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Abstract

In this note we consider the notion of nonuniform exponential contraction for

delay difference equations with infinite delay (one can argue that the only delay

difference equations are those with infinite delay, since otherwise we can always

bring them to the standard recurrence form in some higher-dimensional space).

We consider the general case of a nonautonomous dynamics. Our main objective is

to show that exponential contractions persist under sufficiently small linear and

nonlinear perturbations. This includes establishing the continuous dependence

with the perturbation of the constants in the notion of contraction. We also

characterize the nonuniform exponential contractions in terms of strict Lyapunov

sequences, in particular by constructing explicitly a strict Lyapunov sequence for

each exponential contraction.
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1 Introduction

In this note we consider the delay equation

x(m + 1) = Lmxm, m ∈ N (1.1)
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for some linear operators Lm in the set of functions φ : Z−0 → Y , with values in some
Banach space Y . We emphasize that in general the delay may be infinite. Since we
are interested in considering exponential contractions, given γ > 0 we consider the
norm

‖φ‖γ = sup{|φ(j)|eγj : j ∈ Z−0 },
where |·| is the norm in Y . Although we can consider other norms (see [7] for
a related discussion), ‖·‖γ should be considered the natural norm for exponential
contractions since it already incorporates the exponential behavior in the constant γ.

Our main objective is to show that the Lyapunov stability of a nonuniform
exponential contraction for equation (1.1) persists under sufficiently small linear
and nonlinear perturbations. Incidentally, in the case of a dynamics in a finite-
dimensional vector space, the existence of a nonuniform exponential contraction is
equivalent to have all Lyapunov exponents negative (see [1]), but in general this need
not be the case in the present setting. We also establish the continuous dependence
with the perturbation of the constants in the notion of contraction. We note that for
nonlinear perturbations, the initial conditions may need to be exponentially small
in the initial time, although with small exponential speed when compared to the
rate of contraction.

In addition, we characterize the nonuniform exponential contractions in terms of
strict Lyapunov sequences, in particular by constructing explicitly a strict Lyapunov
sequence for each exponential contraction. The use of Lyapunov functions in the
study of the stability of trajectories goes back to the seminal work of Lyapunov.
According to Coppel in [5], the connection between Lyapunov functions and uniform
exponential dichotomies was first considered by Măızel’ in [6]. We refer to the book
by Mitropolsky, Samoilenko and Kulik [8] for a detailed discussion of the relation
between Lyapunov functions and uniform exponential dichotomies in the case of
continuous time.

2 Nonuniform exponential contractions

Given a Banach space Y , let Xγ be the set of functions φ : Z−0 → Y with ‖φ‖γ < ∞.
For any function x : (−∞, m] ∩ Z → Y and n ≤ m, we define xn : Z−0 → Y by
xn(j) = x(n + j) for j ∈ Z−0 . Given linear operators Lm : Xγ → Y for m ∈ N, we
consider equation (1.1). For each n ∈ N and φ ∈ Xγ , we obtain a unique function
x : Z → Y , denoted by x(·, n, φ), such that xn = φ and (1.1) holds for all m ≥ n.
For each m ≥ n we define the operator T (m,n) in Xγ by

T (m,n)φ = xm(·, n, φ), φ ∈ Xγ .

We have

‖xn+1‖γ = sup
{|x(m)|eγ(m−n−1) : m ≤ n + 1

}

= max
{

sup
{|x(m)|eγ(m−n−1) : m ≤ n

}
, |x(n + 1)|}

= max
{‖xn‖γe−γ , |x(n + 1)|},

(2.1)
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and hence T (m, n)Xγ ⊂ Xγ for each m ≥ n. Clearly, T (m,n) is linear, T (m,m) =
Id, and

T (l, m)T (m,n) = T (l, n), l ≥ m ≥ n.

We say that equation (1.1) admits a nonuniform exponential contraction if there
exist constants γ > 0, ε ≥ 0 and D ≥ 1 such that for each φ ∈ Xγ , n ∈ N and
m ≥ n we have

‖T (m,n)φ‖γ ≤ De−γ(m−n)+εn‖φ‖γ . (2.2)

We note that if
‖T (m,n)φ‖γ ≤ De−a(m−n)+εn‖φ‖γ

for some a > 0, then a ≤ γ. Indeed, writing xm = T (m, n)φ, for each m ≥ n we
have

‖xm‖γ ≤ De−a(m−n)+εn‖xn‖γ

= De−a(m−n)+εn sup
{|x(n + j)|eγj : j ∈ Z−0

}

≤ De−a(m−n)+εn sup
{|x(n + j)|eγ(j−m+n) : j ≤ m− n

}
eγ(m−n)

= De(−a+γ)(m−n)+εn‖xm‖γ ,

and hence, a ≤ γ. To clarify the meaning of the notion of exponential contraction
with infinite delay, we first note that proceeding in a similar manner to that in (2.1)
we obtain

‖xm‖γ = max
{‖xm−1‖γe−γ , |x(m)|}

= max
{‖xm−2‖γe−2γ , |x(m− 1)|e−γ , |x(m)|}

· · ·
= max

{‖xn‖γe−γ(m−n), |x(m− j)|e−γj : j = 0, . . . , m− n− 1
}
.

Therefore, (2.2) is equivalent to

|x(n + k)|e−γ(m−n−k) ≤ De−γ(m−n)+εn‖xn‖γ ,

or also to
|x(n + k)| ≤ De−γk+εn‖xn‖γ

for k = 1, . . . , m− n. For example, when ε = 0 (uniform case) we obtain

|x(n + k)| ≤ De−γk‖xn‖γ , k = 1, . . . ,m− n.

3 Robustness of nonuniform exponential
contractions

We establish in this section the persistence of the stability under sufficiently small
linear perturbations. More precisely, we consider the equation

y(m + 1) = (Lm + Nm)ym, (3.1)

for some linear operators Lm, Nm : Xγ → Y for m ∈ N.
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Theorem 3.1 If equation (1.1) admits a nonuniform exponential contraction, and
there exists δ > 0 such that ‖Nm‖γ ≤ δe−ε|m+1| for m ∈ N, with δD < 1 − e−γ ,
then equation (3.1) admits a nonuniform exponential contraction, with the constant
γ replaced by γ − log(1 + δDeγ).

Proof. We follow the proof of Theorem 8 in [3]. By Lemma 5.1, if T̂ (m, n) is the
operator defined in Xγ by

T̂ (m,n)φ = ym = ym(·, n, φ),

then

T̂ (m,n) = T (m,n) +
m−1∑

l=n

T (m, l + 1)(ΓNlT̂ (l, n)),

since ym = T̂ (m,n)yn. Setting αm = ‖ym‖γ , we obtain

αm ≤ ‖T (m,n)yn‖γ +
m−1∑

l=n

‖T (m, l + 1)(ΓNlyl)‖γ

≤ De−γ(m−n)+εnαn + δD

m−1∑

l=n

e−γ(m−l−1)αl.

Now we consider the sequence Φm defined recursively by

Φm = De−γ(m−n)+εnαn + δD

m−1∑

l=n

e−γ(m−l−1)Φl. (3.2)

Setting Γm = eγ(m−n)Φm, we can rewrite (3.2) in the form

Γm = Deεnαn + δDeγ
m−1∑

l=n

Γj .

We can easily verify that
Γm+1 = (1 + δDeγ)Γm,

and by (3.2), Γn = Φn = Deεnαn. Hence, for each m ≥ n we have

Γm = (1 + δDeγ)m−nΓn = (1 + δDeγ)m−nDeεnαn

= Delog(1+δDeγ)(m−n)+εnαn.

On the other hand, it follows easily from the construction that αm ≤ Φm for each
m ≥ n. Therefore,

αm ≤ Φm = e−γ(m−n)Γm ≤ De−(γ−log(1+δDeγ))(m−n)+εnαn,

and we obtain the desired result. 2
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4 Lyapunov functions and nonuniform exponential
contractions

We consider continuous functions Vm : Xγ → R−0 for m ∈ N, and we assume that
there exist C > 0 and δ ≥ 0 such that

‖x‖γ ≤ |Vm(x)| ≤ Ceδm‖x‖γ (4.1)

for every m ∈ N and x ∈ Xγ . We say that (Vm)m∈N is a strict Lyapunov sequence
for equation (1.1) if there exists κ ∈ (0, 1) such that

Vm+1(Lmx)− Vm(x) ≥ κ|Vm(x)| (4.2)

for every m ∈ N and x ∈ Xγ .
The following is a characterization of nonuniform exponential contractions in

terms of strict Lyapunov functions.

Theorem 4.1 The following properties are equivalent.

1. equation (1.1) admits a nonuniform exponential contraction;

2. there is a strict Lyapunov sequence for equation (1.1).

Proof. We follow partly arguments in [4]. We first assume that there is a strict
Lyapunov sequence for equation (1.1). For each m ≥ n set

κm,n = sup
{ |Vm(T (m,n)x)|

|Vn(x)| : x ∈ Xγ \ {0}
}

. (4.3)

For every m ≥ l ≥ n we have

κm,n = sup
{ |Vm(T (m, n)x)|
|Vl(T (l, n)x)| · |Vl(T (l, n)x)|

|Vn(x)| : x 6= 0
}

≤ sup
{ |Vm(T (m, l)y)|

|Vl(y)| : y 6= 0
}

κl,n = κm,lκl,n.

(4.4)

It follows from (4.2) that

|Vl+1(Llx)|
|Vl(x)| ≤ 1− κ for every x ∈ Xγ \ {0}.

Therefore, κl+1,l ≤ 1 − κ ∈ (0, 1) for each l ∈ N, and it follows from (4.4) that for
every m ≥ n,

κm,n ≤
m−1∏

l=n

κl+1,l ≤ (1− κ)m−n. (4.5)

Hence, by (4.1), (4.3), and (4.5) we obtain

‖T (m,n)x‖γ ≤ |Vm(T (m,n)x)|
≤ κm,n|Vn(x)| ≤ C(1− κ)m−neδn‖x‖γ
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for every m ≥ n and x ∈ Xγ . This shows that equation (1.1) admits a nonuniform
exponential contraction with

γ = − log(1− κ), ε = δ, and D = C.

Now we assume that equation (1.1) admits a nonuniform exponential contrac-
tion. We construct explicitly a strict Lyapunov sequence for equation (1.1). For
each m ∈ N and x ∈ Xγ set

Vm(x) = − sup
{‖T (k,m)x‖γeγ(k−m) : k ≥ m

}
.

It follows from (2.2) that
|Vm(x)| ≤ Deεm‖x‖γ .

Moreover, by construction |Vm(x)| ≥ ‖x‖γ , and (4.1) holds with δ = ε and C = D.
We also have

Vm+1(T (m + 1,m)(x))− Vm(x)

= − sup
{‖T (k, m + 1)T (m + 1, m)x‖γeγ(k−m−1) : k ≥ m + 1

}

+ sup
{‖T (k,m)x‖γeγ(k−m) : k ≥ m

}

= sup
{‖T (k,m)x‖γeγ(k−m) : k ≥ m

}

− e−γ sup
{‖T (k, m)x‖γeγ(k−m) : k ≥ m + 1

}

≥ (1− e−γ) sup
{‖T (k, m)x‖γeγ(k−m) : k ≥ m

}

= (1− e−γ)|Vm(x)|.

This shows that (4.2) holds with κ = 1 − e−γ , and (Vm)m∈N is a strict Lyapunov
sequence. 2

5 Stability of nonuniform exponential contractions

Now we consider the delay equation

x(m + 1) = Lmxm + fm(xm) (5.1)

for some linear operators Lm as above, and some functions fm : Xγ → Y for m ∈ N.
We assume that fm(0) = 0 for each m ∈ N, and that there exist constants δ, q > 0
(independent of m) such that

|fm(u)− fm(v))| ≤ δ‖u− v‖γ(‖u‖q
γ + ‖v‖q

γ), (5.2)

for every m ∈ N and u, v ∈ Xγ .
We establish the persistence of the stability under sufficiently small nonlinear

perturbations.
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Theorem 5.1 If equation (1.1) admits a nonuniform exponential contraction and
ε < qγ, then for every sufficiently small δ > 0, the solution of equation (5.1) with
initial condition (n, φ) ∈ N×Xγ and ‖φ‖γ ≤ e−ε(1+2/q)n satisfies

‖xm‖γ ≤ 2De−γ(m−n)+εn‖φ‖γ for every m ≥ n. (5.3)

Proof. We have the following result.

Lemma 5.1 The solution x = x(·, n, φ) of equation (5.1) satisfies

xm = T (m,n)φ +
m−1∑

j=n

T (m, j + 1)(Γfj(xj)), m ≥ n, (5.4)

where Γ(0) = Id and Γ(l) = 0 for l < 0.

The symbol Γfj(xj) in (5.4) denotes the function Z−0 3 l 7→ Γ(l)fj(xj). We
refer to [2] for a simple proof of Lemma 5.1 (although the statement in the lemma
is well-known, we were not able to to find any other proof).

Now we modify the proof of Theorem 1 in [2]. We consider the operator R
defined by

(Rx)m = T (m,n)φ +
m−1∑

k=n

T (m, k + 1)(Γfk(xk)), m ≥ n (5.5)

in the space
C =

{
x : (−∞, n] → Y : ‖x‖ ≤ 2D‖φ‖γ

}
,

with the norm
‖x‖ := sup{‖xm‖γe−α(m,n) : m ≥ n} < ∞, (5.6)

and where
α(m,n) = −γ(m− n) + εn.

We can easily verify that C is a complete metric space (since Xγ is a Banach space).
By (5.5) we have

(Rx)m = T (m,n)φ +
m−1∑

k=n

T (m, k + 1)(Γfk(xk)). (5.7)

Since ‖Γfk(xk)‖γ = |fk(xk)|, by (2.2) and (5.2) we obtain

‖(Rx)m‖γ ≤ ‖T (m,n)φ‖γ +
m−1∑

k=n

‖T (m, k + 1)(Γfk(xk))‖γ

≤ De−γ(m−n)+εn‖φ‖γ + Dδ

m−1∑

k=n

e−γ(m−k−1)+ε(k+1)‖xk‖q+1
γ .
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Moreover, since

‖xk‖γ ≤ 2Deα(k,n)‖φ‖γ and ‖φ‖γ ≤ e−ε(1+2/q)n,

we obtain

‖(Rx)m‖γ ≤ De−γ(m−n)+εn‖φ‖γ

+ (2D)q+1Dδ‖φ‖γ

m−1∑

k=n

e−γ(m−k−1)+ε(k+1)−(q+1)γ(k−n)−εn

≤ Deα(m,n)‖φ‖γ

+ (2D)q+1Dδ‖φ‖γe−γ(m−n−1)eε
m−1∑

k=n

e(−qγ+ε)(k−n)

≤ Deα(m,n)‖φ‖γ + (2D)q+1Dδ‖φ‖γ
1

1− e−qγ+ε
eγ+εeα(m,n)

≤ Deα(m,n)‖φ‖γ (1 + δµ) ,

where

µ =
(2D)q+1eγ+ε

1− e−qγ+ε
. (5.8)

It follows from (5.6) that

‖Rx‖ ≤ D(1 + δµ)‖φ‖γ ≤ 2D‖φ‖γ ,

provided that δ is sufficiently small. Therefore, R(C) ⊂ C. Now we show that R is
a contraction. By (5.7) we have

‖(Rx)m − (Ry)m‖γ ≤ Dδ

m−1∑

k=n

e−γ(m−k−1)+ε(k+1)‖xk − yk‖γ(‖xk‖q
γ + ‖yk‖q

γ)

≤ (2D)q+1δ‖φ‖q
γ‖x− y‖

×
m−1∑

k=n

e(q+1)α(k,n)e−γ(m−k−1)+ε(k+1)

≤ (2D)q+1δe−γ(m−n)eγ+ε‖x− y‖
m−1∑

k=n

e(−qγ+ε)(k−n)

≤ (2D)q+1δeα(m,n) eγ+ε

1− e−qγ+ε
‖x− y‖.

Therefore,
‖Rx−Ry‖ ≤ δµ‖x− y‖,

with µ as in (5.8), and R is a contraction in C. Hence, R has a unique fixed point
in C, which thus satisfies (5.3). 2
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