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Abstract

In this paper we improve Theorem 7 in [1] which deals with the existence and

uniqueness of solutions of the three dimensional globally modified Navier-Stokes

equations.
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In our previous paper [1] we introduced the following system of globally modified
Navier-Stokes equations (GMNSE)





∂u

∂t
− ν∆u + FN (‖u‖) [(u · ∇)u] +∇p = f(t) in (0, +∞)× Ω,

∇ · u = 0 in (0,+∞)× Ω,

u = 0 on (0, +∞)× Γ,

u(0, x) = u0(x), x ∈ Ω,

(0.1)

and proved a theorem on the existence and uniqueness of solutions of (0.1). Namely,
and using the notation from [1], the following result was established there.

Theorem 0.1 Suppose f ∈ L2(0, T ; (L2(Ω))3) for all T > 0, and let u0 ∈ H be
given. Then,

(a) If u0 ∈ V, there exists a unique weak solution u of (0.1), and in fact u is a
strong solution, i.e., it satisfies

u ∈ C([0, T ]; V ) ∩ L2(0, T ;D(A)) for all T > 0. (0.2)

(b) If u0 6∈ V , every weak solution u of (0.1) is a strong solution, in the sense
that

u ∈ C([ε, T ];V ) ∩ L2(ε, T ; D(A)) for all T > ε > 0. (0.3)

(c) If u0 6∈ V but f ∈ L∞(0, δ; (L2(Ω))3) for some δ > 0, then there exists at least
one weak solution u of (0.1).

Later on, Romito proved in [3] the uniqueness of weak solutions to (0.1) for
every initial value u0 ∈ H.

Combining now the uniqueness result from [3] with better estimates (already
used in the proof of a similar result for a delay version of (0.1), which is considered
in a recent paper [2]), we can now prove the following result.

Theorem 0.2 Suppose f ∈ L2(0, T ; (L2(Ω))3) for all T > 0, and let u0 ∈ H be
given. Then, there exists a unique weak solution u of (0.1) which is, in fact, a
strong solution in the sense that

u ∈ C([ε, T ];V ) ∩ L2(ε, T ;D(A)), (0.4)

for all T > ε > 0.
Moreover, if u0 ∈ V , then

u ∈ C([0, T ];V ) ∩ L2(0, T ; D(A)), (0.5)

for all T > 0.
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Proof. The uniqueness of weak solutions is proved in [3]. As for the existence and
regularity result we proceed as follows.

Consider the Galerkin approximation given by (3.12) in [1], and obtain the
formula (3.17). Then, assuming that u0 ∈ V , the analysis carried out in Case 1
gives the existence of a unique weak solution satisfying (0.5).

Assuming now that u0 ∈ H \ V and integrating in (3.17), we obtain

‖um(t)‖2 ≤ ‖um(s)‖2 + 2CN

∫ T

0

‖um(r)‖2 dr +
2
ν

∫ T

0

|f(r)|2 dr,

for all 0 ≤ s ≤ t ≤ T, and therefore, integrating with respect to s, we get

t‖um(t)‖2 ≤
∫ T

0

‖um(s)‖2 ds + 2CNT

∫ T

0

‖um(r)‖2 dr +
2T

ν

∫ T

0

|f(r)|2 dr,

for all 0 ≤ t ≤ T.
As the sequence um is bounded in L2(0, T ; V ) then,

t‖um(t)‖2 ≤ (1 + 2CNT ) sup
m≥1

(∫ T

0

‖um(s)‖2 ds

)
+

2T

ν

∫ T

0

|f(r)|2 dr := KT ,

and, consequently,

‖um(t)‖2 ≤ 1
ε
KT ,

for all t ∈ [ε, T ], and all 0 < ε < T .
From these facts, it is a standard matter to conclude with the existence of the

weak solution of our problem which satisfies (0.4). See the last part of the proof of
Case 2 in [1], and also [2] for a more detailed explanation in a more general case in
which some delay appears in the model.
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