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Abstract

In this paper, we show that the following system
—Au+ AV(x)u = g(x,v), —-Av+AV(x)v = f(x,u), x¢€ RN 0.1)

possesses at least one non-trivial solution pair (u,v) for 4 > 0 large enough, where
f(x,1), g(x, 1) are continuous functions on RY x R and super-linear at t = 0 as well as
att = +o0, V(x) is allowed to be sign-changing. We mention that we do not assume that f
or g satisfies the Ambrosetti-Rabinowitz condition.
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1 Introduction

In this paper, we study the existence of non-trivial solutions for the following problem

—Au+ AV(x)u = g(x,v), —-Av+AV(x)v = f(x,u), x¢€ RV, (1.1)
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where f(x,t) and g(x, f) are continuous functions on RY x R, and super-linear at ¢ = 0 as well as at
t = +00, and the potential V(x) may change sign.
When A = 1, the problem is related to Schrédinger equation

—Au+ V(x)u = f(x,u), xR, (1.2)

which has been extensively studied recently, see for instance [4], [5], [6], [11], [12] and [15]. Partic-
ularly, it was considered in [7] the case that V(x) is changing-sign and f(x, ¢) is either asymptotically
linear or superlinear (but subcritical). Solutions of (1.2) were found as critical points of the related

functional in
E={ueH®Y): f
R

where V*(x) = max{V(x), 0}, V~(x) = max{-V(x), 0}. A decomposition of E = E* & E~ so that the
quadratic form a(u, v) = f]R’V (VuVv+ V(x)uv) dx is negative semi-definite on E~ and positive definite
on E™ plays an important role in applying linking theorems.

A natural way to study the existence of non-trivial solutions to (1.1) is to use the variational
method. In a special case V = 1, (1.1) becomes

VH(x0)u? dx < +o0},
N

“Au+u=gxv),-Av+v=f(xu), x€Q;, u=v=0, x€dQ, (1.3)

where Q c RY is a bounded domain and £, g € C(QxR, R). Such a strongly indefinite problem was
considered in [2], [3], [8], [9] etc for f(x,1), g(x, ) subcritical and superlinear. With f(x, 1), g(x, )
being asymptotically linear, [14] showed problem (1.3) possesses a positive solution in RY, where
the lack of compactness of the Sobolev embeddings in RV was involved. In [13], using a linking
theorem and concentration-compactness principle, they got an existence result for problem (1.3),
where f(x, 1), g(x,?) is superlinear at ¢t = 0, subcritical near ¢t = +oco. However, they did not assume
that f(x, 1), g(x, ) satisfy the (AR) condition. Recently, if the potential V(x) is positive, M. Ramos
[18] studied the existence, multiplicity and shape of positive solutions of the system (1.1) as the
parameter is large enough.

For problem (1.1), due to V(x) sign-changing, the potential V(x) affects the decomposition of
the space &, := E,; X E, in a way that the quadratic part

a(u,v) = LN VuVy + AV(x)uv dx
of the associated functional
Li(u,v) = LN(VMVV + AV(x)uv) dx — fRN F(x,u) + G(x,v) dx (1.4)
need to be taken into consideration. The definition of E,; will be founded in Section 2. A key

ingredient in use of the linking theorem is to find a proper decomposition of E, X E, into a direct
sum of two subspaces so that a,(u, v) is definite in each subspace. Let

F(x,1) = f(; f(x,8)ds, G(x, 1) = fo g(x, s) ds,

F(x,1) = % fx, 0t — F(x, 1), G(x,f) = % g(x, Nt — G(x, 7).
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In this paper we suppose that:

(V) Ve CRY, R) and V(x) is bounded from below;

(V) There exists b > 0 such that the set {x € RV : V(x) < b} is non-empty and has finite
measure;

(B) f, g € CRN xR, R), F(x,1) > 0, G(x,t) > 0 for (x,£) € RV x R and
fen _

. gx, 1)
lim lim =
t—0 t t—0 t

0

uniformly with respect to x € RV;
(By) lim 2% = jim 9% = 4o uniformly in x € RY;

[t]—>+0c0 lz |t|>+c0 4
(B3) F(x,1) > 0, G(x,1) > 0 whenever  # 0;
(By) |f(x, )" < alf(x, DT, lglx, D" < bla(x, D|t* for some a;,b; > 0, T > max{l, %} and all
(x, t) with |¢| large enough.

Clearly (B;) implies that problem (1.1) has a trivial solution (u,v) = (0,0). Solutions (u,v) #
(0, 0) are called nontrivial.
If (B;) and (B4) hold, then

1 1
0l < Sailf(x, O™, Jge NI < Fbils(x, O™
for large ¢, hence f or g satisfies the growth restriction

Il < aoltl + 14771, IgCx, )] < ba(le] + |17, (1.5)

where p = i—’l € (2,2(2* = % if N >3,2" = o0 if N =1 or2). On the other hand, if f or g

satisfies (1.5) with p € (2,2%) and the Ambrosetti-Rabinowitz superlinearity condition
0 < uF(x,t) < f(x,nt, 0 < uG(x,1) < g(x, 0t (1.6)

for some ¢ > 2 and all (x, t) with ¢ # 0, then it is easy to see that (B,) and (B3) hold, and it will be
shown in Lemma 2.3 that so does (B4). We shall also show in this lemma that (B,) — (B4) imply

F(x, 1) — oo, é(x, 1) > coas |t| = oo.

An example of f or g satisfying (B;) — (B4) but not (1.6 ) is f(x,£) = f(x)tIn(1 +|¢]), 0 < inf f <
sup f < oo.
Now we are ready to state our main result.

Theorem 1.1 Suppose (Vi) — (V») and (By) — (By) are satisfied. Then there exists Ay such that
problem (1.1) has at least one non-trivial solution whenever A > Ay.

Next, we investigate the asymptotic shape of the solutions as 4 — co.
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Theorem 1.2 Suppose (Vi) — (V») and (1.5) with p € (2,2%) are satisfied, and let z,,, = (Upm, Vin) € E
be a solution of problem (1.1) with A = A,,. If 4, = o0 and ||zulls, = lumlla + Vmlla £ C for some
C > 0 and all m. Then passing to a subsequence, (ity,v,) — (it,v) in LIRN) x LI(RN) for all
q € (2,2%), (u, V) is a weak solution of the equation

(1.7)
-Av = f(x,u),x € Q

{ —Au = g(x,v),x € Q,
and (i, 7) = (0,0) a.e. in RN \ V=1(0), where Q is the interior of V='(0). In addition if V(x) > 0 and
(By) is satisfied, then (uy, v,,) — (1,V) in E X E.

In section 2, we decompose &, := E; X E; = E" & & such that a,(u, v) is negative definite on
& and positive definite on &', where both 8; and & are infinite-dimensional. Thus we cannot use
the similar linking theorem as in [1], [6], which requires dim &, < co. On the other hand, we have to
treat the loss of compactness caused by R". In section 3, we prove Theorem 1.1 by using a linking
theorem in [12] without (C).- condition. Finally, we will give the proof of Theorem 1.2.

2 Preliminaries

Solutions of (1.1) will be found as critical points of I by linking theorem in [12]. We recall the
linking theorem as follows.

Let E~ be a closed subspace of a separable Hilbert space E with the norm ||.||z and E* := (E7)*.
We define a new norm

o 1 B
llull- = max{llu*|| : Z K el
k=1

where {e;} is a total orthonormal sequence in E~ and u = u* + u~, u* € E*. The topology induced
by |||l will be called the 7-topology. A homotopy h =1 —-g : AX[0,1] = E(A C E) is said to be
admissible if :

(i) h is T-continuous, i.e., h(u,, s,) — h(u, s) in T-topology as n — oo whenever u,, — u in 7-topology
and s, — sasn — oo,

(ii) g is t-locally finite-dimensional, i.e., for each (u,s) € A x [0, 1] there is a neighborhood U
of (u, ) in the product topology of (E, 1) and [0, 1] such that g(U N (A x [0, 1])) is contained in a
finite-dimensional subspace of E.

Admissible maps are defined in a similar way and we mention that admissible maps and homo-
topies are continuous in the strong topology, and on bounded set (E, 7) coincides with the product
topology E,, . and E,,.,,...

Recall that (z,,) is called a Cerami sequence for I if 1(z,) is bounded and (1+]z,|)I’(z,) — 0in E*
as n — oo, and 7 satisfies the Cerami condition if each such sequence has a convergent subsequence.
A Cerami sequence with I(z,) — ¢ will be called a (C).-sequence, and and we shall say that /
satisfies the (C).-condition if each (C).-sequence has a convergent subsequence.

Forzge E* \{0}and R > r > 0, let

M={z=2 +1z0: 2 €E7, ldl =R, 120}, N:={z€E": |zl=r},
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and
I'={he CCMx[0,1],E) : his admissible, h(u,0) = u

and I(h(u, 5)) < max{I(u),—1} for all s € [0, 1]}.

Proposition 2.1 [12] Let E = E* & E~ be a separable Hilbert space with E~ orthogonal to E™.
Suppose

) 1(z) = %(||er||2 —lz7II?) = ®(z), where ® € C'(E,R) is bounded below, weakly sequentially lower
semi-continuous and @’ is weakly sequentially continuous.

(if) There exist zo € E* \ {0}, @« > 0and R > r > 0 such that I|y > a and I|gp < 0.

Then there exists a (C).-sequence for I, where

c :=inf sup I(h(u, 1)).
hel e pm

Moreover ¢ > a.

Proposition 2.1 was proved in [12] which is a generalization of Theorem 3.4 of [11].
In order to study problem (1.1), we shall consider the problem

—Au+V(x)u =g(x,v), —-Av+VxWw=f(x,u), xe RV, 2.1

with V(x) and f, g satisfying (V) — (V,) and (B;) — (By). Let

E={ue H®Y): f

V*(x)u? dx < +oo}
RN

be equipped with the inner product and norm
(u,v) := fRN(Vu Vv + VY x)uy) dx, ||ull = (u, u>%.
In this paper, we shall need the following inner product
(U, vy, = LN(VM Vv + AV (o)uv) dx, 1> 0.

The corresponding norm will be denoted by || - ||, and we set E, := (E,|| - |[1). Clearly, |lul| < ||ull
if A > 1. It follows from (V;), (V) and the Poincaré inequality that the embedding E — H'(R") is
continuous. Indeed, set

w = {x e RNV (x) < b}, ws = {x € R| dist(x,w) < 8},

¢ € C(RY) be a cut-off function such that ¢ = 1 in w and ¢ = 0in R \ ws. Since V*(x) > b in
RN\ w, we have

L(quIZ +ud)dx < LJ(W(”QD)lz + (up)?) dx
<2 [ Vg dx < C [ (@IVul + |VePu?)dx
< C‘ﬁw IVul? dx + waé\w VoPu dx
< C [ (IVul + V* (xu?) dx,
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which implies that

Jon(VulP +u?) dx = [ (Vul® +u?) dx + fRN\w(qu +u?) dx
< C [o(VuP + V*(x)u?) dx.

In order to get the main result, we will obtain the direct sum decompositions of the Space E.
Lemma 2.1 [f V(x) satisfies (Vi) — (V>), then
E=E ®E"®F,
and dim E~ < oo, where F = {u € E : supp u € V-1([0, 00))},
E™ =span{p;: pj < 1} and E* = span{g; : p; > 1}.
@; is the eigenfunction of u; of the following problem
—Au+ V (X)u = uV=(x)u.

Proof. The result was proved in [7]. We can also find a more general result in [19].
In a similar way, we also have

Lemma 2.2 If V(x) satisfies (V1) — (V2), then
E,=E,®E|®F,
and dim E < oo, where F ={u € E : suppu € V=1([0, c0))},
E = spanfp;: p; < 1}and E} = span{g; : u; > 1}.
@; is the eigenfunction of u; of the following problem
—Au+ AV (x)u = uAvV-(x)u.

Let E = E' ® E?, and
P: E>E' Q:E—E

be the orthogonal projections, where E' = E* @ F, E*> = E~.
Let & := E x E. The inner product on & is given by

((u,v), (¢, Y))E = f (VuVe + V' (x)up) dx + f (VW + VE()wp) dx,
RN RV
where z = (u,v) € E X E. Denote
Ey ={(u, wlu€E"Y}, Exy = {(u, —u)| u € E'},

Ex = {(u, wlu € E*}, Ex = {(u, —u)l u € E*}.
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Hence, & = E|; @ E1, @ Ey; @ Ey. We may write for any (u, v) € & that

(u,v) = (uir, uir) + (U2, —u12) + (Uar, uz1) + (U2, —un),

where

Mll—Q ulz—Q

Up| = Uz =

We may verify that a(u,v) = jl‘i,v VuVv + V(x)uv dx is positive definite in E}; & E»; and negative
definite in E;p ® Ey;. Set & = E11®Ey and & = Ejp® Ey; and in &, we define a new inner product

(Zmy=Blz" -z, nl, Yz, n€&,

which induces a norm l
llzll = <z, 2)2, z € G,

where

Bl(u,v), (o, ¥)] = f (VuVy + V(x)uy) dx + f (V¥ + V(x)vep) dx.
RY RV
The subspaces &, & are orthogonal with respect to the inner product (-, -). Furthermore,
2l = I + 1171 = Blz* =27, 2" + 271,

and the norms || - || and || - || are equivalent.
Similarly, we have &, := E,xXE, = E;®&, where a,(u, v) is positive definite in &7 and negative
definite in &;. We will also define a new inner product

(Gmai=Bilz" —z,nl, Yz, ne&,,

which induces a norm l
llzlla = (2, 2)2, z€ Ey,

where

B[(u,v), (p,¥)] = f (VuVy + AV(x)uyp) dx + f VWV + AV(x)ve) dx.
RN RN
The subspaces &}, & are orthogonal with respect to the inner product (-, -). Furthermore,
23 = llz*113 + 12713 = Balz" =27, 2" + 271,

and the norms || - ||, and || - |, are equivalent.
The corresponding function of (1.1) is

L) = Li(u,v) = f (VuVy + AV(x)uv) dx — f F(x,u) + G(x,v) dx 2.2)
RN RN

where z = (u,v) € &, z = " + 77 with z} = (Q(5%) + P(*5%), Q(*5%) — P(*59)), z; = (Q(*F) +
P(Y), —Q(%5*) + P(*5Y)). Furthermore, we have

1 1 1
(Vqu+/lV(x)uv) dx = —Bﬂ[z 7] = —Bﬁ[z +z,7+77]= E(Ilz*lli =19
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It is well known that I, € C!'(&,R) (see [17]) and the Fréchet derivative I, satisfies

L) (@) = [ (VuVy + V() dx + [, (VwVg + AV(x)vg) dx
— fn F (e w)p + g(x, ) dix

for (¢, ) € E. So solutions of (1.1) correspond to critical points of 7, in &.
‘We denote that

L =1I(u,v) = f (VuVv + V(x)uv) dx — f F(x,u) + G(x,v) dx,
RN N

R

which is the functional of the problem (2.1).

Lemma 2.3 (i) If f or g satisﬁes (1.5) and (1.6) for some ay,b, > 0, p € (2,2%) and u > 2, then
(By) holds with T € (2, = 2) 7> 1.

(ii) If (B1) — (By) are satisfied, then F(x, 1) — oo, 5()5, ) — oo uniformly in x as |t| — oo.

Proof. This result can be found in [7]. However, for the reader’s convenience, we give a proof here.
Here we only show that f satisfies this lemma. The proof for g is similar.
(i) First we note that [% > max{1, %} because p € (2,2%). Fixt € (%, [%2), T> 1. If || > 1,
then | f(x, )| < a3|t/’~! for some a3 > 0. Choose r > 1 so large that
1 g
< — — ————— whenever |t| > r.

1
w2 |2

Then, for such ||,

ay! L fGu !

1 1
F(0 S 2 f0n < (5 = o) f0n < (5 = 5 f

and it follows that
1f (x, DI t)l’

le*
(i1) Using (B3) — (By), it follows that for |¢| large enough,

f(x D)y 2F@D
> (5 =

f( 0t — F(x, 1) = F(x, ).

aF(xt)>(

uniformly in x as [f| — oo.

3 Proof of Theorem 1.1

In this section, we prove Theorem 1.1. For a fixed zo € & \ {0} and R > r > 0, let
Mg=1{z=7 +pz: 7 €&, ldl=R, p>0}, N, =N:={ze& : |l =r},

and
={he C(Mgx[0,1],E): hisadmissible, h(u,0) = u

and I(h(u, s)) < max{I(u),—1} for all s € [0, 1]}.



Nonlinear Schrédinger equations with sign-changing potential 245

Lemma 3.1 There exist r > 0 and @ > 0 such that I |y,> «.

Proof. For any z € N,, we may write z = (u,u), u € E'orz = (u,—u), u € E2. Thus,

1
I(u,v) = §||z+||2 - fN F(x,u) dx — fN G(x,v) dx.
R R

By (B;) — (By), for any € > 0, there exists C, > 0 such that
IF(x,0)] < €t + Cltl?,  |G(x, D < elt* + Celtl?,

where 2 < p < 2% The inclusions E < H'(RY) < LP(R") then imply

1
Iy = (5 - Oll*IP = Cellz* P,
the result follows.

Lemma 3.2 For any zo = (uo, up) € E* \ {0} with ||zol| = 1, there exists R > r so that I |sp,< 0,
where
Mr={z=7 +pzo: 2l <R, p=0}

Proof. For z € 0Mpg, we can write z = 7~ + pzo with either ||z]l = R, p > Oor ||zl < R, p = 0. If
p =0, we have

z€eE", z=(u,u), uc E?, orz= (u,—u), u € E!
and |

Iu,v) = —|lz7IP - f (F(x,u) + G(x,v)) dx < 0,

2 RN
since F(x, 1), G(x,1) > 0 for (x,7) € RV x R.
Suppose now that p > 0, we fix zo = (ug, up). If the conclusion of the Lemma were not true,

we would have a sequence {2} € OMR, z, = Pn20 + 2,52, = (¢n, WH)’ Pn > 0, llzall = n such that
1(z,) > 0. We write z, = (U, V) = (0ulo + Pn, Pulto + ¥,). Then

1
I(z,) = §<pi||zO||2 — Iz, 1) - f (F(x,uy) + G(x,v,)) dx > 0,
RN

that is

2 —112
1) 1 pp izl _f Flxu) + Gxvn) o 3.1)
RN

lzall> 27 Nzall® llzall? llzall*

Since F(x,u) > 0, G(x,u) > 0 and ||z|| = 1, we have pn > |Iz;1l. On the other hand, pﬁﬁ;”ﬁ;z”z =1

— p> > 0asn — oo. It follows that

implies that l

H ||2
— (&1, &) InE, thatis, 2= —~ &, L = inEasn — oo,

> el llzall

o
Sl <
Pn — +oo. We also have £, = ”Z i
and H‘ﬁ”” &, h — HaeinRY .

If x € RY such that pug + £; # 0, then

lim &0 ™ Yn Pnllp + ¢n

n=eo |zl

=pug+ ) #0aeinRY,



246 H. He

SO u, = puitg + ¢, — o a.e in RY as n — oo. Similarly if x € RY such that pug + £, # 0, then

= patlp + Y, = 0 a.einRY asn — co. As ﬁ;z\]; > 0, and F(x,1), G(x,t) > 0, we get

1.6 2 _ ligl? F(xun> 2 4 G(xvn) Vo \2
0 <2|zn||2” wll = e = Jenl () + = ()] dx

1 2 _ lmlP _ F(xun) Un_\2 2
< 2Hz I ”ZOH 2zl flpuo+g,¢01 ()™ dx 3-2)

u2 2
_ G(x V) ¢ Vn )2
f[pu0+gz¢0} 2 ()™ dx

Notice that

Up Pnllp + ¢n Vn Pnlbo + wn
:——\pu0+§1 and =
Iz Izl Iz, 1zl

— pup + &2

in E as n — oo, by Sobolev imbedding theorem, we may assume, up to a subsequence, that

u ugy + V Uy +
n _pnO ¢n—>,01/l0+§1 and n _pn 0 wn

= = — piy + {2
llznll llzull llzall llznll

aeinRY asn — oo. Let 7 = pzo + ¢~ with zo = (ug, ug), {~ = ({1, &2). Taking limit in (3.2), we have

0 <3607 =TI = fipyugyz0) Toolouo + 017 dx (3.3)

2
- f|puo+{2¢0| +oo(pug + {»)” dx — —oo.

This is a contradiction, the proof is complete.

Lemma 3.3 Suppose that V(x) and f, g satisfy (V1) —(V,) and (By) — (By). Then any (C).-sequence
for I is bounded.

Proof. We adapt an argument in [6], see also [10].
Let {z, = (un, v,)} C E X E be such that

I(u,,v,) — c, and (1+ ”Zn”)l/(um Va) = 0.

Observe that for n large
1 — —
C = I(up, vy) — I (Uns Vi) (U Vi) = f F(x,uy) dx + f G(x,vy) dx. (3.4)
RV RN
We show that {z,,} is bounded. Assume to the contrary that ||z,|ls — co. Let

Un

Zn _(
llzall " llzall” ”Zn”

)_ ( n’ n)’

w, =

then ||w,|ls = 1. Observe that, from (3.4) and

It vi) W) — u,, v —vy)
= llanllP = Lo SO un) iy —uy) dx = [ g(x,vi) (v = vy) dx

= laalP(1 = f, Ll o) gy [ Sl S05)) g

[Izal Izl
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it follows that
Fxu) (W)t = (wh)™) 4 f g, v)(wW2)r = (w2)7)
X+
RN [1z]| RV [1z,]|

Set

dx —> 1l asn — oo,

h(r) = inf{F(x, u): x €RY, and |u| > r}.
By (B3) and Lemma 2.3, h(r) > O for all r > 0 and i(r) — co as r — oco. For 0 < a < b, let
Q.(a,b) = {xeR" : a < |u,| < b}

and —
Flx,u)
u

One has F (x, 1) 2 P> (x) for all x € Q,(a, b).
It follows from (3.4) that

Cc > fQ,,(o,a) f(x, u,) dx + an(a’b) F(x, u,) dx + fQH(b’m) f(x, uy) dx
> an(O,a) F(x,u,) dx+ CZ fﬂu(a’b) [unl? dx + h(b)|Q,(b, 00)|.

b = inf{ xe€RN, and a < |u| < b}.

Using (3.4),
C
< -
|, (D, 00)| < o) -0

as b — oo uniformly in n, and for any fixed 0 < a < b,

1 C
f w,l* dx = 3 f lual dix < oo > 0asn— co.
Q,(a.b) Izall* Ja,ap) collzall

247

(3.5)

(3.6)

(3.7)

(3.8)

It follows from (3.4) and the Holder inequality that for any s € [2,2%), p € (s,2%) and a suitable

constant Cy,
oo WA dx < ([ oy WA d2)7 19, (B, 00)| 7
Qu(boo) 11 = Mo, be0) Mn s
-
< [WII*IQ (b, o) 7
.
< [wallF1Q(b, )| 7

< 1|, (b, OO)IPl;’x — O uniformlyinnas b — oo.

(3.9)

Let0<e< %, by (B1), there is a, > 0 such that f(x, u) < 5/ul for all [u| < a,. Consequently
2
FOru) ual
o Sl Tl ()7 = )
X, Uy B
= Jon0a MOV = O dx

& 1 I\+ 1y-
< Jo0a WAV = (W) dx
12 1 1 1y-12 1
& U0 PP 0 (10807 = 917 0’

£ 112
o fgn(o,ag) [w,l” dx < & for all n.

IA

IA

(3.10)
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By (B4),(3.4)and (3.9) with s = % € (2,2%), we can take b, so large that
S, up)

1 I\+ 1\-
By T IallOw) = )7 dx

(X, un) ;o1 N —1s gt
s (an(hg,OO) |f " = dx)i(fsu(bs,oo)'W}f" dx)i(fgn(bg,m w3)* = ()1 dn)’ (3.11)
< Uy ey @F G u2) d)7(Joy o Wil )5 (100" = (wh)7I* d)

<& foralln.

Note that there is C3 = C3(e) > 0 independent of n such that | f(x, u,)| < Cslu,| for x € Q,(a., b;).
By (3.8), there is nj such that

J(x, un)

1 1 I\—
Do Ty MallOv)* = (w7 dx
< C3 [y WallOW)* = ()7 dx

< C3(fy o MAP A2y o IO = W) P d)

< ¢ foralln > ny.

(3.12)

Now the combination of (3.10)-(3.12) implies that for n > ny,

FOuu) ()" = (w)")

RN llzall

1
dx <3e< —.
X & )

Similarly, we can also prove that

f g, ) (Wt = (wh)7)
RN

llzall

1
dx <3e< Eforn > np.
Thus, it contradict (3.5). This completes the proof of the boundedness of {z,}.

Similar as [6] and [7], we have the following lemma.

Lemma 3.4 Suppose (V1),(V»), (1.5) are satisfied and let (z,) = (u,, v,,) be a Palais-Smale sequence
for I such that 1(z,) = I(u,,v,) — c and (u,,v,) — (u,v). Then passing to a subsequence, there

exists a sequence (h,) = (h,ll, hﬁ) — (u, v) such that

Iy = hy) = Iy — hh vy = 2) = ¢ = I(u,v), T'(zy—hy) = Ity — hl,v, —h2) — 0. (3.13)

It is clear that the conclusion of this lemma remains valid also for the functional I; defined in
2.2).

Lemma 3.5 Suppose that V(x) and f, g satisfy (V1) — (V2) and (By) — (By). Then for any M > 0
there is A = A(M) > 0 such that the functional 1, satisfies the Cerami condition for all c < M, and
A>A.

Proof. Let {z,} = {(u,,v,)} C E X E be a Cerami sequence. Then by Lemma 3.3, (z,,) is bounded in
E, x E,, hence passing to a subsequence we may assume that

(thy, V) = (U, V) in EXE
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and I, satisfies (3.13). Let w, = z, — h,. Since {V(x) < b} is a set of finite measure and w, :=
whw?) = (u, = h,v, = h2) = (0,0),

Jow WP + W2 dx
Wil + 1wl dx =+ [ o al + Iwal” dx
& St AVEOUWEE + W2P) dix + o(1) (3.14)
L L AVE@whP + W2R) dix + o(1)

= f{V(x)zb)

IA

IA

1 1
AWl + Iwalig ) +o(1) = 3lwallg, + o(1).

Moreover, if 2 < s < p < 2%, then by (3.14) and the Holder inequality and the inclusions E —
H'(RY) < LP(RY), it implies that
Jo WAL+ Iw2l* dx
< (Lo WP+ W2P d) 72 (L Wil + W2IP dox)i= (3.15)

_p=s .
< di(5) P wlly, +o(1)

where the constant d; is independent of w,,.
By (3.13), we have

Lwhw) = Sk whwhw?) = [ Fxwh) dx+ [, G(x,w?) dx G16)
- c—Liu,v), '

Lwh, w2 (w2, wh)
= L VWil + AV dx + [, VW2 + V(0w dx (3.17)
- .&%N Fe,whw? dx - jRN g(x, wHw! dx = o(1).

By (By), it is clear that given € > 0, there is a 6 > 0 such that |f(x, u)| < &lul, |g(x,v)| < g]v| for all
x € RN with |u| < 6,|v| < 6, and (By) is satisfied for |u| > &, [v| > 6. It follows from (3.14) that
f\w}léé‘ f(x, w,ll)w% dx < gflw,‘llﬁé w}lwﬁ dx
< Sy Wl dx+ [y s Wil dx) (3.18)

< siplwallg, +o(1),

IA

1,,,2
gflw,’ﬂs& w,w;, dx
£( f|wg|gs Wl dx + fh 21 [w2|> dx) (3.19)

saplwallg, +o(1).

23,01
f|w%\s6 glx,wy)w, dx

IA

IA
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Using (By), (3.15) with s = 2= and (3.16), we obtain

1y,,,2
fIW,‘,I>6 fx,w)w;, dx

Jown) 12
w,w; dx

= Jwips u]
< (flw,'ql>6alf(x’ W) dx)%(flwwé wal* dx)%(flw,'lbé fwal? dx)% (3.20)
<SG s @ FOuw) dx)r ([ wil de+ [ w2l d

INE o3 - 2 o1 1 2
< (3)vd; (Ab) > (f\w,il>6 a1 F(x, wy) dx)7|lwallg, + o(1),

24,1
flw%l>6 glx,w)w, dx

- glewn) 12
= Ju2ps LW, W, dx

< oo P1GE0 WD) ) ([ sl d)* ([ Wil do)t (321)
<SG oy 1G WD dx)7 ([ s Wil dox+ [ W2l dx)'

2 _2p=9) —~
< (DR @YD ([ BIGOnwd) d)F I, + o(1).

Thus
f\w,‘,|>6 FO,whw? dx + fl 2005 g(x, ww! dx

_2p-9) ~ —
< do(b) TI((f),FCowh) d)t +(f o Gl wd) do)lwal, + o(1)

_2ps) 1 ) (3.22)
< d3(Ab) 2 (¢ = Li(u, )< llwallg, + o(1)
< dyM (Ab) 55 w2, + o(D).
From I (w}, w2)(w2,w}h) — 0 and (w,) = (wh, w2) — (0,0), we have
o(l) =1I(whw2(w? wh)
= Lo VWi + AV)IWAP dx + [[, [VW2P + V(0w dx
- ‘ﬁ{,\, fee,whw? dx - ‘&N glx, whw! dx
(3.23)

= Lo VWi + AVE)IwA dx + [, VW2 + AV (0w dx
- L{N f(x, w,ll)w,% dx — L{N g(x, Wﬁ)w,l, dx + o(1)

2Ap-3) 5
) lwall3, + o(1).

> (1 - £ —dyM+(Ab)

Let A = A(M) be so large such that 1 — & - d4M% (/lb)_% > 0 when A4 > A, it implies that
[wulls, — O. Since w, = z, — h, and h, = (h,, h2) — (u,v), it follows that also z, = (u,,v,) — (u,v)
inE XE.

Proof of Theorem 1.1. We may show as in [17] that the functional I;(u, v) := &N F(x,u)+G(x,v)dx >
0 is weakly lower semi-continuous and 1_3 is weakly continuous. Replacing V by AV in Lemma 3.3,

and by Lemma 3.5, we see that I, satisfies the Cerami condition if 4 > A. Replacing V by AV,
Lemma 3.1 and Lemma 3.2 are held for I;. Thus, by Proposition 2.1, Theorem 1.1 is proved. O
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4 Proof of Theorem 1.2

Proof Theorem 1.2. We observe that (z,,) is bounded in &,, and therefore, after passing to a subse-
quence we have

Uy = U, vy, —=VIinE;XE),,

and

Uy = i, vy —vin LI RY), 2<qg<2".

loc

Since I;m (Ums Vi) (@, ) = 0, that is

L) (s Vi), (@, 40))
= Ls(Vum Vi + 2V @) dx + [, (Vv V + 1V (X)v0) dx
— fn F s wn)p + g0x, v ) dx,
it follows that fRN V(xX)u dx — 0 and fRN V(x)vmep dx — 0as 4,, — oo, and hence fRN V(x)ay dx =
0,and [, V(x)¥g dx = 0 for all ¢,y € Cy(RY).

Next, we show that
=0, v=0ae inRY\ V0.

In fact, consider the sets Ay = {x e RN : |x] < k, V(x) > %}, k € N. Then
2,2 2,2 k
Uyt v dx <k | V(X)u, +v,)dx < —llzalls, = 0 as A, — oo,
Ak Ak /lm
hence,

(@ +7*) dx =0 for every k.
Ag

This implies (i, ¥)|4, = (0,0) a.e. for every k € N, and therefore (i1, V) = (0,0) for a.e. x € UgenAy,
that is (@, ¥) = (0,0) in RY \ V-1(0). As f(x, 1), g(x, 1) satisfy (1.5), we obtain that (i, V) is a weak
solution of the equation

—Au=g(x,v),x€Q, —Av=f(x,u),x€Q. 4.1)

Now, we will prove that u,, — #,v,, — V in Li(RM). Assuming the contrary, it follows from
Lemma I.1 of [16] that there exists & > 0, p > 0 and a sequence {x,,} € R" such that

f (tty — @ + Vi — 7*) dx > 6, forallm € N.
Bp(xm)

Moreover, |x,,| — o0 as m — oo (for otherwise the left-hand side above tends to 0 as m — o0).
Hence |B,(x,) N {x € RN : V(x) < b}| - 0 and fB " )(ﬁz +7%) dx — 0 as m — oo. Consequently,

2 2
”Zm”rS,[ > Anb ﬁ?p(xm)ﬂ{V(x)Zb](um + Vm) dx
= Aub Jy o viyspy (ttm = A + v = 9%) dx

= b [ o ity =GP + vy = 7P) dx + 0(1) — oo,
p\Am
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as m — oo, It is a contradiction.
Suppose V(x) > 0 and (B;) holds. Since (u,,, v,;,) is a weak solution of problem (1.1), we have

lznll2 < llzmlls, = f , S, )i + (X, Vi)t dx. 4.2)
R
Similarly, we obtain
(U, Wg, + Vi, V), = f SO up)V + g(x, vt dx. 4.3)
RN

Let m — oo in (4.3) and recalling that (i, ¥) = (0, 0) if V(x) > 0, we have
(@, g + (v, V)g = f Jf(x, v + g(x, V)it dx. (4.4)
RN

Next we show that

\&N f(xa um)vm dx — j]tgzv f(x, 17!)\_/ dx, (4 5)
L}%N g(x’ Vi) U dx — jl‘RN g(X, V)it dxasm — . ’

In fact

jl‘{N |f(x’ um)vm - f(x, 171)1_/| dx
< fon 1P IV = ¥ dx + [l 1FCr ) = fCx, )7 dx

and u,, —  in L;IOC(RN ),2 < g < 27, itis easy to see that the second integral on the right-hand side
above tends to 0. Since for each & > 0 there is C, > 0 such that | f(x, u)| < &lu| + CglulP™", we get

jl'{N |f(-x, um)”Vm - \_)l dx

<& [y lunllve =91 dx + Ce [y lunl? ™" v — 9] dx
< 26(fop il + v = 7 d) + Col fo ltl? d)'7 (fo v = 17 d)7.

Thus,
f f(-x’ um)vm dx — f f(x, 12)1_/ dx
RN RN

follows because v,, — 7 in LI(RN), g € (2,2"), (u,,) and (v,,) are bounded in L>(R"), and & has been
chosen arbitrarily. Similarly, we obtain

fN 8(x, vy, dx — fN g(x,V)udx as m — oo.
R R

From (4.2) and (4.4), it follows that

limsup [lulle + [Vmlle < llalle + 1VIle,

m—oo

hence u,, — u,v,, > vin E. O
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