3.3)
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∫
Kw

2n
n−2 = ‖w‖2. (3.4)∫

Kw
n+2
n−2Pδi = c2

w(ai)

λ
n−2
2

i

+ o
( 1

λ
n−2
2

i

)
. (3.5)

∫
K
( p∑
i=1

αiPδi
) n+2

n−2w = c2

p∑
i=1

α
n+2
n−2

i K(ai)
w(ai)

λ
n−2
2

i

+ o
( p∑
i=1

1

λ
n−2
2

i

)
. (3.6)

∫
w

4
n−2Pδ2i + w2Pδ

4
n−2

i = O
( 1

λn−2
i

)
. (3.7)

∫
K
( p∑
i=1

αiPδi + α0w
) 4

n−2 vh = o
(
‖v‖2 + ‖h‖2 +

p∑
i=1

1

λn−2
i

)
. (3.8)

Concerning the linear form in v, since v ∈ Tw

(
Ws(w)

)
, it can be written as∫

K
( p∑
i=1

αiPδi + α0w
) n+2

n−2 v

=

∫
K
( p∑
i=1

αiPδi
) n+2

n−2 v +O

(∑
i

∫ (
w

4
n−2Pδi + wPδ

4
n−2

i

)
|v|
)

= f1(v) + o
(∑

i

‖v‖
λ

n−2
2

i

)
.

Finally we have∫
K
( p∑
i=1

αiPδi+α0w
) 4

n−2 v2 =

p∑
i=1

∫
K
(
αiPδi

) 4
n−2 v2+α

4
n−2

0

∫
Kw

4
n−2 v2+o(‖v‖2)

(3.9)∫
K
( p∑
i=1

αiPδi + α0w
) 4

n−2h2 = α
4

n−2

0

∫
Kw

4
n−2h2 + o(‖h‖2). (3.10)

Combining (3.1) to (3.10), and since
α

4
n−2
i K(ai)

α
4

n−2
j K(aj)

= 1+ o(1), our proposition follows.

Proposition 3.2 We have
(i) Q1(v) is a definite positive quadratic form on

Ev =
{

v ∈ H1
0 (Ω) ∩ Tw

(
Ws(w)

)
s.t v satisfies (2.5)

}
.

(ii) Q2(h) is a definite negative quadratic form on Tw

(
Wu(w)

)
.

Proof. The proof is similar up to minor modifications to the corresponding statement
in [5](see the proof of Lemma 6 of [5]). As a Corollary of Proposition 3.2, we have
the following result.



548 Z. Bouchech, H. Chtioui

Proposition 3.3 Let u =
∑p

i=1 αiPδai,λi
+α0(w+ h) + v in V (p, ε, w). There is

an optimal (v̄, h̄) and a change of variables, v − v̄ �−→ V and h− h̄ �−→ H , such
that J reads as

J(u) = J
( p∑
i=1

αiPδai,λi + α0w + h̄+ v̄
)
+ ‖V ‖2 − ‖H‖2.

Furthermore, we have the following estimates

‖h̄‖ = O
( p∑
i=1

1

λ
n−2
2

i

)
and

‖v̄‖ = O
( p∑
i=1

|DK(ai)|
λi

+
1

λ2
i

)

+

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
O
(∑

i
=j εij
(
log ε−1

ij

)n−2
n +

∑
i

1

(λi di)n−2

)
if n < 6

O
(∑

i
=j ε
n+2

2(n−2)

ij

(
log ε−1

ij

)n+2
2n +

∑
i

(log λi di)
n+2
2n

(λi di)
n+2
2

)
if n � 6.

Hence

J(u) =
Sn

∑p
i=1 α

2
i + α2

0 ‖ w ‖2(
Sn

∑p
i=1 α

2n
n−2

i K(ai) + α
2n

n−2

0 ‖ w ‖2)n−2
n

[
1− 2c2α0

γ1

p∑
i=1

αiw(ai)

λ
n−2
2

i

− 1

β1

n− 2

n
c3

p∑
i=1

α
2n

n−2

i ΔK(ai)

λ2
i

+
1

γ1
c2

p∑
i=1

H(ai, ai)

K(ai)
n−2
2 λn−2

i

− 1

γ1
c2
∑
i
=j

αiαj

(
εij − H(ai, aj)

(λiλj)
n−2
2

)
+ o
(∑

i

1

λ2
i

+
1

(λi di)n−2
+
∑
i
=j

εij

)]
+ ‖V ‖2 − ‖H‖2.

Proof. The expansion of J with respect to h (respectively to v) is very close up to a
multiplicative constant to Q2(h)+f2(h) (respectively to Q1(v)+f1(v)). Since Q2 is
negative definite (respectively Q1 is positive definite), there is a unique maximum h̄
in the space of h (respectively a unique minimum v̄ in the space of v). Furthermore,
it is easy to derive that ‖h̄‖ � c‖f2‖ and ‖v̄‖ � c‖f1‖ . The estimate of v̄ follows
from Proposition 5.4 of [4]. For the estimate of h̄ we use the fact that for each
h ∈ TwWu(w) which is a finite dimensional space, we have ‖h‖∞ � c‖h‖. Therefore,
we derive that ‖f2‖ = O

(∑p
i=1

1

λ
n−2
2

i

)
. Then our result follows.
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Proposition 3.4 Let n ≥ 5. For ε small enough and u =
∑p

i=1 αiPδi ∈ V (p, ε),
we have the following expansion:

(∂J(u), λi
∂Pδi
∂λi

)H1
0

= 2J(u)
[
αic̃1(

n− 2

n
)
ΔK(ai)

K(ai)λ2
i

− n− 2

2
αic̃2

H(ai, ai)

λn−2
i

− c̃2
∑
j 
=i

αj(λi
∂εij
∂λi

+
n− 2

2

H(ai, aj)

(λiλj)
n−2
2

)
]

+ o
(∑
i
=j

εij +
1

λ2
i

+

p∑
k=1

1

(λkdk)n−1

)
+O

(∑
k 
=j

ε
n

n−2

kj log(ε−1
kj )
)
,

where c̃1 and c̃2 are two positif constants.

We have
∂J(u) = 2J(u)

[
u+ J(u)

n
n−2Δ−1

(
Ku

n+2
n−2

)]
.

Thus

(∂J(u), λi
∂Pδi
∂λi

)H1
0
= 2J(u)

[∑
j

αj(Pδj , λi
∂Pδi
∂λi

)− J(u)
n

n−2

∫
Ku

n+2
n−2λi

∂Pδi
∂λi

]
.

(3.11)
Observe that( p∑

j

αjPδj

) n+2
n−2

=

p∑
j

(αjPδj)
n+2
n−2 +

n+ 2

n− 2
(αiPδi)

4
n−2

∑
j 
=i

αjPδj

+ O
(
(αiPδi)

2
n−2

∑
j 
=i

(αjPδj)
n

n−2

)
+ O

( ∑
j 
=k, k;j 
=i

(αjPδj)
2

n−2 (αkPδk)
2

n−2

)
.

Combining (3.12), (3.13), Lemmas 6.5, . . . , 6.9 and the fact that | λi
∂Pδi
∂λi

|≤ cδi, P δk ≤
δk and J(u)

n
n−2α

4
n−2

j K(aj) = 1 + o(1) ∀ j = 1, . . . , p. Proposition 3.4 follows.

Proposition 3.5 Let n ≥ 5. For ε small enough and u =
∑p

i=1 αiPδi ∈ V (p, ε),
we have

(∂J(u),
1

λi

∂Pδi
∂ai

)H1
0

= J(u)
[
−α

n+2
n−2

i c̃4J
n

n−2
∇K(ai)

λi
(1 + o(1))

+
αi

λn−1
i

c̃3
∂H(ai, ai)

∂ai
(1 + o(1))

− c̃2
∑
j 
=i

αj(
1

λi

∂εij
∂ai

− 1

(λiλj)
n−2
2 λi

∂H(ai, aj)

∂ai
)(1 + o(1))

]

+ O
(∑
k 
=j

ε
n

n−2

kj log(ε−1
kj ) +

1

λ2
i

+

p∑
k=1

log(λkdk)

(λkdk)n

+ λj |ai − aj |ε
n+1
n−2

ij

)
,
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where c̃3 and c̃4 are two positif constants

Proof. As in the proof of Proposition 3.4, we get (3.12) but with λi
∂Pδi
∂λi

changed by
1
λi

∂Pδi
∂ai

. Thus, using lemmas 6.10, . . . , 6.14 the proposition follows.

4 Construction of a pseudo-gradient.

Observe that for u =
∑p

i=1 αiPδaiλi + v ∈ V (p, ε), using Proposition 3.3 after a
change of variables we can write

J(u) = J(

p∑
i=1

αiPδaiλi + v) + |V |2.

In the V variable we define a pseudo-gradient by setting

∂V

∂s
= −μV,

where μ is a very large constant. Then at s = 1 V (s) = e−μsV (0) will be very small
as we wish. This shows that in order to define our deformation, we can work as if
V was zero. The deformation will extend immediately with the same properties to
a neighborhood of zero in the V variable. Therefore we need to define a vector field
in {∑p

i=1 αiPδaiλi + v ∈ V (p, ε)}.
Theorem 4.1 Let n ≥ 5. There exists a pseudo-gradient W so that the following
holds. There is a constant c > 0 independent of u =

∑p
i=1 αiPδaiλi ∈ V (p, ε) so

that

(i)
(
∂J(u),W (u)

)
≤ −c

( p∑
i

(
|∇K(ai)|

λi
+

1

λ2
i

+
1

(λidi)n−1
) +
∑
i
=j

ε
n−1
n−2

ij

)
.

(ii)
(
∂J(u+ v),W (u) +

∂v

∂(α, a, λ)
(W )

)
≤ −c

( p∑
i

(
|∇K(ai)|

λi
+

1

λ2
i

+
1

(λidi)n−1
) +

∑
i
=j

ε
n−1
n−2

ij

)
.

(iii) The minimal distance to the boundary di(t) = d(ai(t)∂Ω), only increases if it
is small enough.

(iv) |W | is bounded. Furthermore, the only case where the maximum of the λi’s is
not bounded is when each point ai is close to a critical point yji of K in F+ (see
1.5) with yji �= yjk for each i �= k.

(v)If each ai belongs to a neighborhood of yji ∈ F+ with yji �= yjk for i �= k there
exists a change of variables

(ai, λi) −→ (a
′
i, λ

′
i)



Nonlinear elliptic equation with Sobolev exponent 551

such that

J(

p∑
i=1

αiPδi + v) =
S

2
n
n
∑p

i=1 α
2
i(∑p

i=1 α
2n

n−2

i K(a
′
i)
)n−2

n

{1− η

p∑
i=1

ΔK(yji)

λ
′
i
2 }+ |V |2

where η is a positive constant.

Before giving the proof of theorem 4.1, we need to state two results which deal with
two specific cases of theorem 4.1. The proof of these results will be given later. Let
d0 > 0 be a constant small enough such that

∂K

∂ν
(x) < −c0, ∀x ∈ Ωd0 := {x ∈ Ω, d(x, ∂Ω) ≤ 2d0}, where, c0 > 0, a fixed constant.

Then we have the following propositions

Proposition 4.1 In Ṽ (p, ε) := {u =
∑p

i=1 αiPδi ∈ V (p, ε), d(ai, ∂Ω) ≥ d0, ∀ 1 ≤
i ≤ p}, there exists a pseudo-gradient W1 so that the following holds: There is a

constant c > 0 independent of u ∈ Ṽ (p, ε) so that

(∂J(u),W1(u)) ≤ −c
( p∑

i

[
|∇K(ai)|

λi
+

1

λ2
i

] +
∑
i
=j

εij

)
.

Proposition 4.2 In Vb(p, ε) := {u =
∑p

i=1 αiPδi ∈ V (p, ε), d(ai, ∂Ω) ≤ 2d0, ∀ 1 ≤
i ≤ p}, there exists a pseudo-gradient W2 so that the following holds: There is a
constant c > 0 independent of u ∈ V2(p, ε) so that

(∂J(u),W2(u)) ≤ −c
( p∑

i

[
|∇K(ai)|

λi
+

1

(λidi)n−1
] +
∑
i
=j

ε
n−1
n−2

ij

)
.

Proof of Theorem 4.1 We divide the set {1, ..., p} into two sets.
The first contains the indices of the points near the ∂Ω and the second contains the
indices of the points far away from ∂Ω. Let us define
B := {1 ≤ i ≤ p s.t di ≥ 2d0}.
B1 : = B ∪ {i �∈ B s.t ∃(i1, ..., ir)with i1 = i, ir ∈ B, and |aik−1

− aik | <
d0
p

∀ k ≤ r}.

B2 := {1, ..., p}\B1.
Observe that

(O1) di := d(ai, ∂Ω) ≤ 2d0 ∀ i ∈ B2.

(O2) The advantage of B1 is that if i ∈ B1 and j �∈ B1, then |ai − aj | ≥ d0
p
.

Now we write u as

u := u1 + u2, uk :=
∑
i∈Bk

αiPδi (1 ≤ k ≤ 2).
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Observe that u1 ∈ Ṽ (card(B1), ε). Then we use the previous construction as in
Propositions 4.1 to u1, which means we apply the previous construction to the sub-

pack of functions u =
∑card(B1)

i=1 αiPδi forgetting the indices i �∈ B1. Let W1(u1)
be the vector field thus defined. The same argument can be repeated for u2 which
is in Vb(card(B2), ε) and we will denote by W2(u2) the vector field thus defined.
Define W as W (u) = W1(u1) +W2(u2). Thus we have(

∇J(u),W (u)
)

=
(
∇J(u1),Wk(u1)

)
+
(
∇J(u2),Wk(u2)

)
+ o

( p∑
k

[
1

λ2
k

+
1

(λkdk)n−1
] +

∑
i∈B1, j 
∈B1

εij

)
.

From the observation (O1) we get εij = o(
∑
k=i, j

1

(λk)
n−2
2

) = o(
∑
k=i, j

1

(λk)2
), since

n ≥ 5. Thus claim (i)of Theorem 4.1 follows. The proof of claim (ii) is similar to
the proof of Lemma 3.3 of [8] and Appendix 2 of [5]. The conditions (iii) and (iv)
are satisfied by the definition of the vector field W and the proof of (v) follows from
the expansion of the functional J given by Proposition 3.3 taking w = 0 and v = 0

so that H = 0, V = 0 and O
(∑
i
=j

εij +
∑
i,j

H(ai, aj)

(λiλj)
n−2
2

)
= o
( p∑
i=1

1

λ2
i

)
.

Proof of Proposition 4.1. Let η > 0 a fixed constant small enough with
|yi − yj | > η ∀ i �= j. We divide the set Ṽ (p, ε) into four sets

V1(p, ε) := {u =

p∑
i=1

αiPδi ∈ Ṽ (p, ε), ai ∈ B(yji , η)with −ΔK(yji) > 0,

∀ i = 1, . . . , p, and yji �= yjk ∀ i �= k}.

V2(p, ε) := {u =

p∑
i=1

αiPδi ∈ Ṽ (p, ε), ai ∈ B(yji , η), ∀i �= k, ∀ i = 1, . . . , p,

yji �= yjk and ∃ i1, . . . , iq s.t −ΔK(yik) < 0, ∀ k = 1, . . . , q}.

V3(p, ε) := {u =

p∑
i=1

αiPδi ∈ Ṽ (p, ε), ai ∈ B(yji , η), ∀ i = 1, . . . , p, and ∃ i �= k

s.t yji = yjk}.

V4(p, ε) := { u =

p∑
i=1

αiPδi ∈ Ṽ (p, ε), s.t ∃ ai �∈ ∪∇K(y)=0 B(y, η)}.

We will define the pseudo-gradient depending on the sets Vi(p, ε), i = 1, ..., 4 to
which u belongs.
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Lemma 4.1 In V1(p, ε), there exists a pseudo-gradient W̃1 so that the following
holds: There is a constant c > 0 independent of u ∈ V1(p, ε) so that

(∂J(u), W̃1(u)) ≤ −c
( p∑
i=1

[ |∇K(ai)|
λi

+
1

λ2
i

]
+
∑
i
=j

εij

)
.

Proof. In this region, we define Z1, by Z1 =
∑p

i=1 αiλi
∂Pδi
∂λi

. From Proposition 3.4
we obtain

(∂J(u), Z1) = 2J(u)

[
p∑

i=1

α
2n

n−2

i c2J(u)
n

n−2 (
n− 2

n
)
ΔK(ai)

K(ai)λ2
i

− c2
∑
j 
=i

αjαiλi
∂εij
∂λi

]

+ o
(∑
i
=j

εij +

p∑
i=1

1

λ2
i

)
.

We have −ΔK(ai) is close to −ΔK(yji) > 0, ∀ i = 1, . . . , p. Moreover |ai − aj | ≥
η ∀ i �= j, so λi

∂εij
∂λi

= O(εij) = O
( 1

(λiλj)
n−2
2

)
= o
( p∑
i=1

1

λ2
i

)
, since n− 2 > 2. Thus

(∂J(u), Z1) ≤ −c
(∑
i
=j

εij +

p∑
i=1

1

λ2
i

)
.

We let now: Za =
∑p

i=1 φ(λi|∇K(ai)|) 1
λi

∇K(ai)

|∇K(ai)|
∂Pδai,λi

∂ai

where φ : R −→ R, t �→ φ(t) =

{
0 if |t| ≤ 1

2
1 if |t| ≥ 1.

From Proposition 3.5 we obtain

(∂J(u), Za) ≤ −c

p∑
i=1

φ(λi|∇K(ai)|)
[ |∇K(ai)|

λi
+O(

1

λ2
i

) +O(
∑
i
=j

εij)
]
.

For M > 0 a fixed constant large enough we derive

(∂J(u),M.Z1 + Za) ≤ −c
( p∑
i=1

[ |∇K(ai)|
λi

+
1

λ2
i

]
+
∑
i
=j

εij

)
.

We let W̃1 = M.Z1 + Za. Then W̃1 satisfies Lemma 4.1.

Lemma 4.2 In V2(p, ε), there exists a pseudo-gradient W̃2 so that the following
holds: There is a constant c > 0 independent of u ∈ V2(p, ε) so that

(∂J(u), W̃2) ≤ −c
( p∑
i=1

[ |∇K(ai)|
λi

+
1

λ2
i

]
+
∑
i
=j

εij

)
.



554 Z. Bouchech, H. Chtioui

Proof. We can assume that aj ∈ B(yij , η), with −ΔK(yij ) < 0, ∀ j = 1, . . . , q

Let Z2 =

q∑
i=1

−αiλi
∂Pδi
∂λi

. From Proposition 3.4 we obtain

(∂J(u), Z2) = 2J(u)
[ q∑
i=1

−α
2n

n−2

i c2J(u)
n

n−2
n− 2

n

ΔK(ai)

K(ai)λ2
i

+ c2
∑

j 
=i,1≤i≤q

αjαiλi
∂εij
∂λi

]
+ o
(∑
i
=j,

εij +

q∑
i=1

1

λ2
i

)
.

In this region we have |ai − aj | ≥ η, ∀ i �= j, then λi
∂εij
∂λi

≤ −cεij . Furthermore we

have −ΔK(ai) < −γ (γ > 0) ∀i = 1, . . . , q. Thus we derive

(∂J(u), Z2) ≤ −c
( ∑
i
=j,1≤i≤q

εij +

q∑
i=1

1

λ2
i

)
+ o
( p∑
i=1

1

λ2
i

)
.

Let now

I :=
{
1 ≤ i ≤ p s.t λi <

1

10
Min{λj, j = 1, . . . , q}

}
.

We have

(∂J(u), Z2) ≤ −c
( ∑
i
=j,i
∈I

εij +
∑
i
∈I

1

λ2
i

)
+ o
( p∑
i=1

1

λ2
i

)
.

If I = ∅, then we get all the indices in the last upper bound and we obtain Lemma
4.2 in this case. If I �= ∅, we let ũ =

∑
i∈I αiPδi. Observe that ũ ∈ V1(�, ε), where

� = Card(I). Define Z
′
2(ũ) = Z1(ũ), where Z1 is the pseudo-gradient defined in the

proof of Lemma 4.1. We have

(∂J(u), Z
′
2(ũ)) ≤ −c

( ∑
i
=j, i,j∈I

εij +
∑
i∈I

1

λ2
i

)
+ o
( p∑
i=1

1

λ2
i

)
+O

( ∑
i∈I,j 
∈I

εij

)
.

For m > 0 a positive constant small enough

(∂J(u),M.Z1 + Z
′
2 +mZa) ≤ −c

( p∑
i=1

[ |∇K(ai)|
λi

+
1

λ2
i

]
+
∑
i
=j

εij

)
.

We let
W̃2 = M.Z1 + Z

′
2 +mZa.

Thus Lemma 4.2 follows.

Lemma 4.3 In V3(p, ε), there exists a pseudo-gradient W̃3 so that the following
holds: There is a constant c > 0 independent of u ∈ V3(p, ε) so that

(∂J(u), W̃3(u)) ≤ −c
( p∑
i=1

[ |∇K(ai)|
λi

+
1

λ2
i

]
+
∑
i
=j

εij

)
.
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Proof. We order the concentrations λi’s in such a way: λ1 ≤ . . . ≤ λp. For each
critical point yk ofK, we set Bk := {j, aj ∈ B(yk, η)}.Without loss of generality, we
can assume y1, . . . , yq are the critical points such that Card(Bk) ≥ 2, ∀ k = 1, . . . , q.
Let c2 andM1 > 0 two fixed constant large enough. We set

I1 := {2 ≤ i ≤ p s.t λi|∇K(ai)| ≥ c2}.
I2 := {1} ∪ {2 ≤ i ≤ p s.t λi ≤ M1λj ∀ j ≤ i}.

We define

Z3 =
∑
i∈I1

1

λi

∇K(ai)

|∇K(ai)|
∂Pδai,λi

∂ai
, and

Z
′
3 = −M1

∑
i
∈I2

2iλi
∂Pδai,λi

∂λi
−m1

∑
i∈I2

λi
∂Pδai,λi

∂λi
,

where, M1 is a positif constant large enough andm1 a positif constant small enough.
From Proposition 3.5 we obtain

(∂J(u), Z3(u)) ≤ −c
∑
i∈I1

|∇K(ai)|
λi

+O
(∑
i∈I1

1

λ2
i

+
∑

i
=j, i∈I1

1

λi
|∂εij
∂ai

|
)
.

Observe that
1

λi

∂εij
∂ai

= o(εij) ∀ 1 ≤ i ≤ p, j ∈ I2.

Then

(∂J(u), Z3(u)) ≤ −c
∑
i∈I1

|∇K(ai)|
λi

+O
(∑
i∈I1

1

λ2
i

+
∑

i
=j, i∈I1, j 
∈I2

εij

)
+ o

( ∑
i
=j, i∈I1, j∈I2

εij

)
.

From the definition of I1 we can make appear the quantity c2
∑
i∈I1

1

λ2
i

in the last

upper bound. Taking c2 large enough we get

(∂J(u), Z3(u)) ≤ −c
(∑
i∈I1

|∇K(ai)|
λi

+
∑
i∈I1

1

λ2
i

)
+O

( ∑
i
=j, i∈I1, j 
∈I2

εij

)
+ o

( ∑
i
=j, i∈I1, j∈I2

εij

)
.

Now from Propositions 3.4, we have

(∂J(u), Z
′
3(u)) ≤ −cM1

(∑
i
∈I2

O(
1

λ2
i

)−
∑

i
∈I2, i 
=j

2iλi
∂εij
∂λi

)
−m1

(∑
i∈I2

O(
1

λ2
i

)

−
∑

i∈I2, i 
=j

λi
∂εij
∂λi

)
+
(∑
i=1p

1

λ2
i

+
∑
k 
=r

εkr

)
.
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Observe that 2iλi
∂εij
∂λi

+ 2jλj
∂εij
∂λj

≤ −cεij , ∀ i �= j and for i �= j ∈ I2 we have

λi
∂εij
∂λi

≤ −cεij since λi ∼ λj . Thus for m1 � M1 we have

(∂J(u), Z
′
3(u)) ≤ −c

(
M1

∑
i∈I2, i 
=j

εij +m1

∑
i,j∈I2, i 
=j

εij

)
+O(

∑
i
∈I2

M1

λ2
i

) +
∑
i∈I2

m1

λ2
i

)
.

Then we derive

(∂J(u), Z3(u)+Z
′
3(u)) ≤ −c

(∑
i∈I1

[
|∇K(ai)|

λi
+

1

λ2
i

]+
∑
i
=j

εij

)
+O

(∑
i
∈I2

M1

λ2
i

+
∑
i∈I2

m1

λ2
i

)
.

We distinguish two cases:

case 1: I1 ∩ I2 �= ∅. In this case, we can make appear
1

λ2
1

in the last upper bound

and so all the quantity

p∑
i=1

1

λ2
i

.

For m1 small enough, the quantity O
(∑
i∈I2

m1

λ2
i

)
is then absorbed. For M1 large

enough, we have

O
(∑
i
∈I2

M1

λ2
i

)
= o(

1

λ2
1

).

We obtain :

(∂J(u), Z3(u) + Z
′
3(u)) ≤ −c

(∑
i∈I1

|∇K(ai)|
λi

+

p∑
i=1

1

λ2
i

+
∑
i
=j

εij

)
.

We define

X3 =
∑
i∈I2

1

λi

∇K(ai)

|∇K(ai)|
∂Pδai,λi

∂ai
.

From Proposition 3.5 we obtain

(∂J(u), X3(u)) ≤ −c
∑
i∈I2

|∇K(ai)|
λi

+O
(∑
i∈I2

1

λ2
i

+
∑
i
=j

εij

)
.

For c3 > 0 a positive constant large enough, the vector field W̃3 := c3X3 +Z3 +Z
′
3

satisfies Lemma 4.3.
case 2: I1 ∩ I2 = ∅. In this case, for each i ∈ I2 the point ai is close to a critical
point yki of K. If we suppose that there exist i, j ∈ I2 such that ai and aj in B(y, η)
for η small enough and y a critical point of K, then |∇K(ak)| ≥ c|y−ak| for k = i, j,
since y is non-degenerate critical point of K. Therefore, λi|ai − aj | ≤ c (we assume

that λi ≤ λj). This implies that εij ≥ c
(λi

λj

)n−2
2

which is a contradiction with
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the fact that λi and λj are of the same order. Thus our assumption is false. And
for ũ =

∑
i∈I2

αiPδi, we have then ai ∈ B(yji , η) with yji �= yjk , ∀ i �= k ∈ I2

and therefore ũ ∈ Vi(�, ε) where i = 1or 2 and � = Card(I2). Let then Z
′′
3 the

corresponding vector field in Vi(�, ε) (i = 1or 2). We have

(∂J(u), Z
′
3(u)) ≤ −c

( ∑
i
=j, i,j∈I2

εij +
∑
i∈I2

1

λ2
i

)
+O

( ∑
i∈I2,j 
∈I2

εij

)
.

Observe that
1

λ2
1

appear in this upper bound, so we can make appear

p∑
i=1

1

λ2
i

. For

M2 > 0 a fixed constant large enough, the vector field W̃3 = M2(Z3 + Z3
′) + Z3

′′

satisfies the next upper bound:

(∂J(u), W̃3(u)) ≤ −c
( p∑
i=1

[ |∇K(ai)|
λi

+
1

λ2
i

]
+
∑
i
=j

εij

)
,

and so Lemma 4.3 follows in this case.

Lemma 4.4 In V4(p, ε), there exists a pseudo-gradient W̃4 so that the following
holds: There is a constant c > 0 independent of u ∈ V4(p, ε) so that

(∂J(u), W̃4(u)) ≤ −c
( p∑
i=1

[ |∇K(ai)|
λi

+
1

λ2
i

]
+
∑
i
=j

εij

)
.

Proof. Without loss of generality, we suppose λ1 ≤ λ1 ≤ . . . ≤ λp.
We denote by i1 the index satisfying ai1 �∈ ∪∇K(y)=0B(y, η) and ai ∈ B(yji , η), ∀ i <
i1. Let

ũ =
∑
i<i1

αiPδi.

Observe that ũ ∈ Vi(i1−1, ε), i = 1or 2 or 3. Then we define Z4
′(ũ) the correspond-

ing vector field and we have

(∂J(u), Z4
′(ũ)) ≤ −c

(∑
i<i1

[ |∇K(ai)|
λi

+
1

λ2
i

]
+

∑
i
=j, i,j<i1

εij

)
+O
( ∑
i<i1, j≥i1

εij+
∑
i≥i1

1

λ2
i

)
.

Let now

Z4 =
1

λi1

∇K(ai1)

|∇K(ai1)|
∂Pδai1 ,λi1

∂ai1
−M3

∑
i≥i1

2iλi
∂Pδai,λi

∂λi
,

where M3 > 0 a fixed constant large enough. From Propositions 3.4 and 3.5 we
obtain

(∂J(u), Z4(u)) ≤ −c

λi1

− c
∑

i,j≥i1

εij −M3

∑
i>i1,j<i1

2iλi
∂εij
∂λi

+ O
(∑
i≥i1

M3

λ2
i

)
+O

( 1

λ2
i1

∑
j 
=i1

εi1j

)
.
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Observe that if i ≥ i1 and j < i1, we have λi ≥ λj , Then λi
∂εij
∂λi

≤ −cεij . Thus

(∂J(u), Z4(u)) ≤ −c

λi1

−M3

∑
i≥i1, i 
=j

εij +O
(∑
i≥i1

M3

λ2
i

+
∑
j 
=i1

εi1j

)
.

We choose M3 � 1 so that
(∑

j 
=i1
εi1j

)
is absorbed by M3

∑
i≥i1, i 
=j εij . On the

other hand we have λi ≥ λi1 for i ≥ i1, then
1

λ2
i

= o(
1

λi1

) which makes O
(∑
i≥i1

M3

λ2
i

)
absorbed by

1

λi1

. We deduce

(∂J(u), Z4(u)) ≤ −c2
λi1

−M3

∑
i≥i1, i 
=j

εij .

Also
1

λi1

make
∑
i≥i1

1

λi
appear. We let

W̃4(u) = MZ4 + Z
′
4 +mZa,

and thus derive

(∂J(u), W̃4(u)) ≤ −c
( p∑
i=1

[ |∇K(ai)|
λi

+
1

λ2
i

]
+
∑
i
=j

εij

)
.

The claim of Lemma 4.4 follows. The vector field W1 required in Proposition 4.1
will be defined by a convex combination of the vector fields W̃1(u), W̃2(u), W̃3(u)

and W̃4(u).

Proof of Proposition 4.2. We will introduce some technical lemmas for the proof
of Proposition 4.2. Without loss of generality, we suppose λ1d1 ≤ ... ≤ λpdp. Let
c1 > 0 a fixed constant small enough. We define

I2 := {1} ∪ {1 ≤ i ≤ p, s.t c1λkdk ≤ λk−1dk−1 ≤ λkdk, ∀ k ≤ i}.

In I2, we order the λi’s : λi1 ≤ ... ≤ λis . For c2 > 0 a fixed constant small enough,
we define

Iλis
:= {is} ∪ {1 ≤ k ≤ s, s.t c2λij+1 ≤ λij ≤ λij+1 , ∀ j ≥ k}.

For u =
∑p

i=1 αiPδi ∈ Vb(p, ε), we introduce the following condition: for i ∈
{1, . . . , p}

1

2p+1

∑
k 
=i

εki ≤
p∑

j=1

Hij

(λiλj)
n−2
2

(4.1)
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We divide the set {1, ..., p} into T1 ∪ T2, where

T1 = {1 ≤ i ≤ p, s.t i satisfies (4.1)}, and
T2 = {1, ..., p}\T1.

Lemma 4.5 For j �∈ Iλis
, k ∈ Iλis

, and j ∈ T1 we have

1

λis

λkλj |ak − aj |ε
n

n−2

kj = o

(
p∑

i=1

1

(λidi)n−1

)
.

Proof. We distinguish two cases
case 1: j ∈ I2. In this case, we have λj ≤ c2λk. Observe that

1

λis

λkλj |ak − aj |ε
n

n−2

kj = O
(
(
λj

λk
)

1
2 ε

n−1
n−2

kj

)
.

On the other hand we have

ε
n

n−2

kj ≤ c

p∑
i=1

1

(λidi)
n−1
2 (λjdj)

n−1
2

, since j ∈ T1.

We obtain

1

λis

λkλj |ak − aj |ε
n

n−2

kj ≤ cc
1
2
2

( p∑
i=1

1

(λidi)n−1

)
= o
( p∑
i=1

1

(λidi)n−1

)
case 2: j �∈ I2. Let c3 > 0 a fixed constant small enough. If dk ≤ c3dj , using the
fact that j ∈ T1, we get

1

λis

λkλj |ak − aj |ε
n

n−2

kj ≤ c(
λj

λk
)

1
2

p∑
i=1

1

(λidi)
n−1
2 (λjdj)

n−1
2

.

This gives the lower bound

1

λis

λkλj |ak − aj |ε
n

n−2

kj ≤ cc
1
2
3

p∑
i=1

1

(λidi)
n−1
2 (λjdj)

n−2
2 (λkdk)

1
2

.

We derive
1

λis

λkλj |ak − aj |ε
n

n−2

kj = o
( p∑
i=1

1

(λidi)n−1

)
.

If c3dj ≤ dk ≤ 1
c3
dj we get

1

λis

λkλj |ak − aj |ε
n

n−2

kj ≤ c

c
1
2
3

p∑
i=1

1

(λidi)
n−1
2 (λjdj)

n−2
2 (λkdk)

1
2

≤ cc
n−2
2

1

c
1
2
3

p∑
i=1

1

(λidi)
n−1
2 (λkdk)

n−1
2

,



560 Z. Bouchech, H. Chtioui

since j �∈ I2 and k ∈ I2. Taking
c
n−2
2

1

c
1
2
3

small enough, thus we derive

1

λis

λkλj |ak − aj |ε
n

n−2

kj = o
( p∑
i=1

1

(λidi)n−1

)
.

If dj ≤ c3dk, observe that in this case |ak − aj | ≥ cdk, so we have dj ≤ c3
c |ak − aj |.

We derive that

1

λis

λkλj |ak − aj |ε
n

n−2

kj ≤ c
1

(λj |ak − aj |)n−2
2 (λk|ak − aj |)n

2

≤ cc
n−2
2

3

1

(λjdj)
n−2
2 (λkdk)

n
2

≤ cc
n−2
2

3

p∑
i=1

1

(λidi)n−1

= o
( p∑
i=1

1

(λidi)n−1

)
.

Lemma 4.6 There exist a vector field X1 such that

(
∂J(u), X1

)
≤ −c

( 1

λis

+

p∑
i=1

1

(λidi)n−1
+

∑
k∈T2,1≤j≤p

εkj

)
+O

( p∑
i=1

1

λ2
i

)
.

Proof. We define the vector field Y 2
1 by Y 2

1 := 1
λis

∑
i∈Iλis

∂Pδi
∂ai

(−αiνi). From Propo-

sition 3.5, we obtain

(∂J(u), Y 2
1 )

≤
− c

( 1

λis

+
1

(λisdis)
n−1

)
+

1

λis

O
( ∑
k,j∈Iλis

λkλj |ak − aj ||νk − νj |ε
n

n−2

kj

)
+

1

λis

O
( ∑
k∈Iλis

,j 
∈Iλis

λkλj |ak − aj |ε
n

n−2

kj

)
+ o
(∑
k 
=j

ε
n−1
n−2

kj

)

+ o
( p∑
k=1

1

(λkdk)n−1

)
+O

( ∑
i∈Iλis

1

λ2
i

)
.

We can make the term (λ1d1)
1−n appear in the last upper bound and so all the

(λidi)
1−n. Observe that for k, j ∈ Iλis

, |νk − νj | = O(|ak − aj |). So we get

1

λis

λkλj |ak − aj ||νk − νj |ε
n

n−2

kj =
1

λis

O(εkj) = o(
1

λis

).



Nonlinear elliptic equation with Sobolev exponent 561

For j ∈ T1 and k �= j we have

ε
n−1
n−2

kj ≤ c

p∑
i=1

(λidi)
1−n.

We are left with the estimation of
1

λis

λkλj |ak − aj |ε
n

n−2

kj with j �∈ Iλis
and k ∈ Iλis

.

If k ∈ T2 or j ∈ T2, we get:

1

λis

λkλj |ak − aj |ε
n

n−2

kj = O(λj |ak − aj |ε
n

n−2

kj ) = O
(
(
λj

λk
)

1
2 ε

n−1
n−2

kj

)
= O

(
εkj

)
.

If k, j ∈ T1, we use the estimation of Lemma 4.5. As a conclusion of the last
discussion, we obtain

(∂J(u), Y 2
1 ) ≤ −c

( 1

λis

+

p∑
i=1

1

(λidi)n−1

)
+O

( ∑
k∈T2,1≤j≤p

εkj

)
.

Let T2 = {i1, ..., ir}, with λi1 ≤ ... ≤ λir . We define

Y 2
2 := −

r∑
k=1

2k−1αikλik

∂Pδik
∂λik

.

We have(see the proof of Lemma 3.4 of [11])

(∂J(u), Y 2
2 ) ≤ −c

∑
j∈T2

(∑
k 
=j

εkj

)
+O

( p∑
i=1

1

λ2
i

)
+ o
( p∑
k=1

1

(λkdk)n−1

)
.

Taking m > 0 a fixed constant large enough, the vector field

X1 = Y 2
1 +mY 2

2 ,

satisfies the claim of Lemma 4.6.

Lemma 4.7 There exist a vector field X2 such that

(∂J(u), X2) ≤ −c
( p∑
i=1

1

λi

)
+O

( ∑
j∈T2,1≤k≤p

εkj

)
+O

( p∑
i=1

1

(λidi)n−1

)
.

Proof. Let {1, ..., p} =: {i0, ..., ip}, with λi0 ≤ ... ≤ λip . We define for M a large
constant,

I
′
0 := {1 ≤ i ≤ p, s.t |ai − ai0 | ≥

2

M
di0}.

I
′′
0 := {i �∈ I

′
0, s.t ∃(i1, ..., ir), with i1 = i, ir ∈ I

′
0, and |aik−1

−aik | <
di0
pM

, ∀ k ≤ r}.

I0 := {1, ..., p}\{I ′
0 ∪ I

′′
0 }.
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Let us define for c2 > 0 a fixed constant small enough

Iλi0
:= {i0} ∪ {1 ≤ j ≤ p, s.t c2λik ≤ λik−1

≤ λik , ∀ k ≤ j}.

We set

X2 :=
1

λi0

∑
i∈I0∩Iλi0

∂Pδi
∂ai

(−αiνi).

Observe that di ∼ di0 , for i ∈ I0 ∩ Iλi0
. From Proposition 3.5

(∂J(u), X2) ≤ −cs2c
( 1

λi0

)
+

1

λi0

O
( ∑
k,j∈Iλi0

∩I0

λkλj |ak − aj ||νk − νj |ε
n

n−2

kj

)
+

1

λi0

O
( ∑
k∈Iλi0

∩I0,j 
∈Iλi0
∩I0

λkλj |ak − aj |ε
n

n−2

kj

)
+ o
(∑
k 
=j

ε
n−1
n−2

kj

)

+ o
( p∑
k=1

1

(λkdk)n−1

)
+O

( ∑
i∈I0

⋂
Iλi0

1

λ2
i

)

Observe that for k, j ∈ Iλi0
∩ I0, |νk − νj | = O(|ak − aj |). From this, we deduce

1

λi0

λkλj |ak − aj ||νk − νj |ε
n

n−2

kj =
1

λi0

O(εkj) = o(
1

λi0

).

Now, we need to estimate the quantity
1

λi0

λkλj |ak − aj |ε
n

n−2

kj , for j �∈ Iλi0
∩

I0, and k ∈ Iλi0
∩ I0. We have two cases

case 1: j �∈ I0 In this case, we have |ak − aj | ≥ 1

pM
di0 . On the other hand, we

observe that dk ∼ di0 . Thus, We deduce

1

λi0

λkλj |ak − aj |ε
n

n−2

kj = O
( 1

λi0di0
εkj

)
= O

( 1

(λi0di0)
n−1

)
+ o(ε

n−1
n−2

kj ).

case 2: j ∈ I0 In this case, we observe that dj ∼ dk ∼ di0 and |ak − aj | ≤
4

pM
di0 . Using Lemma 6.16 we obtain Hjj ≤ c

1

dn−2
j

, and Hij ≤ c
1

(didj)
n−2
2

.

If j ∈ T1, we deduce

1

λi0

λkλj |ak − aj |ε
n

n−2

kj ≤ 1

cp1
λj |ak − aj |ε

n
n−2

kj

≤ c

cp1
λj |ak − aj |

p∑
i=1

1

(λidi)
n
2 (λjdj)

n
2

≤ c

cp1

1

M

p∑
i=1

1

(λidi)
n
2 (λjdj)

n−2
2

.
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We choose
1

cp1

1

M
= o(1), and therefore

1

λi0

λkλj |ak − aj |ε
n

n−2

kj = o
( p∑
i=1

1

(λidi)n−1

)
.

If j ∈ T2, we easily have
1

λi0

λkλj |ak − aj |ε
n

n−2

kj = O
(
εkj

)
. We conclude that

(∂J(u), X2) ≤ −cs2c
( 1

λi0

)
+O

( ∑
j∈T2,1≤k≤p

εkj

)
+O

( 1

(λi0di0)
n−1

)

+ o
( p∑
k=1

1

(λkdk)n−1

)
+O

( p∑
k=1

1

λ2
k

)
.

Such vector field X2 satisfies the upper bound of Lemma 4.7. To get the proof of
Proposition 4.2, we need to define

X3 :=
(
−

p∑
i=1

M iλi
∂Pδi
∂λi

)( ∑
1≤i,j≤p, i 
=j

ε
1

n−2

ij

)
.

Observe that ε
1

n−2

kj

1

(λkdk)
n−2
2

= o
(∑
k 
=j

ε
n−1
n−2

kj

)
+ O

( 1

(λkdk)n−1

)
. Furthermore, we

have Hii ≤ c

dn−2
i

and Hij ≤ c

(didj)
n−2
2

, for i, j = 1, . . . , p. From Proposition 3.4

we obtain

(∂J(u), X3) ≤ −c
( ∑
1≤i,j≤p

ε
n−1
n−2

ij

)
+O

( p∑
i=1

1

(λidi)n−1

)
+ o
( p∑
k=1

1

λ2
k

)
.

Thus for m1 > 0 a fixed constant large enough the vector field

W2(u) := X3 +m1(X2 +m1X1)

satisfies the claim of Proposition 4.2.

5 Proofs of the theorems

Proof of Theorem 1.1. Using Theorem 4.1 the only region where λi’s are unbounded
is the one where each point ai is close to a critical point yij ∈ F+ where yij �= yik
for j �= k. In this region, the normal form of J given by Theorem 4.1 allows us
to split the variables λi’s and ai’s. Then it is easy to see that if (a1, . . . , ap) is
equal to (yi1 , . . . , yip), only λi can move. Since −ΔK(yij ) > 0, in order to decrease
the functional J we have to increase λi and therefore we obtain a critical point at
infinity only in this region.
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In order to compute the Morse index of such a critical point at infinity, we observe
that this Morse index corresponds to the Morse index of the critical point of the
following function

g(α1, . . . , αp, a1, . . . , ap) =
S

2
n
n
∑p

i=1 α
2
i(∑p

i=1 α
2n

n−2

i K(ai)
)n−2

n

.

In the variables αi’s, we have a degenerate critical point (α1, . . . , αp) which is a
maximum and satisfies

ᾱ
4

n−2

i K(ai)

ᾱ
4

n−2

j K(aj)
= 1.

This critical point has an index equal to p−1 (since the functional g is homogenous
in the variables αi and the critical point correspond to a maximum). Then we have

g(α1, . . . , αp, a1, . . . , ap) = S
2
n
n

( p∑
i=1

1

K(ai)
n−2
n

) 2
n (

1− |Y |2).
Here Y ∈ R

p−1 is the coordinates (α1, . . . , αp). Again using the Morse lemma for
g in the variables ai’s, we obtain

g(α1, . . . , αp, a1, . . . , ap) = S
2
n
n

( p∑
i=1

1

K(yji)
n−2
n

) 2
n (

1− |Y |2 +
p∑

i=1

(|a−i |2 − |a+i |2)
)

where (a+i , a
−
i ) are the coordinates of ai near yji along the stable and the unstable

manifold of K at yji . Thus, the Morse index of such a critical point at infinity is
equal to

p− 1 +

p∑
i=1

n− ind(K, yji).

Proof of Theorem 1.2. before giving the proof of the Theorem, we will introduce
some definitions

Definition 5.1 Let z∞ and z
′
∞ two critical points at infinity. z∞ is said to be

dominated by z
′
∞ if

Wu(z
′
∞) ∩Ws(z∞) �= ∅

i.e there exists (at least) a flow line of decreasing pseudo-gradient of J descending
from z

′
∞ to z∞. If we assume that the intersection is transverse, then we obtain

index(z
′
∞) ≥ index(z∞) + 1.

.

Definition 5.2 Given two sub-manifolds N and M of Σ which have transverse
intersection and complementary dimensions, we note by (N.P ) their number of
intersection points (see [19] for the whole definitions).
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Finally, we also introduce the following definition

Definition 5.3 Let N be a sub-manifold of Σ and z∞ be a critical point at infinity
such that i(z∞) = dim(N), where i(z∞) is the Morse index of J at z∞. Following
definition 5.2, the number of intersection points between N and W∞

s (z∞) is well
defined. We denote this number by (N · z∞).

Arguing by contradiction, we suppose that J has no critical points in Σ+. It follows
from Theorem 1.1 that the critical points at infinity of J are τ∞p := (yi1 , . . . , yip)∞, p ∈
N

∗, yij ∈ F+, ∀ j = 1, . . . , p and yij �= yik if j �= k. We denote by C∞ the set of
the critical points at infinity. Recall that

X∞
� =

⋃
τ∞
p ∈C∞, i(τ∞

p )≤�

W∞
u (τ∞p )

X∞
� is a stratified set of dimension �, which is contractible in Σ+. We denote by

θ(X∞
� ) the contraction of X∞

� in Σ+. The dimension of θ(X∞
� ) is equal to �+ 1.

Using the gradient flow of −J to deform θ(X∞
� ). By transversality arguments, we

can assume that deformation avoids all critical points at infinity having their Morse
indices greater than � + 1. It follows then by Proposition 4.21 of [7] (see also the
proof of Lemma 7 of [5]) that θ(X∞

� ) retracts by deformation on the set

X∞
� ∪

⋃
τ∞
p ∈C∞, i(τ∞

p )=�+1

(θ(X∞
� ) · τ∞p )W∞

u (τ∞p )

Using the condition (ii) of the Theorem, we may assume that the deformation of
θ(X∞

� ) along any pseudo-gradient flow of −J avoids all critical points at infinity
having their Morse indices equal to �+ 1. Thus θ(X∞

� ) retracts by deformation on

X∞
� =

⋃
τ∞
p ∈C∞, i(τ∞

p )≤�

W∞
u (τ∞p ),

and hence
1 = X (θ(X∞

� )) =
∑

τ∞
p ∈C∞, i(τ∞

p )≤�

(−1)i(τ
∞
p ),

since θ(X∞
� ) is a contractible set. Here X denotes the Euler-Poincaré characteristic.

Such an equality contradicts the assumption (i) of Theorem 1.2.

Proof of corollary 1.1. Let � = n − ind(K, y1). It follows from the results of
Theorem 1.1 that under the assumption (H1),the only critical points at infinity of
the associated variational problem are (y0)∞, (y1)∞ and (y0, y1)∞ of index respec-
tively 0, � and �+ 1. Thus, the first assumption of Theorem 1.2 follows in this case.
Observe that

X∞
� :=

⋃
τ∞
p ∈C∞, i(τ∞

p )≤�

W∞
u (τ∞p ) =

⋃
y∈F+

W∞
u (y)∞.
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On the other hand, the unstable manifold at infinity of such critical points at
infinity W∞

u (y)∞, y ∈ F+ can be described using [5] as the product of Ws(y) ( for
a pseudo-gradient of K) by [A,+∞[ domain of the variable λ, for some positive
number A large enough. Thus X∞

� can be parameterized by X × [A,+∞[, where
X =

⋃
y∈F+

Ws(y). Using the assumption (H2), there exists a contraction

h : [0, 1]×X −→ Ω

h continuous, such that for any a ∈ X, h(0, a) = a and h(1, a) = a0 a point of X.
Such a contraction gives rise to the following contraction

h∞ : [0, 1]×X∞
k0

−→ Σ+, (t, a, λ) �→ Pδ(h(t,a),λ) + v̄.

For t = 0, h∞(0, a, λ)+v̄ = Pδ(a,λ)+v̄ ∈ X∞
� , h∞ is a continuous and h∞(1, a, λ) =

Pδ(a0,λ) + v̄. Setting θ(X∞
� ) = h∞

(
[0, 1] × X∞

�

)
· θ(X∞

� ) is a contraction of

X∞
� inΣ+. Now we have the following expansion

J
(
Pδ(h(t,a),λ) + v̄

)
∼
( Sn

K((h(t, a))

)n−2
n
[
1 +O(

1

A2
)
]
.

Therefore under the assumption (H3) such contraction is performed under the level

S
n−2
n

n + ε, ε positive small enough. Again by the assumption (H3) of corollary

1.1, we derive that for each p ≥ 2, J(τ∞p ) :=
∑p

j=1

S
n−2
n

n

K(yij )
n−2
n

is above the level

2S
n−2
n

n − ε. Thus we get

θ(X∞
� )) ∩Ws(τ

∞
p ) = ∅, ∀ p ≥ 2.

In particular, for each critical point at infinity (τ∞p ) of index � + 1 (we have only
(y0, y1)∞ of index �+ 1, in our statement), we have

μ(τp) = θ(X∞
� ) ·Ws(τ

∞
p ) = 0.

Thus the second assumption of Theorem 1.2 is satisfied, which concludes the proof
of corollary 1.1.

Proof of Theorem 1.3. We introduce the following lemma.

Lemma 5.1 Let n = 4 and let w be a non-degenerate critical point of J in Σ+.
Then, for each p ∈ N

∗, there is no critical points or critical points at infinity in
the set V (p, ε, w), that means, we can construct a pseudo-gradient of J so that the
Palais-Smale condition is satisfied along the decreasing flow lines.

Proof. Let u =
∑p

i=1 αiPδai,λi + α0(w + h) + v in V (p, ε, w). Using the expansion
of J(u) given by Proposition 3.1, we have for n = 4,

J(u) =
S4

∑p
i=1 α

2
i + α2

0 ‖ w ‖2(
S4

∑p
i=1 α

4
iK(ai) + α4

0 ‖ w ‖2) 1
2

[
1− 2c2α0

γ1

p∑
i=1

αiw(ai)

λi
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− c2
γ1

∑
i
=j

αiαjεij + o
( p∑
k=1

1

λk
+
∑
i
=j

εij
)]

+ ‖V ‖2 + ‖H‖2.

The result follows from the above expansion and the fact that w > 0, ∈ Ω.
Setting

�� := sup{i(τp); τp ∈ F∞},
for k ∈ {0, . . . , ��} we define the following sets

X∞
k := ∪τp∈F∞, i(τp)≤k W∞

u (τ∞p ),

where W∞
u (τ∞p ) is the unstable manifold associated to the critical point at infinity

τ∞p and
C(X∞

k ) := {tu+ (1− t)(y0)∞, t ∈ [0, 1], u ∈ X∞
k },

where y0 is a global maximum of K on Ω. By a Theorem of Bahri-Rabinowitz [7],
it follows that

W∞
u (τ∞p ) = W∞

u (τ∞p ) ∪
⋃

x∞<τ∞
p

W∞
u (x∞) ∪

⋃
w<τ∞

p

Wu(w),

where x∞ is a critical point at infinity dominated by τ∞p and w is a solution of (1.1)
dominated by τ∞p . By transversality arguments for we assume that the index of x∞
and the Morse index of w are no bigger than k. Hence

X∞
k =

⋃
i(τp)≤k

W∞
u (τ∞p ) ∪

⋃
w<τ∞

p

Wu(w).

It follows that X∞
k is a stratified set of top dimension ≤ k. Without loss of gen-

erality we may assume it equals to k, therefore C(X∞
k ) is also a stratified set of

top dimension k + 1. Now we use the gradient flow (−∂J) to deform C(X∞
k ). By

dimension arguments we can assume that the deformation avoids all critical as well
as critical points at infinity having their Morse indices greater than k+2. It follows
then by a Theorem of Bahri and Rabinowitz [7] that C(X∞

k ) retracts by deformation
on the set

U := X∞
k ∪

⋃
i(x∞)=k+1

W∞
u (x∞) ∪

⋃
w<τ∞

p

Wu(w).

Now taking k = � and using the assumption of Theorem 1.3, we deduce that there
are no critical points at infinity with index �+1, we derive that C(X∞

� ) retracts by
deformation onto

Z∞
� := X∞

� ∪
⋃

w; ∇J(w)=0; wdominated by C(X∞
� )

Wu(w). (5.1)

Now observe that it follows from the above deformation retract that the problem
(1.1) has necessary a solution w with Morse(w) := m(w) ≤ � + 1. Otherwise it
follows from (5.1) that

1 = X (Z∞
� ) =

∑
τp∈F∞, i(τp)≤�

(−1)i(τp),
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where X denotes the Euler Characteristic. Such an equality contradicts the as-
sumption (i) of the Theorem. Now for generic K, it follows from the Sard-Smale
Theorem that all solutions of (1.1) are non-degenerate solutions, in the sense that
their associated linearized operator does not admits zero as an eigenvalue, see [22].
We derive now from (5.1), taking the Euler Characteristic of both sides that:

1 = X (Z∞
� ) =

∑
τp∈F∞, i(τp)≤�

(−1)i(τp) +
∑

w<C(X∞
� ),∇J(w)=0

(−1)m(w).

It follows then that∣∣∣∣∣1− ∑
τp∈F∞, i(τp)≤�

(−1)i(τp)

∣∣∣∣∣ ≤ ∑
w,∇J(w)=0, m(w)≤�+1

(−1)m(w) ≤ N�,

where N� denotes the set of solutions of (1.1) having their Morse indices ≤ �+ 1.

6 APPENDIX

In this Appendix, we collect the estimates of the different integral quantities which
occur in the paper. These estimates were originally introduced by Bahri [4] and
Bahri-Coron [6]. For the proofs we refer the interested reader to [4], [6] and [20].
In this Appendix, we suppose that λidi is large enough and εij is small enough.
We have the following estimates:

Lemma 6.1 |Pδ|2 = Sn − c1
H(a, a)

λn−2
+O

( log(λd)
(λd)n

)
where c1 = c

2n
n−2
n

∫
Rn

dx

(1 + |x|2)n+2
2

and cn is defined in (1.6).

Lemma 6.2

∫
Ω

KPδ
2n

n−2 = c
2n

n−2
n K(a)Sn + c1

ΔK(a)

λ2
− 2n

n− 2
c1K(a)

H(a, a)

λn−2
+

O
( log(λd)

(λd)n

)
.

Lemma 6.3 For i �= j

(Pδi, P δj) = c1

(
εij − H(ai, aj)

(λiλj)
n−2
2

)
+O

(∑
k=i,j

log(λkdk)

(λkdk)n
+ ε

n
n−2

ij log(ε−1
ij )
)
.

Lemma 6.4 For i �= j∫
Ω

KPδ
n+2
n−2

j Pδi = K(aj)(Pδj , P δi) +O
(∑
k=i,j

log(λkdk)

(λkdk)n
+ ε

n
n−2

ij log(ε−1
ij )
)

+ o
(
εij +

1

(λkdk)n−1

)
.

Lemma 6.5 (Pδ, λ
∂Pδ

∂λ
) =

n− 2

2
c1

H(a, a)

λn−2
+O

( log(λd)
(λd)n

)
.
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Lemma 6.6
∫
Ω
KPδ

n+2
n−2λ

∂Pδ

∂λ
= −(

n− 2

2
)c̄1

ΔK(a)

λ2
+ (n− 2)c̄2K(a)

H(a, a)

λn−2

+O(
1

λ3
) + o

( 1

(λd)n−1)

)
.

Lemma 6.7 For i �= j

(Pδj , λi
∂Pδi
∂λi

) = c1

(
λi

∂εij
∂λi

+
n− 2

2

H(ai, aj)

(λiλj)
(n−2)

2

)
+O
(∑
k=i,j

log(λkdk)

(λkdk)n
+ε

n
n−2

ij log(ε−1
ij )
)
.

Lemma 6.8 For i �= j∫
Ω

KPδ
n+2
n−2

j λi
∂Pδi
∂λi

= K(aj)(Pδj , λi
∂Pδi
∂λi

) +O
(∑
k=i,j

log(λd)

(λkdk)n
+ ε

n
n−2

ij log(ε−1
ij )
)

+ o
( 1

(λkdk)n−1
+ εij

)
.

Lemma 6.9 For i �= j∫
Ω

KPδj λi
∂Pδ

n+2
n−2

i

∂λi
= K(ai)(Pδj , λi

∂Pδi
∂λi

) +O
(∑
k=i,j

log(λd)

(λkdk)n
+ ε

n
n−2

ij log(ε−1
ij )
)

+ o
( 1

(λkdk)n−1
+ εij

)
.

Lemma 6.10 (Pδ,
1

λ

∂Pδ

∂a
) = −1

2

c1
λn−1

∂H

∂a
(a, a) +O

( 1

(λd)n

)
.

Lemma 6.11

∫
Ω

KPδ
n+2
n−2

1

λ

∂Pδ

∂a
=

n− 2

2
c2

∇K(a)

λ

(
1 + o(1)

)
− 2c2K(a)

cn
λn−1

∂H

∂a
(a, a) +O

( log(λd)
(λd)n

+
1

λ3

)
.

Lemma 6.12 For i �= j

(Pδj ,
1

λi

∂Pδi
∂ai

) = − c1

(λiλj)
(n−2)

2

1

λi

∂H

∂ai
(ai, aj) + c1

1

λi

∂εij
∂ai

+O
(∑
k=i,j

1)

(λkdk)n

+ ε
n+1
n−2

ij λj |ai − aj |
)
.

Lemma 6.13 For i �= j∫
Ω

KPδ
n+2
n−2

j

1

λi

∂Pδi
∂ai

= K(aj)(Pδj ,
1

λi

∂Pδi
∂ai

) +O
(∑
k=i,j

1

(λkdk)n
+ ε

n
n−2

ij log(ε−1
ij )
)
.

Lemma 6.14 For i �= j∫
Ω

KPδj
1

λi

∂Pδ
n+2
n−2

i

∂ai
= K(ai)(Pδj ,

1

λi

∂Pδi
∂ai

) +O
(∑
k=i,j

1

(λkdk)n
+ ε

n
n−2

ij log(ε−1
ij )
)
.

Lemma 6.15 For θ = δ(a,λ) − Pδ(a,λ) and H the regular part of the Green’s func-
tion, we have the following estimates:
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θ(x) =
cn

λ
(n−2)

2

H(a, x) +O
( 1

λ
(n+2)

2 dn

)
, |θ|

L
2n

n−2
= O

( 1

(λd)
(n−2)

2

)
.

∂θ

∂a
(x) =

cn

λ
(n−2)

2

∂H

∂a
(a, x) +O

(
1

λ
(n+2)

2 dn+1

)
,
∣∣∣ 1
λ

∂θ

∂a

∣∣∣
L

2n
n−2

= O
( 1

(λd)
n
2

)
.

λ
∂θ

∂λ
(x) = −n− 2

2

cn

λ
(n−2)

2

H(a, x) +O
( 1

λ
(n+2)

2 dn

)
,
∣∣∣λ∂θ

∂λ

∣∣∣
L

2n
n−2

= O
( 1

(λd)
n−2
2

)
.

Lemma 6.16 For each a ∈ Ω, near the boundary of Ω, let na = n the outward
normal to ∂Ω at a.
H(a, a) = (2d)2−n + o(d2−n), H(x, a) ≤ cmax(dx, da)

2−n.
∂H

∂n
(a, a) =

n− 2

2n−2dn−1
+ o
( 1

dn−1

)
,
∣∣∣∂H
∂x

∣∣∣(x, a) ≤ c

dx
H(x, a).

Lemma 6.17 Let x1 and x2 be two points of Ω such that d1 ≤ d2 and c2d2 ≤
|x1−x2| where c2 is a fixed constant. If d1 is small enough then (

∂G

∂n1
)(x1, x2) ≤ 0.
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