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Sébastien de Valeriola
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Abstract

In this paper we prove the almost everywhere convergence of the gradient of

Palais-Smale sequences, allowing us to apply the Brezis-Lieb lemma. This leads

us to show that infima are attained, and thus to prove the existence of optimal

solutions for some critical problems. Our method does not use the concentration-

compactness principle.
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Introduction

In the framework of the classical paper by Brezis and Nirenberg ([8]), the analysis
of a critical minimization problem involves

1. a strict inequality,

2. a convergence theorem.
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The first step is always difficlut and technical. On the other hand, the second step
uses only the Hilbert space structure of W 1,2

0 (Ω) and the Brezis-Lieb lemma ([7]).
This method is applicable to many other problems, like the existence of optimal

functions for the critical Poincaré-Sobolev inequality in W 1,2(Ω) (see [15]).
For quasilinear critical problems, the spaces W 1,2

0 (Ω) and W 1,2(Ω) are replaced
by W 1,p

0 (Ω) and W 1,p(Ω). Since there is no Hilbert space structure, various sophis-
ticated tools were used.

1. The concentration-compactness principle ([17]) for the critical Dirichlet prob-
lem ([14]), for the critical Neumann problem ([12]), for the critical Poincaré-
Sobolev inequality ([12]) and for the critical trace inequality ([6]).

2. Approximation by subcritical problems and regularity theorems, for the crit-
ical Dirichlet problem ([16] and [10]) and for the critical trace inequality ([5]
and [11]).

Our aim is to deduce the convergence theorems for quasilinear critical problems
from an elementary result. We prove the almost everywhere convergence of the
gradients of Palais-Smale sequences. It is then possible to use the Brezis-Lieb lemma
for the sequence of the gradients instead of the Hilbert space structure.

1 The convergence theorem

Let us recall an elementary inequality due to J. Simon ([18]).

Lemma 1.1 Let x, y ∈ RN and 〈·, ·〉 the standard scalar product in RN . Then there
exists c > 0 such that

〈|x|p−2
x− |y|p−2

y, x− y〉 >
{

c |x− y|p if p > 2,

c |x−y|2
(|x|+|y|)p−2 if 1 < p < 2.

Our main result on the almost everywhere convergence of the gradients is the
following.

We define

T (s) =

{
s if |s| 6 1,
s
|s| if |s| > 1,

.

Theorem 1.1 Let p > 1, let Ω be an open bounded subset of RN and let (un) ⊂
W 1,p(Ω) be such that un ⇀ u in W 1,p(Ω) and

∫

Ω

(
|∇un|p−2∇un − |∇u|p−2∇u

)
· ∇T (un − u)dx → 0, n →∞. (1.1)

Then

1. there exists a subsequence (unk
) such that

∇unk
→ ∇u a.e. on Ω,
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2.

lim
n→∞

(∫

Ω

|∇un|p dx−
∫

Ω

|∇(un − u)|p dx

)
=

∫

Ω

|∇u|p dx,

3. for any 1 6 q < p, un → u in W 1,q(Ω).

Proof. By Rellich Theorem, we can assume, up to a subsequence, that un → u a.e.
on Ω. Let

En = {x ∈ Ω : |un(x)− u(x)| 6 1},
en =

(
|∇un|p−2∇un − |∇u|p−2∇u

)
· ∇ (un − u) .

It follows from assumption (1.1) that
∫

En

endx =
∫

Ω

(
|∇un|p−2∇un − |∇u|p−2∇u

)
· ∇T (un − u)dx → 0, n →∞.

Extracting a subsequence, we can assume that enχEn → 0 a.e. on Ω. Since χEn → 1
a.e. on Ω, it follows that en → 0 a.e. on Ω. Lemma 1.1 implies that |∇un −∇u| → 0
a.e. on Ω.

Finally ∇un → ∇u a.e. on Ω and (∇un) is bounded in Lp(Ω;RN ), so that, for
any 1 6 q < p, ∇un → ∇u in Lq(Ω;RN ) by Proposition 20.6 in [20]. Statement
2 follows from the Brezis-Lieb Lemma ([7]). Since this is true for an arbitrary
subsequence, 2. and 3. hold for all the sequence.

Remark 1.1 Truncated functions are used as test functions in [4] and [3].

2 Dirichlet problem

Let Ω be a bounded smooth subset of RN and 1 < p < N . Let us define the first
eigenvalue of the p-Laplacian operator:

λp
1 = min

u∈W 1,p
0 (Ω)\{0}

∫
Ω
|∇u|p dx∫

Ω
|u|p dx

.

The critical exponent is defined as

p∗ =
Np

N − p
.

Let 0 < λ < λp
1. We define also

c1 = c1(p,Ω, λ) = inf
u∈W 1,p(Ω)\{0}

∫
Ω
|∇u|p dx− λ

∫
Ω
|u|p dx

(∫
Ω
|u|p∗ dx

) p
p∗

.



828 S. de Valeriola, M. Willem

By the critical Sobolev inequality,

S = S(p, Ω) = inf
u∈W 1,p(Ω)\{0}

∫
Ω
|∇u|p dx

(∫
Ω
|u|p∗ dx

) p
p∗

> 0.

Hence, by assumption 0 < c1 6 S (let us recall that S(p,Ω) = S(p,RN )).

Theorem 2.1 Let p, Ω and λ be such that

c1(p, Ω, λ) < S(p,RN ). (2.2)

Then there exists u ∈ W 1,p
0 (Ω) optimal for c1(p, Ω, λ).

Proof. Define

φ1 : W 1,p
0 (Ω) → R : u 7→ φ1(u) =

1
p

∫

Ω

(|∇u|p − λ |u|p) dx,

ψ1 : W 1,p
0 (Ω) → R : u 7→ ψ1(u) =

1
p∗

∫

Ω

|u|p∗ dx.

Using the Ekeland variational principle (see [13] or [19]), we obtain a sequence
(un) ⊂ W 1,p

0 (Ω) such that

φ1(un) → c1

p
,

ψ1(un) =
1
p∗

∀n,

f1,n = φ′1(un)− c1ψ
′
1(un) → 0 in

(
W 1,p

0 (Ω)
)′

. (2.3)

Up to a subsequence we can now assume the existence of u ∈ W 1,p
0 (Ω) such that

∇un ⇀ ∇u in Lp(Ω,RN ), (2.4)
un → u in Lp(Ω),
un → u a.e. on Ω.

Observe that
∫

Ω

(
|∇un|p−2∇un − |∇u|p−2∇u

)
· ∇T (un − u) dx

= 〈f1,n , T (un − u)〉+ c1

∫

Ω

|un|p
∗−2

un T (un − u)dx

+ λ

∫

Ω

|un|p−2
un T (un − u)dx−

∫

Ω

|∇u|p−2∇u · ∇T (un − u)

goes to 0 because of (2.3), (2.4) and the fact that, for all r > 1,
∫

Ω

|T (un − u)|r dx → 0 as n →∞. (2.5)
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By Theorem 1.1,

lim
n→∞

(∫

Ω

|∇un|p dx−
∫

Ω

|∇(un − u)|p dx

)
=

∫

Ω

|∇u|p dx. (2.6)

We have also by the Brezis-Lieb Lemma

1− lim
n→∞

∫

Ω

|un − u|p∗ dx =
∫

Ω

|u|p∗ dx. (2.7)

By the definition of c1 and by (2.6) we have

c1 =
∫

Ω

|∇u|p dx− λ

∫

Ω

|u|p dx + lim
n→∞

∫

Ω

|∇(un − u)|p dx

> c1

(∫

Ω

|u|p∗ dx

) p
p∗

+ S lim
n→∞

(∫

Ω

|un − u|p∗ dx

) p
p∗

= c1

(∫

Ω

|u|p∗ dx

) p
p∗

+ S

(
1−

∫

Ω

|u|p∗ dx

) p
p∗

using the Sobolev inequality and (2.7) successively. Now if
∫
Ω
|u|p∗ dx 6= 1, the

strict inequality (2.2) leads to a contradiction with the concavity of the function
h(t) = tp/p∗ . Hence c1 is attained by u. The proof of Theorem 2.1 is complete.

Garcia and Peral proved in [14] the following result. See also Guedda and Veron
([16]).

Theorem 2.2 Let 1 < p2 < N and 0 < λ < λp
1. Then we have

c1(p,Ω, λ) < S(p,RN ).

Combining theorems 2.1 and 2.2, we obtain the following corollary.

Corollary 2.1 Under the assumptions of the previous theorem, the infimum c1(p,Ω, λ)
is achieved. Moreover, there exists u ∈ W 1,p

0 (Ω) positive solution of the problem
{
−div

(
|∇u|p−2∇u

)
= λ |u|p−2

u + |u|p∗−2
u in Ω,

u = 0 on ∂Ω.

3 Neumann problem

Let Ω be a bounded smooth subset of RN and 1 < p < N . Define S = S(p,RN ). It
is easily seen that

inf
u∈W 1,p(RN

+ )\{0}

∫
RN

+
|∇u|p dx

(∫
RN

+
|u|p∗ dx

) p
p∗

=
S

2
p
N

.

Let us recall a result of Cherrier (see [9] or [1]).
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Lemma 3.1 For all ε > 0, there exists a constant Cε > 0 such that, for every
u ∈ W 1,p(Ω),

(
S

2
p
N

− ε

) (∫

Ω

|u|p∗ dx

) p
p∗

6
∫

Ω

|∇u|p dx + Cε

∫

Ω

|u|p dx. (3.8)

Define

c2 = c2(p, Ω) = inf
u∈W 1,p(Ω)\{0}

∫
Ω
|∇u|p dx +

∫
Ω
|u|p dx

(∫
Ω
|u|p∗ dx

) p
p∗

.

We will prove the following.

Theorem 3.1 Let p and Ω be such that

c2(p, Ω) <
S(p,RN )

2
p
N

. (3.9)

Then there exists u ∈ W 1,p(Ω) optimal for c2(p, Ω).

Proof. Define

φ2 : W 1,p(Ω) → R : u 7→ φ2(u) =
1
p

∫

Ω

(|∇u|p + |u|p) dx

ψ2 : W 1,p(Ω) → R : u 7→ ψ2(u) =
1
p∗

∫

Ω

|u|p∗ dx

Using the Ekeland variational principle, we obtain a sequence (un) ⊂ W 1,p(Ω) such
that

φ2(un) → c2

p
,

ψ2(un) =
1
p∗

∀n,

f2,n = φ′2(un)− c2ψ
′
2(un) → 0 in

(
W 1,p(Ω)

)′
. (3.10)

Up to a subsequence we can now assume the existence of u ∈ W 1,p(Ω) such that

∇un ⇀ ∇u in Lp(Ω,RN ), (3.11)
un → u in Lp(Ω),
un → u a.e. on Ω.

Observe that
∫

Ω

(
|∇un|p−2∇un − |∇u|p−2∇u

)
· ∇T (un − u) dx

= 〈f2,n , T (un − u)〉+ c2

∫

Ω

|un|p
∗−2

un T (un − u)dx

−
∫

Ω

|un|p−2
un T (un − u)dx−

∫

Ω

|∇u|p−2∇u · ∇T (un − u)
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goes to 0 because of (3.10), (3.11) and (2.5). By Theorem 1.1,

lim
n→∞

(∫

Ω

|∇un|p dx−
∫

Ω

|∇(un − u)|p dx

)
=

∫

Ω

|∇u|p dx. (3.12)

We have also
1− lim

n→∞

∫

Ω

|un − u|p∗ dx =
∫

Ω

|u|p∗ dx. (3.13)

Fix 0 < ε < S

2
p
N
− c2. By the definition of c2 and by (3.12) we have

c2 =
∫

Ω

|∇u|p dx +
∫

Ω

|u|p dx + lim
n→∞

∫

Ω

|∇(un − u)|p dx

> c2

(∫

Ω

|u|p∗ dx

) p
p∗

+
(

S

2
p
N

− ε

)
lim

n→∞

(∫

Ω

|un − u|p∗ dx

) p
p∗

= c2

(∫

Ω

|u|p∗ dx

) p
p∗

+
(

S

2
p
N

− ε

)(
1−

∫

Ω

|u|p∗ dx

) p
p∗

using the Cherrier inequality (3.8) and (3.13) successively. Now if
∫
Ω
|u|p∗ dx 6= 1,

the strict inequality (3.9) leads to a contradiction. Hence c2 is attained by u. The
proof of Theorem 3.1 is complete.

Demyanov and Nazarov proved in [12] the following result.

Theorem 3.2 Let 1 < p < (N + 1)/2. Then we have

c2(p, Ω) <
S(p,RN )

2
p
N

.

Combining theorems 3.1 and 3.2, we obtain the following corollary.

Corollary 3.1 Under the assumption of the previous theorem, the infimum c2(p,Ω)
is achieved. Moreover, there exists u ∈ W 1,p(Ω) positive solution of

{
−div

(
|∇u|p−2∇u

)
+ |u|p−2

u = |u|p∗−2
u in Ω,

∂u
∂ν = 0 on ∂Ω.

4 Poincare-Sobolev inequality

Let Ω be a bounded smooth subset of RN and 1 < p < N . For u ∈ W 1,p(Ω) we
introduce the mean of u on Ω:

u =
1
|Ω|

∫

Ω

u dx.

Define

c3 = c3(p, Ω) = inf
u∈W 1,p(Ω), u6=u

∫
Ω
|∇u|p dx

(∫
Ω
|u− u|p∗ dx

) p
p∗

> 0.

We will prove the following.
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Theorem 4.1 Let p and Ω be such that

c3(p, Ω) <
S(p,RN )

2
p
N

. (4.14)

Then there exists u ∈ W 1,p(Ω) optimal for c3(p, Ω).

Proof. Define
X =

{
u ∈ W 1,p(Ω) : u = 0

}

and

φ3 : X → R : u 7→ φ3(u) =
1
p

∫

Ω

|∇u|p dx,

ψ3 : X → R : u 7→ ψ3(u) =
1
p∗

∫

Ω

|u|p∗ dx.

Using the Ekeland variational principle, we obtain a sequence (un) ⊂ X such that

φ3(un) → c3

p
,

ψ3(un) =
1
p∗

∀n,

f3,n = φ′3(un)− c3ψ
′
2(un) → 0 in X ′. (4.15)

Up to a subsequence we can now assume the existence of u ∈ W 1,p(Ω) such that

∇un ⇀ ∇u in Lp(Ω,RN ), (4.16)
un → u in Lp(Ω),
un → u a.e. on Ω.

It is clear that
∫

Ω

(
|∇un|p−2∇un − |∇u|p−2∇u

)
· ∇T (un − u) dx

= 〈f3,n , T (un − u)〉+ c3

∫

Ω

|un|p
∗−2

un T (un − u)dx

−
∫

Ω

|∇u|p−2∇u · ∇T (un − u).

This goes to 0 because of (4.16), (2.5) and 〈f3,n , T (un−u)〉 → 0. Indeed, one can
see that, defining dn = T (un − u) → 0 as n →∞,

〈f3,n , T (un − u)〉 = 〈f3,n , T (un − u)− dn〉+ 〈f3,n , dn〉
= 〈f3,n , T (un − u)− dn〉+ 〈φ′3(un) , dn〉 − c3〈ψ′3(un) , dn〉
= 〈f3,n , T (un − u)− dn〉 − c3

∫

Ω

|un|p
∗−2

un dn dx
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goes to 0 as n →∞ because of (4.15) and (4.16). By Theorem 1.1,

lim
n→∞

(∫

Ω

|∇un|p dx−
∫

Ω

|∇(un − u)|p dx

)
=

∫

Ω

|∇u|p dx. (4.17)

We have also
1− lim

n→∞

∫

Ω

|un − u|p∗ dx =
∫

Ω

|u|p∗ dx. (4.18)

Let 0 < ε < S

2
p
N
− c3. By the definition of c3 and by (4.17) we have

c3 =
∫

Ω

|∇u|p dx + lim
n→∞

∫

Ω

|∇(un − u)|p dx

> c3

(∫

Ω

|u|p∗ dx

) p
p∗

+
(

S

2
p
N

− ε

)
lim

n→∞

(∫

Ω

|un − u|p∗ dx

) p
p∗

= c3

(∫

Ω

|u|p∗ dx

) p
p∗

+
(

S

2
p
N

− ε

)(
1−

∫

Ω

|u|p∗ dx

) p
p∗

using the Cherrier inequality (3.8) and (4.18) successively. Now if
∫
Ω
|u|p∗ dx 6= 1,

the strict inequality (4.14) leads to a contradiction. Hence c3 is attained by u. The
proof of Theorem 4.1 is complete.

Demyanov and Nazarov proved in [12] the following result.

Theorem 4.2 Let 1 < p < (N + 1)/2. Then we have

c3(p, Ω) <
S(p,RN )

2
p
N

.

Combining theorems 4.1 and 4.2, we obtain the following corollary.

Corollary 4.1 Under the assumption of the previous theorem, the infimum c3(p,Ω)
is achieved.

5 Trace inequality

Let Ω be a bounded smooth subset of RN and 1 < p < N . The critical exponent
for the trace of Sobolev functions is defined as

p∗ =
(N − 1)p
N − p

.

Define

c4 = c4(p, Ω) = inf
u∈W 1,p(Ω)\W 1,p

0 (Ω)

∫
Ω

(|∇u|p + |u|p) dx
(∫

∂Ω
|u|p∗ dγ

) p
p∗

.

The critical trace inequality ensures that c4 > 0. Define

K = K(p,N) = inf
u∈W 1,p(RN

+ )\W 1,p
0 (RN

+ )

∫
RN

+
|∇u|p dx

(∫
∂RN

+
|u|p∗ dγ

) p
p∗

.
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Let us recall a result of Demengel and Nazaret (see [11] or [3]).

Lemma 5.1 For all ε > 0, there exists a constant Cε > 0 such that, for every
u ∈ W 1,p(Ω),

(K − ε)
(∫

∂Ω

|u|p∗ dγ

) p
p∗

6
∫

Ω

|∇u|p dx + Cε

∫

Ω

|u|p dx. (5.19)

We will need the following lemma.

Lemma 5.2 Let γ0 be the trace operator. We have

γ0(T ◦ u) = T ◦ (γ0u)

Proof. This is clear for C∞ functions, and the continuity of the operator u 7→ T ◦ u
for the W 1,p(Ω) norm and for the Lp(∂Ω) norm ensures that it stands also for
W 1,p(Ω) functions.

We will prove the following.

Theorem 5.1 Let p and Ω be such that

c4(p, Ω) < K(p,N). (5.20)

Then there exists u ∈ W 1,p(Ω) optimal for c4(p, Ω).

Proof. Define

φ4 : W 1,p(Ω) → R : u 7→ φ4(u) =
1
p

∫

Ω

(|∇u|p + |u|p) dx,

ψ4 : W 1,p(Ω) → R : u 7→ ψ4(u) =
1
p∗

∫

∂Ω

|u|p∗ dγ.

Using the Ekeland Variational Principle, we obtain a sequence (un) ⊂ W 1,p(Ω) such
that

φ4(un) → c4

p
,

ψ4(un) =
1
p∗

∀n, (5.21)

f4,n = φ′4(un)− c4ψ
′
4(un) → 0 in

(
W 1,p(Ω)

)′
. (5.22)

Up to a subsequence we can now assume the existence of u ∈ W 1,p(Ω) such that

∇un ⇀ ∇u in Lp(Ω,RN ), (5.23)
un → u in Lp(Ω),
un → u a.e. on Ω,

γ0un → γ0u in Lp(∂Ω),
γ0un → γ0u a.e. on ∂Ω.
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It is clear that
∫

Ω

(
|∇un|p−2∇un − |∇u|p−2∇u

)
· ∇T (un − u) dx

= 〈f4,n , T (un − u)〉+ c4

∫

∂Ω

|un|p∗−2
un T (un − u)dγ

−
∫

Ω

|un|p−2
un T (un − u)dx−

∫

Ω

|∇u|p−2∇u · ∇T (un − u)dx.

The first, third and fourth terms go to 0 because of (5.22), (2.5) and (5.23). For
the second term, we have

∫

∂Ω

|un|p∗−2
un T (un − u)dγ → 0

as n → ∞ by Lemma 5.2. The four terms of the previous equation going to 0, we
can use Theorem 1.1:

lim
n→∞

(∫

Ω

|∇un|p dx−
∫

Ω

|∇(un − u)|p dx

)
=

∫

Ω

|∇u|p dx. (5.24)

We have also
1− lim

n→∞

∫

∂Ω

|un − u|p∗ dγ =
∫

∂Ω

|u|p∗ dγ. (5.25)

Let now 0 < ε < K − c4. By the definition of c4 and by (5.24) and (5.21), we have

c4 =
∫

Ω

|∇u|p dx +
∫

Ω

|u|p dx + lim
n→∞

∫

Ω

|∇(un − u)|p dx

> c4

(∫

∂Ω

|u|p∗ dγ

) p
p∗

+ (K − ε) lim
n→∞

(∫

∂Ω

|un − u|p∗ dγ

) p
p∗

= c4

(∫

∂Ω

|u|p∗ dγ

) p
p∗

+ (K − ε)
(

1−
∫

∂Ω

|u|p∗ dγ

) p
p∗

using (5.19) and (5.25) successively. Now if
∫

∂Ω
|u|p∗ dγ 6= 1, the strict inequality

(5.20) leads to a contradiction. Hence c4 is attained by u. The proof of Theorem
5.1 is complete.

Bonder and Saintier proved in [6] the following result.

Theorem 5.2 Let 1 < p < (N + 1)/2. Then we have

c4(p, Ω) < K(p,N).

Combining theorems 5.1 and 5.2, we obtain the following corollary.

Corollary 5.1 Under the assumption of the previous theorem, the infimum c4(p,Ω)
is achieved.
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