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Abstract

In this paper we prove the almost everywhere convergence of the gradient of
Palais-Smale sequences, allowing us to apply the Brezis-Lieb lemma. This leads
us to show that infima are attained, and thus to prove the existence of optimal
solutions for some critical problems. Our method does not use the concentration-

compactness principle.
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Introduction

In the framework of the classical paper by Brezis and Nirenberg ([8]), the analysis
of a critical minimization problem involves

1. a strict inequality,

2. a convergence theorem.

825



826 S. de Valeriola, M. Willem

The first step is always difficlut and technical. On the other hand, the second step
uses only the Hilbert space structure of W, *(Q) and the Brezis-Lieb lemma ([7]).
This method is applicable to many other problems, like the existence of optimal
functions for the critical Poincaré-Sobolev inequality in W12(€2) (see [15]).
For quasilinear critical problems, the spaces WO1 2(Q) and W12(Q) are replaced
by Wy *(9) and W'(Q). Since there is no Hilbert space structure, various sophis-
ticated tools were used.

1. The concentration-compactness principle ([17]) for the critical Dirichlet prob-
lem ([14]), for the critical Neumann problem ([12]), for the critical Poincaré-
Sobolev inequality ([12]) and for the critical trace inequality ([6]).

2. Approximation by subcritical problems and regularity theorems, for the crit-
ical Dirichlet problem ([16] and [10]) and for the critical trace inequality ([5]
and [11]).

Our aim is to deduce the convergence theorems for quasilinear critical problems
from an elementary result. We prove the almost everywhere convergence of the
gradients of Palais-Smale sequences. It is then possible to use the Brezis-Lieb lemma
for the sequence of the gradients instead of the Hilbert space structure.

1 The convergence theorem
Let us recall an elementary inequality due to J. Simon ([18]).

Lemma 1.1 Letz,y € RY and (-,-) the standard scalar product in R™N. Then there
ezists ¢ > 0 such that

—2 2 clz —yl” ifp=2,
([ 2 = [y "y, 2 —y) > { o y? fl<p<?
Taltwpr—= Y 1sP=s=
Our main result on the almost everywhere convergence of the gradients is the
following.
We define

T(s) = s if |s] <1,
TTVE i s> 1,

Theorem 1.1 Let p > 1, let Q be an open bounded subset of RN and let (u,) C
WLP(Q) be such that u, — u in WHP(Q) and

/ <|Vun\p72 Vu, — |VulP~? Vu) VT (up —u)dr — 0, n — oo. (1.1)
)

Then

1. there exists a subsequence (un,) such that

Vi, — Vu a.e. onfl,
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lim (/ |V, |” d:zf/ |V (up, — w)|” dx) /|Vu|pdx

3. for any 1 < q < p, up, — u in WH9(Q).

Proof. By Rellich Theorem, we can assume, up to a subsequence, that w,, — u a.e.
on Q. Let

E,={x€Q: |uy(x) —u(z)| <1},
en = (|Vun|pf2 Vu, — \Vu\piz Vu) V(U — ).
It follows from assumption (1.1) that

/ epdr = / (\Vun|p72 Vu, — |VulP~? Vu) -VT(up —u)dzr — 0, n— oo.
B, Q

Extracting a subsequence, we can assume that e, xg, — 0 a.e. on {. Since xg, — 1
a.e. on €2, it follows that e,, — 0 a.e. on Q. Lemma 1.1 implies that |Vu,, — Vu| — 0
a.e. on ().

Finally Vu,, — Vu a.e. on Q and (Vu,) is bounded in LP(Q; RY), so that, for
any 1 < ¢ < p, Vu,, — Vu in L9(Q;RY) by Proposition 20.6 in [20]. Statement
2 follows from the Brezis-Lieb Lemma ([7]). Since this is true for an arbitrary
subsequence, 2. and 3. hold for all the sequence.

Remark 1.1 Truncated functions are used as test functions in [4] and [3].

2 Dirichlet problem

Let © be a bounded smooth subset of RY and 1 < p < N. Let us define the first
eigenvalue of the p-Laplacian operator:

P
NP = min 7‘[9 \Vu}\) da:.
wewd @0y o [ul” do

The critical exponent is defined as

Let 0 < XA < A{. We define also

VulP de — X Pa
c1=c1(p, QA = inf fQ' uf” dz fQLu| x.

e (g an)
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By the critical Sobolev inequality,

Vulf d
S=S5(p,Q) = inf fQ| “| xT > 0.
weW P (2)\{0} ( ) i

Hence, by assumption 0 < ¢; < S (let us recall that S(p, ) = S(p,RY)).

Theorem 2.1 Let p,  and X\ be such that

c1(p, Q) < S(p,RY).
Then there exists u € Wy (Q) optimal for ¢y (p,Q, \).
Proof. Define

b1 WIP(Q) = Rt s oy () = 1/(|Vu|p Aul?) de

P W P(Q) = R : w1 (u /|u|p dz.

Using the Ekeland variational principle (see [13] or [19]), we obtain a sequence

(un) C WyP(2) such that

C1
¢1 (un) p )
mwuzg v,

hm:%ww—q%wwﬁﬂinomﬂmy.

(2.3)

Up to a subsequence we can now assume the existence of u € VVO1 P(Q) such that

Vu, — Vu in LP(Q,RY),
Up — u  in LP(Q),

U, — U a.e. on ).

Observe that
/Q (|Vun|pf2 Vi, — |VulP 2 Vu) VT (up, — u)dz
=(fin., T +C1/\un\p7 up, T(up, — u)dz
+ A/Q [P~ 2wy T(ty, — w)dz — /Q [VulP~? Vu - VT (un,
goes to 0 because of (2.3), (2.4) and the fact that, for all > 1

/|T(un—u)|rdx—>0 as n — o0o.
Q

_u)

(2.4)



On some quasilinear critical problems 829

By Theorem 1.1,

lim (/ |Vun|pdmf/ |V (ur, u)|pdx) :/ |Vu|P dz. (2.6)

We have also by the Brezis-Lieb Lemma

1= tim [ Jup— uf” da:z/ luf?" da. (2.7)
Q Q

n—oo

By the definition of ¢; and by (2.6) we have
1 :/ |VulP dz — )\/ lu|” dz + lim / |V (up, — u)|’ dz
Q Q n—oo Jo

201(/ |u|p*dx>p + S lim (/ un—u|p*dx>p
Q n—oo Q

D

—c (/ |u|p*dx>p +S(1—/|u|p*dx>p
Q Q

using the Sobolev inequality and (2.7) successively. Now if [, |ul” " da # 1, the

strict inequality (2.2) leads to a contradiction with the concavity of the function

h(t) = t?/P". Hence ¢, is attained by u. The proof of Theorem 2.1 is complete.
Garcia and Peral proved in [14] the following result. See also Guedda and Veron

([16]).

Theorem 2.2 Let 1 <p? < N and 0 < X < A}. Then we have
Cl(p, Qa )‘) < S(pa RN)

Combining theorems 2.1 and 2.2, we obtain the following corollary.

Corollary 2.1 Under the assumptions of the previous theorem, the infimum c¢q(p,Q2, \)
is achieved. Moreover, there exists u € Wol’p(Q) positive solution of the problem

—div (\Vu|p_2 Vu) = AMulP P u+ |u|p*_2 u in Q,
u=20 on 0f).

3 Neumann problem

Let © be a bounded smooth subset of RY and 1 < p < N. Define S = S(p, RY). It
is easily seen that

. f]Rf |Vu|” dz g
1 ;17an = 2% '
ueWl, (R+)\{O} (‘/‘]Rﬁ |u|p dl’) P

Let us recall a result of Cherrier (see [9] or [1]).
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Lemma 3.1 For all € > 0, there exists a constant C. > 0 such that, for every

u e Whp(Q),
—e) (/ |ul?” d:r)p </ |Vu|? dx—i—Ce/ |ul” dz. (3.8)
Q Q )

S
2%
Vul? dz + Pd
Coy — Cg(p, Q) = inf fQ | U| v fQ |Z| x.
ueWbr(Q)\{0} (f |u|p* dx) P
Q

Define

We will prove the following.

Theorem 3.1 Let p and Q be such that

S(p, RY)
2%

Then there exists u € WLP(Q) optimal for ca(p, ().

Proof. Define

ca(p, ) < (3.9)

G WP(Q) 5 R : 1t ho(ur) = 1/ (Yl + uf?) dz
G WIP(Q) - R 5w thau / [uf?”" da

Using the Ekeland variational principle, we obtain a sequence (u,) C WP(Q) such
that

Ga(un) — ;
Yo(uy) = 2% Vn,
fon = b (un) — cathhy(uy) — 0 in (WHP(Q)) . (3.10)

Up to a subsequence we can now assume the existence of u € W1?(2) such that

Vu, — Vu in LP(Q,RY), (3.11)
U, — u in LP(Q),

U, — U a.e. on ).

Observe that

/ (|Vun|p_2 YV, — |VulP~? Vu) VT (u, —u)dx
Q
= (fon , T(up —u))+ 82/ |un|p*_2 Up T(up —uw)de
o

— / tn|? ™%ty Ty, — w)dz — / \VulP™ Vu - VT (u, — u)
Q Q
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goes to 0 because of (3.10), (3.11) and (2.5). By Theorem 1.1,

lim (/ [V, |” dxf/ |V (un, —u)|” dx) / |Vu|P dz. (3.12)

‘We have also

1— lim [ |un —ulf do= / [P dz. (3.13)
n—oo Q
Fix 0 <e <,z -c By the definition of ¢ and by (3.12) we have

:/ |Vul? dx+/ lu|” dz + lim / IV (uy, — u) P da
Q Q n—oo
p* P S " P
> co lul” dz +|—% —€) lim |un —ul’ dx
Q 2N n—00

(o a) () (- L)

using the Cherrier inequality (3.8) and (3.13) successively. Now if [, \u|p dx # 1,
the strict inequality (3.9) leads to a contradiction. Hence co is attained by u. The
proof of Theorem 3.1 is complete.

Demyanov and Nazarov proved in [12] the following result.

Theorem 3.2 Let 1 < p < (N +1)/2. Then we have
S(p,RY)
o

Combining theorems 3.1 and 3.2, we obtain the following corollary.

02(p7 Q) <

Corollary 3.1 Under the assumption of the previous theorem, the infimum ca(p, Q)
is achieved. Moreover, there exists u € WP(Q) positive solution of

—div (|Vu|p 2 Vu) +uf P u = |u|p u inQ,
on 0.

4 Poincare-Sobolev inequality

Let Q be a bounded smooth subset of RY and 1 < p < N. For u € W1P(Q) we
introduce the mean of u on 2

i
u=— | wudzx.
12 Jo

Vul’ dz
Cc3 = 63(]), Q) = cwl. ;lyngg) £7 fQ | | .
“ ur (fQ |u —ul|? dx)

Define
> 0.

3k

We will prove the following.
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Theorem 4.1 Let p and Q be such that

S(p,RY)

2N

c3(p, Q) < (4.14)

Then there exists u € WHP(Q) optimal for c3(p, ).

Proof. Define
X={ueW"(Q):u=0}

and
1
¢3:X—>R:u»—>¢3(u):f/|Vu|pdx,
P Ja
1 .
¢3:X—>R:u»—>¢3(u):—*/|u|p dz.
P Ja

Using the Ekeland variational principle, we obtain a sequence (u,) C X such that

Cj
¢3(Un) P )
alun) = ooV,
f3,n == d)g(un) - C:ﬂ/’é(un) — 0 in Xl' (415)

Up to a subsequence we can now assume the existence of u € W1?(2) such that

Vu, = Vu in LP(Q,RY), (4.16)
U, — u in LP(Q),

U, — u  a.e. on .

It is clear that
/Q (|Vun|p*2 Vu, — |VulP~? Vu) VT (uy —u)dz
= (fan , T(up —u))+ 03/9 |un‘p*_2 i Tt — w)da
- /Q [Vul?~? Vu - VT (uy — ).

This goes to 0 because of (4.16), (2.5) and (fs3, , T(u, —u)) — 0. Indeed, one can
see that, defining d,, = T'(u,, — u) — 0 as n — o0,

<f3,n 9 T(Un - u)> = <f3,n ) T(un - ’LL) - dn> + <fd,n ) dn>
= <f3,n 5 T(un - ’LL) - dn> + <¢§(Un) 5 dn> - CS('l/)/g(un) y dn>

= (fan, T(up —u) —dy) — 03/ |un|p*_2 Uy, dp dx
Q
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goes to 0 as n — oo because of (4.15) and (4.16). By Theorem 1.1,

lim </ [V, |” dx—/ |V (un, — w)|” dx) / |Vu|” da. (4.17)

We have also

n—oo

1— lim [ |uy, —ulf dz= / lulP” da. (4.18)
Q Q

Let 0 <e< 2% — c3. By the definition of ¢35 and by (4.17) we have

:/ |Vu|’ dz + lim / IV (un — u)|” da
Q n—o0 Jo

« PL* S * p*
> c3 (/ |u|? da;) + (,, - e) lim ( [ty — ul’ da:)
Q IN n—o00 Q

:c3(/ |u|p*dx>p +<€ —e) (1—/u|p*dx>p
Q 2~ Q

using the Cherrier inequality (3.8) and (4.18) successively. Now if [, \u|p* dz #1,
the strict inequality (4.14) leads to a contradiction. Hence c3 is attained by w. The
proof of Theorem 4.1 is complete.

Demyanov and Nazarov proved in [12] the following result.

Theorem 4.2 Let 1 <p < (N +1)/2. Then we have
S(p,RY)
o

Combining theorems 4.1 and 4.2, we obtain the following corollary.

C3(p7 Q) <

Corollary 4.1 Under the assumption of the previous theorem, the infimum c3(p, Q)
is achieved.
5 Trace inequality

Let © be a bounded smooth subset of R and 1 < p < N. The critical exponent
for the trace of Sobolev functions is defined as

_(N=Dp
* N p .
Define Tul? "
amep)= o Jo(TuERAr
weW P (Q)\Wy 7 () (faﬂ [u|P d’y) P
The critical trace inequality ensures that ¢4 > 0. Define
S~ [Vul” dz
K=K({p,N)= inf + =

u€WLP (RY )\ Wy P (RY)
faRf |u

Px d’)/) Px
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Let us recall a result of Demengel and Nazaret (see [11] or [3]).

Lemma 5.1 For all € > 0, there exists a constant C. > 0 such that, for every

u € Whr(Q),
w=a ([ 1u

We will need the following lemma.

P
P d*y) ) g/ V|’ dx+CE/ ul? da. (5.19)
Q Q

Lemma 5.2 Let g be the trace operator. We have
Y0(T o u) =T o (you)

Proof. This is clear for C'*° functions, and the continuity of the operator u +— T ou
for the W1P(Q) norm and for the LP(9Q) norm ensures that it stands also for
WLP(Q) functions.

We will prove the following.

Theorem 5.1 Let p and Q be such that

ca(p, Q) < K(p,N). (5.20)
Then there exists u € WHP(Q) optimal for c4(p, ).
Proof. Define

bg: WHP(Q) = R:u— ¢y(u) = 1/ (IVul” + [u|”) dz,
P Ja

D« d,y

1
W) 5 R:u— = —
B W) = Rum v = - [

Using the Ekeland Variational Principle, we obtain a sequence (u,,) C W1?(£) such
that

Cy
Ga(tn) — ;7
Ffam = Oy(un) — cxthy(un) — 0 in (WH(Q))". (5.22)

Up to a subsequence we can now assume the existence of u € WP(Q) such that

Vu, = Vu in LP(Q,RY), (5.23)
U, — u  in LP(Q),
Uy — U a.e. on

Youn — You  in LP(02),

YoUun — You  a.e. on O
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It is clear that
/ <|Vun\p_2 Vu, — |VulP~? Vu) VT (up —u)dz
Q

Px—2

= (fam » Ttn —w) + 4 / P2, T — )y

o0

- / un P up T(up — w)dz — / |Vul" "2 Vu - VT (u, — u)dz.
Q Q

The first, third and fourth terms go to 0 because of (5.22), (2.5) and (5.23). For
the second term, we have

/ 2ty Tt — )y — 0
o0

as n — oo by Lemma 5.2. The four terms of the previous equation going to 0, we
can use Theorem 1.1:

lim </ |V, |” d:z:f/ |V (up, —u)|? dx) :/ |Vu|P dz. (5.24)

We have also

1— lim [up, —ul’* dy = / [u|* dy. (5.25)
o0 o9

Let now 0 < € < K — c4. By the definition of ¢4 and by (5.24) and (5.21), we have
cy :/ |Vu|pdx+/ |u|” dz + lim / |V (uy, — u)|” da
=2 cCq (/ up*d7>p* + (K —¢) lim (/ |un—u|p*d7>p*
a0 n=o0 \Joq
P P
=cy (/ |u
a0

p*dfy) ) + (K —¢) (1—/ |u|p*d’y) ’

o0
using (5.19) and (5.25) successively. Now if [, [u[’" dy # 1, the strict inequality
(5.20) leads to a contradiction. Hence ¢4 is attained by u. The proof of Theorem
5.1 is complete.

Bonder and Saintier proved in [6] the following result.
Theorem 5.2 Let 1 < p < (N +1)/2. Then we have
ca(p, Q) < K(p, N).
Combining theorems 5.1 and 5.2, we obtain the following corollary.

Corollary 5.1 Under the assumption of the previous theorem, the infimum ca(p, Q)
is achieved.
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