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Abstract

In this article we consider the following problem

=Ayu+|Vul! = Ag(X0)uP™ + f(x)in Q,
(P) u > 0inQ,
u = 0onodQ,

with max{p — 1,1} < ¢ < p < N, Q a bounded domain and f, g positive measurable
functions in Q. We give assumptions on g with respect to ¢ and p for which for all 4 > 0
and all f € L'(Q), f > 0, problem (P) has a positive solution. In particular, we focus our

attention on the case when 0 € Q and g(x) = W to prove that the assumptions on g are
X
optimal. Furthermore, regularity results are given.
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1 INTRODUCTION

This paper is devoted to obtaining existence and regularity results for nonlinear elliptic equations of
the form

—Apu+|Vul! = Agul' + f(x)in Q,
u > 0inQ, (1.1)
u = 0ondQ,

where Q ¢ RY is an open bounded domain, max{p — 1,1} < ¢ < p < N and 1 € R. Through-
out this work, we suppose that f and g are positive measurable functions with some summability
assumptions that we will specify in each case.

For A = 0, equations of the form (1.1) have been widely studied in the literature. We refer to
[1,3,6,8,9, 10, 12, 13] and the references therein.

For p = 2, [2] proved that for fixed g it can be found the optimal q for which for all 4 > 0 and
for all positive function f € L'(Q), problem (1.1) with the laplacian operator has a positive solution.
More precisely, in [2], we obtained the existence of solution for all A > 0 and for all f € LY(Q),
f = 0, under the hypothesis that g > 0 is an admissible weight in certain sense. This condition, in
general, also becomes optimal.

The main objective of this paper is to prove that this phenomenon holds with the p-laplacian
operator, namely, that the absorption term |Vul|? is sufficient to break down any resonant effect of
the term g()c)up‘1 and moreover, |[Vu|? regularizes the solution. Notice that, by the structure of the
equation, u € W(;’q(Q).

We explicitly underline that here the existence of a solution obtained as limit of approximated
problems is proved without the restriction p > 2 — % that appears in [5]; so the presence of |Vu|?
allows us to get existence for every 1 < p < N.

. . . 1 . .
We focus in particular our attention on g(x) = W to show that the assumptions on g are optimal.
X
The nonexistence results are related to the classical Hardy inequality,

u? - N-p\
[Vul” dx > Ay —dx, forall u € Cf (Q) where Ay = ——| ,
Q o |xP p
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(see for instance [4]). For f € L}UC(Q), we say that u is a very weak solution to problem (1.1) if

ue W), gur" € L} (Q) and

oc

f(—Apu)qbdx + f [Vul?pdx = /lf g()uP L pdx + f f(X)pdx, V¢ € CF(Q).
Q Q

Q Q

Since we consider solutions to (1.1) with data f € L'(Q), we refer to [5] and [11] for a complete
discussion about this framework.

The paper is organized as follows. Section 2 is devoted to proving the existence result. In fact,
fixed max{p — 1,1} < g < p < N we prove that if g is an admissible weight then for all 1 > 0 and
for all f € L'(Q), f > 0, there exists u € Wé’q(Q) a positive solution to problem (1.1). This is the
result of Theorem 2.1. In Section 3, we consider the Hardy potential to prove nonexistence results
that show the optimality of the condition required for existence in Theorems 2.1. More precise]‘,ly, by
Npp-1
—— and

N-1
A > Ay, the Hardy constant. Finally in Section 4 we study the regularity of solutions; in particular

we show how some extra regularity on f produces an extra regularity in u.

setting g(x) = |x|™P, we prove nonexistence results for a very weak solution if 1 < g <

2 Existence of weak positive solutions

In this section we prove the existence of positive solution to problem (1.1) according to a relation
between p, g and g. We prove that for all 2 > 0 and for all f € L'(Q), f > 0, there exists a positive
solution to (1.1), provided that g satisfies some assumptions related to ¢ and p.

Given u a measurable function we will consider the usual k-truncation function 7 (o),

o, o<k,
Tk(‘f):{ k. o>k

and
Gi(o) = o — Ty (o). (2.2)
Define .
1
Wiq(s) = f Ty(t)adt,
0
that is
L5 if s<k
Wig(s) =1 1 : . 2.3)
q%k% + (s — k)kq if s>k

Now, let us consider in (1.1) a fixed ¢, max{p—1,1} < g < p < N, then we say that g is an admissible
weight in the sense of (2.4) below,

¢20, ge L% (Q) with max{p— 1,1} <g< p<N. (2.4)

Our main existence result is the following.
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Theorem 2.1 Assume that max{p — 1,1} < g < p < N and let g be a positive function such that
(2.4) holds. Then for all A > 0 and for all f € L'(Q), f > 0, there exists a positive solution to
N(p-1

}-

problem (1.1) in the sense of distributions. Moreover, u € W(i’r(Q), with r = max{q, ——— N1

Proof. Consider a sequence f,, € L* () such that f;, T fin L'(Q) and gn(x) = T, (g(x)). Since g < p,
then the existence result of [7] and [14] ensures that there exists a bounded positive solution u,, to
the problems

—Apity + Vityld = A gu(0ul ™" + f,(x) in Q,
u, > 0in Q, u,, = 0 on 6L, 2.5)
up € WyP(Q) N L¥(Q).

Using T (u,) as a test function in (2.5), it follows that

f|VTku,,|pdx+f|Vun|q Tkundx:/lfgn(x)ug_lTku,,dx+ffn(x)Tkundx.
Q Q Q Q

Since max{p — 1, 1} < g, applying Young inequality and the condition (2.4) on g, we have

f IV Tyut,]” dx + f VW, qital? dx <
Q Q

< kle (f g(x)uf1 d)c)p1 + AC(&)IQ + KlLf 1l (2.6)
Q

————1fw%ww+za@mumvm
C(g.q.p)

Therefore, by the definition (2.3),

f [Vu,|?dx < f VT u,|P dx + kf [Vu,|?dx + Cp, 4|9
Q Q {un 2k}
< f VT, dix + f IV ttal? dx + Cp gl

Q Q

_— |Vu,|?dx + AC(&)|Q| + k| fllz: + C,llQl.
cgquf N+ Kllfllr + Crg

So, we conclude that:

1. u, — u weakly in Wé’q(Q),
2. Tyu, — Tyu weakly in WS"" (Q),

3. u, — u strongly in L*(Q), with s < ¢*.
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Let Gk(S) =5—- Tk(S) and define lﬂk_l(s) = T1 (Gk_l(s)). Then z,bk_l(u,,)IVunl‘f > IVu,,I‘f)({,,nzk]. As in
[6], using ¥ —1(u,) as a test function in (2.5), there it follows that

f V0 )P dx + f U ()it dx =
Q Q

fg (g™ + FCOW k-1 (1t )dx.

Since {u,} is uniformly bounded in L7 (Q), it follows that
{x e Q, suchthatk — 1 < u,(x) <k}l - 0

and
l{x € Q, such that u,(x) > k}| = 0 as k — oo,
uniformly in 7.
Now we want to show that u},~ : gn — uP~'g strongly in L' (Q). From the Dominated Convergence
Uit
Theorem, we have that g, — g strongly in L ”") . Moreover, uf_l — ub-l weakly in L#, SO
g’ ™" > guP' in L'(Q). We conclude that

f (/lgn(x)uf,_1 + [1(OW k-1 (up)dx — 0 as k — co uniformly in 7.
Q

Hence

lim |Vu,|? dx = 0, uniformly in n. 2.7)
k—co {QNu, >k}

Moreover, since max{p—1, 1} < g, with a simple variation of the arguments used in [7], we conclude
that
Tyu, — Tyu strongly in Wé‘q(Q). (2.8)

f |Vu,|?dx = f VT (u,)|9dx + f |Vu,|%dx,
Q Q QN{u, >k}
then using (2.7), (2.8) and by Vitali’s Lemma, it follows that

Finally, since

[Vun|? — |Vul? strongly in L'(Q).

Thus we have proved the existence result. ]

3 The Hardy potential: optimal results

Consider the problem,

ub!
—A,,u +|Vul?f = A——+ f(x)in Q,
|x|? (3.9)
u > 0inQ, ’

u = 0onoQ,
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where Q c R" is an open bounded domain with 0 € Q. According to the definition in (2.4), it is
easy to check that

Np-1
g = |x7” is an admissible weight if and only if ¢ > %

Therefore, for g > , applying Theorem 2.1, we claim that for all 1 > 0 and for all f€ L'(Q),

N(p-1)

N-1
f = 0, there exists a positive solution to problem (3.9) in the sense of distributions. Now we have
the following strong nonexistence result.

Theorem 3.1 Assume that q < N(p 1) AfA> Ay = (Tp) , then problem (3.9) has no positive very
weak solution.

Proof. We argue by contradiction. Suppose that problem (3.9) has, for some 4 > Ay, a nonnegative
solution w. Without loss of generality we can assume that f € L*(Q2). Thus by [5], it follows that

w € W1 k(B (0)) for all £ < NI(VP 11), in particular w € L™(B,(0)) for all m < N( =D Since q > 1 then
using the strong maximum principle proved in [15] it follows that w > 0. As a consequence we can
P

consider as test function in (3.9), with ¢ € C7’(B,(0)) and << r a small positive number that

we will chose later. Hence,

4 Ywl? oP r-ly
/lf ¢—dx < —(P—l)f Vwi"$ dx+pf s ¢|V Pt d
B, xI? B0 WP By0) WP~

YwldaP
f ';ﬂ? dx. (3.10)
B, (0)

Let us analyze the left hand side of previous inequality (3.10) term by term.

Vw|1¢P Vw|?
f | IJ_? dx:f Vit q' wi P P dx
By W By(0) Vg
wlP i Pla=p+) =
(], , Foragi( [ v o)’
B,©0) W’ B,(0)

r Vw|?P — _r p(g—p+1)
g kit ¢P dx + L PN w' ¢’ dx,
0 WP 0
B,(0) p B,(0)

where g is a positive number that we will choose later. On the other hand we have

¢ V¢ & ¢PIVwlP

T VwpP ldx<er dx + &7 [Vo|” dx.
p—l 1 P 1
B,(0) W By W B,(0)

Hence it follows that

IA

IA
RS

4 L P V
/lf P < —(p-1-e - Lei Wi’
B, I P B,(0)
— _r p+
+ p qs = Wp(q,, = U¢P dx

p " B,(0)

+ s;pf [Vo|” dx.
B,
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For fixed £; > 0 such that sfxl > Ay, then we can fix &g small enough with ((p— 1)—‘91Fl - %sg) > 0;
thus we conclude that

P _r p(g—p+1
£ f L Lk P sl -V f Vo dx.
7(0)

B,(0) |X|” P B,(0)

‘We now deal with the mixed term,

plg=p+1) * % Ng—p+1) e
f wore ¢Pdx < (f g1 dx)’ (f W dx)
B,(0) B,(0) B, (0)
N(g—p+1) p+l)
S’l(f W dx) f Vol dx,
B,(0) B,(0)

n

A

IA

N(p 1)

where § is the classical Sobolev constant. Since g < we get
Ng-p+D _ N(p— D)
pP-q N-p~

thus we conclude that
N(g-p+1)

f w ra dx—0asn— 0.
By(0)

Hence we can choose gy and & such that

_r N(g—p+1)
8[17p q p*qS—l(f w (31111 dx) - Oasn—> 0.
)4 B,(0)

Then there exists 7 > 0 small enough and &y, & < 1 with &; ~ 1 such that

— - L —p+ 2.1
gf/l{l+8’1’ppq80”"S_1(L(0)qur[« dx)") = 4> Ay

/llf P < f IVo[P dx,
B, X7 B,(0)

n

Therefore we conclude that
a contradiction to Hardy’s inequality. L]

4 Regularity results

This section is devoted to studying how an extra summability on f and the regularizing term |[Vu|?
produce an extra regularity in u. In order to facility the calculations, we consider ¢ = p in (1.1). We
start considering problem (1.1) with a general weight g satisfying condition

f IVol? dx
£20,geL'@and Ai(g,p) = inf 2 50
geW, 7@\ (0] f glolP dx
Q

and then we study the Hardy potential for which more precise results can be obtained. Notice that if
g satisfies condition (4.11), then g is an admissible weight in the sense (2.4).

According to the previous section, there exists a solution u € Wé’p (Q) to problem (1.1) for all
fel\(Q).

@.11)
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4.1 General case: any weight satisfying (4.11)

Let us consider the problem (1.1) with ¢ = p, 1 < A;(g, p), g satisfying (4.11) and f € L"™(Q). We

distinguish two cases according to the duality, that is, m > 7 N,’\’H which means that f is in the dual
Np
Np—N+p*

space W~17'(Q), and the complementary interval 1 < m <

Theorem 4.1 Assume that f > 0, f€L™(Q) withm > and (4.11) holds for g. Letue W Q)
be a solution to problem (1.1) with g = p. Then for every /l < A1(g, p), we have

f u'|Vul? dx < oo and P T and s < 4.12)
A _

u"
Q |d?

Proof. Since f € W~''7'(Q), then using 1+u
eu

limits as € — 0, we obtain

f |Vul? dx + f ulVul? dx = /lf gou? dx + f fudx.
Q Q Q Q

For A < A,(g, p), applying Poincaré inequality,

A
fqu|pdx+fu|Vu|pdx f|Vu|pdx+ffudx.
Q A1(g. p) Jo Q

Since g satisfies (4.11), we conclude that ul*s e Wé’p (Q). Now using a similar argument for

as a test function in (1.1) with ¢ = p and taking

1 . 1+i+ L . . .
u'*7, we obtain that u ?P” € W(;’p (); then by iteration we obtain that u' € W(;’p (Q) for all
5

1 <t< %1 . As a consequence, using Hardy’s inequality we obtain that f

P o x?

dx < oo for all

2
s < . [
p-1

Theorem 4.2 Let f >0, f e L"(QY) withl <m < Np-Nip N+p and g satisfying the condition (4.11). Let

ue€ Wo P(Q) be a solution to problem (1.1) with g = p. Then for every 1 < A,(g, p), we have

* -1 N
_ppm=l) pm=1) <p, where p*=—Np.

f W|VulP dx < 00, Vt<i= -
Q pm—p*(m—1) -p

Proof. Let ag = p* =, with m’ = - Then it follows that

1 T
ag <1, agm’ = p* and f fu® < (f Vi dx) (f aom’ dx) < o0,
Q Q

Taking o5 +8u(,0 as a test function in (1.1) and letting £ — 0, we have

a+p
f u|Vul” dx < co, and hence, u » € W,"(Q).
Q
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From Sobolev inequality we get u € L7 - (@o+p )(Q) Denoting a; = Z (ao + P) -» we conclude that

ffu"‘ <(ff dx) (fg uo“'”ldx)ml/ < co.

Using the same truncation argument for u®', it follows that

aj+p
f u*'|\Vul’ dx < oo, thus, u» € W(;’p(Q),
Q

and then, by Sobolev mequahty, uel' (“1+”)(Q) with @y = ” o+ 2

m
By induction, us1ng Tioar as a test function in (1.1) Wlth a, = ’; dool g p and letting £ go to 0,

we conclude that u” 7" € W1 P(Q)and u € L5 @p )(Q). Denote

* 1
a= P <1, b=p"— and a,=d'ag+b@ ' +d"+ -+ 1)
p m m

We notice that «, is an increasing sequence such that @, — 7, as n tends to infinity, where
f=bt = —2pm=D_ "\ hich concludes the proof. n
pm—p*(m—1)
Letu € W(;‘p(Q) be a solution to problem (1.1) with ¢ = p. Then, for every 4 < 24,(g, p), the

following table resumes the regularity results obtained for a general admissible weight in the sense
of (4.11).

Np Np
f € Lm(Q) 1 =m< Np-N+p m 2 Np-N+p
A
ue Wy (Q) f W' |VulP dx < oo, f u'|VulP dx < oo, dx < oo,
Q Q o X7
= _ _p'pm=1) . 2
Vi<t= o= < P V1<t< o1 4 < 5

4.2 An interesting particular case: Hardy potential

Let us consider the problem (1.1) with ¢ = p and with a particular weight, the Hardy potential,
g = G5

p 1
—Apu +|Vul? = /l—p + f(x) in Q,
1 4.13)
u > 0inQ,
u = 0ondQ.

Since the Hardy potential satisfies the condition (4.11), the results of Theorems 4.1 and 4.2 are still
valid.

The special structure of Hardy potential allows us to give precise results about the behavior of
the solution to problem (4.13) near O.
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Theorem 4.3 Assume that A > 0 and f > 0. Consider u a nonnegative solution to problem (4.13).
Then u is unbounded in any neighborhood of 0.

Proof. Let be u a solution to (4.13). Then v = Iﬁu is a solution to

-1 1 \p-1
A+ (p-DIVW = At (—) fWinQ,
b tp -1 (4.14)
v > 0inQ, ’
v = 0onoQ.

Consider z = 1 — e, Then

(1= frog ()"
|xI?

1 -1
~Ayz=12 +(—=)" fU-2"inQ z=00n0Q
p—1
and 0 < z(x) < 1. It is sufficient to prove that |lz|l,«, ,, = 1 for whole ball B,(0) c Q. By
contradiction, assume that there exists a positive constant ¢ < 1 such that z(x) < ¢ for all x € B,(0).
Hence,

1\
(1 =P [1og(1—)] > ¢y in B,(0), and then — A,z > /l|c—|11 in B,(0),
—_— Z X D
which is a contradiction to the fact that z is bounded. So we conclude. ]
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