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Abstract

It is well-known that solutions on the stable manifold of a hyperbolic periodic solution of
an autonomous system of ordinary differential equations have an asymptotic phase which
has the same order of smoothness as the vector field. In this paper we show if the system
depends on a parameter that, in general, the asymptotic phase loses one order of smoothness
in the parameter.
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1 Introduction

Consider a system
z=F(ze), (1.1)
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where € € R” is a small parameter and F is a C” function, » > 1. Suppose when & = 0, the system
2=F(z0)

has a hyperbolic periodic solution u(¢) with minimal period 7' > 0. Then it is well-known that u(¢)
can be continued to a T'(g)—periodic solution u(t, &) of

z=F(z¢)

such that u(z,0) = uy(t), T(0) = T and both u(t, £) and T (&) are C" functions.

Now, according to Chicone [1], Coppel [3], Hale [4], Hartman [5], Hsu [6], Perko [9], (see also
Chicone and Liu [2]), each solution z(¢) in the local stable manifold of uy(¢, €) has an asymptotic
phase 7, that is,

lz(t) —u(t+1,6)] >0 as t— oo.

Note that 7 is unique up to an integer multiple of 7'(g). It is known (see, for example, [7]) that for
a fixed value of the parameter, the asymptotic phase 7 is a C” function on the stable manifold and
when the vector field is analytic, Zinchenko [10] has shown that the asymptotic phase is analytic.
However, as far as we know, nobody has discussed the smooth dependence of 7 on the parameter.

In Section 2 we show that 7 is a C"~! function of the parameter & but in Section 3 we give an
example showing in general it may not be a C” function. The proofs needed in Section 2 are given
in Sections 4 and 5.

2 C"'—smoothness of the asymptotic phase
Our assumption is that u((¢) is a hyperbolic periodic solution of
z2=F(z,0). 2.1

Then it follows that (1.1) has a T(g)—periodic solution u(t, £) (note: 7'(e) is the minimal period),
where T'(¢) and u(t, €) are both C” functions. Now we know that for small &, u(t, €) is a hyperbolic
periodic solution of (1.1) and every solution z(¢) on the stable manifold has an asymptotic phase,
that is, a number 7 such that

|z(t) —u(t+1,6)) >0 as t— oo.

This number 7 is unique up to a multiple of 7'(g).

In this section our object is to show that if F(z, &) is C”, then the asymptotic phase 7(x, &) is a
C"~'—function, where x is in the local stable manifold of u(z, ).

The stable manifold of the periodic orbit is foliated by leaves, each leaf corresponding to an
asymptotic phase. In the proposition below, we construct these leaves locally near a given point
u(0, &) on the periodic orbit, which clearly can be chosen arbitrarily. In fact, we just construct the
leaf corresponding to asymptotic phase zero as the others arise simply by following the flow.

Proposition 2.1 Let the function F(z, &) be C" (r > 1) and suppose (2.1) has a hyperbolic T -periodic
solution uy(t). Then
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(1) the system
2 = F(uo(1),0)z (2.2)

has a trichotomy with projections Py, P, and P_ and (positive) constants K, «; that is,

IX(t)PoX~'(s)) <K forall ¢
IX(OP. X '(s)) < Ke 9 for t>s
IX()P_X"'(s)] <Ke ™ for t<s,

where X(t) is the fundamental matrix of (2.2) with X(0) = I and the range of Py is spanned by
i0(0);

(ii) the perturbed system (1.1) has a hyperbolic T (g)-periodic solution u(t, €) where u(t, ) and T (g)
are C" functions with u(t,0) = uo(t) and T(0) = T.

(iii) suppose 0 < y < a. For A > O sufficiently small, there are positive numbers €y, &y depending
on A such that if le| < €y and & € RP, satisfies |&] < &, there exists a unique solution
z2(t) = 77 (8, &, €) of (1.1) such that

lz(t) —u(t,e)le” <A@ >0), P.[z(0)—u0,e)]=E¢.

Moreover,
Z2°(1,0,8) = u(t, &)

and 7 (t,&, &) is C"~Vin its arguments. Furthermore the (r— 1)th order derivatives of 7*(t, £, €)
are differentiable with respect to (t, £) and the derivatives are continuous in (t,&, ). In partic-
ular, for & € RP,, z;(t, &, &)¢ is the unique solution of

;= F.(Z"(t,¢,8),8)z
such that sup,. €"'|z(1)| < co and P1z(0) = &.

We prove Proposition 1 in Sections 4 and 5. Now we use it to derive the smoothness of the
asymptotic phase.

Corollary 2.1 Suppose the conditions of Proposition 1 hold. Then the asymptotic phase T(x, €) is a
C™'—function of (x, &), where x belongs to the local stable manifold of u(t, €).

Proof. Note that 7 is the asymptotic phase of the solution of (1.1) starting at z*(7,&, &) and that
(1,€) b 7' (1, &, €) gives a parametrization of the local stable manifold of the periodic orbit u(z, €) in
the neighbourhood of u(0, ). In particular

70,0, ) = u(0, &).

We now compute the derivatives z7(t,0,0) and zg;(r, 0,0). From Proposition 1 we know that
77(1,0, &) = u(t, ). Hence: '
2:(0,0,0) = i1p(0).
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Next we know that for & € RP., z(t, 0, 0)€ is the unique solution such that sup, [z()|e”" < oo of the
equation
{ 2 = F.(u(1,0),0)z

P.z(0)=¢

so that zg (1,0, 0)5-‘ =X (t)g-‘. As a consequence
7(0,0,00f =& forall &eRP,.

Now we know the local stable manifold of u(z, €) near u(0, £) can be represented as the graph of
a C" smooth function w(n, ), where w(0, 0) = uy(0) and € R[Py + P.] is small, R[Py + P.] being
the tangent space to the stable manifold of u(7) at up(0). This means that

1= (Po+ P.)(w(, &) — up(0)).

Our object now is to find the asymptotic phase of the point on the local stable manifold of u(z, &)
corresponding to the coordinate . Thus we need to derive the relation between the coordinates i
and (7, ¢). That is, given n € R[Py + P.] and &, we need to solve z* (7, &, &) = w(n, &) for 7 and £. So
we need to solve the equation

8(r.é.m.8) =0 — (Po+ P (1.€,8) —up(0)) = 0 2.3)

for (1,&), where gis a C"~!'—function; note also when r = 1 the derivative of g(1,&,1n, &) with respect
to (7, &) exists and is continuous in (7, &, 1, €). Next note that

8(0,0,0,0) =0-(Py+ P)(z(0,0,0) = up(0)) = 0,
8+(0,0,0,0) = —(Po + P,)itg(0) = —ito(0)

and if € € RP,
86(0,0,0,0) = ~(Po + P)E = .

Then if 7 is real and S isin RP,,
0 = g:(0,0,0,0)% + g(0,0,0,0)& = —itg(0) — &

implies that 7 = 0 and 5 = 0 so that the derivative of g with respect to (7,¢) at (0,0,0,0) is an
invertible linear map from R X RP, onto R[Py + P.]. Then, by the implicit function theorem, given
n € R[Py + P,] and ¢ sufficiently small, equation (2.3) has a unique C"~' solution 7 = (1}, &),
& = £(n, €). In particular, this means the asymptotic phase has C"~! dependence on the parameter &
and so the proof of the Corollary is complete. [ |

Remark 2.1 In the proof of the corollary the rth derivative of g with respect to (t,&, 1) exists and is
continuous in (7,&,n, €). So the rth derivative of T(n, €) with respect to n exists and is a continuous
function of (7, €). Hence we recover the result that, for fixed €, the asymptotic phase depends in a
C” way on the point on the stable manifold.
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3 Example

In this section we construct a C' system with an asymptotically stable periodic orbit for which the
asymptotic phase depends continuously on the parameter but is not C'.
Consider the planar system in polar coordinates

i=1-r, 0=1+¢&f(re),

where fis C I with f(, &) = 0. In rectangular coordinates, this equation is

Bom e —x—y - eyf(y 4 )%e)
VX2 +y2

y = L+x—y+exf( X2 +y2,8).

The system has the asymptotically stable periodic orbit, x = cos ¢, y = sin ¢, that is,
r=1, 6=t
for all &. Note that if r(f) = 1 + Ce™ is a solution of the r—equation, then for any 7

0 =71t+t— f‘” ef(1+Ce™, e)du
'
is a solution of the #—equation such that
0t)—t—7—>0
as t — oo. So 7 is the asymptotic phase of the solution with initial value 1 + C for r and
000) =1 - fom ef(l1+Ce™, e)du
for 6. So the asymptotic phase of the solution with initial value (r, ) = (1 + C,0) is

7(C,¢e) = f‘x’ ef(l1+Ce™, e)du.
0

u

, We can write

1+C
7(C,e) = f f(v 8)
1

By change of variable v = 1 + Ce™

v—l
Note that e
(C.e) = (C.e)-7(C.0) _ [C O, Jv.e _f f(l tw.e)
£ & ! v—1
We define . 1
—ln(rl—lﬂsl) - ln_|5| r> 1, 0< |8| <1
_ iTYe r> 1,8=O
fre) 0 r=1,&=0

—f(/r, el O0<r<1,0<gl <1
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It is clear that f(1,&) = O for any &. We verify below that f(r, &) is C° and &f(r, &) is a C' function
for r > 0, || < 1. Now if 7(C, &) is a C! function in a neighbourhood of (0, 0), then, if & > 0:

(e, &) —71(e",0)

&

1
g(e”,6) = f 7o(s", 08)d0 — 7.(0,0)
0

as & — 0*. In particular, this would imply that

g, e)— g, e) = 0

ase — 0", where 0 <y < B8 < 1. Now

lg(e”. &) — g(eF, )| :‘ f de'
& w

_f':yl
=,

=y-pB+

1 1
— = ———|dw
Ine In(w+eg)

¥ ] 1
& wln(w + &)

e 1
Sy-f+ | —— 4
=y=h l;wnm§+@|w

=0 -B (1 - mvs)

e(y—ﬁﬂl—é)>0,%s—+0ﬁ

The conclusion is that 7(C, &) is not C! in any neighbourhood of (0, 0).
Now we verify that f(r, &) is C° and f(r, &) is a C' function for r > 0, |g| < 1.

A. f(r, &) is continuous. Of course f(r,e) is continuous in Q = {(r,e) |0 <r # 1, 0 < |g| < 1}.
Then f(r, &) is also continuous in U = {(r,&) | r > 1, € = 0} since for 7 > 1 and 0 < &* < 1 we

have:

1 1

lim f(r,e) = lim ———— — — = _ .0,
o f(re) G —1+8) Ine  In(r - 1) fG,0)

li ’ =1li _— = - — 0 — 1’ % ,
rgll% f(r 3) rljlrg |:11’1(r — 1+ 8) 1n8:| In&* Ing* f( & )
im f(r,e) = lim | ——— - — | =0= 0.

o = In(r-1+¢) Ine

Then it is easy to see that f(r, &) is continuous in {(r, &) | r > 0, |g| < 1}. In fact we have, for & > 0
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and0 < r" < 1:
lim f(r,&) = lir]n —f(o,e)=0=f(1,&),
r—1- polt

e—oe* goE

1
lim f(r,&) = lim —f(p, &) = —f(F, 0) = f(7,0),
s

lim £(r, &) = lim = f(p. &) = 0 = f(1,0),

=0t i):(rr

&-0*

and, since f(r, &) = f(r, —¢), the same conclusions holds even when r — r* > 0 and € —» —&" < Q or
c— 0.
B. gf,(r, &) is continuous. Clearly f,(r, ) is continuous in Q = {(r,&) | 0 < r # 1, € > 0}. Noting

that for r > 1, £ > 0 we have:

£

eh(r.e) = _(r— 1+e)ln’r-1 +e)

it follows that gf,(r, €) is continuous in U as defined above since if 7 > 1 and 0 < &* < 1:

e 1 0
lim gf,(r,e) = — lim =0=—[ef(r,e)l_. ..,
fard g o =1+ In’(r— 1 +¢) oo/ hr
lim gf,(r,e) = — s
e In? &*
where the latter equals £* f,(1, €*) since
1 k _ 1 k *
g L0t LY - A L frrle) 1 1
r—0* r r—0* r —0" r|In(r +&*) Ineg*
d 1 d similarl
=—|—| =-——— andsimilar
ar|nGr+en| , ~ emle Y
. fr+1,e) - j(l,€") 1
lim = - 5}
r—0° r g In"&*
also .
lim gf,(r,e) = — lim =
-l / S (r=1+8)In(r—1+¢)
since, forr > 1,
e . 1
—|<1 and lim-—————=0
r—1+e¢ i Int(r—1+¢)

Then &f,(r, &) is continuous in {(r,&) | r > 0, |g| < 1} since for 0 < r* < 1 and &" > 0

liI]n efi(r,€) = lim go* f(p, &) = & f(1,&")
r—1- polt

lim £,(r,£) = lim ep’ f(p,€) =0

o— L
=0t e

&—0
lim £f,(r, &) = lim gp” f.(p,€) = 0
r—1- plt

£-0* a0t
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and since, because f(r, €) is an odd function of &, the same conclusion holds for » — r* > 0 and
e—> - <0ore—0".
C. %[8f(r, g)] is continuous. We have

0 | frle) +lelfulrlel)  ifr>Tlande#0
gelef(n O = { —f(L, L) — lelfu(L lel) ifr<lande#0

and, for all ¥ > 0, &* # 0:

0
a—[Sf(r*,S)hg:U = lim f(r*, &) = f(r",0)
& =0

0 0
g[gf(l,b")]u:g* = ('T.s[o]lgzg* =0.

We see that it is enough to prove that %[sf(r, &)] is continuous in U = {(r,&) | r > 1, € > 0}. For
r> 1 and & > 0 we have

0
(9 [8f(r7‘9)] =f(r,£)+8f€(r,s)
&

where | |
&
efe(r,e) = - = +ef(r,e
Jelr €) Ine (r—-1+e)ln(r-1+¢) In’s S €)

so that 3% [ef(r, &)] is continuous in the interior of U. On the boundary of U,

.0 | f@*,0) ifr*>lande =0
hjn g[‘sf(”g)]‘{ 0 ifrF=1and&* >0
which equals 5—1[8 (o],

4 A Nemyckii operator

In order to prove Proposition 1, we need to discuss the smoothness of a certain Nemyckii operator. It
turns out that, in general, the order of smoothness of this operator is one less than that of the function
used to define it. This is the technical reason the asymptotic phase is, in general, less smooth in the
parameter than the vectorfield.

Let I be an interval of R. For y > 0, CB(I , R™) denotes the Banach space of continuous functions
z : I — R" such that

llzlly := sup [z(1)]e™ < eo
tel

with the norm ||z|l,. We denote by B(A) the open ball in CB(R +,R™") with centre 0 and radius A,
where R, = [0, c0).

Lemma 4.1 Ler Q(A) be the open ball in R" with centre 0 and radius A. Forr > 1, let h : R, X
Q(A) X {le] < &} — R" be a function such that h(t, x, €) and its derivatives up to order r with respect
to (x, &) are bounded and uniformly continuous in (t, x, €), suppose also that

h(t,0,&) = 0.
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Then the map H : B(A) — Cg(RJr,R") given by
H(x, &)(1) = h(t, x(1), €)

is C"~'. Moreover its (r—1)—order derivatives are differentiable with respect to x and the derivatives
are continuous in (X, €).

Proof. For simplicity, we assume ¢ is scalar. In the whole proof we assume that x, x|, x, € Q(A) and
lel, le1], |ea| are all < &. Also M denotes an upper bound for the norms of all derivatives of & and w(-)
denotes an upper bound for the modulus of continuity of a derivative so that, for example,

sup{lhy(t, x2, &2) = h(t, x1,€1)| 1 1 2 0} < w(lex — &1] + |x2 — x1l)
(here x1, xo € Q(A)). Note that w(p) — 0 as p — 0. We claim the following holds:

i) for any nonnegative integers p, ¢ such thateither 1 < p < p+g¢g =ror (p,q) = (0,r — 1), the
map (x, &) = L, ,(x, &) defined by

Lpq(x, €)1, -, Ep)(0) = harea (8, X(0), )01 (1) . ... £ (1)

is a continuous linear map from B(A) X {|¢| < &} into the space of bounded multilinear maps
from [C)(R,,R™)]? into C)(R,,R") when p > 1 and a function in C)(R,,R") when p = 0.

First note that L, , is indeed a bounded multilinear map for 1 < p < p + g = r since
ILpg(x, €)(C1, - s Eplly < MGy - - - NIl
and Lo, is in C)(R;,R") since
”LO,r—l(xalg)”y = [|her-1 (-, x(-), &) = he1 (4, 0, &)
<sup fo |hyer-1 (2, 0x(2), £)|dO)|x]l, < M]|x]ly .

>0
Now, we prove the continuity of L, ,. To this end we observe first that, for | <p < p+g=r:
o (t, X2, €2) = hywpa (8, X1, €1 < W(|X2 — x1| + |€2 — &1])
and hence:

I[Lpqg(x2,82) = Lpg(x1, D11 - .. EDIy
“.1)

< w(llxz = xilly + &2 — DIl - - 12,1y

Next, if (p, g) = (0,r — 1) we have

|h8'_] (t’ X2, 82) - hé‘"" (t’ X1, €] )l < |h8’_' (t5 X2, 82) - hs"' (t7 X1, 82)'

+hg-1(t, X1, &) — ho-1(8,0, ) — [hg-1(t, X1, €1) — he1 (2,0, £1)]|
1
< Mlxy — x| + f |hyer1(t, 0x1, &2) = By (2, 01, £1)]dO] x|
0

< Mixy = x| + w(lez — erlxl-
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As a consequence:
ILo,r—1(x2,&2) = Lo,—1(x1,eDlly < Mllx2 — x1ll, + w(le2 — e1Dllx1ll, 4.2)

From (4.1), (4.2) the continuity of L, , as stated in i) follows.

If, in the claim i), we take r = 1 we see that [H(x, £)](f) = h(t, x(t), €) = Loo(x, €) is a continuous
map from B(A) to Cg(RJ,, R™). Now assuming r = 1 we prove that the derivative D, H(x, €) exists
and is continuous in (x, ). First we have

Sup,s Ih(lt, x(t) + £(1), &) = h(t, x(1), &) — hy(t, x(1), &){ (1)
< sup f R (2, x(1) + 04(1), €) — hy(t, x(1), £)|dO] 1L ()]
0

>0

< w(lZlIgTy e

so that
[DH(x,8){1(1) = hy(t, x(1), £){(0).

Then the continuity of D, H(x, &) follows from i) with (p,q) = (1,0). This completes the proof of
the Lemma when r = 1.
Now assume that r > 2. To prove that # has the stated properties it is enough to prove that

ii) for any nonnegative integers p, g such that either 1 < p < p+g¢g =ror (p,q) = (0,r — 1), the
derivative HP9 (x, £) exists and satisfies

HPD(x, )L - Lp) = Lypg(x, )i - - Lp)-

Note that we have already proved the statement when r = 1. So we assume ii) holds with r — 1 > 1
instead of r and prove it for r. To this end it is then enough to prove that for any pair (p, ¢) such that
either |l <p<p+g=r—-1or(p,q) =(0,r—2)wehave

D [HPD(x, &)1, -+ Lpa1) = Lpsg(6, €)1 - Lpit)

and

D JHPP(x, &)L, Lp) = Ly ge1 (X, )1 - .. ).

Now, in the first case we have:

IEHPD(x + Lpe1, €) = HPD(, )11 - -5 ) = Lps1 g (5 )15 Gpan)lly

1
< sup f [Pt a(, X(8) + 0L 11 (1), €) — hyper (2, X(2), £)]|dO-
0

>0

1 @I- . 11 (De”
< WUGp+ilNEHly - - NEp Iy p+1lly -
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This proves that D, HP?(x, ) = Ly, 4(x, ). To show the second equality we distinguish the two
cases p = 0 and p > 0. When p = 0 we have (using X(z,0, &) = 0):

IHOD(x, & + &) = HO®D(x, 8) = Lo g1 (x, £)&ll,

1
< sup f |Baei (2, X(2), & + 08) — hoani (2, X(2), £)|dO |8l
0

>0

1 pl
< sup f f Axps1 (2, px (1), & + O8) = hogpart (£, ux(1), £)ldud® ||| xll,
o Jo

>0
< w(lED|Elllxlly
from which the claim follows. If, instead, p > 0 we have:
IfHPD(x, & + &) = HPD(x,8) = Ly g1 (x, &1, - .., Op)lly

1
< sup f |Pp ot (2, X(2), € + OF) — hypgan (8, X(0), ENAON 1]y - . NI, |E]
0

>0

< w(EDIENZL - - - 11Zplly

from which the claim follows. This completes the proof of Lemma 4.1. [

Remark 4.1 i) From the proof of Lemma 4.1 we see that if the rth order derivatives of h(t, x, €) are
Lipschitz-continuous in (x, &) uniformly with respect to t, the (r — 1)th derivative of H : B(A) X {|e] <
g — Cg(RJr, R™) is Lipschitz in (x, &) € B(A) x {|g| < &).

ii) The proof of Lemma 4.1 goes through under the weaker assumption that the moduli of con-
tinuity of h(t, x, &) and its derivatives are well defined. So that all we need is that h(t, x, ) and its
derivatives are continuous in (t, x, €) and uniformly continuous in (x, &) uniformly with respect to t.

5 Proof of Proposition 1

For the proof of Proposition 1, we need two lemmas.

Lemma 5.1 Suppose the linear system
X =A)x (5.1

has a trichotomy on [0, o) with projections Py, P., P_ and constants K, « and let 0 < y < a.
Suppose & € RP., and k(1) is a continuous function with ||hll, = sup,, [h(D)|e?”" < co. Then

x(1) = X(0)é + f X(6)P. X" (s)h(s)ds — f ) X(O)I - P)X " (s)h(s)ds
0 t

is the unique solution of
X = A(t)x + h(t) (5.2)
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such that ||x||, < co and P, x(0) = & Moreover
llxlly < KI€)+ K[(a = )" + 2y~ llAll,.

Proof. See the proof of Lemma 3.6 in [8]. |

From Lemmas 4.1 and 5.1, we deduce another.

Lemma 5.2 Suppose the linear system (5.1) satisfies the conditions of Lemma 5.1 and let 0 < y < a.
Let h(t, x, €) be a continuous function with period T > 0 in t satisfying

ht,0,e) =0, |h(t, x1,€) — h(t, x2,€)| < Llx; — x2]
forallt >0, [x1| <A, x| < A |e| < &. Suppose that
KyL=K[(a-y) "' +2y"L< 1.
Then if |e| < gy and & € RP, with
Klgl < (1 = K(n)DA, (5.3)

the equation
X =A)x + h(t, x, &)

has a unique solution x(t) = x(t,&, €) such that ||xll, < A and P, x(0) = & Moreover
x(1,0,e) =0

and
llxll, < K(1 = K(y)L)™"[él. (5.4)

Also, if h(t, x, €) and its derivatives with respect to (x, &) up to order r are bounded and uniformly
continuous uniformly with respect to t, then x(t,&, &) is C™™' in (£, €) and is continuous in (1,&, &)
together with all its derivatives, also the rth derivative with respect to & exists and is continuous in
(t,&,€). Moreover, for & € RP., xe(t, €, €)€ is the unique solution of

2=[A®@®) + hy(t,x(t, €, €),8)]z (5.5)

such that ||z|l, < co and P,z(0) = &.

Proof. Consider the Banach space E := Cg(RJr,R”) of continuous functions x(¢) on [0, o) with
|lxll, < oo, with [|x[|, as norm. Let B = B(A) be the closed ball of radius A and centre 0. Then B
is a complete metric space. Next suppose |g| < &) and & € RP, satisfies (5.3). Then we define a
mapping 7 : B — B as follows: if x € B, we let 7 (x)(#) be the unique solution of

X = A(t)x + h(t, x(1), €)

such that P.7 (x)(0) = £ and ||7 (x)|l, < co. This exists by Lemma 5.1 and it also follows from that
Lemma that
170l < KIEL+ K(y)LlIxll, < K[él+ K(y)LA < A. (5.6)
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Next if x; and x; are in B, it follows by similar reasoning that
7 (x1) = T (x2)lly < K()Lllxy = xally. (5.7

Since K(y)L < 1, 7 is a contraction and so has a unique fixed point x(¢) = x(¢,&, €). That x(r) = 0
when ¢ = 0 follows by uniqueness and the inequality (5.4) follows from the first inequality in (5.6)
by putting 7 x = x.

To prove the smoothness, we write 7 (x) as 7 (x, &, €) to indicate the dependence on ¢ and &.
Note thatif x € B

T(x,&e)(t) =X1)E+ fX(t)P+X‘l(s)h(s, x(s),&)ds
‘ (5.8)
—f XU — POHX N ()h(s, x(5), €)ds.
From Lemma 4.1 we know that the map
B x{lel < g0} 3 (x, ) = [H(x,&)](r) := h(t, x(2),€) € C;)(RJr,R”)

is C""!, and that the rth derivative of 9 with respect to x exists and is a continuous function of (x, €).
Moreover it is not hard to see that

&= X0E, (e for X(0)P X ()¢ (s)ds
and .
(- f XU = POX (9)(s)ds
are linear and bounded maps from RP. (resp. Cg(RJ,, R™) to Cg(RJ,, R™) and hence C*. Thus:
T :BxRP, x{le| <&} — B

is ™! and its rth derivative with respect to (x, &) exists and is a continuous function of (x, &, €).
Since the fixed point of a uniform contraction inherits the same smoothness property as the map,
we conclude that (¢, &) > x(-, &, €) € B(A) is C"~! and hence the derivatives of x(-, £, &) with respect
to & and & up to the order r — 1 are elements of C2(R+, R™); also the rth derivative with respect to &
exists, is a continuous function of (¢, €) and is likewise an element of Cg(RJ,, R™).
Since x(¢, €) is a fixed point of 77, it follows from (5.8) that

x(t,&,e) = X(@)E+ f X(t)PJrX_I ($h(s, x(s,&,€),€)ds
0

- foo XU = POX ' ($)h(s, x(s, &, €), €)ds.

So if we write x¢(t, &, &) = Z(1), we see that forg € RP,,

Z(t)g = X(t)g + ftX(t)PJrX_l(s)hx(s, x(s, €, &), s)Z(s)gds
0

—fooX(t)(I — P+)X’1(s)hx(s, x(s, €&, 8),8)Z(s)§-‘ds.
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This means that for & € RP,, z(f) = xe(t, €, g)¢ is a solution of (5.5) such that llzll, < oo and
P.z(0) = &. Tt is unique because the difference z(#) of any two such solutions would be a solution of
(5.5) such that [|z]|, < oo and P,z(0) = 0. Then by Lemma 2, ||z]|, < K(y)Llz|l, so that z = 0. ]

Proof of Proposition 1.

(i) is proved as in the proof of Proposition 3.5 in [8] and (ii) follows from standard theorems. In
fact our Proposition 1 is essentially a variant of Proposition 3.5 in [8] but here we have sharpened
the conclusions about the smoothness.

Now if we change the time scale T = w(e)t, where w(e) = T /T (¢), then the new system

& ) Fz8) (5.9)
dr
has the periodic orbit ii(r, &) := u(w(e)~'r, &) which has period T for all &. Next, assume we can
prove that (5.9) has a solution Z(7, &, ) satisfying the conclusions of Proposition 2.1 with ¥ instead
of y. Then z(t, &, €) = Z(w(e)t, g, &, ) satisfies (1.1) together with the conclusions of Proposition 2.1
with yw(e) instead of ¥. Since w(g) — 1 as & — 0 we simply need to take 0 < y = sup{Jw(e)™" |
le] < &9} < @. So we can assume without loss of generality that in the original system the period of
u(t,e) is T, independent of &.

To prove (iii), we look for solutions z(#) of (1.1) such that |z(7) — u(z, £)] — 0 at an exponential
rate as t — co. We write

() = u(t, &) + x(1).

Then
X =At)x + h(t, x, &), (5.10)

where
A(t) = F(up(1),0), h(t,x,e) = F(u(t,e) + x,&) — F(u(t, &), &) — F (up(t), 0)x.
Note that 4 is a C"—function, has period T in ¢, h(t, 0, &) = 0 and for [x1], |x2| < A,
|h(z, 2, €) — h(t, xy, &)l

< f |F (u(t, &) + 0xy + (1 — O)xy, &) — F,(u(z,0),0)|d0|x; — x1]

0
< L(A, &)lx — x]

where
L(A, €) := sup{|F,(u(t,e) + x,&) — F,(u(t,0),0)| | € [0, TT, |x| < A}

is a continuous function nondecreasing in both arguments which — 0 as (A, [g]) — (0, 0).
We fix yin 0 < y < a. Given small &£ € R(P..), we look for solutions x(7) of (5.10) such that

P.x(0)=¢, |x(D] < Ae™ (12 0),
where we assume A is chosen so small that

K(y)L(A,0) < 1.
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Then we take g as the largest value such that
K(y)L(A,e) <1 forlegl < g

and
& =K '(1-K@y)DA.

According to Lemma 5.2, for |g] < gy and |£] < &, equation (5.10) has a unique solution x(¢) =
x(t,&,&) with [|x]l, < A and P,x(0) = &, and the map (£,¢&) = x(-,&,&) € B(A) is C™! and the rth
derivative with respect to £ exists and is a continuous function of (¢, £). Lemma 5.2 also tells us that
for.% € RP., z2(t) = x(1,€, .9)5 is the unique solution of

72 =[A@) + h(t, x(t, &, €), )]z = F,(u(t, &) + x(t, ¢, €), €)z

such that sup,,, [z(f)le”" < co and P,z(0) = g

Next we note that since here A(f) = F,(u(?),0) and h(t, x, &) are C”, the corresponding nonau-
tonomous flow has the same property and hence since x(0, &, €) is a C"'—function of &, ), x(t,&,¢€)
is a C"~'—function of (¢, ¢, €); also since the (r — 1)th derivatives of x(0, &, &) are differentiable with
respect to & and the derivatives are continuous functions of (&, ), the (r — 1)th derivatives of x(¢, ¢, €)
are differentiable with respect to (¢, &) and the derivatives are continuous functions of (¢, &, €). Finally
if we define

L E ) = ut,e) + x(1,&, &)

we see that (iii) and hence Proposition 2.1 has been proved. ]
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