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Abstract

In this paper, we show that the following system

−∆u + λV(x)u = g(x, v), −∆v + λV(x)v = f (x, u), x ∈ RN (0.1)

possesses at least one non-trivial solution pair (u, v) for λ > 0 large enough, where
f (x, t), g(x, t) are continuous functions on RN × R and super-linear at t = 0 as well as
at t = +∞, V(x) is allowed to be sign-changing. We mention that we do not assume that f
or g satisfies the Ambrosetti-Rabinowitz condition.

1991 Mathematics Subject Classification. 35J50, 35J60.
Key words. Schrödinger equations, Without the (AR) condition, Sign-changing potential, Super-linear, Linking structure

1 Introduction
In this paper, we study the existence of non-trivial solutions for the following problem

−∆u + λV(x)u = g(x, v), −∆v + λV(x)v = f (x, u), x ∈ RN , (1.1)
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where f (x, t) and g(x, t) are continuous functions on RN × R, and super-linear at t = 0 as well as at
t = +∞, and the potential V(x) may change sign.

When λ = 1, the problem is related to Schrödinger equation

−∆u + V(x)u = f (x, u), x ∈ RN , (1.2)

which has been extensively studied recently, see for instance [4], [5], [6], [11], [12] and [15]. Partic-
ularly, it was considered in [7] the case that V(x) is changing-sign and f (x, t) is either asymptotically
linear or superlinear (but subcritical). Solutions of (1.2) were found as critical points of the related
functional in

E = {u ∈ H1(RN) :
∫
RN

V+(x)u2 dx < +∞},

where V+(x) = max{V(x), 0}, V−(x) = max{−V(x), 0}. A decomposition of E = E+ ⊕E− so that the
quadratic form a(u, v) =

∫
RN (∇u∇v+V(x)uv) dx is negative semi-definite on E− and positive definite

on E+ plays an important role in applying linking theorems.
A natural way to study the existence of non-trivial solutions to (1.1) is to use the variational

method. In a special case V ≡ 1, (1.1) becomes

−∆u + u = g(x, v) ,−∆v + v = f (x, u), x ∈ Ω; u = v = 0, x ∈ ∂Ω, (1.3)

where Ω ⊂ RN is a bounded domain and f , g ∈ C(Ω×R, R). Such a strongly indefinite problem was
considered in [2], [3], [8], [9] etc for f (x, t), g(x, t) subcritical and superlinear. With f (x, t), g(x, t)
being asymptotically linear, [14] showed problem (1.3) possesses a positive solution in RN , where
the lack of compactness of the Sobolev embeddings in RN was involved. In [13], using a linking
theorem and concentration-compactness principle, they got an existence result for problem (1.3),
where f (x, t), g(x, t) is superlinear at t = 0, subcritical near t = +∞. However, they did not assume
that f (x, t), g(x, t) satisfy the (AR) condition. Recently, if the potential V(x) is positive, M. Ramos
[18] studied the existence, multiplicity and shape of positive solutions of the system (1.1) as the
parameter is large enough.

For problem (1.1), due to V(x) sign-changing, the potential V(x) affects the decomposition of
the space Eλ := Eλ × Eλ in a way that the quadratic part

aλ(u, v) =
∫
RN
∇u∇v + λV(x)uv dx

of the associated functional

Iλ(u, v) =
∫
RN

(∇u∇v + λV(x)uv) dx −
∫
RN

F(x, u) +G(x, v) dx (1.4)

need to be taken into consideration. The definition of Eλ will be founded in Section 2. A key
ingredient in use of the linking theorem is to find a proper decomposition of Eλ × Eλ into a direct
sum of two subspaces so that aλ(u, v) is definite in each subspace. Let

F(x, t) =
∫ t

0
f (x, s) ds, G(x, t) =

∫ t

0
g(x, s) ds,

F̃(x, t) =
1
2

f (x, t)t − F(x, t), G̃(x, t) =
1
2

g(x, t)t −G(x, t).
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In this paper we suppose that:

(V1) V ∈ C(RN , R) and V(x) is bounded from below;
(V2) There exists b > 0 such that the set {x ∈ RN : V(x) < b} is non-empty and has finite

measure;
(B1) f , g ∈ C(RN × R, R), F(x, t) ≥ 0, G(x, t) ≥ 0 for (x, t) ∈ RN × R and

lim
t→0

f (x, t)
t
= lim

t→0

g(x, t)
t
= 0

uniformly with respect to x ∈ RN ;
(B2) lim

|t|→+∞
F(x,t)

t2 = lim
|t|→+∞

G(x,t)
t2 = +∞ uniformly in x ∈ RN ;

(B3) F̃(x, t) > 0, G̃(x, t) > 0 whenever t , 0;
(B4) | f (x, t)|τ ≤ a1F̃(x, t)|t|τ, |g(x, t)|τ ≤ b1G̃(x, t)|t|τ for some a1, b1 > 0, τ > max{1, N

2 } and all
(x, t) with |t| large enough.

Clearly (B1) implies that problem (1.1) has a trivial solution (u, v) = (0, 0). Solutions (u, v) ,
(0, 0) are called nontrivial.

If (B1) and (B4) hold, then

| f (x, t)|τ ≤ 1
2

a1| f (x, t)||t|τ+1, |g(x, t)|τ ≤ 1
2

b1|g(x, t)||t|τ+1

for large t, hence f or g satisfies the growth restriction

| f (x, t)| ≤ a2(|t| + |t|p−1), |g(x, t)| ≤ b2(|t| + |t|p−1), (1.5)

where p = 2τ
τ−1 ∈ (2, 2∗)(2∗ = 2N

N−2 if N ≥ 3, 2∗ = ∞ if N = 1 or 2). On the other hand, if f or g
satisfies (1.5) with p ∈ (2, 2∗) and the Ambrosetti-Rabinowitz superlinearity condition

0 < µF(x, t) ≤ f (x, t)t, 0 < µG(x, t) ≤ g(x, t)t (1.6)

for some µ > 2 and all (x, t) with t , 0, then it is easy to see that (B2) and (B3) hold, and it will be
shown in Lemma 2.3 that so does (B4). We shall also show in this lemma that (B2) − (B4) imply

F̃(x, t)→ ∞, G̃(x, t)→ ∞ as |t| → ∞.

An example of f or g satisfying (B1) − (B4) but not (1.6 ) is f (x, t) = f̄ (x)t ln(1 + |t|), 0 < inf f̄ ≤
sup f̄ < ∞.

Now we are ready to state our main result.

Theorem 1.1 Suppose (V1) − (V2) and (B1) − (B4) are satisfied. Then there exists λ0 such that
problem (1.1) has at least one non-trivial solution whenever λ > λ0.

Next, we investigate the asymptotic shape of the solutions as λ→ ∞.
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Theorem 1.2 Suppose (V1) − (V2) and (1.5) with p ∈ (2, 2∗) are satisfied, and let zm = (um, vm) ∈ E
be a solution of problem (1.1) with λ = λm. If λm → ∞ and ∥zm∥Eλ = ∥um∥λ + ∥vm∥λ ≤ C for some
C > 0 and all m. Then passing to a subsequence, (um, vm) → (ū, v̄) in Lq(RN) × Lq(RN) for all
q ∈ (2, 2∗), (ū, v̄) is a weak solution of the equation −∆u = g(x, v), x ∈ Ω,

−∆v = f (x, u), x ∈ Ω
(1.7)

and (ū, v̄) = (0, 0) a.e. in RN \ V−1(0), where Ω is the interior of V−1(0). In addition if V(x) ≥ 0 and
(B1) is satisfied, then (um, vm)→ (ū, v̄) in E × E.

In section 2, we decompose Eλ := Eλ × Eλ = E+ ⊕ E− such that aλ(u, v) is negative definite on
E−λ and positive definite on E+λ , where both E+λ and E−λ are infinite-dimensional. Thus we cannot use
the similar linking theorem as in [1], [6], which requires dim E−λ < ∞. On the other hand, we have to
treat the loss of compactness caused by RN . In section 3, we prove Theorem 1.1 by using a linking
theorem in [12] without (C)c- condition. Finally, we will give the proof of Theorem 1.2.

2 Preliminaries
Solutions of (1.1) will be found as critical points of I by linking theorem in [12]. We recall the
linking theorem as follows.

Let E− be a closed subspace of a separable Hilbert space E with the norm ∥.∥E and E+ := (E−)⊥.
We define a new norm

∥u∥τ := max{∥u+∥E :
∞∑

k=1

1
2k |⟨u

−, ek⟩|},

where {ek} is a total orthonormal sequence in E− and u = u+ + u−, u± ∈ E±. The topology induced
by ∥.∥τ will be called the τ-topology. A homotopy h = I − g : A × [0, 1] → E(A ⊂ E) is said to be
admissible if :

(i) h is τ-continuous, i.e., h(un, sn)→ h(u, s) in τ-topology as n→ ∞whenever un → u in τ-topology
and sn → s as n→ ∞.
(ii) g is τ-locally finite-dimensional, i.e., for each (u, s) ∈ A × [0, 1] there is a neighborhood U
of (u, s) in the product topology of (E, τ) and [0, 1] such that g(U ∩ (A × [0, 1])) is contained in a
finite-dimensional subspace of E.

Admissible maps are defined in a similar way and we mention that admissible maps and homo-
topies are continuous in the strong topology, and on bounded set (E, τ) coincides with the product
topology E−weak and E+strong.

Recall that (zn) is called a Cerami sequence for I if I(zn) is bounded and (1+∥zn∥)I′(zn)→ 0 in E∗

as n→ ∞, and I satisfies the Cerami condition if each such sequence has a convergent subsequence.
A Cerami sequence with I(zn) → c will be called a (C)c-sequence, and and we shall say that I
satisfies the (C)c-condition if each (C)c-sequence has a convergent subsequence.

For z0 ∈ E+ \ {0} and R > r > 0, let

M = {z = z− + tz0 : z− ∈ E−, ∥z∥ = R, t ≥ 0}, N := {z ∈ E+ : ∥z∥ = r},
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and
Γ = {h ∈ C(M× [0, 1], E) : h is admissible, h(u, 0) = u

and I(h(u, s)) ≤ max{I(u),−1} for all s ∈ [0, 1]}.

Proposition 2.1 [12] Let E = E+ ⊕ E− be a separable Hilbert space with E− orthogonal to E+.
Suppose
(i) I(z) = 1

2 (∥z+∥2 − ∥z−∥2) −Φ(z), where Φ ∈ C1(E,R) is bounded below, weakly sequentially lower
semi-continuous and Φ′ is weakly sequentially continuous.
(ii) There exist z0 ∈ E+ \ {0}, α > 0 and R > r > 0 such that I|N ≥ α and I|∂M ≤ 0.
Then there exists a (C)c-sequence for I, where

c := inf
h∈Γ

sup
u∈M

I(h(u, 1)).

Moreover c ≥ α.

Proposition 2.1 was proved in [12] which is a generalization of Theorem 3.4 of [11].
In order to study problem (1.1), we shall consider the problem

−∆u + V(x)u = g(x, v), −∆v + V(x)v = f (x, u), x ∈ RN , (2.1)

with V(x) and f , g satisfying (V1) − (V2) and (B1) − (B4). Let

E = {u ∈ H1(RN) :
∫
RN

V+(x)u2 dx < +∞}

be equipped with the inner product and norm

⟨u, v⟩ :=
∫
RN

(∇u · ∇v + V+(x)uv) dx, ∥u∥ := ⟨u, u⟩ 1
2 .

In this paper, we shall need the following inner product

⟨u, v⟩λ :=
∫
RN

(∇u · ∇v + λV+(x)uv) dx, λ > 0.

The corresponding norm will be denoted by ∥ · ∥λ and we set Eλ := (E, ∥ · ∥λ). Clearly, ∥u∥ ≤ ∥u∥λ
if λ > 1. It follows from (V1), (V2) and the Poincaré inequality that the embedding E ↪→ H1(RN) is
continuous. Indeed, set

ω = {x ∈ RN |V+(x) < b}, ωδ = {x ∈ RN | dist(x, ω) < δ},

φ ∈ C∞0 (RN) be a cut-off function such that φ = 1 in ω and φ = 0 in RN \ ωδ. Since V+(x) ≥ b in
RN \ ω, we have∫

ω
(|∇u|2 + u2) dx ≤

∫
ωδ

(|∇(uφ)|2 + (uφ)2) dx

≤ 2
∫
ωδ
|∇(uφ)|2 dx ≤ C

∫
ωδ

(φ2|∇u|2 + |∇φ|2u2)dx

≤ C
∫
RN |∇u|2 dx +C

∫
ωδ\ω
|∇φ|2u2 dx

≤ C
∫
RN (|∇u|2 + V+(x)u2) dx,
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which implies that∫
RN (|∇u|2 + u2) dx =

∫
ω

(|∇u|2 + u2) dx +
∫
RN\ω(|∇u|2 + u2) dx

≤ C
∫
RN (|∇u|2 + V+(x)u2) dx.

In order to get the main result, we will obtain the direct sum decompositions of the Space E.

Lemma 2.1 If V(x) satisfies (V1) − (V2), then

E = E− ⊕ E+ ⊕ F,

and dim E− < ∞, where F = {u ∈ E : supp u ∈ V−1([0,∞))},

E− = span{φ j : µ j < 1} and E+ = span{φ j : µ j > 1}.

φ j is the eigenfunction of µ j of the following problem

−∆u + V+(x)u = µV−(x)u.

Proof. The result was proved in [7]. We can also find a more general result in [19].
In a similar way, we also have

Lemma 2.2 If V(x) satisfies (V1) − (V2), then

Eλ = E−λ ⊕ E+λ ⊕ F,

and dim E−λ < ∞, where F = {u ∈ E : supp u ∈ V−1([0,∞))},

E−λ = span{φ j : µ j < 1} and E+λ = span{φ j : µ j > 1}.

φ j is the eigenfunction of µ j of the following problem

−∆u + λV+(x)u = µλV−(x)u.

Let E = E1 ⊕ E2, and
P : E → E1, Q : E → E2

be the orthogonal projections, where E1 = E+ ⊕ F, E2 = E−.
Let E := E × E. The inner product on E is given by

⟨(u, v), (φ, ψ)⟩E =
∫
RN

(∇u∇φ + V+(x)uφ) dx +
∫
RN

(∇v∇ψ + V+(x)vψ) dx,

where z = (u, v) ∈ E × E. Denote

E11 = {(u, u)| u ∈ E1}, E12 = {(u, −u)| u ∈ E1},

E21 = {(u, u)| u ∈ E2}, E22 = {(u, −u)| u ∈ E2}.
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Hence, E = E11 ⊕ E12 ⊕ E21 ⊕ E22. We may write for any (u, v) ∈ E that

(u, v) = (u11, u11) + (u12,−u12) + (u21, u21) + (u22,−u22),

where
u11 = Q(

u + v
2

) ∈ E1, u12 = Q(
u − v

2
) ∈ E1,

u21 = P(
u + v

2
) ∈ E2, u22 = P(

u − v
2

) ∈ E2.

We may verify that a(u, v) =
∫
RN ∇u∇v + V(x)uv dx is positive definite in E11 ⊕ E22 and negative

definite in E12⊕E21. Set E+ = E11⊕E22 and E− = E12⊕E21 and in E, we define a new inner product

⟨z, η⟩ = B[z+ − z−, η], ∀ z, η ∈ E,

which induces a norm
∥z∥ = ⟨z, z⟩ 1

2 , z ∈ E,
where

B[(u, v), (φ, ψ)] =
∫
RN

(∇u∇ψ + V(x)uψ) dx +
∫
RN

(∇v∇φ + V(x)vφ) dx.

The subspaces E+,E− are orthogonal with respect to the inner product ⟨·, ·⟩. Furthermore,

∥z∥2 = ∥z+∥2 + ∥z−∥2 = B[z+ − z−, z+ + z−],

and the norms ∥ · ∥ and ∥ · ∥E are equivalent.
Similarly, we have Eλ := Eλ×Eλ = E+λ ⊕E−λ , where aλ(u, v) is positive definite in E+λ and negative

definite in E−λ . We will also define a new inner product

⟨z, η⟩λ = Bλ[z+ − z−, η], ∀ z, η ∈ Eλ,

which induces a norm
∥z∥λ = ⟨z, z⟩ 1

2 , z ∈ Eλ,
where

Bλ[(u, v), (φ, ψ)] =
∫
RN

(∇u∇ψ + λV(x)uψ) dx +
∫
RN

(∇v∇φ + λV(x)vφ) dx.

The subspaces E+λ ,E−λ are orthogonal with respect to the inner product ⟨·, ·⟩. Furthermore,

∥z∥2λ = ∥z+∥2λ + ∥z−∥2λ = Bλ[z+ − z−, z+ + z−],

and the norms ∥ · ∥λ and ∥ · ∥Eλ are equivalent.
The corresponding function of (1.1) is

Iλ(z) = Iλ(u, v) =
∫
RN

(∇u∇v + λV(x)uv) dx −
∫
RN

F(x, u) +G(x, v) dx (2.2)

where z = (u, v) ∈ Eλ, z = z+ + z− with z+λ = (Q( u+v
2 ) + P( u−v

2 ), Q( u+v
2 ) − P( u−v

2 )), z−λ = (Q( u−v
2 ) +

P( u+v
2 ), −Q( u−v

2 ) + P( u+v
2 )). Furthermore, we have∫

RN
(∇u∇v + λV(x)uv) dx =

1
2

Bλ[z, z] =
1
2

Bλ[z+ + z−, z+ + z−] =
1
2

(∥z+∥2λ − ∥z−∥2λ).
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It is well known that Iλ ∈ C1(E,R) (see [17]) and the Fréchet derivative I′λ satisfies

⟨I′λ(u, v), (φ, ψ)⟩ =
∫
RN (∇u∇ψ + λV(x)uψ) dx +

∫
RN (∇v∇φ + λV(x)vφ) dx

−
∫
RN ( f (x, u)φ + g(x, v)ψ) dx

for (φ, ψ) ∈ E. So solutions of (1.1) correspond to critical points of Iλ in E.
We denote that

I1 = I(u, v) =
∫
RN

(∇u∇v + V(x)uv) dx −
∫
RN

F(x, u) +G(x, v) dx,

which is the functional of the problem (2.1).

Lemma 2.3 (i) If f or g satisfies (1.5) and (1.6) for some a2, b2 > 0, p ∈ (2, 2∗) and µ > 2, then
(B4) holds with τ ∈ ( N

2 ,
p

p−2 ), τ > 1.

(ii) If (B1) − (B4) are satisfied, then F̃(x, t)→ ∞, G̃(x, t)→ ∞ uniformly in x as |t| → ∞.

Proof. This result can be found in [7]. However, for the reader’s convenience, we give a proof here.
Here we only show that f satisfies this lemma. The proof for g is similar.

(i) First we note that p
p−2 > max{1, N

2 } because p ∈ (2, 2∗). Fix τ ∈ ( N
2 ,

p
p−2 ), τ > 1. If |t| ≥ 1,

then | f (x, t)| ≤ a3|t|p−1 for some a3 > 0. Choose r ≥ 1 so large that

1
µ
≤ 1

2
−

aτ−1
3

|t|p−(p−2)τ whenever |t| ≥ r.

Then, for such |t|,

F(x, t) ≤ 1
µ

f (x, t)t ≤ (
1
2
−

aτ−1
3

|t|p−(p−2)τ ) f (x, t)t ≤ (
1
2
− | f (x, t)|τ−1

|t|τ−1t2 ) f (x, t)t,

and it follows that
| f (x, t)|τ
|t|τ ≤ 1

2
f (x, t)t − F(x, t) = F̃(x, t).

(ii) Using (B2) − (B4), it follows that for |t| large enough,

a1F̃(x, t) ≥ (
f (x, t)

t
)τ ≥ (

2F(x, t)
t2 )τ → ∞

uniformly in x as |t| → ∞.

3 Proof of Theorem 1.1
In this section, we prove Theorem 1.1. For a fixed z0 ∈ E+ \ {0} and R > r > 0, let

MR = {z = z− + ρz0 : z− ∈ E−, ∥z∥ = R, ρ ≥ 0}, Nr = N := {z ∈ E+ : ∥z∥ = r},

and
T = {h ∈ C(MR × [0, 1],E) : h is admissible, h(u, 0) = u

and I(h(u, s)) ≤ max{I(u),−1} for all s ∈ [0, 1]}.
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Lemma 3.1 There exist r > 0 and α > 0 such that I |Nr≥ α.

Proof. For any z ∈ Nr, we may write z = (u, u), u ∈ E1 or z = (u,−u), u ∈ E2. Thus,

I(u, v) =
1
2
∥z+∥2 −

∫
RN

F(x, u) dx −
∫
RN

G(x, v) dx.

By (B1) − (B4), for any ε > 0, there exists Cε > 0 such that

|F(x, t)| ≤ ϵ |t|2 +Cϵ |t|p, |G(x, t)| ≤ ϵ |t|2 +Cϵ |t|p,

where 2 < p < 2N
N−2 . The inclusions E ↪→ H1(RN) ↪→ Lp(RN) then imply

I(u, v) ≥ (
1
2
− ϵ)∥z+∥2 −Cϵ∥z+∥p+1,

the result follows.

Lemma 3.2 For any z0 = (u0, u0) ∈ E+ \ {0} with ∥z0∥ = 1, there exists R > r so that I |∂MR≤ 0,
where

MR = {z = z− + ρz0 : ∥z∥ ≤ R, ρ ≥ 0}.

Proof. For z ∈ ∂MR, we can write z = z− + ρz0 with either ∥z∥ = R, ρ > 0 or ∥z∥ < R, ρ = 0. If
ρ = 0, we have

z ∈ E−, z = (u, u), u ∈ E2, or z = (u,−u), u ∈ E1

and
I(u, v) = −1

2
∥z−∥2 −

∫
RN

(F(x, u) +G(x, v)) dx ≤ 0,

since F(x, t), G(x, t) ≥ 0 for (x, t) ∈ RN × R.
Suppose now that ρ > 0, we fix z0 = (u0, u0). If the conclusion of the Lemma were not true,

we would have a sequence {zn} ∈ ∂MR, zn = ρnz0 + z−n , z−n = (ϕn, ψn), ρn > 0, ∥zn∥ = n such that
I(zn) > 0. We write zn = (un, vn) = (ρnu0 + ϕn, ρnu0 + ψn). Then

I(zn) =
1
2

(ρ2
n∥z0∥2 − ∥z−n ∥2) −

∫
RN

(F(x, un) +G(x, vn)) dx > 0,

that is
I(zn)
∥zn∥2

=
1
2

(
ρ2

n

∥zn∥2
− ∥z

−
n ∥2
∥zn∥2

) −
∫
RN

F(x, un) +G(x, vn)
∥zn∥2

dx > 0. (3.1)

Since F(x, u) ≥ 0, G(x, u) ≥ 0 and ∥z0∥ = 1, we have ρn ≥ ∥z−n ∥. On the other hand, ρ2
n+∥z−n ∥2
∥zn∥2 = 1

implies that 1
2 ≤

ρ2
n

∥zn∥2 ≤ 1. Thus, we may assume that ρ2
n

∥zn∥2 → ρ2 > 0 as n → ∞. It follows that

ρn → +∞. We also have ζ−n =
z−n
∥zn∥ ⇀ (ζ1, ζ2) in E, that is, ϕn

∥zn∥ ⇀ ζ1,
ψn
∥zn∥ ⇀ ζ2 in E as n → ∞,

and ϕn
∥zn∥ → ζ1,

ψn
∥zn∥ → ζ2 a.e in RN .

If x ∈ RN such that ρu0 + ζ1 , 0, then

lim
n→∞

ρnu0 + ϕn

∥zn∥
= ρu0 + ζ1 , 0 a.e in RN .



246 H. He

So un = ρnu0 + ϕn → ∞ a.e in RN as n → ∞. Similarly if x ∈ RN such that ρu0 + ζ2 , 0, then
vn = ρnu0 + ψn → ∞ a.e in RN as n→ ∞. As I(zn)

∥zn∥2 > 0, and F(x, t), G(x, t) ≥ 0, we get

0 < 1
2

ρ2
n

∥zn∥2 ∥z0∥2 − ∥z
−
n ∥2

2∥zn∥2 −
∫
RN [ F(x,un)

u2
n

( un
∥zn∥ )

2 +
G(x,vn)

v2
n

( vn
∥zn∥ )

2] dx

≤ 1
2

ρ2
n

∥zn∥2 ∥z0∥2 − ∥z
−
n ∥2

2∥zn∥2 −
∫
{ρu0+ζ1,0}

F(x,un)
u2

n
( un
∥zn∥ )

2 dx

−
∫
{ρu0+ζ2,0}

G(x,vn)
v2

n
( vn
∥zn∥ )

2 dx.

(3.2)

Notice that

un

∥zn∥
=
ρnu0 + ϕn

∥zn∥
⇀ ρu0 + ζ1 and

vn

∥zn∥
=
ρnu0 + ψn

∥zn∥
⇀ ρu0 + ζ2

in E as n→ ∞, by Sobolev imbedding theorem, we may assume, up to a subsequence, that

un

∥zn∥
=
ρnu0 + ϕn

∥zn∥
→ ρu0 + ζ1 and

vn

∥zn∥
=
ρnu0 + ψn

∥zn∥
→ ρu0 + ζ2

a.e in RN as n→ ∞. Let z = ρz0+ ζ
− with z0 = (u0, u0), ζ− = (ζ1, ζ2). Taking limit in (3.2), we have

0 ≤ 1
2 (ρ2 − ∥ζ−∥2) −

∫
{ρu0+ζ1,0} +∞(ρu0 + ζ1)2 dx

−
∫
{ρu0+ζ2,0} +∞(ρu0 + ζ2)2 dx→ −∞.

(3.3)

This is a contradiction, the proof is complete.

Lemma 3.3 Suppose that V(x) and f , g satisfy (V1)− (V2) and (B1)− (B4). Then any (C)c-sequence
for I is bounded.

Proof. We adapt an argument in [6], see also [10].
Let {zn = (un, vn)} ⊂ E × E be such that

I(un, vn)→ c, and (1 + ∥zn∥)I′(un, vn)→ 0.

Observe that for n large

C ≥ I(un, vn) − 1
2

I′(un, vn)(un, vn) =
∫
RN

F̃(x, un) dx +
∫
RN

G̃(x, vn) dx. (3.4)

We show that {zn} is bounded. Assume to the contrary that ∥zn∥E → ∞. Let

wn =
zn

∥zn∥
= (

un

∥zn∥
,

vn

∥zn∥
) =: (w1

n, w2
n),

then ∥wn∥E = 1. Observe that, from (3.4) and

I′(un, vn)(u+n − u−n , v
+
n − v−n )

= ∥zn∥2 −
∫
RN f (x, un)(u+n − u−n ) dx −

∫
RN g(x, vn)(v+n − v−n ) dx

= ∥zn∥2(1 −
∫
RN

f (x,un)((w1
n)+−(w1

n)−)
∥zn∥ dx −

∫
RN

g(x,vn)((w2
n)+−(w2

n)−)
∥zn∥ dx),
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it follows that∫
RN

f (x, un)((w1
n)+ − (w1

n)−)
∥zn∥

dx +
∫
RN

g(x, vn)((w2
n)+ − (w2

n)−)
∥zn∥

dx→ 1 as n→ ∞. (3.5)

Set
h(r) = inf{F̃(x, u) : x ∈ RN , and |u| ≥ r}.

By (B3) and Lemma 2.3, h(r) > 0 for all r > 0 and h(r)→ ∞ as r → ∞. For 0 ≤ a < b, let

Ωn(a, b) := {x ∈ RN : a ≤ |un| < b}

and

cb
a := inf{ F̃(x, u)

u2 : x ∈ RN , and a ≤ |u| ≤ b}.

One has F̃(x, un) ≥ cb
au2

n(x) for all x ∈ Ωn(a, b).
It follows from (3.4) that

C ≥
∫
Ωn(0,a) F̃(x, un) dx +

∫
Ωn(a,b) F̃(x, un) dx +

∫
Ωn(b,∞) F̃(x, un) dx

≥
∫
Ωn(0,a) F̃(x, un) dx + cb

a

∫
Ωn(a,b) |un|2 dx + h(b)|Ωn(b,∞)|.

(3.6)

Using (3.4),

|Ωn(b,∞)| ≤ C
h(b)

→ 0 (3.7)

as b→ ∞ uniformly in n, and for any fixed 0 ≤ a < b,∫
Ωn(a,b)

|w1
n|2 dx =

1
∥zn∥2

∫
Ωn(a,b)

|un|2 dx ≤ C
cb

a∥zn∥2
→ 0 as n→ ∞. (3.8)

It follows from (3.4) and the Hölder inequality that for any s ∈ [2, 2∗), p ∈ (s, 2∗) and a suitable
constant C1, ∫

Ωn(b,∞) |w
1
n|s dx ≤ (

∫
Ωn(b,∞) |w

1
n|p dx)

s
p |Ωn(b,∞)|

p−s
p

≤ ∥w1
n∥s|Ωn(b,∞)|

p−s
p

≤ ∥wn∥s|Ωn(b,∞)|
p−s

p

≤ C1|Ωn(b,∞)|
p−s

p → 0 uni f ormly in n as b→ ∞.

(3.9)

Let 0 < ε < 1
6 , by (B1), there is aε > 0 such that f (x, u) ≤ ε

C2
2
|u| for all |u| ≤ aε. Consequently

∫
Ωn(0,aε)

f (x, un)
|un|

|un|
∥zn∥
|(w1

n)+ − (w1
n)−| dx

=
∫
Ωn(0,aε)

f (x, un)
|un|

|w1
n||(w1

n)+ − (w1
n)−| dx

≤
∫
Ωn(0,aε)

ε
C2

2
|w1

n||(w1
n)+ − (w1

n)−| dx

≤ ε
C2

2
(
∫
Ωn(0,aε)

|w1
n|2 dx)

1
2 (
∫
Ωn(0,aε)

|(w1
n)+ − (w1

n)−|2 dx)
1
2

≤ ε
C2

2

∫
Ωn(0,aε)

|w1
n|2 dx ≤ ε f or all n.

(3.10)
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By (B4),(3.4)and (3.9) with s = 2τ
τ−1 ∈ (2, 2∗), we can take bε so large that∫

Ωn(bε,∞)

f (x, un)
|un|

|w1
n||(w1

n)+ − (w1
n)−| dx

≤ (
∫
Ωn(bε,∞) |

f (x, un)
un

|τ dx)
1
τ (
∫
Ωn(bε,∞) |w

1
n|s dx)

1
s (
∫
Ωn(bε,∞) |(w

1
n)+ − (w1

n)−|s dx)
1
s

≤ (
∫
Ωn(bε,∞) a1F̃(x, un) dx)

1
τ (
∫
Ωn(bε,∞) |w

1
n|s dx)

1
s (
∫
Ωn(bε,∞) |(w

1
n)+ − (w1

n)−|s dx)
1
s

≤ ε f or all n.

(3.11)

Note that there is C3 = C3(ε) > 0 independent of n such that | f (x, un)| ≤ C3|un| for x ∈ Ωn(aε, bε).
By (3.8), there is n0 such that∫

Ωn(aε,bε)

f (x, un)
|un|

|w1
n||(w1

n)+ − (w1
n)−| dx

≤ C3
∫
Ωn(aε,bε)

|w1
n||(w1

n)+ − (w1
n)−| dx

≤ C3(
∫
Ωn(aε,bε)

|w1
n|2 dx)

1
2 (
∫
Ωn(aε,bε)

|(w1
n)+ − (w1

n)−|2 dx)
1
2

≤ ε f or all n ≥ n0.

(3.12)

Now the combination of (3.10)-(3.12) implies that for n ≥ n0,∫
RN

f (x, un)((w1
n)+ − (w1

n)−)
∥zn∥

dx < 3ε <
1
2
.

Similarly, we can also prove that∫
RN

g(x, vn)((w2
n)+ − (w2

n)−)
∥zn∥

dx < 3ε <
1
2

f or n ≥ n0.

Thus, it contradict (3.5). This completes the proof of the boundedness of {zn}.

Similar as [6] and [7], we have the following lemma.

Lemma 3.4 Suppose (V1), (V2), (1.5) are satisfied and let (zn) = (un, vn) be a Palais-Smale sequence
for I such that I(zn) = I(un, vn) → c and (un, vn) ⇀ (u, v). Then passing to a subsequence, there
exists a sequence (hn) = (h1

n, h
2
n)→ (u, v) such that

I(zn − hn) = I(un − h1
n, vn − h2

n)→ c − I(u, v), I′(zn − hn) = I′(un − h1
n, vn − h2

n)→ 0. (3.13)

It is clear that the conclusion of this lemma remains valid also for the functional Iλ defined in
(2.2).

Lemma 3.5 Suppose that V(x) and f , g satisfy (V1) − (V2) and (B1) − (B4). Then for any M > 0
there is Λ = Λ(M) > 0 such that the functional Iλ satisfies the Cerami condition for all c ≤ M, and
λ > Λ.

Proof. Let {zn} = {(un, vn)} ⊂ E × E be a Cerami sequence. Then by Lemma 3.3, (zn) is bounded in
Eλ × Eλ, hence passing to a subsequence we may assume that

(un, vn) ⇀ (u, v) in E × E
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and Iλ satisfies (3.13). Let wn = zn − hn. Since {V(x) < b} is a set of finite measure and wn :=
(w1

n,w
2
n) = (un − h1

n, vn − h2
n) ⇀ (0, 0),∫
RN |w1

n|2 + |w2
n|2 dx

=
∫
{V(x)≥b} |w

1
n|2 + |w2

n|2 dx +
∫
{V(x)<b} |w

1
n|2 + |w2

n|2 dx

≤ 1
λb

∫
{V(x)≥b} λV(x)(|w1

n|2 + |w2
n|2) dx + o(1)

≤ 1
λb

∫
RN λV+(x)(|w1

n|2 + |w2
n|2) dx + o(1)

≤ 1
λb (∥w1

n∥2Eλ
+ ∥w2

n∥2Eλ
) + o(1) = 1

λb ∥wn∥2Eλ + o(1).

(3.14)

Moreover, if 2 < s < p < 2∗, then by (3.14) and the Hölder inequality and the inclusions E ↪→
H1(RN) ↪→ Lp(RN), it implies that∫

RN |w1
n|s + |w2

n|s dx

≤ (
∫
RN |w1

n|2 + |w2
n|2 dx)

p−s
p−2 (
∫
RN |w1

n|p + |w2
n|p dx)

s−2
p−2

≤ d1( 1
λb )−

p−s
p−2 ∥wn∥sEλ + o(1)

(3.15)

where the constant d1 is independent of wn.
By (3.13), we have

Iλ(w1
n,w

2
n) − 1

2 I′λ(w1
n,w

2
n)(w1

n,w
2
n) =

∫
RN F̃(x,w1

n) dx +
∫
RN G̃(x,w2

n) dx

→ c − Iλ(u, v),
(3.16)

I′λ(w1
n,w

2
n)(w2

n,w
1
n)

=
∫
RN |∇w1

n|2 + λV(x)|w1
n|2 dx +

∫
RN |∇w2

n|2 + λV(x)|w2
n|2 dx

−
∫
RN f (x,w1

n)w2
n dx −

∫
RN g(x,w2

n)w1
n dx = o(1).

(3.17)

By (B1), it is clear that given ε > 0, there is a δ > 0 such that | f (x, u)| ≤ ε|u|, |g(x, v)| ≤ ε|v| for all
x ∈ RN with |u| ≤ δ, |v| ≤ δ, and (B4) is satisfied for |u| ≥ δ, |v| ≥ δ. It follows from (3.14) that∫

|w1
n |≤δ

f (x,w1
n)w2

n dx ≤ ε
∫
|w1

n |≤δ
w1

nw2
n dx

≤ ε
2 (
∫
|w1

n |≤δ
|w1

n|2 dx +
∫
|w1

n |≤δ
|w2

n|2 dx)

≤ ε
2λb∥wn∥2Eλ + o(1),

(3.18)

∫
|w2

n |≤δ
g(x,w2

n)w1
n dx ≤ ε

∫
|w2

n |≤δ
w1

nw2
n dx

≤ ε
2 (
∫
|w2

n |≤δ
|w1

n|2 dx +
∫
|w2

n |≤δ
|w2

n|2 dx)

≤ ε
2λb∥wn∥2Eλ + o(1).

(3.19)
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Using (B4), (3.15) with s = 2τ
τ−1 and (3.16), we obtain∫

|w1
n |>δ

f (x,w1
n)w2

n dx

=
∫
|w1

n |>δ
f (x,w1

n)
w1

n
w1

nw2
n dx

≤ (
∫
|w1

n |>δ
a1F̃(x,w1

n) dx)
1
τ (
∫
|w1

n |>δ
|w1

n|s dx)
1
s (
∫
|w1

n |>δ
|w2

n|s dx)
1
s

≤ ( 1
4 )

1
s (
∫
|w1

n |>δ
a1F̃(x,w1

n) dx)
1
τ (
∫
|w1

n |>δ
|w1

n|s dx +
∫
|w1

n |>δ
|w2

n|s dx)
2
s

≤ ( 1
4 )

1
s d

2
s

1 (λb)−
2(p−s)
s(p−2) (
∫
|w1

n |>δ
a1F̃(x,w1

n) dx)
1
τ ∥wn∥2Eλ + o(1),

(3.20)

∫
|w2

n |>δ
g(x,w2

n)w1
n dx

=
∫
|w2

n |>δ
g(x,w2

n)
w2

n
w1

nw2
n dx

≤ (
∫
|w2

n |>δ
b1G̃(x,w2

n) dx)
1
τ (
∫
|w2

n |>δ
|w1

n|s dx)
1
s (
∫
|w2

n |>δ
|w2

n|s dx)
1
s

≤ ( 1
4 )

1
s (
∫
|w2

n |>δ
b1G̃(x,w2

n) dx)
1
τ (
∫
|w2

n |>δ
|w1

n|s dx +
∫
|w2

n |>δ
|w2

n|s dx)
2
s

≤ ( 1
4 )

1
s d

2
s

1 (λb)−
2(p−s)
s(p−2) (
∫
|w2

n |>δ
b1G̃(x,w2

n) dx)
1
τ ∥wn∥2Eλ + o(1).

(3.21)

Thus ∫
|w1

n |>δ
f (x,w1

n)w2
n dx +

∫
|w2

n |>δ
g(x,w2

n)w1
n dx

≤ d2(λb)−
2(p−s)
s(p−2) ((

∫
|w1

n |>δ
F̃(x,w1

n) dx)
1
τ + (
∫
|w2

n |>δ
G̃(x,w2

n) dx)
1
τ )∥wn∥2Eλ + o(1)

≤ d3(λb)−
2(p−s)
s(p−2) (c − Iλ(u, v))

1
τ ∥wn∥2Eλ + o(1)

≤ d4M
1
τ (λb)−

2(p−s)
s(p−2) ∥wn∥2Eλ + o(1).

(3.22)

From I′λ(w1
n,w

2
n)(w2

n,w
1
n)→ 0 and (wn) = (w1

n,w
2
n) ⇀ (0, 0), we have

o(1) = I′λ(w1
n,w

2
n)(w2

n,w
1
n)

=
∫
RN |∇w1

n|2 + λV(x)|w1
n|2 dx +

∫
RN |∇w2

n|2 + λV(x)|w2
n|2 dx

−
∫
RN f (x,w1

n)w2
n dx −

∫
RN g(x,w2

n)w1
n dx

=
∫
RN |∇w1

n|2 + λV+(x)|w1
n|2 dx +

∫
RN |∇w2

n|2 + λV+(x)|w2
n|2 dx

−
∫
RN f (x,w1

n)w2
n dx −

∫
RN g(x,w2

n)w1
n dx + o(1)

≥ (1 − ε
λb − d4M

1
τ (λb)−

2(p−s)
s(p−2) )∥wn∥2Eλ + o(1).

(3.23)

Let Λ = Λ(M) be so large such that 1 − ε
λb − d4M

1
τ (λb)−

2(p−s)
s(p−2) > 0 when λ > Λ, it implies that

∥wn∥Eλ → 0. Since wn = zn − hn and hn = (h1
n, h

2
n)→ (u, v), it follows that also zn = (un, vn)→ (u, v)

in E × E.

Proof of Theorem 1.1. We may show as in [17] that the functional Īλ(u, v) :=
∫
RN F(x, u)+G(x, v) dx ≥

0 is weakly lower semi-continuous and Ī′λ is weakly continuous. Replacing V by λV in Lemma 3.3,
and by Lemma 3.5, we see that Iλ satisfies the Cerami condition if λ > Λ. Replacing V by λV ,
Lemma 3.1 and Lemma 3.2 are held for Iλ. Thus, by Proposition 2.1, Theorem 1.1 is proved. 2
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4 Proof of Theorem 1.2
Proof Theorem 1.2. We observe that (zm) is bounded in Eλ, and therefore, after passing to a subse-
quence we have

um ⇀ ū, vm ⇀ v̄ in Eλ × Eλ,

and
um → ū, vm → v̄ in Lq

loc(RN), 2 ≤ q < 2∗.

Since I′λm
(um, vm)(φ, ψ) = 0, that is

⟨I′λm
(um, vm), (φ, ψ)⟩

=
∫
RN (∇um∇ψ + λmV(x)umψ) dx +

∫
RN (∇vm∇φ + λmV(x)vmφ) dx

−
∫
RN ( f (x, um)φ + g(x, vm)ψ) dx,

it follows that
∫
RN V(x)umψ dx→ 0 and

∫
RN V(x)vmφ dx→ 0 as λm → ∞, and hence

∫
RN V(x)ūψ dx =

0, and
∫
RN V(x)v̄φ dx = 0 for all φ, ψ ∈ C∞0 (RN).

Next, we show that
ū = 0, v̄ = 0 a.e. in RN \ V−1(0).

In fact, consider the sets Ak = {x ∈ RN : |x| ≤ k,V(x) ≥ 1
k }, k ∈ N. Then∫

Ak

u2
m + v2

m dx ≤ k
∫

Ak

V(x)(u2
m + v2

m) dx ≤ k
λm
∥zn∥Eλ → 0 as λm → ∞,

hence, ∫
Ak

(ū2 + v̄2) dx = 0 f or every k.

This implies (ū, v̄)|Ak = (0, 0) a.e. for every k ∈ N, and therefore (ū, v̄) = (0, 0) for a.e. x ∈ ∪k∈N Ak,
that is (ū, v̄) = (0, 0) in RN \ V−1(0). As f (x, t), g(x, t) satisfy (1.5), we obtain that (ū, v̄) is a weak
solution of the equation

−∆u = g(x, v), x ∈ Ω, −∆v = f (x, u), x ∈ Ω. (4.1)

Now, we will prove that um → ū, vm → v̄ in Lq(RN). Assuming the contrary, it follows from
Lemma I.1 of [16] that there exists δ > 0, ρ > 0 and a sequence {xm} ⊂ RN such that∫

Bρ(xm)
(|um − ū|2 + |vm − v̄|2) dx ≥ δ, f or all m ∈ N.

Moreover, |xm| → ∞ as m → ∞ (for otherwise the left-hand side above tends to 0 as m → ∞).
Hence |Bρ(xm) ∩ {x ∈ RN : V(x) < b}| → 0 and

∫
Bρ(xm)(ū

2 + v̄2) dx→ 0 as m→ ∞. Consequently,

∥zm∥Eλ ≥ λmb
∫

Bρ(xm)∩{V(x)≥b}(u
2
m + v2

m) dx

= λmb
∫

Bρ(xm)∩{V(x)≥b}(|um − ū|2 + |vm − v̄|2) dx

= λmb(
∫

Bρ(xm)(|um − ū|2 + |vm − v̄|2) dx + o(1))→ ∞,
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as m→ ∞. It is a contradiction.
Suppose V(x) ≥ 0 and (B1) holds. Since (um, vm) is a weak solution of problem (1.1), we have

∥zm∥2E ≤ ∥zm∥Eλ =
∫
RN

f (x, um)vm + g(x, vm)um dx. (4.2)

Similarly, we obtain

⟨um, ū⟩Eλ
+ ⟨vm, v̄⟩Eλ

=

∫
RN

f (x, um)v̄ + g(x, vm)ū dx. (4.3)

Let m→ ∞ in (4.3) and recalling that (ū, v̄) = (0, 0) if V(x) > 0, we have

⟨ū, ū⟩E + ⟨v̄, v̄⟩E =
∫
RN

f (x, ū)v̄ + g(x, v̄)ū dx. (4.4)

Next we show that ∫
RN f (x, um)vm dx→

∫
RN f (x, ū)v̄ dx,∫

RN g(x, vm)um dx→
∫
RN g(x, v̄)ū dx as m→ ∞.

(4.5)

In fact ∫
RN | f (x, um)vm − f (x, ū)v̄| dx

≤
∫
RN | f (x, um)||vm − v̄| dx +

∫
RN | f (x, um) − f (x, ū)||v̄| dx

and um → ū in Lq
loc(RN), 2 ≤ q < 2∗, it is easy to see that the second integral on the right-hand side

above tends to 0. Since for each ε > 0 there is Cε > 0 such that | f (x, u)| ≤ ε|u| +Cε|u|p−1, we get∫
RN | f (x, um)||vm − v̄| dx

≤ ε
∫
RN |um||vm − v̄| dx +Cε

∫
RN |um|p−1|vm − v̄| dx

≤ 2ε(
∫
RN |um|2 + |vm − v̄|2 dx) +Cε(

∫
RN |um|p dx)

p−1
p (
∫
RN |vm − v̄|p dx)

1
p .

Thus, ∫
RN

f (x, um)vm dx→
∫
RN

f (x, ū)v̄ dx

follows because vm → v̄ in Lq(RN), q ∈ (2, 2∗), (um) and (vm) are bounded in L2(RN), and ε has been
chosen arbitrarily. Similarly, we obtain∫

RN
g(x, vm)um dx→

∫
RN

g(x, v̄)ū dx as m→ ∞.

From (4.2) and (4.4), it follows that

lim sup
m→∞

∥um∥E + ∥vm∥E ≤ ∥ū∥E + ∥v̄∥E ,

hence um → ū, vm → v̄ in E. 2
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