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Abstract

In this article we consider the following problem

(P)


−∆pu + |∇u|q = λg(x)up−1 + f (x) in Ω,

u > 0 in Ω,
u = 0 on ∂Ω,

with max{p − 1, 1} ≤ q ≤ p < N, Ω a bounded domain and f , g positive measurable
functions in Ω. We give assumptions on g with respect to q and p for which for all λ > 0
and all f ∈ L1(Ω), f ≥ 0, problem (P) has a positive solution. In particular, we focus our

attention on the case when 0 ∈ Ω and g(x) =
1
|x|p to prove that the assumptions on g are

optimal. Furthermore, regularity results are given.

1991 Mathematics Subject Classification. 35D05, 35J20, 35J25, 35J70.
Key words. p-Laplacian operator with a gradient term, existence results, regularizing effects

1 INTRODUCTION
This paper is devoted to obtaining existence and regularity results for nonlinear elliptic equations of
the form 

−∆pu + |∇u|q = λg(x)up−1 + f (x) in Ω,
u > 0 in Ω,
u = 0 on ∂Ω,

(1.1)

where Ω ⊂ IRN is an open bounded domain, max{p − 1, 1} ≤ q ≤ p < N and λ ∈ IR. Through-
out this work, we suppose that f and g are positive measurable functions with some summability
assumptions that we will specify in each case.

For λ ≡ 0, equations of the form (1.1) have been widely studied in the literature. We refer to
[1, 3, 6, 8, 9, 10, 12, 13] and the references therein.

For p = 2, [2] proved that for fixed g it can be found the optimal q for which for all λ > 0 and
for all positive function f ∈ L1(Ω), problem (1.1) with the laplacian operator has a positive solution.
More precisely, in [2], we obtained the existence of solution for all λ > 0 and for all f ∈ L1(Ω),
f ≥ 0, under the hypothesis that g ≥ 0 is an admissible weight in certain sense. This condition, in
general, also becomes optimal.

The main objective of this paper is to prove that this phenomenon holds with the p-laplacian
operator, namely, that the absorption term |∇u|q is sufficient to break down any resonant effect of
the term g(x)up−1 and moreover, |∇u|q regularizes the solution. Notice that, by the structure of the
equation, u ∈ W1,q

0 (Ω).
We explicitly underline that here the existence of a solution obtained as limit of approximated

problems is proved without the restriction p > 2 − 1
N that appears in [5]; so the presence of |∇u|q

allows us to get existence for every 1 < p < N.

We focus in particular our attention on g(x) =
1
|x|p to show that the assumptions on g are optimal.

The nonexistence results are related to the classical Hardy inequality,∫
Ω

|∇u|p dx ≥ ΛN

∫
Ω

up

|x|p dx, for all u ∈ C∞0 (Ω) where ΛN =

(
N − p

p

)p

,
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(see for instance [4]). For f ∈ L1
loc(Ω), we say that u is a very weak solution to problem (1.1) if

u ∈ W1,q
loc (Ω), g(x)up−1 ∈ L1

loc(Ω) and∫
Ω

(−∆pu)ϕdx +
∫
Ω

|∇u|qϕdx = λ
∫
Ω

g(x)up−1ϕdx +
∫
Ω

f (x)ϕ dx,∀ϕ ∈ C∞0 (Ω).

Since we consider solutions to (1.1) with data f ∈ L1(Ω), we refer to [5] and [11] for a complete
discussion about this framework.

The paper is organized as follows. Section 2 is devoted to proving the existence result. In fact,
fixed max{p − 1, 1} ≤ q ≤ p < N we prove that if g is an admissible weight then for all λ > 0 and
for all f ∈ L1(Ω), f ≥ 0, there exists u ∈ W1,q

0 (Ω) a positive solution to problem (1.1). This is the
result of Theorem 2.1. In Section 3, we consider the Hardy potential to prove nonexistence results
that show the optimality of the condition required for existence in Theorems 2.1. More precisely, by

setting g(x) = |x|−p, we prove nonexistence results for a very weak solution if 1 ≤ q <
N(p − 1)

N − 1
and

λ > ΛN , the Hardy constant. Finally in Section 4 we study the regularity of solutions; in particular
we show how some extra regularity on f produces an extra regularity in u.

2 Existence of weak positive solutions
In this section we prove the existence of positive solution to problem (1.1) according to a relation
between p, q and g. We prove that for all λ > 0 and for all f ∈ L1(Ω), f ≥ 0, there exists a positive
solution to (1.1), provided that g satisfies some assumptions related to q and p.

Given u a measurable function we will consider the usual k-truncation function Tk(σ),

Tk(σ) =
{
σ, σ ≤ k,
k, σ > k,

and
Gk(σ) = σ − Tk(σ). (2.2)

Define

Ψk,q(s) =
∫ s

0
Tk(t)

1
q dt,

that is

Ψk,q(s) =


q

q+1 s
q+1

q if s ≤ k,
q

q+1 k
q+1

q + (s − k)k
1
q if s > k.

(2.3)

Now, let us consider in (1.1) a fixed q, max{p−1, 1} ≤ q ≤ p < N, then we say that g is an admissible
weight in the sense of (2.4) below,

g 	 0, g ∈ L( q∗
p−1 )′ (Ω) with max{p − 1, 1} ≤ q ≤ p < N. (2.4)

Our main existence result is the following.
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Theorem 2.1 Assume that max{p − 1, 1} ≤ q ≤ p < N and let g be a positive function such that
(2.4) holds. Then for all λ > 0 and for all f ∈ L1(Ω), f ≥ 0, there exists a positive solution to

problem (1.1) in the sense of distributions. Moreover, u ∈ W1,r
0 (Ω), with r = max{q, N(p − 1)

N − 1
}.

Proof. Consider a sequence fn ∈ L∞(Ω) such that fn ↑ f in L1(Ω) and gn(x) = Tn(g(x)). Since q ≤ p,
then the existence result of [7] and [14] ensures that there exists a bounded positive solution un to
the problems 

−∆pun + |∇un|q = λ gn(x)up−1
n + fn(x) in Ω,

un > 0 in Ω, un = 0 on ∂Ω,
un ∈ W1,p

0 (Ω) ∩ L∞(Ω).
(2.5)

Using Tk(un) as a test function in (2.5), it follows that∫
Ω

|∇Tkun|p dx +
∫
Ω

|∇un|q Tkundx = λ
∫
Ω

gn(x)up−1
n Tkundx +

∫
Ω

fn(x)Tkundx.

Since max{p − 1, 1} ≤ q, applying Young inequality and the condition (2.4) on g, we have∫
Ω

|∇Tkun|p dx +
∫
Ω

|∇Ψk,qun|q dx ≤

≤ kλε
(∫
Ω

g(x)up−1
n dx

) q
p−1

+ λC(ε)|Ω| + k∥ f ∥L1

≤ εkλ
C(g, q, p)

∫
Ω

|∇un|q dx + λC(ε)|Ω| + k∥ f ∥L1 .

(2.6)

Therefore, by the definition (2.3),∫
Ω

|∇un|q dx ≤
∫
Ω

|∇Tkun|p dx + k
∫
{un≥k}

|∇un|q dx +Cp,q|Ω|

≤
∫
Ω

|∇Tkun|p dx +
∫
Ω

|∇Ψk,qun|q dx +Cp,q|Ω|

≤ εkλ
C(g, q, p)

∫
Ω

|∇un|q dx + λC(ε)|Ω| + k∥ f ∥L1 +Cp,q|Ω|.

So, we conclude that:

1. un ⇀ u weakly in W1,q
0 (Ω),

2. Tkun ⇀ Tku weakly in W1,p
0 (Ω),

3. un → u strongly in Ls(Ω), with s < q∗.
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Let Gk(s) = s − Tk(s) and define ψ k−1(s) = T1(Gk−1(s)). Then ψ k−1(un)|∇un|q ≥ |∇un|qχ{un≥k}. As in
[6], using ψ k−1(un) as a test function in (2.5), there it follows that∫

Ω

|∇ψ k−1(un)|p dx +
∫
Ω

ψ k−1(un)|∇un|q dx =

∫
Ω

(λgn(x)up−1
n + fn(x))ψ k−1(un)dx.

Since {un} is uniformly bounded in Lq∗(Ω), it follows that

|{x ∈ Ω, such that k − 1 < un(x) < k}| → 0

and
|{x ∈ Ω, such that un(x) > k}| → 0 as k → ∞,

uniformly in n.
Now we want to show that up−1

n gn → up−1g strongly in L1(Ω). From the Dominated Convergence

Theorem, we have that gn → g strongly in L
(

q∗
p−1

)′
. Moreover, up−1

n → up−1 weakly in L
q∗
p−1 , so

gnup−1
n → gup−1 in L1(Ω). We conclude that∫

Ω

(λgn(x)up−1
n + fn(x))ψ k−1(un)dx→ 0 as k → ∞ uniformly in n.

Hence
lim
k→∞

∫
{Ω∩un≥k}

|∇un|q dx = 0, uniformly in n. (2.7)

Moreover, since max{p−1, 1} ≤ q, with a simple variation of the arguments used in [7], we conclude
that

Tkun → Tku strongly in W1,q
0 (Ω). (2.8)

Finally, since ∫
Ω

|∇un|qdx =
∫
Ω

|∇Tk(un)|qdx +
∫
Ω∩{un≥k}

|∇un|qdx,

then using (2.7), (2.8) and by Vitali’s Lemma, it follows that

|∇un|q → |∇u|q strongly in L1(Ω).

Thus we have proved the existence result.

3 The Hardy potential: optimal results
Consider the problem, 

−∆pu + |∇u|q = λ
up−1

|x|p + f (x) in Ω,

u > 0 in Ω,
u = 0 on ∂Ω,

(3.9)
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where Ω ⊂ IRN is an open bounded domain with 0 ∈ Ω. According to the definition in (2.4), it is
easy to check that

g = |x|−p is an admissible weight if and only if q >
N(p − 1)

N − 1
.

Therefore, for q >
N(p − 1)

N − 1
, applying Theorem 2.1, we claim that for all λ > 0 and for all f ∈ L1(Ω),

f ≥ 0, there exists a positive solution to problem (3.9) in the sense of distributions. Now we have
the following strong nonexistence result.

Theorem 3.1 Assume that q < N(p−1)
N−1 . If λ > ΛN =

(
N−p

p

)p
, then problem (3.9) has no positive very

weak solution.

Proof. We argue by contradiction. Suppose that problem (3.9) has, for some λ > ΛN , a nonnegative
solution w. Without loss of generality we can assume that f ∈ L∞(Ω). Thus by [5], it follows that
w ∈ W1,k

0 (Br(0)) for all k < N(p−1)
N−1 , in particular w ∈ Lm(Br(0)) for all m < N(p−1)

N−p . Since q ≥ 1 then
using the strong maximum principle proved in [15] it follows that w > 0. As a consequence, we can

consider
ϕp

wp−1 as test function in (3.9), with ϕ ∈ C∞0 (Bη(0)) and η << r a small positive number that
we will chose later. Hence,

λ

∫
Bη(0)

ϕp

|x|p dx ≤ −(p − 1)
∫

Bη(0)

|∇w|pϕp

wp dx + p
∫

Bη(0)

ϕp−1∇ϕ
wp−1 |∇w|p−1 dx

+

∫
Bη(0)

|∇w|qϕp

wp−1 dx. (3.10)

Let us analyze the left hand side of previous inequality (3.10) term by term.∫
Bη(0)

|∇w|qϕp

wp−1 dx=
∫

Bη(0)

|∇w|q
wq wq−p+1ϕp dx

≤
( ∫

Bη(0)

|∇w|p
wp ϕp dx

) q
p
( ∫

Bη(0)
w

p(q−p+1)
p−q ϕp dx

) p−q
p

≤ q
pε

p
q

0

∫
Bη(0)

|∇w|p
wp ϕp dx +

p − q
p

ε
− p

p−q

0

∫
Bη(0)

w
p(q−p+1)

p−q ϕp dx,

where ε0 is a positive number that we will choose later. On the other hand we have

p
∫

Bη(0)

ϕp−1∇ϕ
wp−1 |∇w|p−1 dx ≤ ε

p
p−1

1

∫
Bη(0)

ϕp|∇w|p
wp dx + ε−p

1

∫
Bη(0)
|∇ϕ|p dx.

Hence it follows that

λ

∫
Bη(0)

ϕp

|x|p dx ≤ −((p − 1) − ε
p

p−1

1 − q
p
ε

p
q

0 )
∫

Bη(0)

∣∣∣∣∣∇w
w

∣∣∣∣∣p ϕp dx

+
p − q

p
ε
− p

p−q

0

∫
Bη(0)

w
p(q−p+1)

p−q ϕp dx

+ ε
−p
1

∫
Bη(0)
|∇ϕ|p dx.
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For fixed ε1 > 0 such that εp
1λ > ΛN , then we can fix ε0 small enough with ((p−1)−ε

p
p−1

1 −
q
pε

p
q

0 ) ≥ 0;
thus we conclude that

ε
p
1λ

∫
Bη(0)

ϕp

|x|p dx ≤ εp
1

p − q
p

ε
− p

p−q

0

∫
Bη(0)

w
p(q−p+1)

p−q ϕp dx +
∫

Bη(0)
|∇ϕ|p dx.

We now deal with the mixed term,∫
Bη(0)

w
p(q−p+1)

p−q ϕp dx ≤
( ∫

Bη(0)
|ϕ|p∗ dx

) p
p∗
( ∫

Bη(0)
w

N(q−p+1)
p−q dx

) p
N

≤ S −1
( ∫

Bη(0)
w

N(q−p+1)
p−q dx

) p
N

∫
Bη(0)
|∇ϕ|p dx,

where S is the classical Sobolev constant. Since q < N(p−1)
N−1 we get

N(q − p + 1)
p − q

<
N(p − 1)

N − p
,

thus we conclude that ∫
Bη(0)

w
N(q−p+1)

p−q dx→ 0 as η→ 0.

Hence we can choose ε0 and ε1 such that

ε
p
1

p − q
p

ε
− p

p−q

0 S −1
( ∫

Bη(0)
w

N(q−p+1)
p−q dx

) p
N → 0 as η→ 0.

Then there exists η > 0 small enough and ε0, ε1 < 1 with ε1 ∼ 1 such that

ε
p
1λ

{
1 + εp

1
p − q

p
ε
− p

p−q

0 S −1
( ∫

Bη(0)
w

N(q−p+1)
p−q dx

) p
N
}−1
≡ λ1 > ΛN .

Therefore we conclude that
λ1

∫
Bη(0)

ϕp

|x|p dx ≤
∫

Bη(0)
|∇ϕ|p dx,

a contradiction to Hardy’s inequality.

4 Regularity results
This section is devoted to studying how an extra summability on f and the regularizing term |∇u|q
produce an extra regularity in u. In order to facility the calculations, we consider q = p in (1.1). We
start considering problem (1.1) with a general weight g satisfying condition

g 	 0, g ∈ L1(Ω) and λ1(g, p) = inf
ϕ∈W1,p

0 (Ω)\{0}

∫
Ω

|∇ϕ|p dx∫
Ω

g|ϕ|p dx
> 0 (4.11)

and then we study the Hardy potential for which more precise results can be obtained. Notice that if
g satisfies condition (4.11), then g is an admissible weight in the sense (2.4).

According to the previous section, there exists a solution u ∈ W1,p
0 (Ω) to problem (1.1) for all

f ∈ L1(Ω).
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4.1 General case: any weight satisfying (4.11)

Let us consider the problem (1.1) with q = p, λ < λ1(g, p), g satisfying (4.11) and f ∈ Lm(Ω). We
distinguish two cases according to the duality, that is, m ≥ N p

N p−N+p which means that f is in the dual

space W−1,p′(Ω), and the complementary interval 1 < m < N p
N p−N+p .

Theorem 4.1 Assume that f ≥ 0, f ∈Lm(Ω) with m ≥ N p
N p−N+p and (4.11) holds for g. Let u∈W1,p

0 (Ω)
be a solution to problem (1.1) with q = p. Then for every λ < λ1(g, p), we have∫

Ω

ut |∇u|p dx < ∞ and
∫
Ω

us

|x|p dx < ∞, for all 1 ≤ t <
p

p − 1
, and s <

p2

p − 1
. (4.12)

Proof. Since f ∈ W−1,p′ (Ω), then using
u

1 + εu
as a test function in (1.1) with q = p and taking

limits as ε→ 0, we obtain∫
Ω

|∇u|p dx +
∫
Ω

u|∇u|p dx = λ
∫
Ω

g(x)up dx +
∫
Ω

f u dx.

For λ < λ1(g, p), applying Poincaré inequality,∫
Ω

|∇u|p dx +
∫
Ω

u|∇u|p dx ≤ λ

λ1(g, p)

∫
Ω

|∇u|p dx +
∫
Ω

f u dx.

Since g satisfies (4.11), we conclude that u1+ 1
p ∈ W1,p

0 (Ω). Now using a similar argument for

u1+ 1
p , we obtain that u1+ 1

p+
1

p2 ∈ W1,p
0 (Ω); then by iteration we obtain that ut ∈ W1,p

0 (Ω) for all

1 ≤ t < p
p−1 . As a consequence, using Hardy’s inequality we obtain that

∫
Ω

us

|x|p dx < ∞ for all

s < p2

p−1 .

Theorem 4.2 Let f ≥ 0, f ∈ Lm(Ω) with 1 < m < N p
N p−N+p and g satisfying the condition (4.11). Let

u ∈ W1,p
0 (Ω) be a solution to problem (1.1) with q = p. Then for every λ < λ1(g, p), we have∫

Ω

ut |∇u|p dx < ∞, ∀t < t̄ =
p∗p(m − 1)

pm − p∗(m − 1)
< p, where p∗ =

N p
N − p

.

Proof. Let α0 = p∗ 1
m′ , with m′ = m

m−1 . Then it follows that

α0 < 1, α0m′ = p∗ and
∫
Ω

f uα0 ≤
(∫
Ω

f m dx
) 1

m
(∫
Ω

uα0m′ dx
) 1

m′

< ∞.

Taking uα0

1+εuα0 as a test function in (1.1) and letting ε→ 0, we have∫
Ω

uα0 |∇u|p dx < ∞, and hence, u
α0+p

p ∈ W1,p
0 (Ω).
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From Sobolev inequality we get u ∈ L
p∗
p (α0+p)(Ω). Denoting α1 =

p∗

p (α0 + p) 1
m′ , we conclude that

∫
Ω

f uα1 ≤
(∫
Ω

f m dx
) 1

m
(∫
Ω

uα1m′ dx
) 1

m′

< ∞.

Using the same truncation argument for uα1 , it follows that∫
Ω

uα1 |∇u|p dx < ∞, thus, u
α1+p

p ∈ W1,p
0 (Ω),

and then, by Sobolev inequality, u ∈ L
p∗
p (α1+p)(Ω) with α1 =

p∗

p
α0
m′ +

p∗

m′ .

By induction, using uαn

1+εuαn as a test function in (1.1) with αn =
p∗

p
αn−1
m′ +

p∗

m′ and letting ε go to 0,

we conclude that u
αn+p

p ∈ W1,p
0 (Ω) and u ∈ L

p∗
p (αn+p)(Ω). Denote

a =
p∗

p
1

m′
< 1, b = p∗

1
m′

and αn = anα0 + b(an−1 + an−2 + · · · + 1).

We notice that αn is an increasing sequence such that αn → t̄, as n tends to infinity, where
t̄ = b 1

1−a =
p∗p(m−1)

pm−p∗(m−1) , which concludes the proof.

Let u ∈ W1,p
0 (Ω) be a solution to problem (1.1) with q = p. Then, for every λ < λ1(g, p), the

following table resumes the regularity results obtained for a general admissible weight in the sense
of (4.11).

f ∈ Lm(Ω) 1 ≤ m < N p
N p−N+p m ≥ N p

N p−N+p

u ∈ W1,p
0 (Ω)

∫
Ω

ut |∇u|p dx < ∞,
∫
Ω

ut |∇u|p dx < ∞,
∫
Ω

us

|x|p dx < ∞,

∀t < t̄ = p∗p(m−1)
pm−p∗(m−1) < p ∀1 ≤ t < p

p−1 , q < p2

p−1

4.2 An interesting particular case: Hardy potential
Let us consider the problem (1.1) with q = p and with a particular weight, the Hardy potential,
g(x) = 1

|x|p , 
−∆pu + |∇u|p = λ

up−1

|x|p + f (x) in Ω,

u > 0 in Ω,
u = 0 on ∂Ω.

(4.13)

Since the Hardy potential satisfies the condition (4.11), the results of Theorems 4.1 and 4.2 are still
valid.

The special structure of Hardy potential allows us to give precise results about the behavior of
the solution to problem (4.13) near 0.
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Theorem 4.3 Assume that λ > 0 and f ≥ 0. Consider u a nonnegative solution to problem (4.13).
Then u is unbounded in any neighborhood of 0.

Proof. Let be u a solution to (4.13). Then v = 1
p−1 u is a solution to

−∆pv + (p − 1)|∇v|p = λ
vp−1

|x|p +
( 1

p − 1

)p−1
f (x) in Ω,

v > 0 in Ω,
v = 0 on ∂Ω.

(4.14)

Consider z = 1 − e−v. Then

−∆pz = λ
(1 − z)p−1

[
log

(
1

1−z

)]p−1

|x|p +
( 1

p − 1

)p−1
f (1 − z)p−1 in Ω, z = 0 on ∂Ω

and 0 ≤ z(x) ≤ 1. It is sufficient to prove that ||z||L∞(Br (0)) = 1 for whole ball Br(0) ⊂ Ω. By
contradiction, assume that there exists a positive constant c < 1 such that z(x) ≤ c for all x ∈ Br(0).
Hence,

(1 − z)p−1
[
log

(
1

1 − z

)]p−1

≥ c1 in Br(0), and then − ∆pz ≥ λ c1

|x|p in Br(0),

which is a contradiction to the fact that z is bounded. So we conclude.
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