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Abstract

In this paper we prove existence and summability results for solutions of equations whose
model is {−∆u = a u

|x|2 + f in Ω,
u = 0 on ∂Ω,

with a > 0 and f in some Marcinkiewicz space, thus extending the results of [4]. We then
use these results to prove similar theorems for equations whose model is

−∆u = a u
|x|2 + ρ(x) uθ in Ω,

u > 0 , u . 0 in Ω,
u = 0 on ∂Ω,

with 0 < θ < 1 and ρ in some Marcinkiewicz space, thus extending the results of [3].
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1 Introduction and statement of results
In a previous paper with Ireneo Peral (see [4]), we studied existence and summability of solutions
for a problem whose model is the following:{−∆u = a u

|x|2 + f in Ω,
u = 0 on ∂Ω,

(1.1)

where Ω is a bounded, open subset of RN , N ≥ 3, with 0 ∈ Ω, a > 0, and f belongs to Lm(Ω), with
1 < m < N

2 . More precisely, we proved the following result.

Theorem 1.1 Let f be in Lm(Ω), with 1 < m < N
2 , and let a be such that

0 < a <
N(m − 1)(N − 2m)

m2 .

Then there exists a solution u of (1.1), with u in Lm∗∗ (Ω), m∗∗ = Nm
N−2m . Furthermore, u belongs to

H1
0(Ω) if 2N

N+2 ≤ m < N
2 , and belongs to W1,m∗

0 (Ω) if 1 < m < 2N
N+2 .

In this paper we are going to prove a similar result to Theorem 1.1, but taking into consideration
data f in Marcinkiewicz (i.e., weak Lebesgue) spaces: see Theorem 1.2, below.

Let us state now the precise assumptions on the problem we will study. LetΩ be a bounded open
subset of RN , N ≥ 3, with 0 ∈ Ω; let A : Ω→ RN×N be a symmetric measurable matrix such that

α |ξ|2 ≤ A(x) ξ · ξ ≤ β |ξ|2 , (1.2)

for almost every x in Ω, for every ξ in RN , where 0 < α ≤ β. Define, for u in H1
0(Ω), L(u) =

−div(A(x)∇u); thanks to the assumptions on A, L is a uniformly elliptic operator acting between
H1

0(Ω) and H−1(Ω).
For 1 ≤ m ≤ N

2 , define

Λ(m) =
N(m − 1)(N − 2m)

m2 .

Observe that Λ(1) = Λ(N/2) = 0, and that Λ(m) attains its maximum for m = 2N
N+2 , with

Λ

(
2N

N + 2

)
=

(
N − 2

2

)2

= H2 ,

whereH is the so-called Hardy constant, i.e., the best constant in the Hardy inequality (see [5]):

H2
∫
Ω

|u|2
|x|2 ≤

∫
Ω

|∇u|2 , u ∈ H1
0(Ω) .

We recall for the convenience of the reader that the Marcinkiewicz space Ms(Ω) is the space of
measurable functions u on Ω such that

∃C ≥ 0 : meas({x ∈ Ω : |u(x)| ≥ t}) ≤ C s

ts , ∀t > 0 . (1.3)
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The space Ms(Ω) is a Banach space. We will use the following definition

∥u∥
Ms(Ω)

= inf {C ≥ 0 : (1.3) holds},

but we point out the ∥ · ∥
Ms(Ω)

is not a norm (see [1]).
We will prove the following result.

Theorem 1.2 Let 1 < m < N
2 , and let f be a function in Mm(Ω). Let a be such that

0 < a < αΛ(m) . (1.4)

Then there exists a unique solution u, belonging to Mm∗∗(Ω), m∗∗ = Nm
N−2m , of the problem{

L(u) = a u
|x|2 + f in Ω,

u = 0 on ∂Ω,
(1.5)

with
∥u∥

Mm∗∗ (Ω)
≤ Cm ∥ f ∥Mm(Ω)

. (1.6)

Furthermore, |∇u| belongs to L2(Ω) if 2N
N+2 < m < N

2 , and belongs to Mm∗(Ω) if 1 < m ≤ 2N
N+2 .

The main tool of the proof of Theorem 1.2 (which can be found in Section 2) will be the existence
result of [4] as well as a linear interpolation theorem.

The results for equations like (1.1) will be used to extend to the case of Marcinkiewicz spaces,
as well as to the case of a singular potential as is 1/|x|2, the results we proved in the paper [3] in
the framework of Lebesgue spaces. We will indeed prove existence, summability and nonexistence
results for the problem 

L(u) = a u
|x|2 + ρ(x) g(u) in Ω,

u ≥ 0 , u . 0 in Ω,
u = 0 on ∂Ω,

(1.7)

under suitable assumptions on a, ρ, and g. More precisely, let ρ : Ω→ R be a measurable function,
and suppose that there exists an open subset Ω′ of Ω, and ρ0 > 0, such that

ρ(x) ≥ ρ0 , ∀x ∈ Ω′ . (1.8)

Let g : R+ → R+ be a nonnegative, continuous, increasing function such that

∃Γ ≥ 0 , 0 ≤ θ < 1 : g(t) ≤ Γ tθ , ∀t ≥ 0 , (1.9)

and
lim
t→0+

g(t)
t
≥ λ1

ρ0
, (1.10)

where λ1 is the first eigenvalue of L on Ω′.
Examples of functions g satisfying both (1.9) and (1.10) are g(t) = tθ (for 0 < θ < 1), and

g(t) = ct
1+t (if c is large enough).

We are going to study problem (1.7) under the assumption that ρ belongs to Ms(Ω), with 1 <
s ≤ ∞.

Our first results deals with “regular” functions ρ.
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Theorem 1.3 Let ρ be a function in Ls(Ω), with s > N
2 , such that (1.8) holds true, let g be such that

(1.9) and (1.10) hold true, and let 0 ≤ a < αH2. Then there exists a solution u in H1
0(Ω) of (1.7).

Furthermore, there exists ε > 0 (depending on ρ only through ρ0) such that u ≥ ε φ1, where φ1 is the
first eigenfunction of L on Ω′ (set to zero in Ω\Ω′).

Remark 1.1 If a = 0, we proved in [3] that the solution of (1.7) given by Theorem 1.3 belongs to
L∞(Ω). If a > 0, however, this is no longer true. In order to see this fact, let u be the (nonnegative)
solution given by Theorem 1.2 with L(u) = −∆u and f ≡ 1 on the ball B2r(0), and zero elsewhere
in Ω (r is chosen in such a way that B2r(0) ⊆ Ω). Then u is larger than the H1

0(Ω) solution v
of −∆v = f in Ω (with zero Dirichlet boundary conditions), which is easily seen (thanks to the
maximum principle) to be larger than a positive constant on B2r(0). Therefore, u is larger than
the H1

0(Ω) solution w of −∆w = a v
|x|2 in Ω (with zero Dirichlet boundary conditions). Since w is

unbounded from above, so is u. If θ in (0, 1) is fixed, the function ρ(x) = f (x)
u(x)θ is bounded (recall that

f is zero outside B2r(0)) and u is an unbounded solution of (1.7) with g(t) = tθ.

Remark 1.2 Clearly, since every function ρ belonging to Ms(Ω) for some s > N
2 also belongs to

Lp(Ω) for some p > N
2 , then Theorem 1.3 yields the existence of solutions in H1

0(Ω) of (1.7) for
every ρ in Ms(Ω) (s > N

2 ) satisfying (1.8).

Starting from Theorem 1.3, we will study (1.7) assuming that ρ belongs to Ms(Ω), for some
1 ≤ s < N

2 . The first result deals with H1
0(Ω) solutions.

Theorem 1.4 Let ρ belong to Ms(Ω), with

2N
N + 2 − θ(N − 2)

=

(
2∗

θ + 1

)′
< s <

N
2
, (1.11)

and suppose that (1.8) holds, and that

0 ≤ a < αΛ
(

Ns(1 − θ)
N − 2sθ

)
.

Then there exists a solution u of (1.7), with u in H1
0(Ω) ∩ Mr(Ω), where r = s∗∗(1 − θ) = Ns(1−θ)

N−2s .

The next result deals with “nonregular” functions ρ.

Theorem 1.5 Let ρ belong to Ms(Ω), with

N
N − (N − 2)θ

=

(
2∗

2θ

)′
< s ≤

(
2∗

θ + 1

)′
=

2N
N + 2 − θ(N − 2)

, (1.12)

and suppose that (1.8) holds, and that

0 ≤ a < αΛ
(

Ns(1 − θ)
N − 2sθ

)
.

Then there exists a solution u of (1.7), with ∇u in Mq(Ω), where q = Ns(1−θ)
N−(θ+1)s , and u in Mr(Ω), where

r = s∗∗(1 − θ) = Ns(1−θ)
N−2s .
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Remark 1.3 If a = 0, Theorem 1.3, Theorem 1.4 and Theorem 1.5 extend to the case of Marcinkiewicz
spaces the results of [3].

We remark now that if s =
(

2∗
2θ

)′
, then

Ns(1 − θ)
N − 2sθ

= 1 .

Since Λ(1) = 0, the case s =
(

2∗
2θ

)′
corresponds to a = 0. We are going to prove that, in this case,

there is in general no solution of (1.7). More precisely, we have the following result.

Theorem 1.6 Set, for η > 0, Bη = {x ∈ RN : |x| ≤ η}. Let s =
(

2∗
2θ

)′
, γ = N−(N−2)θ, and ρ(x) = 1

|x|γ ,
so that ρ belongs to Ms(B1); let ρn be defined by

ρn(x) =
{
ρ(x) for x in B1\B1/n,
nγ for x in B1/n.

If un is the positive solution of {
−∆un = ρn uθn in B1,

un = 0 on ∂B1,

given by Theorem 1.3 in the case a = 0, then

lim
n→+∞

un(x) = +∞ , ∀x ∈ B1 .

2 Proof of Theorem 1.2
In order to prove Theorem 1.2 we need some tools of linear functional analysis.

Definition 2.1 Let E and F be two Banach spaces, both embedded in the same Banach space G. Let
us define, for every g ∈ E + F, and for every t > 0,

K(t, g) = inf{∥e∥
E
+ t ∥ f ∥

F
, e ∈ E, f ∈ F, e + f = g} ,

and Lr
∗(0,∞) as the Lebesgue space of the functions whose rth power is summable on (0,∞) with

respect to the measure dt
t (with obvious changes if r = ∞). Let 0 < γ < 1 be a real number

and 1 ≤ r ≤ +∞. We define

(E, F)γ,r = {g ∈ E + F : t−γ K(t, g) ∈ Lr
∗(0,∞)} .

If E and F are Lebesgue spaces, we have the following result.

Theorem 2.1 Let p and q be real numbers in [1,+∞), with p , q. Let 0 < γ < 1 and r defined by

1
r
=

1 − γ
p
+
γ

q
.

Then
(Lp(Ω), Lq(Ω))γ,∞ = Mr(Ω) .
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Proof. See [1], Theorem 5.2.1.

The following result is a generalization of the classical Marcinkiewicz interpolation theorem.

Theorem 2.2 Let 1 ≤ p < q < ∞, let 1 ≤ r < s < ∞, and let T be a linear operator such that T
maps Lp(Ω) continuosly into Lr(Ω), and Lq(Ω) continuously into Ls(Ω). Then, for every γ in (0, 1),
T maps (Lp(Ω), Lq(Ω))γ,∞ continuosly into (Lr(Ω), Ls(Ω))γ,∞.

Proof. See [1], Theorem 5.3.2.

We now recall the precise result proved in [4].

Theorem 2.3 Let f be in Lm(Ω), with 1 < m < N
2 , and let

0 < a < αΛ(m) .

Then there exists a unique solution u in Lm∗∗(Ω) of (1.5), and

∥u∥
Lm∗∗ (Ω)

≤ Cm ∥ f ∥Lm(Ω)
.

Furthermore, if 2N
N+2 ≤ m < N

2 then u belongs to H1
0(Ω), while if 1 < m < 2N

N+2 , then u belongs to
W1,m∗

0 (Ω), and
∥u∥

W1,m∗
0 (Ω)

≤ Cm ∥ f ∥Lm(Ω)
.

Proof of Theorem 1.2. Let a be as in the statement of the theorem, and let 1 < m1 < m < m2 <
N
2 be

such that
0 < a < α min (Λ(m1),Λ(m2)) .

Since f belongs to Lm1 (Ω), by Theorem 2.3 there exists a unique solution u of (1.5) with datum
f . Therefore we are only concerned with “regularity” estimates on u. Again by Theorem 2.3, the
operator T defined by T ( f ) = u, with u the solution of (1.5) with datum f , is continuous between
Lm1 (Ω) and Lm∗∗1 (Ω), and between Lm2 (Ω) and Lm∗∗2 (Ω). Thus, if γ in (0, 1) is such that

1
m
=

1 − γ
m1
+
γ

m2
,

T is continuous between (Lm1 (Ω), Lm2 (Ω))γ,∞ and (Lm∗∗1 (Ω), Lm∗∗2 (Ω))γ,∞ by Theorem 2.2. Since

1 − γ
m∗∗1

+
γ

m∗∗2
=

1 − γ
m1
− 2(1 − γ)

N
+
γ

m2
− 2γ

N
=

1
m
− 2

N
=

1
m∗∗
,

Theorem 2.1 yields that T is continuous between Mm(Ω) and Mm∗∗ (Ω).
Since u belongs to Mm∗∗ (Ω), then u

|x|2 belongs to Mm(Ω). If 2N
N+2 < m < N

2 , then a u
|x|2 + f belongs

to L
2N

N+2 (Ω), so that the fact that u belongs to H1
0(Ω) follows from standard elliptic estimates. If

1 < m < 2N
N+2 , the estimate on |∇u| in Mm∗(Ω) follows from the results of [2].

If m = 2N
N+2 , the estimate on |∇u| in M2(Ω) is trickier. We first observe that, thanks to The-

orem 2.3, the operator S which maps u into ∇u is linear and continuous between Lm1 (Ω) and
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(Lm∗1 (Ω))N for every m1 such that 1 < m1 <
2N

N+2 ; the same operator, thanks to Meyers’ regular-
ity theorem (see [6]), is continuous between Lm2 (Ω) and (Lm∗2 (Ω))N for some m2 > 2 (which depends
on the matrix A). Therefore, by Theorem 2.2, S is continuous between (Lm1 (Ω), Lm2 (Ω))γ,∞ and
((Lm∗1 (Ω))N , (Lm∗2 (Ω))N)γ,∞. Taking γ in (0, 1) so that

N + 2
2N

=
1 − γ
m1
+
γ

m2
,

which implies that
1
2
=

1 − γ
m∗1
+
γ

m∗2
,

we have by Theorem 2.1 that S is continuous between M
2N

N+2 (Ω) and (M2(Ω))N , as desired.

Remark 2.1 In order to prove the result of Theorem 1.2 with the exact bound on a as in [4], we
have used an interpolation theorem, and therefore used the linearity of the problem. If the operator
L is nonlinear, the same technique cannot be applied, and we were not able to prove a similar result
in the nonlinear framework. It is however possible to prove that there exists a function Ξ(m) (whose
dependence on m is not as neat as it is for Λ), such that if a < αΞ(m) and f belongs to Mm(Ω), then
the solution of (1.5) is in Mm∗∗ (Ω).

3 Sublinear lower order terms: existence and summability

Proof of Theorem 1.3. In order to prove the existence of a solution, we will use the method of sub-
and supersolutions.

We begin by choosing ε in such a way that the function v = ε φ1 (set to zero outside Ω′) is such
that

L(v) ≤ ρ(x) g(v) .

Since L(v) ≤ λ1 v (see the Appendix of [3]), such a choice is possibile if ε is such that

L(v) ≤ λ1 v = λ1 ε φ1 ≤ ρ0 g(ε φ1) ≤ ρ(x) g(v) .

Recalling that φ1 is bounded, and (1.9), such an ε exists (and only depends on ρ(x) through ρ0).
Since a > 0 and v ≥ 0 then clearly

L(v) ≤ a
v
|x|2 + ρ(x) g(v) ,

so that v is a subsolution of (1.7).
Once ε is fixed, let M ≥ λ1 ε ∥φ1∥L∞(Ω)

, and, for v in H1
0(Ω), define the functional

I(v) =
1
2

∫
Ω

A(x)∇v · ∇v − a
2

∫
Ω

|v+|2
|x|2 −

∫
Ω

ρ+(x) G(v+) − M
∫
Ω

v ,



194 L. Boccardo, L. Orsina

where G(s) is given by

G(s) =
∫ s

0
g(t) dt , s ≥ 0 .

Since G(s) grows as sθ+1, since the last term is linear, and since a < αH , the functional is both
coercive and weakly lower semicontinuous on H1

0(Ω). Therefore, there exists v in H1
0(Ω) such that

I(v) attains its minimum. Computing the Euler-Lagrange equation, we find that v is a solution of

L(v) = a
v+

|x|2 + ρ
+(x) g(v+) + M ,

with zero Dirichlet boundary conditions. Since the right hand side of the equation is nonnegative,
the maximum principle yields v ≥ 0, and so

L(v) = a
v
|x|2 + ρ

+(x) g(v) + M ≥ a
v
|x|2 + ρ(x) g(v) ,

which implies that v is a supersolution of (1.7). Furthermore, since

L(v) ≥ M ≥ λ1 ε φ1 ≥ L(v) ,

applying the maximum principle once again yields v ≤ v.
Define now v1 as the unique solution in H1

0(Ω) of

L(v1) + ρ−(x) g(v1) = a
v
|x|2 + ρ

+(x) g(v) ,

with zero Dirichlet boundary conditions (here ρ+ = max(ρ, 0) and ρ− = max(−ρ, 0), so that ρ =
ρ+ − ρ−). Since g is increasing, we have v ≤ v1 ≤ v. We then define vn by recurrence as the unique
solution in H1

0(Ω) of

L(vn+1) + ρ−(x) g(vn+1) = a
vn

|x|2 + ρ
+(x) g(vn) ,

with zero Dirichlet boundary conditions; since g is increasing, we have

v ≤ v1 ≤ . . . ≤ vn ≤ vn+1 ≤ . . . ≤ v ,

and so, by (1.9),

0 ≤ a
vn

|x|2 + ρ
+(x) g(vn) ≤ a

v
|x|2 + Γ ρ

+(x) vθ ∈ L
2N

N+2 (Ω) ,

since v belongs to H1
0(Ω). By standard elliptic estimates, vn is then bounded in H1

0(Ω). Defining u
as the limit of vn it is then easy to see that u is a solution in H1

0(Ω) of (1.7), and that u ≥ ε φ1, as
desired.

We can now prove Theorem 1.4 and Theorem 1.5. We begin with the estimates in Mm∗∗ (Ω). In
order to do that, consider the sequence ρn(x) = max(−n,min(ρ(x), n)), and the solutions un in H1

0(Ω)
of 

L(un) = a un
|x|2 + ρn(x) g(un) in Ω,

un ≥ 0 , un . 0 in Ω,
un = 0 on ∂Ω.

(3.1)
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Thanks to Theorem 1.3 we have un ≥ ε φ1, with ε independent on n. Let s be as in the statement of
either Theorem 1.4 or 1.5, let m = Ns(1−θ)

N−2sθ and let a < αΛ(m). By (1.6) (see Theorem 1.2), we have

∥un∥Mm∗∗ (Ω)
≤ Cm ∥ρn(x) g(un)∥

Mm(Ω)
,

and so, recalling (1.9), and since |ρn(x)| ≤ |ρ(x)|,

∥un∥Mm∗∗ (Ω)
≤ Cm Γ ∥ρ(x) uθn∥Mm(Ω)

.

Since ρ belongs to Ms(Ω), and s > m since s < N
2 , we then have

∥un∥Mm∗∗ (Ω)
≤ C ∥ρ∥

Ms(Ω)
∥uθn∥M sm

s−m (Ω)
≤ C ∥ρ∥

Ms(Ω)
∥un∥θ

M
smθ
s−m (Ω)

.

Thanks to the choice of m, we have smθ
s−m = m∗∗, and so

∥un∥Mm∗∗ (Ω)
≤ C ∥ρ∥

Ms(Ω)
∥un∥θ

Mm∗∗ (Ω)
,

which implies
∥un∥1−θ

Mm∗∗ (Ω)
≤ C ∥ρ∥

Ms(Ω)
.

Since m∗∗ = s∗∗(1 − θ), we have

∥un∥1−θ
Ms∗∗ (1−θ)(Ω)

≤ C ∥ρ∥
Ms(Ω)

,

as desired. From this estimate it follows, thanks to (1.9), that

ρn(x) g(un) is bounded in Mm(Ω) .

If we are under the assumptions of Theorem 1.4, we have that m > 2N
N+2 , so that the estimate on |∇un|

in L2(Ω) follows from Theorem 1.2. If we are under the assumptions of Theorem 1.5, we have that
1 < m ≤ 2N

N+2 , and so, again by Theorem 1.2, |∇un| is bounded in Mm∗(Ω). Recalling the definition
of m, easy calculations yield that m∗ = Ns(1−θ)

N−(θ+1)s = q, with q as in the statement of Theorem 1.5. In
both cases, it is possible to pass to the limit in (3.1), proving the existence of a solution of (1.7) with
the desired regularity.

4 Sublinear lower order terms: nonexistence
In this section we are going to prove Theorem 1.6.

Recall that we defined s =
(

2∗
2θ

)′
, γ = N − (N − 2)θ, and ρ(x) = 1

|x|γ , so that ρ belongs to Ms(Ω).
We also defined, for n in N,

ρn(x) =
{
ρ(x) for x in B1\B1/n,
nγ for x in B1/n,

and un the unique positive solution of{
−∆un = ρn(x) uθn in B1,

un = 0 on ∂B1.
(4.1)
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By the representation formula (see for example [7]) for the solutions of −∆u = f , we have

un(x) =
∫
Ω

G(x, y) ρn(y) uθn(y) dy , ∀x ∈ Ω ,

where G(x, ·) is the Green function relative to the operator −∆ in B1, i.e., the unique solution of{−∆G(x, ·) = δx in B1,
G(x, ·) = 0 on ∂B1,

where δx is the Dirac mass concentrated at x. Recalling the definition of ρn, and since all functions
are positive,

un(x) ≥ nγ
∫

B1/n

G(x, y) uθn(y) dy

= nγmeas(B1/n)
∫

B1/n

G(x, y)
uθn(y)

meas(B1/n)
dy

≥ nγ ωN n−N inf
B1/n

uθn

∫
Ω

G(x, y)
χB1/n (y)

meas(B1/n)
dy ,

(4.2)

where ωN is the measure of B1. Since

vn(x) =
∫
Ω

G(x, y)
χB1/n (y)

meas(B1/n)
dy ,

is the unique solution of −∆vn =
χB1/n

meas(B1/n) in B1,
vn = 0 on ∂B1,

straightforward calculations imply that

vn(x) =
{

cN

(
1
|x|N−2 − 1

)
in B1\B1/n,

−dN nN |x|2 + (cN + dN) nN−2 − cN in B1/n,
(4.3)

where cN and dN are positive real numbers which only depend on N. Let now φη and Λη be the first
eigenfunction and the first eigenvalue of −∆ on Bη, so that{

−∆φη = Λη φη in Bη,
φη = 0 on ∂Bη.

Supposing that φη is normalized in L∞(Ω), we have

φη(x) = φ1

(
x
η

)
, Λη =

λ1

η2 .

We now choose εn in such a way that εn φ2/n (set to zero outside B2/n) is a subsolution for (4.1):
this will imply that un ≥ εn φ2/n. In order for εn φ2/n to be a subsolution of (4.1), we must have
Λ2/n εn φ2/n ≤ ρn(x) (εn φ2/n)θ, and so

Λ2/n (εn φ2/n)1−θ ≤
(n
2

)γ
≤ ρn(x) , in B2/n ,
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which holds true if
εn = c n

γ−2
1−θ ,

with c independent on n. Therefore, on B1/n we have

un(x) ≥ εn φ2/n(x) ≥ εn inf
B1/n
φ2/n = εn φ1(1/2) ,

since φ1, considered as a radially symmetric function, is decreasing. Thus,

inf
B1/n

uθn ≥ c n
(γ−2)θ

1−θ . (4.4)

Recalling (4.2) and using (4.4), we have

un(x) ≥ c nγ−N n
(γ−2)θ

1−θ vn(x) , ∀x ∈ B1 .

Since γ − N + (γ−2)θ
1−θ = 0, we have un(x) ≥ c vn(x) in B1, and so

ρn(x) uθn ≥ c ρn(x) vθn . (4.5)

Recalling the definition of ρn and the explicit expression of vn, we have

ρn(x) vθn =


cθN
|x|γ

(
1
|x|N−2 − 1

)θ
in B1\B1/n,

nγ
(
−dN nN |x|2 + (cN + dN) nN−2 − cN

)θ
in B1/n,

and so, recalling the definition of γ and using that θ < 1,

ρn(x) vθn ≥ cθN

(
1
|x|N −

1
|x|γ

)
χB1\B1/n ≥

cθN
|x|N
χB1\B1/n −

cθN
|x|γ = fn(x) .

Let zn be the unique solution of {−∆zn = fn in B1,
zn = 0 on ∂B1,

so that, by (4.5), we have un ≥ c zn. Since w(x) = cγ
(

1
|x|γ−2 − 1

)
is the solution of{

−∆w = cθN
|x|γ in B1,

w = 0 on ∂B1,

for a suitable positive constant cγ, then zn = wn(x) − w(x), where{
−∆wn =

cθN
|x|N χB1\B1/n in B1,

wn = 0 on ∂B1.

Straightforward calculations imply that

wn(x) ≥ cθN

(
|x|2−N − 1
(N − 2)2 +

|x|2−N log(n |x|)
N − 2

)
,

so that wn(x) tends to infinity for every x in B1. Since un ≥ c zn = c (wn − w), then

lim
n→+∞

un(x) = +∞ , ∀x ∈ B1 ,

as desired.
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