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Abstract

In this paper we prove existence and summability results for solutions of equations whose

model is )
{—Auza#+f in Q,

u=0 on 0Q,
with @ > 0 and f in some Marcinkiewicz space, thus extending the results of [4]. We then
use these results to prove similar theorems for equations whose model is

—Au = a# +p(x)u? inQ,
u>0,uz0 in Q,
u=0 on 0Q,

with 0 < 6 < 1 and p in some Marcinkiewicz space, thus extending the results of [3].
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1 Introduction and statement of results

In a previous paper with Ireneo Peral (see [4]), we studied existence and summability of solutions
for a problem whose model is the following:

{ Au—a|‘2+f in Q,

u=>0 on 09, .1y

where Q is a bounded, open subset of RV, N >3,with0 e Q, a >0, and f belongs to L™(Q2), with
l<m< % More precisely, we proved the following result.

Theorem 1.1 Let f be in L™(Q), with 1 <m < Y and let a be such that

N(m — D(N ~2m)

O<ac<
m2

Then there exists a solution uof (1.1), with u in L (Q), m™ = N 2 . Furthermore, u belongs to
Hé(Q) if Nfz <m < ¥, and belongs to W (Q) ifl <m< 131\’2

In this paper we are going to prove a similar result to Theorem 1.1, but taking into consideration
data f in Marcinkiewicz (i.e., weak Lebesgue) spaces: see Theorem 1.2, below.

Let us state now the precise assumptions on the problem we will study. Let Q be a bounded open
subset of RV, N > 3, with 0 € Q; let A : Q@ — RV be a symmetric measurable matrix such that

aléf <A E- € <PIEP, (1.2)

for almost every x in €, for every £ in RY, where 0 < @ < B. Define, for u in Hé(Q), L(u) =
—div(A(x) Vu); thanks to the assumptions on A, L is a uniformly elliptic operator acting between
H (©) and H! (Q)

Forl <m< 7, define
N(@m — 1)(N - 2m)

A(m) = 5

m

2N

Observe that A(1) = A(N/2) = 0, and that A(m) attains its maximum for m = 35, with

2N N-2\’
A =—=) =2,
(via)=("57) ==
where H is the so-called Hardy constant, i.e., the best constant in the Hardy inequality (see [5]):

f:”:z_fwuﬁ ue H\Q).

We recall for the convenience of the reader that the Marcinkiewicz space M*(Q) is the space of
measurable functions « on Q such that

A

AC > 0 :meas({x € Q : [u(x)| > 1}) < % Vt>0. (1.3)
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The space M*(QQ) is a Banach space. We will use the following definition

||u||MX(Q) =inf{C > 0: (1.3) holds},

but we point out the || - IIMA(Q) is not a norm (see [1]).

We will prove the following result.

Theorem 1.2 Let 1 < m < ¥, and let f be a function in M"(Q). Let a be such that

O<a<aA(@m). (1.4)
Then there exists a unique solution u, belonging to M™ (Q), m™* = N V=3 Of the problem
(705 1)
with
il ) < Con I g (1.6)
Furthermore, |Vu| belongs to L*(Q) lf— <m < ¥, and belongs to M™ (Q) if | <m < A%Vz

The main tool of the proof of Theorem 1.2 (which can be found in Section 2) will be the existence
result of [4] as well as a linear interpolation theorem.

The results for equations like (1.1) will be used to extend to the case of Marcinkiewicz spaces,
as well as to the case of a singular potential as is 1/|x|>, the results we proved in the paper [3] in
the framework of Lebesgue spaces. We will indeed prove existence, summability and nonexistence
results for the problem

u>0,uz0 in Q, (L.7)
u=0 on 0Q,

under suitable assumptions on a, p, and g. More precisely, let p : @ — R be a measurable function,
and suppose that there exists an open subset Q' of Q, and pg > 0, such that

{L(u) =a W +p(x)g(u) inQ,

o(x)>pg, YxeQ'. (1.8)
Let g : R* — R* be a nonnegative, continuous, increasing function such that
ar>0,0<6<1: g(t)<rt Vt>0, (1.9)

and A
lim @2—, (1.10)
-0t f Po
where A, is the first eigenvalue of L on Q'.
Examples of functions g satisfying both (1.9) and (1.10) are g(¢) = #° (for 0 < 6 < 1), and
g =15 L (if ¢ is large enough).
We are going to study problem (1.7) under the assumption that p belongs to M*(QQ), with 1 <
§ < oo.

Our first results deals with “regular” functions p.



190 L. Boccardo, L. Orsina

Theorem 1.3 Let p be a function in L°(QY), with s > % such that (1.8) holds true, let g be such that
(1.9) and (1.10) hold true, and let 0 < a < a H?. Then there exists a solution u in H(I)(Q) of (1.7).
Furthermore, there exists € > 0 (depending on p only through py) such that u > € ¢, where ¢ is the
first eigenfunction of L on (' (set to zero in Q\Q').

Remark 1.1 If ¢ = 0, we proved in [3] that the solution of (1.7) given by Theorem 1.3 belongs to
L>(Q). If a > 0, however, this is no longer true. In order to see this fact, let u be the (nonnegative)
solution given by Theorem 1.2 with L(x) = —Au and f = 1 on the ball B,,(0), and zero elsewhere
in Q (r is chosen in such a way that B,.(0) € Q). Then u is larger than the H(l)(Q) solution v
of —Av = f in Q (with zero Dirichlet boundary conditions), which is easily seen (thanks to the
maximum principle) to be larger than a positive constant on B,,(0). Therefore, u is larger than

the Hé () solution w of —Aw = a = in Q (with zero Dirichlet boundary conditions). Since w is

Ix? ;
unbounded from above, so is u. If 8 in (0, 1) is fixed, the function p(x) = J(S‘)L is bounded (recall that

f is zero outside B,,(0)) and u is an unbounded solution of (1.7) with g(f) = .

Remark 1.2 Clearly, since every function p belonging to M*(Q) for some s > % also belongs to

LP(Q) for some p > ¥, then Theorem 1.3 yields the existence of solutions in H}(€) of (1.7) for

every p in M*(Q) (s > %) satisfying (1.8).

Starting from Theorem 1.3, we will study (1.7) assuming that p belongs to M*(€2), for some
1<s< % The first result deals with Hé () solutions.

Theorem 1.4 Let p belong to M*(QY), with

2N 2* Y N
= — 1.11
N+2-06(N-2) (9+1)<S<2’ (11D
and suppose that (1.8) holds, and that
O<a<aA Nsd - 6) )
N —2s6

Then there exists a solution u of (1.7), with u in Hé(Q) N M"(Q), where r = s**(1 — 0) = %.

The next result deals with “nonregular” functions p.

Theorem 1.5 Let p belong to M*(Q2), with

N Y Y 2N
—— =|=| <s< = , (1.12)
N—-(N-2)0 26 0+1 N+2-6(N-2)
and suppose that (1.8) holds, and that

OSa<a'A(M).

N —2s0

Then there exists a solution u of (1.7), with Vu in M4(Q), where g = N9 " ind u in M'(Q), where

N—(6+1)s’
r=s*(1-6) =200
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Remark 1.3 Ifa = 0, Theorem 1.3, Theorem 1.4 and Theorem 1.5 extend to the case of Marcinkiewicz
spaces the results of [3].

We remark now that if s = (%—;)/, then
Ns(1-6)
N-2s6

*\/ . . .
Since A(1) = 0, the case s = (%—0) corresponds to a = 0. We are going to prove that, in this case,

there is in general no solution of (1.7). More precisely, we have the following result.
Theorem 1.6 Set, forn >0, B, = {x € RN :|x| <n). Lets = (%—;)l, y=N-(N-2)6, and p(x) = ﬁ
so that p belongs to M*(B); let p,, be defined by

p(x)  for xin Bi\Byp,
n’  for xin By,

o) = {
If u, is the positive solution of

u, =0 on 0By,

given by Theorem 1.3 in the case a = 0, then

{—Aun =p,u® in By,

Iim u,(x) =+c0, VYxeBj.

n—+oo

2 Proof of Theorem 1.2

In order to prove Theorem 1.2 we need some tools of linear functional analysis.

Definition 2.1 Let £ and F be two Banach spaces, both embedded in the same Banach space G. Let
us define, for every g € E + F, and for every ¢ > 0,

K(1,g) = inf{llell _+1lfll . e€E, feF, e+ f=gl,

and L7(0, c0) as the Lebesgue space of the functions whose r'* power is summable on (0, ) with

respect to the measure % (with obvious changes if r = o). Let 0 < v < 1 be a real number

and 1 < r < +oo. We define
(E,F)y,={g € E+F:177K(t,g) € L(0,)}.
If E and F are Lebesgue spaces, we have the following result.
Theorem 2.1 Let p and q be real numbers in [1,+c0), with p # q. Let 0 <y < 1 and r defined by
1 1=y v
r p q

Then
(LP(Q), L1(Q))y,00 = M'(Q).
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Proof. See [1], Theorem 5.2.1. O

The following result is a generalization of the classical Marcinkiewicz interpolation theorem.

Theorem 2.2 Let 1 < p < g < oo, let]l <r < s < oo, and let T be a linear operator such that T
maps LP(Q) continuosly into L'(Q), and L1(Q) continuously into L°(QQ). Then, for every 7y in (0, 1),
T maps (LP(Q), L1(2))y,.. continuosly into (L' (€2), L*(€2))y,co-

Proof. See [1], Theorem 5.3.2. O

We now recall the precise result proved in [4].
Theorem 2.3 Let f be in L™(Q), with 1 <m < %’ and let
O<a<aA(m).

Then there exists a unique solution u in L™ (Q) of (1.5), and

ull < Cullfll

" (Q) L"™(Q) :

2N

Furthermore, lf% <m< % then u belongs to H(l)(Q), while if 1 <m < 35,

< then u belongs to
Wy (Q), and

el gy < ConllF -

Proof of Theorem 1.2. Let a be as in the statement of the theorem, and let 1 < m; <m < my < % be
such that
0 <a < a min(A@mn), A(m,y)) .

Since f belongs to L™ (€2), by Theorem 2.3 there exists a unique solution u of (1.5) with datum
f. Therefore we are only concerned with “regularity” estimates on u. Again by Theorem 2.3, the
operator T defined by T'(f) = u, with u the solution of (1.5) with datum f, is continuous between
L™ (Q) and L™ (Q), and between L™ (Q) and L™ (Q). Thus, if v in (0, 1) is such that

1 B 1-vy y

m m my’

T is continuous between (L™ (Q), L™ (Q)),. and (L™ (Q), L™ (Q))), . by Theorem 2.2. Since

-y, v 1=y 20-v _ v 2r_

m

2 1
N m ’

1
cmyr T my N “m N m
Theorem 2.1 yields that T is continuous between M™(Q) and M’"**(Q)

Since u belongs to M (Q), then % lez belongs to M™(Q). If 2 m <m< Y, thena # + f belongs

to L%(Q) so that the fact that u belongs to H (QQ) follows from standard elliptic estimates. If
I<m<y +2, the estimate on |Vu| in M™ (Q) follows from the results of [2].

Ifm = N +2, the estimate on |Vu| in M2(Q) is trickier. We first observe that, thanks to The-
orem 2.3, the operator S which maps u into Vu is linear and continuous between L™ () and
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(L"(Q)N for every m; such that 1 < m; < %; the same operator, thanks to Meyers’ regular-
ity theorem (see [6]), is continuous between L™ () and (L"2(Q))N for some m, > 2 (which depends
on the matrix A). Therefore, by Theorem 2.2, § is continuous between (L™ (), L™ (L)), . and
(L™ ()N, (L (Q)Y )y, Taking 7y in (0, 1) so that

N+2 1-
N+2 _1-y vy

2N m my’
which implies that
I 1-y v
27 m m;’

we have by Theorem 2.1 that S is continuous between M s (Q) and (M*(Q))V, as desired.

Remark 2.1 In order to prove the result of Theorem 1.2 with the exact bound on a as in [4], we
have used an interpolation theorem, and therefore used the linearity of the problem. If the operator
L is nonlinear, the same technique cannot be applied, and we were not able to prove a similar result
in the nonlinear framework. It is however possible to prove that there exists a function Z(m) (whose
dependence on m is not as neat as it is for A), such that if a < @ E(m) and f belongs to M™(Q), then
the solution of (1.5) is in M™" (Q).

3 Sublinear lower order terms: existence and summability

Proof of Theorem 1.3. In order to prove the existence of a solution, we will use the method of sub-
and supersolutions.

We begin by choosing € in such a way that the function v = g¢; (set to zero outside ) is such
that

L(y) < p(x) g(v).

Since L(v) < 4; v (see the Appendix of [3]), such a choice is possibile if  is such that

L)< iv=2A1ep1 <poglepr) < px)gv).

Recalling that ¢; is bounded, and (1.9), such an ¢ exists (and only depends on p(x) through po).
Since a > 0 and v > 0 then clearly

L) < a # +p(0) g,

so that v is a subsolution of (1.7).

Once ¢is fixed, let M > A, ¢ IIgollle(Q), and, for v in HA(Q), define the functional

+12
1(v)=%fQA(x)vv.Vv—g ) ||Vx||2 —fg;ﬁ(x)c(v*)—Mva,
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where G(s) is given by
G(s) = f gndt, s=0.
0

Since G(s) grows as s?*!, since the last term is linear, and since a < « H, the functional is both
coercive and weakly lower semicontinuous on H(l) (). Therefore, there exists v in Hcl) () such that
I(v) attains its minimum. Computing the Euler-Lagrange equation, we find that v is a solution of
o

L(V)=a| E +p () g+ M,

with zero Dirichlet boundary conditions. Since the right hand side of the equation is nonnegative,
the maximum principle yields v > 0, and so

L(V)—aI pte (X)g(V)JrM>a| B +p(x) g(),

which implies that v is a supersolution of (1.7). Furthermore, since
Lv)y2M>= A ep1 2 L(v),

applying the maximum principle once again yields v < .
Define now v; as the unique solution in Hé (Q) of

L) +p (0)glv) = ar |2 +p"(x) ),
with zero Dirichlet boundary conditions (here p* = max(p,0) and p~ = max(—p,0), so that p =
p* —p7). Since g is increasing, we have v < v; < v. We then define v, by recurrence as the unique
solution in Hé (Q) of

L(vpi1) +p7(X) g(var1) = | |2 tp (x) &),

with zero Dirichlet boundary conditions; since g is increasing, we have

VSV L. SV, Sy L5V

and so, by (1.9),

since v belongs to H(l,(Q). By standard elliptic estimates, v, is then bounded in H(')(Q). Defining u
as the limit of v, it is then easy to see that u is a solution in H(l)(Q) of (1.7), and that u > ¢, as
desired. O

0<a ||2 +pT(x)glvy) <a 2+Fp (x)7 GLN+2(Q)

We can now prove Theorem 1.4 and Theorem 1.5. We begin with the estimates in M™ (Q). In
order to do that, consider the sequence p,(x) = max(—n, min(o(x), n)), and the solutions u,, in H(I](Q)
of

L(uy) = a i35 + pu(x) g(uy)  in Q,
u, 20, u, £0 in Q, 3.1
u, =0 on 9Q.
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Thanks to Theorem 1.3 we have u,, > £¢;, with & independent on n. Let s be as in the statement of

either Theorem 1.4 or 1.5, let m = 1\[/\;(12 Z) and let a < o A(m). By (1.6) (see Theorem 1.2), we have

lletnll o < Cullea(x) g(un)l|

M (Q) M)’
and so, recalling (1.9), and since |p,(x)| < |o(x)],
)
ltall ) < Cn T IO SN

Since p belongs to M*(€2), and s > m since s < %, we then have

) 0
< < .
il ey S CUPl i W0 i g S € Wl g
Thanks to the choice of m, we have ;’”,fl = m™, and so
0
U C
il ey < C Ul 00

which implies

1-6
<C .
el < Clell, o
Since m** = s**(1 — 6), we have
1-0
il S Clol

as desired. From this estimate it follows, thanks to (1.9), that

on(x) g(uy) is bounded in M™(Q) .

If we are under the assumptions of Theorem 1.4, we have that m > 131’2, so that the estimate on |Vu,,|

in L*(Q) follows from Theorem 1.2. If we are under the assumptions of Theorem 1.5, we have that
Il <m< 13N2, and so, again by Theorem 1.2, |Vu,| is bounded in M™ (Q). Recalling the definition
of m, easy calculations yield that m* = A[,V S((; n 19 ))3 = g, with g as in the statement of Theorem 1.5. In
both cases, it is possible to pass to the limit in (3.1), proving the existence of a solution of (1.7) with

the desired regularity. O

4 Sublinear lower order terms: nonexistence

In this section we are going to prove Theorem 1.6.
Recall that we defined 5 = (%—6) ,y=N—-(N-2)0, and p(x) = ﬁ, so that p belongs to M*(Q).

We also defined, for n in N,
p(x) for xin Bi\ By,

n?  for xin By,

o) = {

and u, the unique positive solution of

_Aun = pn(-x) uH in Bl:
n 4.1
{ u, =0 on 0B;. @.1)
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By the representation formula (see for example [7]) for the solutions of —Au = f, we have

Un(x) = f G(x,y) paM ul(y)dy, VYxeQ,
Q

where G(x, -) is the Green function relative to the operator —A in By, i.e., the unique solution of

{—AG(x, )y=46, in By,

G(x,)=0 on 0By,
where ¢, is the Dirac mass concentrated at x. Recalling the definition of p,, and since all functions
are positive,
u,(x) > n” f G(x,y) ug(y) dy
Bi/n
4Go)

meas(B, )

X, ()
> n? N inf afG y) — gy,
=M Wyn IBIll/n n Q (x y) meas(Bl/n) Y

= n” meas(By,,) f G(x,y) 4.2)
Bim

where wy is the measure of B;. Since

_ XB]/;L(y)
V() = fg G(x,y) WBIM) dy,

is the unique solution of

meas(Bj/,)

v, = X p,
v, =0 on 0By,

straightforward calculations imply that
1 i
V(x) = { Lo (= - 1) o in Bi\Bijn, 4.3)
—del |x| +(CN+dN)n —CN 1nBl/,,,

where cy and dy are positive real numbers which only depend on N. Let now ¢, and A,, be the first
eigenfunction and the first eigenvalue of —A on B,, so that

-Apy, = Ay in By,
oy, =0 on dB,,.

Supposing that ¢, is normalized in L*(Q), we have

_/ll

X
SDII(X) =1 (5) s Ar] 772 .

We now choose ¢, in such a way that &, ¢»/, (set to zero outside By;,) is a subsolution for (4.1):
this will imply that u,, > &, ¢2/,. In order for &, @5/, to be a subsolution of (4.1), we must have
Aojn €0 ©2/n < Pu(X) (€ 2/n)’, and sO

1-6 Y :
Aoy (En02pn) 7 < (5) < pu(x), in By,
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which holds true if

=
)

|

g, =cni-o

with ¢ independent on n. Therefore, on B/, we have
Un(X) = &, Q2/n(X) = &, %nf Yn = Enp1(1/2),
1/n

since ¢, considered as a radially symmetric function, is decreasing. Thus,
=26

inf uf >cn = .
Bin

Recalling (4.2) and using (4.4), we have

_ =20
up(x) > cn”Nn o v, (x), VxeB.

Sincey — N + % = 0, we have u,(x) > cv,(x) in By, and so

PulX) Uy, = ¢ pa(x) Vi .

Recalling the definition of p, and the explicit expression of v,, we have

& (s 1)’ in Bi\Bi/y,

[

0
on(X) Vv, = 9
" n” (—dN Y |x? + (ey + dy)nV 2 - cN) in By/y,

and so, recalling the definition of y and using that 6 < 1,

o o1 1 cy cy
Pa(X) v, = ¢y o XBB, 2 WXBI\BI/” N Ja(x).

Let z,, be the unique solution of
{—Azn = f, in By,
2z, =0 on By,

so that, by (4.5), we have u, > cz,. Since w(x) = ¢, (\xI% - 1) is the solution of
.0
{—Aw = I% in By,

w=0 on 0By,

for a suitable positive constant c,, then z, = w,(x) — w(x), where
CH .
{ —Awn = ﬁ){gl\gl/n mn Bl,

wy, = O on aB] .
Straightforward calculations imply that
x> -1 N x>~ log(n |x])
(N -2)? N-2 ’

so that w,(x) tends to infinity for every x in B;. Since u,, > cz, = ¢ (w,, — w), then

wa(x) > ¢ (

lim wu,(x) = +c0, VYxeBj,

n—+oo

as desired.
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