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Abstract.

This paper is about prescribing the Webster scalar curvature on a compact CR manifold
of dimension 2n+1 > 5, which is locally CR equivalent to the standard CR unit sphere
§2*1 The associated variational problem being noncompact we approach this issue with
techniques from the critical points at infinity theory, combined with topological tools. Our
existence results are based on a generalized Bahri-Coron type criteria. We also give an
upper bound on the Morse index of the obtained solutions.
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1 Introduction. Main results.

Let M be an orientable compact real (2n+1)-dimensional CR manifold and 6 a given contact form on
M. We denote by L = 2=DA, + Ry the CR invariant laplacian of M, where Ay is the sublaplacian
operator, Ry the Webster scalar curvature associated to 6.

Let K be a strictly positive C? function on M. We try to find conditions under which K is equal to
the Webster scalar curvature R; of some contact form 6 on M, which is CR equivalent to €. This is
the Webster scalar curvature problem on CR manifolds. This problem amounts to finding a function
u such that: ,

Lu = Ku'*s

{ u>0 on M. (I.1)

Notice that if K is taken to be constant, then (1.1) is the CR Yamabe problem, which was dealt with
in [16], [17], [18] and [13].

The main difficulty of problem (1.1) comes from the presence of the critical Sobolev exponent
@. Indeed, our problem enjoys a variational version. Let § % be the completion of C*(M) for the

norm |lul| = (fMLuue/\dH”)%. Let Y ={uc€ S% [lull =1} and X* ={uey /u>0} The
Euler-Lagrange functional associated to problem (1.1), denoted by J, is then defined on Sf by

[aal®

J(u) = o
([, KluP*io A dor)™

One knows that if v is a critical point of J in 3", then the function u = J(v)2v is a solution for (1.1),
and thus the contact form 8 = 0 has its Webster scalar curvature R; =K.

Problem (1.1) therefore amounts to finding the critical points of the functional J. However, the
functional J does not satisfy the Palais-Smale condition, that is to say there exist critical points at
infinity (or asymptotes), which are the limits of noncompact orbits for the gradient flow of —J. In
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addition, as in the conformal case, in the CR case there are topological obstructions of Kazden-
Warner condition type to solve (1.1) (see e.g. [14]).

With collaboration of H. Chtioui and M. Ould Ahmedou, we have obtained in [10] some exis-
tence results to problem (1.1) for n > 2 through topological methods initiated by Aubin-Bahri in
[2], and in [11] we have obtained some existence and multiplicity results to problem (1.1) forn = 1,
using some “Morse inequalities at infinity”. Among other articles devoted to this subject, one can
cite [20] where A. Malchiodi and F. Uguzzoni established some existence results for problem (1.1)
when M = $?"*! using a perturbative method due to Ambrosetti and Badiale (c.f. [1]), and also [12]
where V. Felli and F. Uguzzoni obtained solutions to this problem on the Heisenberg group and CR
spheres, in the case of presence of symmetry, as well as in the perturbative case.

In the present paper, generalized Morse theory is used in combination with the theory of critical
points at infinity. More precisely, one knows that a critical point at infinity, as a usual critical point,
induces a change in the toplogy of the descendent level sets of J. Our main idea is to compute the
contribution of some critical points at infinity into some changes of topology, and, since arguing
by contradiction we are assuming that (1.1) has no solution, our main problem consists to finding
conditions on K such that one observes some change of topology, that cannot be explained by the
only contribution of the critical points at infinity. Such a situation, if it occurs, leads to the existence
of (genuine) critical points for the functional J. Notice that once a Morse type reduction is performed
around critical points at infinity, there is no difficulty to compute their Morse index and to define
their stable and unstable manifolds (see Section 5).

To state our results, we need to recall the construction of the family of “almost solutions” ¢, 4
of the Yamabe problem on M. Since M is compact and locally CR equivalent to the standard CR
sphere S***1_ any point a of M has a neighborhood containing a ball B(a, ), where pseudohermitian
normal coordinates can be defined (see [16], [17]), r > O is independent of a, and there exists a
positive function u, on B(a, r) such that 6, = uf 6, where 6y = dt + Z’}:l iz;dz; — iz;dz; is the
standard contact form on the Heisenberg group H". Let y : R, — [0, 1] be a cut off function such

— ; r
hat {X(z) =1 %fO <1<}t
x®=0 ift>r.
Define on B(a, r) the function y,(x) = (|| expa‘l(x)||Hn) where expa‘l is the parabolic exponential
map based in a (see [17]), and where, putting exp;l(x) = (0, Izl = (z* + tz)% is the norm
of the Heisenberg group.
Let A be a positive large parameter. We introduce on B(a, r) the function:

8(a, )(x) = e, "1 + 22(|2)> = in)|™" (1.2)

2

where the constant ¢, is such that the equation Lyd(a, 1) = d(a, D)4 is satisfied on B(a, r). Here

Ly = 2D A, is the CR invariant laplacian of H". Observe that
o(a, ) = cLw(, © eprl (1.3)

where w4 is a solution of Yamabe problem on H” (see (A.2) in Appendix A).
We define a family of “almost solutions” ¢, 4 to be the unique solutions of:

Loy =8 (@)™ onM, (1.4)

with

{6’(a, D(x) = xa(Xuya(x)é(a, A)(x) on B(a,r) (1.5)

0 (a,D(x)=0 on ¢B(a, r).
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Let K : M — R be a C? function having a finite set of critical points denoted by I
I={yeM; 0K(y) = 0}.

Let
I" ={yel suchthat, —AyK(y) >0}

and, denoting by #I* the cardinality of I*, let F* be the set
F*={0isooayi) € AN [ yy #y if j#k, 1< p <HIT ). (1.6)
We say that K satisfies (N.D) a non-degeneracy condition if it satisfies:
(N.D) Vy e I, AgK(y) # 0.
We prove in section 5 (Propositions 5.2 and 5.3) the following result:

Proposition 1.1 Assume that (1.1) has no solution, n > 2, andlet K : M — R be C? be positive and
satisfy (N.D). Then, the critical points at infinity (see definition 2.1 below) of J in 3,* correspond to

Sl
J=1 ng(yijﬁ'oo) = (yll LA ’yi11)oo.
where (yi,, ...,Yi,) € F*. The Morse index of such a critical point at infinity is:
i((yil’ ey yip)oo) =p- 1+ 2521(2}’1 +1- lnd(K’ y,.j))

where ind(K, y;,) is the Morse index of K at y;..
Let F, be the set of critical points at infinity of J. According to Proposition 1.1,
F; = {¢€o = (yiw . ,yi,,)oo ) (y,'l, . ,y,‘p) erFt } 1.7

If ¢%, € F, then W,(¢%,) denotes its unstable manifold and W,(¢5,) its stable manifold, with respect
of the C! vector field —9J. We have,

dim W, (¢%) = codimW,(¢%,) = i(¢L).

Now, for any k € N and any subset X; of {¢%, € F* ;

00

xg = | Wb, (1.8)

PhEX;

i(¢h,) < k}, we define the following set

X;” is then a stratified set of dimension at most k. Without loss of generality we can assume it equal
to k. Observe that since Y.* is a contractible set, then X;° is contractible in >*. Let w(X;°) be a
contraction of X;° in }}". Then we have the following existence result:

Theorem 1.1 Assume n > 2. Let K : M — R be a C? positive function satisfying (N.D). If there
exists ko € N and Xy, C {¢%, € FL 5 i(¢h,) < ko} such that

(H) D, D1
Ph X,
(Ha) ¢(Xp) N Wi(¢l) = 0, for all ¢t € FL, N Xy, such that i(¢l,) < ko + 1,

then there exists a solution w of (1.1) such that i(w) < ko + 1, where i(w) is the Morse index of the
solution w.
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As an example of functions satisfying the assumptions of Theorem 1.1 we give the following per-
turbative result, in the case where M is the standard CR sphere S+l Sowelet K : S — Ra
C? function, and we introduce the following perturbative assumption:

(C.C) K@) =1+¢&Ko() , ¥ € S, where K € C*(S*"*!) and |¢| small.
We introduce the following set:
N={keN/Vyel*',2n+1-indK,y) #k+1}. (1.9)

For example if k > 2n + 1 then k € N.
The next existence result generalizes the perturbative result of Malchiodi-Uguzzoni [20]:

Theorem 1.2 Letn > 1, K : S*"*! — R a C? positive function satisfying (N.D) and (C.C). If

1 _ Z (_1)2n+1—ind(K,y)

yelt
2n+1-ind(K.y)<k

max 0, (1.10)

keN

then, for |g| small enough, there exists a solution w of (1.1) such that i(w) < ko + 1, where ko realizes
the maximum in (1.10).

As a corollary we find the result of [20]:

Corollary 1.1 Letn > 1. K : S**! — R a C? positive function satisfying (N.D) and (C.C). If
Z(_ 1)2n+1—ind(1<,y) £1,
yeI*

then, for || small enough, there exists a solution for problem (1.1).

Now we return to a general CR manifold M. To state the existence result that follows, let us
assume, without loss of generality, that I = {yg, yi, y2, ... }, the critical points being ordered such
that

K(o) =2 K1) 2 K(O») = ...
(A1) Assume that yg, y; € I" and y, € I \ I*.

For y € I we denote by W;(y) the stable manifold of y with respect of the C I vector field —dK, and
by W(y) its closure. Let o .
Ny = Ws(yl) and Ny = WS(VZ)'

Let 0 be the boundary operator of the Floer-Milnor Homology associated to the functional K, (see

(51, [22D.
(A,) Assume that ON, = Nj.

Let y, be the first critical point of K below y,, which belongs to I*, and:
(A3) Assume that  K(y2) > K(y¢).

then, we have:

Theorem 1.3 Assume n > 2. Let K : M — R be a C? positive function satisfying (N.D). Under
assumptions (Ay), (Az) and (A3), there exists at least a solution w of (1.1) such that i(w) < ky + 1,
where ky = 2n+ 1 —ind(K, y;).
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Our paper will be organized as follows. In Sections 2 we study the lack of compactness in the
variational framework. Sections 3 and 4 are devoted to estimate the behavior of J in the neighbor-
hoods of its potential critical points at infinity. In section 5 we state the Morse lemma at infinity,
which is a crucial result, and we give the available information on the critical points at infinity of the
functional J. Section 6 is devoted to proving our main results.

2 Defect of compactness.

Since the exponent @ is critical for the Sobolev embedding S% o L (M), which is continuous
but not compact, the functional J does not satisfy the Palais-Smale condition. In order to describe
the sequences violating the Palais-Smale condition (see [4], [9] [19], [21]), we introduce in a natural
way, for p > 1, the set

EP = (0, +00)P x MP x (0, +0)?, 2.1

which is the space of the variables (a,a, ) = (@, ..., @, ai, ...,ap, i, ...,4p), and in particular we
consider, for a small enough € > 0, the following subset of &”:

2
o/ K(a;)
-4 —

B ={(@a,) €&, st.

i 1'<e,g,-j<e,a,»>g}, 2.2)
rtj’,’K(a,-)

where Eij = s,-j(ai, aj, A, /lj) = (% + jlﬁ + /li/lj[?(di, aj)z)ﬂl where CZ()C, y) = ||exp;1 (y)”Hn if x and yare
P A

in a small ball of M of radius r, and d(x, y) is equal to % otherwise. Now, we define the set V(p, €)

of potential critical points at infinity to be:

V(p,€) = {u e>*/ A(a,a,)€ Be s.t. Hu - i aigoiH < e} (2.3)
i=1

where ¢; = ¢(,.2, 1s the “almost solution” defined by (1.4) in the introduction. Then, the following
result gives a complete description of the noncompact sequences along which the functional J is
bounded and its gradient goes to zero.

Proposition 2.1 Assume that (1.1) has no solution. Let (v;) be a sequence in 3, such that J' (v;) —
0 and J(vy) is bounded. Then, there exists an integer p € N*, a sequence (&), € > 0, ¢ — 0, such
that, up to an extracted subsequence, vi € V(p, &).

Proof. One can operate as in section 4 of [13], making some minor modifications. O
Now, for u € V(p, €), we consider the minimization problem:

Gmin - T, i 24)

The following proposition follows from the corresponding results of [3] and [4]:

Proposition 2.2 Let € small enough. For any u in V(p,€), the minimization problem (2.4) has a
unique solution (a, a, 1) in B¢ up to permutation.

Thus, for € > 0 sufficiently small, any function u € V(p,€) can be uniquely written as: u =
i, @igi + v, where (@, a, ) € B and v € H(a, A), where

o@D ={v e lon o dreis 1el™, Ml < e, 2.5)
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where orthogonality is relative to the inner product (u, v) = fM Lu.vOA db". Furthermore,

2
Vizj, 49X 1 when € — 0. (2.6)
(y]f’ K(aj)

Definition 2.1 A critical point at infinity of J in }.* is a limit of a flow line u(s) of the equation
% = ~J(u(s)
M(O) = U

such that u(s) remains in a set V(p, €(s)) for all s > s¢, where €(s) — 0 when s — +oo, and where 1
is an initial condition. Using Proposition 2.2, u(s) can be written as u(s) = Zip:l @i ($)Pa;(s).0:0s) T+
v(s). If we let @; = lim;,0 @;(s) and a; = limg_, a;(s), then such a critical point at infinity is
denoted by 7| g, +c0) OF (a1 ..y Gp)ec.

Characterization, strictly speaking, of the critical points at infinity of J in >.* is provided by Propo-
sition 5.2 in Section 5.

3 Expansion of the functional and its gradient.

3.1 Expansion of J.

We want to understand the behavior of J near infinity, that is when a flow line of dJ, the gradient of
J, enters into a set V(p, €). We provide a local expansion of J in this set:

Proposition 3.1 For € > 0 small enough, let u = Zle Qi) +Vin V(p,e), with (a,a, 1) € B and
v € H.(a, 1). Then we have the following expansion of J :

J@w) = yola, a){1 +71(a, 1) + ya(a, D) = (£, v) + Q(v) + O(IIVIIq)}

where

S#1(Y;a?) AaK(Cl)
— = ,A) = — —
Yole, a) = e K yi(a, D) 2 (§ )

ya(a,A) = O(Z &i;(1+o(1)) + gl.‘j*ﬁ log s;ﬁ)

i#]
o) = e f K(Z aip)™ v (3.1)
SnyialK(a) Ju A
Z(n +2) )«
2 i
1> ) 3.2
oM = Z, e LU K »f ch)v (32)
where c; are positive constants, S is the Sobolev constant given in (A.S), and g = 2+ %
u 2
Proof. Let Ju) = J(ZF, aipi +v) = — L = X,

(fy k7)™
Since v € H(a, A), using (A.9) and (A.10), we have

Z f Lgipi + WP + ) e f Lgig;

i#j
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S”Za +0(Z )+Zcm,0(g,,)+||v||2

i*]

s a? 1+Za,a,0(g,,)+0(z ﬂzn snz TEALL 2}

i i*]

Next, using Lemma A.2 we have:

n+l

D = fM K(Zle aipi +v)! = fM K(X; aipi)’+ ‘IfM K(%i ai‘Pi)q71V
+q(q = 1) [, K(Z; i)' v? +O(wll).

Using Lemmas A.2—A.7 we obtain

D —Zo/’K(al)S”+Z "‘A"K(a) (Z —) O(Z ﬂzn

+q Z a';’_ ajcijeii(1+0(1)) + O(Z &;; N log 8[-_1-;)

i#] #Jj
fzcwz Va1 [ K Za,go,%v ofvir).

Hence

nite i na; e oK (ai) 1
b=s "”(Z“?K(“")) {1+Z(n+1)5”2ia‘.’K(ai) gz.za +o), ye

i i

+ O(Z%HO(Z £(1+0(19)+0(>" &) log e, ") + O(IvI)

i#j i#j

l’lq *1
Ty, qK(a)S"f Z‘W’ Y

ng(q—1) f i
Tt D)3, K@)s ZW’ }

Finally, computing the quotient J(u) = % we obtain the expected expansion of J, where Q, given in
(3.2), is a quadratic form on Hg(a, 1), and f, given in (3.1), represents the continuous linear form
2 -1 . . ..
VI S TR fM K(3; aip))" v, with respect to the inner product { , ). Proposition 3.1 follows,
mx?é
S™(n+1) ¥, afK(a))

with Cci =

3.2 Expansion of dJ.
Now, we provide the following expansions of the gradient of J, in the set V(p, €).

Lemma 3.1 Let n > 2. For € > 0 small enough and u = 3¥,;ajpu,1,) € V(p,e€), the following
expansions hold:

Oyp; AGK(ai) 6511
(OJu), gty = =5 4 ) cijdig Z ‘ + > &) 3.3)
1 J#FL J#EI
1 (9(,0, z |V9K(a )| C,‘,‘ 68,‘_,‘ 1 1
(OJu), 350 = === + T O(/l—?) +o(D] i D) (3.4)

i J#i
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where ¢ > 0, ¢ > 0, and c;j, ¢;; are bounded constants. (For definition of Vy please see lemma 4.1
below).

Proof. We have,

<af<u>,a g =10 Z ;. A

690-
2+l 1+ i
) W’ fK(Z ae) g
Using the following estimates

6(,0,' 1
<‘Pu ZC()/L > = (_2)
Opiy 1,08 1 1
<<Pj,/lia—/li> = Cij/lia_/li + 0(/1—? + /1—5 + 8ij>
0pi 1_AgK(a;) 1
n/l o - +
f T 4 o o(af)
8(,0 Oeij 1 1
1 i_ 2 J
fl@f i = g o(ﬂ—?+ﬁ—5+si,-)
then, using the results of Appendix A, it yields
_ onslf C 1+ AQK(CI) 3 8811
(DJ(u), 4; —> =Jw) [~ a; D) i Z ' + > &)

J#
Thus, the first expansion follows. For the second, we have

1 dg; 1 9,
(010, 7500 =JwX 3 s, 7570 = I’
1 1 ]

Using the following estimates,

fK(Z ajep J)HW l a%-

1 dyp;
(i, IB_> (
1 d¢; ¢} de;; 1 1
i t/ ij
/l Bal> A,‘ ﬁai o (),2 e /lj +8lj)

21 0pi _ |VeK(ai)l 1
j};{[ﬂai /l aa, =c +0( 2)

{js

Ai ;
we derive, using the results of Appendix A, that
@100 7580 = ~10'% [ero] B o
-y oy o AT 5+ Tl

J#L
The second expansion follows and the proof of lemma 3.1 is thereby completed
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4 Estimates on the v-part.

In the expansion of J(u) above, the v-part is : —(f, v) + Q(v) + O(||v||9).
We first estimate the linear part (f, v):

Lemma 4.1 Let € > O sufficiently small. There exists a nonnegative constant c such that for all v in
H.(a, A) we have :

VoK (a;
v <N

1 1 n+2 n+2
2 + = + Z 2" (loge; . ")2"+2)

i i i#]

where Vy is the so called subelliptic gradient on M, which can be characterized by the identity:
fM(VeM , Viv)y = fM Agu.v, where ( , ), is the Levi form of 6.

Proof. By (3.1) we have (f, v) = m J, K(Zi i) 'v. Using Lemma A9,

LK(Zaiwi)qlv=ZaJ+’z’ngo v+0 Za a,LKtpi% inf(¢;, (,oj)v).

i£]

Then, using Lemma A.8,

Sl fM Kol "y < c||v||(ZWj# + O(Z%) 02, ﬂ,nlﬂ )

On the other hand, K being bounded we have

2 2\ 525 2 oni2 \ 22
5. 242\ 22 2. : 242
LKgoi inf(g;, pj)v < (va +,,> + (f (Ko inf(p;, ¢))) HZ) -
4n+4 %
n+
< vl f 7 inf(gr, @) 7 )
M
42't+4 +1 2042 _ntl ;;22
< c”v”(f " +2n‘p ‘10 n+2 n )
M

n+2

1+1 141 s . -\
([ o6} ) <Ivlo(e " oge, ")
M

>1+ }l, and using Lemma A.6, (c, ¢’ are suitable constants). Thus

Za “Jf KSD,-'% inf(¢;, SDj)V) = ||V||0(Z (loge )2»x+z)

i#j i#j

N

2n+2

since T

which completes the proof of Lemma 4.1.

In order to refine our estimates on the quadratic form Q, given by (3.2), we claim

Lemma 4.2

fK(Zago, "y —Za”K(a)fga Vi
WP o Z'%K(“)' + 3 ehlloge, ).

i i#]
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Proof. First, we proceed as in the proof of Lemma A.8, and we obtain

VyK
fm” . K(a)f‘,o"v w0y ), @1

Next, by Holder, Lemmas A.9 and A.6, and since n+1 > 1+ }L, we have:

’fMK(Z ai‘Pi)ﬁvz—Za;LKgD;vz‘
< ”Vllz(sz ai%’)%—z a;;‘%;’ nH)ﬁ

n+ly L
< IMP f > (sup(aigi, ajp) inf(aigi, aje)) )™

i+
1
< W[ Y taen'™ @)
i#]
< IMIP Y (@)t € log e, ).
i#]

Lemma 4.2 follows from this inequality and (4.1).
1 Z1
Let o(1) = O(Zi 'V"Ijﬂ + /11_2 + izj €5 (log " Yo ) Using Lemma 4.2 we have

o) = z {nvn2 2("+2>Za"1<(a>m f e + P o)

Since ue V(p,e€), u= Z _ @) + v with v € He(a, 1). By (2.6), = K(a) — 1 when € — 0, for
@; K(a/)
i # j. So we can assume the coefficients alf:’ K (ai)% =1 and therefore Q is very close to the

following quadratic form, denoted also by Q:

1 5 2
v) = ——{|vlIF - 222 f "2 4 vzﬁl}. 4.2
W) snz,»a,?{” [ (,,)Z AR 4.2)
Q is bounded on H(a, 1), furthermore, arguing as in the proof of Proposition 3.1 in [6], we derive

the following result

Lemma 4.3 Assume the g;; are small enough. Then there exists ag = aog(p) > 0 such that for all v
in He(a, 1) : Q(v) > aolvI*.

On the other hand one has:

Lemma 4.4 There exists a C! -map v : B, — Hc(a, ), (a,a,d) — W(a,a, ), such that v = W(a, a, A)
is the unique minimum of the functional J on H.(a, 1) :

veH(a,A)

p p
J(Z QAiP(a;, 1) + ‘_}) = min J(Z @iP(a;. 1) + V) (43)
i=1 i=1

and we have the estimate

Il = oA (4.4)
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Proof. Observe that from Section 2, the parameterization of V(p, €) is given by the map
Be x He(a, 1) — V(p,€)
(@,a,2, v) — u= 30 @) +v

where (@, a, 1) is the solution in B, of the minimization problem (2.4), and where v = u—ZfZl QiPa )
is in H(a, A). Since (@, a, 1) € B, &;; are small enough, then by Lemma 4.3, Q is definite, positive,
and lower bounded on H.(a, 1). Thus, there exists a continuous self adjoint, positive and invertible
operator A, such that Q(v) = %(Av, vy on He(a, A) and Bold < A < B11d where 8y > By > 0. Then,
the expansion of J provided by Proposition 3.1 becomes

J@) = yo{1+y1 +y2 = (£ v) + HAv, v) + OV}

where 7y, y; and v, are independent of v, and f is small, since we derive from Lemma 4.1

Vy,K
1Al = Z' oK@l L W+Z 5 (loge; )%, “5)

i*]

Observe that O(||v||?) is, as J is, twice differentiable in v, and it’s differential at the origin is 0(||v||1+72x ).
The expansion of J’ along an increment A near the origin in He(a, ) is J'(u)(h) = yo{—f + Av +
O(||v||'+%), h). The second differential of O(||v||9) is O(Ilvll%). Thus the functional —(f, v) +
%(Av, v)+ O(|[v||?) is coercive in a neighborhood of the origin where ||V||% < ¢q , a small enough fixed
constant, and therefore, using the implicit function theorem, this functional has a unique minimum
v in a neighborhood of zero in H¢(a, 1), which satisfies:

—f+AV+ O(||\7||1+%) =0. (4.6)

Now, since the operator A + 0(||\7||”%) is positive and invertible in a neighborhood of the origin
(depending only on the smallness of v), with inverse denoted A~! and satisfying I 21d > A" >

Z—}ﬁld, there exist ¢, ¢ > 0, such that |[7] < ¢’|A™'f]| < c|If]l. Thus, estimate (4.4) follows, and

Lemma 4.4 is thereby proved. O
For such a v satisfying (4.3) we set in the sequel
14
u= Z Pla;a) T V. 4.7
i=1

Since ¥ verify (4.6), we have : —(f, v) + Q(v) + O(|V||9) = Q(v — V) — Q@) + O(||9||?), and since Q
is definite positive, we have —Q(¥V) + O(||v||?) = o) = O(||f||2). Using then estimate (4.5) on f,
one has

J@W) =yo{l +y1 +v2 + y3} + v Qv — ), (4.8)
J(@) = yo{l +y1 + 72 +y3) 4.9)

where y3 = y3(f) = O(||fI[*), and (setting v = 0),
J(ZL, @ip@.) = voll +y1 + 2} (4.10)

5 More about critical points at infinity.

This section is devoted to characterize the critical points at infinity associated to problem (1.1) under
(N.D) condition. The characterization is obtained through the construction of a suitable pseudogra-
dient at infinity in the set V(p, €), depending on a delicate expansion of the gradient of J near infinity.
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5.1 Morse lemma at infinity.

To establish our Morse Lemma, we need to use the following two technical lemmas. The first
lemma provides some pseudogradient for J which have a very nice behavior near the critical points
at infinity.

We recall that F* = {(yi,.....y;,) € U)W [ y; #y;, if j#k, 1< p <HI*}.

Lemma 5.1 . There exists on V(p, €) a vector field w, for which there exists constants ¢, ¢’, C > 0
independent of Y; a;p; in V(p, €) such that :

@) T @+ &) > (X P + Allz + Dz €ij)-
i) I (Siap)w > oS T+ L+ 5 e).
(iii) |w]| < C.
@{iv) |[daw)| <A, Yiell,---, p}.

(v) The only region where the A; are not bounded along the decreasing flow lines of w, is where
(ai,...,ap) is close to some (y;,, ... ,yip) € F*, and the A; are comparable.

The proof is given below in subsection 5.5.

With the second lemma we focus on the behavior of J(&) in the neighborhood of some critical
point at infinity, and we show that there exists (a, A) such that J(@1) = J(O; aip;), where @; = @i
More precisely, we have

Lemma 5.2 . Let }; ajp; € V(p, €). There exists on V(p, €) a change of variables (a, 1) — (a, D,
such that J(Y; aip; + ¥, a, ) = J(X; aip;) and such that:
() d(ai, @) — 0 as Yij&;+ 2, % — 0,
(#%) Dz &+ Ni 1 — O ifand only if Y€+ X5 — 0.
Proof. See Appendix C.
Here S‘ij = Sij(fl,', (Nlj, ;1,', ;l]) = (?I—’ + % + ;li;ljg(fl,', Zl.,')z)_n.
j i
The following Morse lemma at infinity establishes in V(p, €) a change of the variables (a, a, 4, v)
into (&,a,1,V), (@ = a), where V is a variable completely independent of & and A, which

lives around zero in some fixed Hilbert subspace, and such that J(3; @@, + v) behaves like
J(Zi @i, ) + IVI2. Namely we prove

Proposition 5.1 (Morse Lemma at infinity). Let u = (3, aip; + v) in V(p, €). There exists a C'
change of variables: (a,a,A,v) — (a,a, A, V), such that

J(Z; aigi +v) = J(X; i) + VIR

where V is independent of (@, A) and belongs to a neighborhood of zero in some fixed Hilbert sub-
space.

Proof. By lemma 5.2, there exists (a, A) such that J(@) = J (X; @igi), and using (4.8)-(4.9), we derive
that J(u) = J(&1) + yoQ(v — ¥). But, for € small enough, Q is definite positive on Hc(a, A). Therefore,
there exists a C! change of variables v — ¥ — V, from a neighborhood of v in H,(a, 1), into
a neighborhood of zero in the subspace orthogonal to {g;, 3%'95,-, a‘—zi% ; l<i<p}, such that J (1) =

J(Xi i) + IVIP. qeed. D
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5.2 Characterization of the critical points at infinity.
According to the notations of Definition 2.1 and (1.7), we prove:

Proposition 5.2 . Assume that (1.1) has no solution. Then, the set of critical points at infinity of J
inY"is
= {¢€o = (yil?""yi,,)bo 5 (yil" ~-syi,,) € F+ }

Proof. In fact we will prove that critical points at infinity occur only in the case (v) of Lemma 5.1,
since by Lemma 5.1 the Palais-Smale condition is satisfied along the flow lines of w in the other
cases (see the proof of Lemma 5.1 below). So we assume for a function u = 3; @;¢; + v in V(p, €)
that the concentration points a; converge to distinct critical point y;, in I* and that all speeds of
concentrations A; are comparable. Using the Morse lemma (proposition 5.1 above) and (4.10), it
yields:

J@) = yole, {1 +y1(@ D) + y2(@ D} + IVIP. 5.1)

The variable V is completely independent from the others, and close to zero in a fixed Hilbert
subspace. Then, minimizing with respect to V, the problem is reduced in a finite dimensional prob-
lem. In fact we can do as V was nil. Indeed, one can define on the V-variable the pseudogradient
%—‘f -V, and then V(s) = ¢”*V(0) will go to zero as s goes to +co. Observe that since a;, and hence

(by Lemma 5.2) a;, converge to distinct critical points y;, we have |VyK(a;)| = o(1), and since all

the concentrations are comparable, each &;; = 0( ;2) = 0( ) Therefore y;(a, A) and v (a, A) can

easily be seen as of order Z’].’zl o(%). Now, since AgK(a;) = AgK(y;;)(1 + o(1)), and after a change

of variable A; - b i= ﬁ, it yields (we drop the tilde for simplicity):
Cj 0
L AGK()’
Jw =yl - > —=1 (5.2)
j=1
Recall that vy = yo(a, a) = % Equation (5.2) then, yields a split of the variables a and A.
il Kap)"™
Thus it is easy to see that when a = (ay, ..., a,) is equal to y = (y;, ..., ;,), only the variables 4;
can move. Since —AgK(y;;) > 0, in order to decrease J(u), the only way is to increase the variables
Aj. When 4; = +oo for j=1,..., p, we obtain the critical point at infinity (y;,, ..., ¥i,)eo - O

5.3 Morse index of a critical point at infinity.

Proposition 5.3 Let ¢%, = (yi,, ..., Vi) € F&. Let (%) be the Morse index of J at its critical
point at infinity ¢L,. Then,

l(¢£o) =p- 1+ 25):1(2}1 +1- lnd(K, yi,-))
where ind(K, y; ) is the Morse index of K at ;.

Proof. Using (5.2), itis easy to see that the Morse index of J at the critical point at infinity (y;,, ..., ¥i,)eo
is equal to the Morse index of the functional yy = yp(a, @) at its critical point. Observe that, on
the one side vy, is homogeneous in the variable @, and has an absolute degenerate maximum a =

" K
! , ——) with one dimensional nullity space, and (since one can assume that 2—(a) 1)

K2’ ™" K(u,,) a” K(a))
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; 1 . . .
with a critical value equal to S (27| %¢)™ . On the other hand, yo has a single critical point

Yy =45 ---» ¥i,) in the a—variable. Thus, the critical point of y( has an index equal to p — 1 in the
a—variable. Let @~ € RP~! be the coordinate of @, and, denote by a;r, (respectively a; ), the coordi-
nate of a; along W(y;) the stable manifold of y;, (respectively the coordinate of a; along W, (y;) the
unstable manifold of y;), with respect to a Morse-Smale pseudogradient for K. Then, using a Morse
Lemma for the function y, around its critical point (@, y), we obtain, after a changing of variables,
the following normal form:

Ju) =S *(Zp:
i=1

1 e B P . -
K(y,-)”)m {1 —la |2 + ;ﬂai |2 = la; |2)} (5.3)

Noticing that unstable manifolds for K coincide with stable manifolds for %, the Morse index
searched is equal to p — 1 + Z;’zl (2n+ 1 —ind(K, y;))). Hence the result.

5.4 Stable and unstable manifold of a critical point at infinity

Denote by ¢, the critical point at infinity (y;,, ..., Yi,)eo- Since a Morse lemma at infinity is available
around ¢%,, one can define its stable manifold as usual, that is W,(¢L) is the set of all points attracted
by the asymptote ¢5, through the decreasing flow lines of w.

The unstable manifold is more delicate to define. Rigorously speaking, it is a shadow object,
since it exists only as the limit of W, (u,) the unstable manifold of the critical point u, of the reduced
problem in a section relative to A. Since there is a Morse lemma in this section and since the flow
of w splits the variable A from the other variables near ¢%., one can therefore think of W,(¢%) to be
represented by some W, (u,) for A very large. To be more precise, using the notations of 5.3 above,
the unstable manifold of ¢%, can be defined as:

Wu(@L) = Wu(@, y) X [A, +00) (5.4)

where W, (@, y) is the unstable manifold of the critical point (@, y) of the functional y, and A a large
enough positive constant. [A, +oco) being the domain of the variable A.

5.5 Proof of Lemma 5.1

We will use here the notations and results of Appendix B. Observe that, since the proof of (ii) can
be easily derived from the proof of (i), we will then prove (i).
Since ¥ minimizes J(Zl’.’:1 aip; +v) in He(a,A), J' (&) = J' (3; aip;i + V) = n(J'(@)), and therefore

L NN | N av
T @+ 50 = 7@+ 52) = S @0+ 7,(50)). (5.5)

Since Hc(a, A) is orthogonal to E, we have (7, %) = 0, and then ( aan{/ ,piy=0forl <i<p.
Thus nE(g—‘;’,) € F, that is

ov ov

HE(%) - n]:(%

Using (5.5), (5.6) and Proposition B.1, we get

). (5.6)

ov J' (i1
@+ 50 5 -7 @) - o sup T, 5.7)
w

ger Il
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then, using Lemma B.1, we have

= 6‘7 ! 4
T @) > =] Za/,(p,)w J Za/,gol)vw

J'(u )(¢) ©5)
- u -
+ O(IIPIwll) + O su sup — o il
By Lemmas B.2 and B.3, (5.8) becomes
—J (@)(w + g—;) > —J’(Z aig)W—
5.9

(Y TR Z— b Yo (o i),

l i#]

where C is a universal constant.

We need to define w so that the (P.S) condition should be satisfied on its decreasing flow lines. w
has no action on the @;’s variables, and, moving the a;’s contains no risk for (P.S) condition, since
they lie in a compact set, so we only need

Vs

\Y

0
0 —( sup 4;) <0, 5.10
as(lqu ) ( )

where s is the time along a flow line of w.
Here, we resort to the estimates given by Lemma 3.1. Since [4;.*

J,(Z - J)1a<,ol S IVelj(lai)I ‘%(ZE’V’*%) (5.11)
! Jj#i i

E” !| < c&ij, we derive from (3.4)

where c is a suitable positive constant.
Assuming that

C
28,'] < > (5.12)

— A

J# i

where C is a suitable constant, (5.11) becomes
1 3901 |V9K(ai)| 11

J 5.13
(Z DT G0 PR (5.13)

¢’ a suitable constant. We claim that lemma 5.1 follows from (3.3) and (5.13), if (5.13) holds for
any i. We will prove this later. Assuming that (5.12) does not hold for some indexes, we choose the
index i so that 4; is the largest concentration with

C
Zé‘,‘/ > - (514)
— A
JFI [
then, for 4; > 4;, we have
C
Zekj< ﬁ (5.15)
k#j J



Webster scalar curvature problem on CR manifolds 641

Observe that, if A; and 4; are comparable, or if 4; > 4;, then

8 _ e (14 o(1). (5.16)
; 6/1, —n&;j o .
If they are not, and A; = o(4;), then
a 1/ C 1
A; 6_/1 =0O(g;) < /1—3 = 0(/1—12) 5.17)
Thus (5.14), (5.16) and (5.17) imply
88,] C
J#E J#I i

hence, choosing C large enough, we derive from (3.3)

’ a i C
I QLG > s (5.19)
Jj ! i
(5.11) and (5.19) imply
39’)1 ¢, Oyp; VoK (a;)| 1
| +=J (Z‘ @il > e = (5.20)

for suitable positive constants ¢, ¢. Observe that (5.13) is obtained from (5.20) by taking ¢ = 0.
Thus we established (5.20) for an 1ndex i with A; the largest satisfying (5.14).

Assume now, that we have another index i such that (5.14) holds, but 4; is not the largest. Then
we introduce

={k/ > A, Bjen > f} (5.21)
Observe that for A; > A; we have
osy; oy n
2Ak8 Ly 6/l] Egkj(1+o(1)). (5.22)

We derive, using (5.16) (5.17), the existence of suitable bounded constants ¢, (one can take ¢y =
E2"), such that
c

/ 1 Oy ) 390k VoK(ap)l 1
J(;aj(pj)za—ai|+kzdlckj (ZQJQOJ)/lk T - C_/llz (5.23)
We need to prove lemma 5.1 under (3.3), (5.21), (5.22) and (5.23). For this purpose, and for sake of
simplicity, we assume that

A << A, (5.24)

If
NoK(apl | 1

3

. (5.25)
A c2/l%
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then, (either by (5.13) or by (5.23), we derive

, 1 dgi 1 VoK (a1)l
|J (Z a/j‘;oj)/l_la_ali + ;II Ck.] (Z oz](pj)/lk m H + 4—/11 (5.26)

This, combined with (5.23) again and (3.3) yields, with a suitable constant ¢, for any i,
‘;01 ("]
/l (9 ‘+J(Za’](,0])/l o,

+ > el (Z ajgoj)/lk + Z ' (Z ajgoj)/lk (5.27)

kel

651

Osi; VK@) ¢
ince A, is the smallest) > — > ¢;idi— + =+
(since 4; is the smallest) ; Cij AA; A /112

We would like to construct a combination with given bounded nonnegative constants S3;, ¥;, such
that, using (5.22) and (5.27), we have :

2/3 J'(Z @07 690l|+J’ ZCWJ)Z% e _(ngK(a,n % oY e

Jj#i
We can also require that
) , 1 8(,0, c 1
Bi=0 if |J (Z DT Gar < Top Z (5.28)
Setting then
3 . , 1 6<p, 1 dg;
w= —Z,B,- 51gn(J (; ajp;) 2 6_a, 2 Ba, Zl:y, (9/1 (5.29)
w is then a C' vector field (8; = 0, by (5.28), when J'(3; @j¢;)1 gi’ is small). Since the S;, y; are
bounded, and since || /{ Z‘Z’ || < C and II/L'%II < C, we derive that
[w]] < C. (5.30)
On the other hand, dA;(w) = A; = —a;y;d;; thus
|[daw| <A, Yi=1,...,p. (5.31)
where ¢’ is a constant, and hence (iii) and (iv) are satisfied in this case.
A similar proof can be repeated if
C
e (5.32)
. A7
J#L
even if we assume K@) 5
(USXQ|
. 5.33
4 An (5.33)

Now, we will extend the above proof as follows.
Assume that instead of 4; < --- < 4, we single out a subpack

I T T (5.34)
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a i 6 i
Therefore, we will construct a vector field w;, ,) in Span{ $i —"D} ~ such that
aal oA in<isiv+r
W, nll < C (5.35)
and
—d( sup A)(wi,n) <C sup A (5.36)
1 <i<ij+r 11 <iip+r
Under the hypothesis
VoK (a;,)| 2
_— i its 5.37
1 Er Z; Z Firtsj 2 12 (037
J#ip+s
we obtain
_J,(Z aj‘Pj)(W(i,,r)) (Z Z Ei+s,j + Z — t
j s=0 J<ij+r s=1 l|+Y
JEi +s
S VoK (ai+)\ 1 -
+Z T)—E Z Zgl']JrS,j' (538)

s=1 JEi+r+l s=1

We first assume that such indexes #; satisfying (5.37) exist (we will assume the opposite later on),
and we denote again by i; the index satisfying (5.37) such that 4;, is the smallest concentration.
Since 4;, < -+ < 4p, we derive

, VoK (a )I
-J (Z @ )Wy p-in) > Z : Z elk). (5.39)
J >0 i k=i,
If i; = 1, we have the result. Otherwise, for any ¢ < ij, we have
VoK (ay)| 2
—_— < — d 5.40
A EYP R kz; ; Sk < (5.40)

We claim that lemma 5.1 follows from (5.39) and (5.40), unless:

3 k@) |V9K(a,)| Z 3 e =of /12 0(;%) (5.41)

>0 i k=i, i#k

for some € < ij — 1. Assuming that (5.41) holds, then by (5.40), for i < i —1, we have P84l < 2.,
then ) ‘
AilVoK(a)l < — (5.42)
C

and thus, since A; is very large, [VyK(a;)| = o(1). So, for i < i; — 1, a; is close to a critical point of
K which we denote by y;. Using then a psudohermitian normal coordinates chart centered at a;, or
at y;, (y; is nondegenerate, i.e. the Hessian matrix of K at y;, in this chart, is invertible), we derive
that d(a;,y;) < k|VyK(a;)| for some suitable positive constant «, and then 1;d(a;,y;) < C for each
i <i;—1. Consequently, if for i, j <i; -1, a; and a; are close to the same critical point y;, A_, — 400

Pl
or 3 — +oo, and then g; = 0(%) = 0( 7) Now, if a; and a; are close to distinct critical
i infy, 1)) pu J
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points y; and y;, &;; = 0((/1 y )n) = O(inf@l F )2) = 0(/12) because n > 2. Thus, for all i, j < i; — 1, the

Eij ’s are 0(/12

and therefore

S o= ol )

i#]
This implies
IVaK(a,)I 1
Z =0 E)

>0

Using (5.42) we have

Z|V9K(ai)| <S <l
A 2oa

i<iy

and thus

1

i VoK@l _ <
. A A2
i=1 1

) as well as they are for i, j > i; by (5.41). Thus all the g;’s, in this case, are 0(12)

(5.43)

(5.44)

(5.45)

(5.46)

Since a; is close to a critical point y;, (1 < i;), and since y; is nondegenerate, AyK(y;) # 0, and

AgK(a)) = AgK(y1)(1 + o(1)) # 0, we derive then by (3.3),

, 01 A K(yl) 3811
-J (Z anOj)/lla—/ll =—c 9/12 /12)+Z Cl,/ll .
J 1 i#i

Since A; 5 981 = O(gy;) = 0( ) from (5.40) and (5.41) we derive that,

-J (Z a'](p])/h &'Dl = AQKO]I) + 0(

/12 /12

Observe that by (5.43) and (5.46),

S ViK(a) ]
2( 2 (] /lia + Z F + ZSU).

i=1 %

where ¢ > 0 is as we please.
First, let us assume that
_AQK(yl) > ¢ > 0.

AK(O1) 1
> —
3 e}’

S>3 TS S
i=1 ! i

In this case, we are free to take

So, we have —c=4>+ and then

o1
A
V=N

(5.47)

(5.48)

(5.49)

(5.50)

(5.51)

(5.52)

w will increase 1; (1; = A;), but w will be bounded and will not increase sup; A;, that is, (sul;i A) <

0.
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Next, assume

—NgK(y1) <0, (5.53)
we then take 5
P1
=-A 5.54
o, (5.54)

Therefore, the vector field w given by (5.52) or (5.54), is bounded, satisfies (5.51) and is such that
d(sup; 4;)(w) < 0, that is to say, it satisfies all the required properties. Lemma 5.1 then follows as
soon as i exists.

Assume now that such #; satisfying (5.37) does not exist, that is the case where { = p. Then,
(5.40) holds for any index i, and we get Vi € {1,..., p},

VoK (a;)| 2 c

— < = d i< = 5.55
% gy an ; &ij 7 (5.55)
Thus a; is close to a critical point of K which we denote by y;, and then Aid(a;, yi) = O(1) for

all i. If for i # j, a; and a; are close to the same critical point y;, then fl— or % —> +o00, and
j i

&ij = o<m) Now, if for all i # j, a; and a; are close to distinct critical points y; and y;, then,

sincen > 2, g =0 ) One can assume that

1
(inf(/l,',/lj)z
inf d(a;, a;) < § inf d(yy, y). (5.56)

(If not, the proof is straightforward). Under (5.56), a; and a; are close to the same critical point y;,
then inf(4;, A;)= o(sup(4;, 4,)), so 4; = o(sup; 4;), and therefore

VoK (a;)| 2 1
< ar and Z.s,-j = 0(/1—%) (5.57)
J#I

The same argument used in the previous case can be repeated here, since we obtain once more
(5.48), with 41 = o(sup; 4;).
Observe that the above argument is available as soon as two concentrations are not comparable.

So we will assume now that inf d(a;, a i) = do > 0, and all the concentrations are comparable, that is

1 A . . . .. .
- < /l_l < c. If for some index i, a; is not close to a critical point y;, then &;; = 0(%) = 0(%), and
. 1 J

c
S5 £ sowehave |15, 0003 B> S~ > £ and s
P P
1 690, VoK (ar)| 1
PPREIRH L L CR SR I P
a;Q;j , 1 A2
di =1 k =1 ‘% e

because all the concentrations are comparable. Hence w is also constructed in this case.
Now, we are left with the case where each point a; is close to a critical point y;, (always with
comparable concentrations). We know that

’ a‘/’z AoK()’z 1
—J (Z a,«pl)/l = 2 O(E .

If —AgK(y;) <0, 4; = —A;, so, d(sup; 4,)(w) < 0, and in this case again w is constructed.
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Our final pseudogradient w will be then a convex combination of the previous constructed pseu-
dogradients, since all the involved estimates are compatible with convex combinations.

Finally, it remains the last case, which is the case where the points a; are close to distinct critical
points y;,, having —AyK(y;,) > 0, and such that all the concentrations are comparable. One can argue
as in the proof of proposition 5.2, to conclude that in this region the decreasing flow lines of w are
attracted by the critical point at infinity (y;,,..., ¥ j,,)oo . Thus condition (v) is satisfied, which ends
the proof of lemma 5.1.

6 Proofs of Theorems.

6.1 Proof of Theorem 1.1

In order to prove our Theorem, we introduce the following definition

Definition 6.1 Let N be a submanifold of dimension k of 3.*, and let ¢L, be a critical point at infinity
of Morse index i(¢%,) < k. We say that ¢, is dominated by N, and we write @5, < N, if

NN W(eh) # 0.

Now, for any k € N and any subset X; of {¢2, € F¥ ; i(¢h,) < k}, we recall the following set given
by (1.8)

X;” defines a stratified set of top dimension k. Without loss of generality we can assume it equal to
k. Observe that since ;" is a contractible set, then X;° is contractible in },*. More precisely, there
exists a contraction £ : [0, 1] X Xr - >*,i.e. h continuous and such that Yu € X, h(0,u) = u and
h(1,u) = it a fixed point in X;”. Let

WYX = h([0, 1] X X°).

w(X7) is a contractible stratified set of dimension k£ + 1. Now, we use the flow lines of —dJ, to
deform y/(X;°). By transversality arguments, we can assume that the deformation avoids all critical
points at infinity of Morse index greater than or equal to k + 2.

Recall that FY is the set of the critical points at infinity of J, and Let ~ denotes retracts by
deformation. Using the result of Bahri-Rabinowitz (Proposition 7.24 and Theorem 8.2 of [7]), which
states that each manifold retracts by deformation onto the union of the unstable manifolds of the
critical points and the critical points at infinity of J dominated by the manifold, it follows that

U UACS!
{B% <y (X7), (@l )<k+1}
XU g Wa(#).

(L EFENXx, ¢l<p(X), i(ph)<k+1)

1

Y(Xe)

[l

Now, taking k = kg, where ky is the integer defined in Theorem 1.1, and since kq verifies the assump-
tion (Hy) we derive that

WD) = X 6.1)
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Recall that if N is a finite CW complex in dimension k, then the Euler-Poincaré characteristic is
given by

k
X(N) = > (=1Y/n; 6.2)
=0

where 7 is the number of cells of dimension j of N (see e.g. [15]). In our context, X]‘:: is a finite CW
complex in dimension kg, and the j-dimensional cells of X,‘(’Z are the unstable manifolds of critical

points at infinity of Morse index i(¢%,) = ;.
According to (6.2), we derive that

0 (¢!,
PEOENDINCIEC
(& €Xy)

On the other hand, since w(Xl‘;‘)’) is a contractible set, we derive that )((zﬁ(X,‘;;)) = 1. Taking the
Euler-Poincaré characteristic of both sides of (6.1), we obtain

1= Z (_1)i(¢fo)
(% €Xiy)

which contradicts the assumption (Hy). Hence, there is a solution w, and it is easy to derive from
the above arguments that its Morse index i(w) < ko + 1.

6.2 Proof of Theorem 1.2

Since K =1 + ¢Kj, the functional is

aall*

J(u) = 2 e
(Jooner (1 + €Ko)|ul*76 A d6r)

and for £ = 0 we obtain the Yamabe functional

el

(foaros P30 A )77

Jo(u) =

which possesses a (2n + 2)-dimensional manifold of critical points
Z =0 (@) €S x (0, ®)).

Here 0(,, 1) are the solutions of Yamabe problem on S+ (see [12], [20]). They correspond to the

. . . 1+2
“almost solutions ¢, 4", except that they satisfy the Yamabe equation Lo, 1) = 6(;3) on S1,
The sphere is globally CR equivalent to itself, then standard arguments and results of the previous
sections are valid here.

Let o be the minimum of Jy on Y7, that is
o =Jo(0g, 1) =S

where S is the Sobolev constant, see (A.5). Let J® = {u € 3", J(u) < B8}, B € R. We need the
following Lemma:

Lemma 6.1 Let > 0. For |g| small enough, we have  J7* C J(()”z" c Jorn,
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Proof. Observe that, for u € 3.*, we have

1

J(u) = JO(M) 2 - .
(1 + 8(f§2n+1 u2+5)_1 fgznﬂ K0u2+;)n+l

Since K is bounded on S¥'*!, we derive that
J(w) = Jo(u)(1 + O(e))

where O(¢) is independent of # and O(g) — 0 when € — 0. Whence our Lemma.

On the other hand, using (5.3), the critical level corresponding to a critical point at infinity made
of p masses is
1

K(y)"
which tends to § #7 p!/*D ag & — 0, since K(y;) = 1 + £Ko(y;).
Taking n = % , we can assume |g| sufficiently small that:

)ﬁ

)4
J(O15 e ¥p)e) = ST
i=1

(i) critical points at infinity made of two bubbles or more are above the level o + 37,
and
(i) critical points at infinity made of a single bubble are below the level o + 1.

Therefore, J has no critical points at infinity in the set

Jg:;” =fue)",oc+n<Ju) <o+3n.
Since, arguing by contradiction, we assume that (1.1) has no solution. It follows that J7*37 ~ Jo*1,

where ~ denotes retracts by deformation. Using Lemma 6.1, we have that J(f)r+2n ~ J9*1 Now, we

claim that J*7 is a contractible set. Indeed, from what precedes, it is sufficient to prove that Jg 2

is a contractible set. Let ug € Jg+2"

equation

,and s — u(s, up) the Yamabe flow line. It satisfies the following

{ &= =dJo(u)
u(0) = ug.

We know that the Palais-Smale condition is satisfied for the above equation for all s > 0. When
s — +oo, u(s,up) converges to a single mass in Z. Thus, Jg+2’7 ~ Z. It follows that J(‘]”Z" is a
contractible set, since Z is a contractible set. Our claim follows.

Now, let k( be the integer for which the maximum is achieved in (1.10). Then

(_1)2n+1—ind(K,y) +1. (6.3)
{yel*, 2n+1—-ind(K.y)<ko}

We choose the set
Xko = {(Y)oo NS I+, (Voo < k()}

which is the subset of the critical points at infinity made out of a single mass, and having a Morse
index < k. Now, since the Morse index of (y) 1S i(¥)e = 2n+ 1 —ind(K, y), equation (6.3) becomes

D (6.4)

() €Xky )
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which signifies that k satisfies assumption (Hy) of Theorem 1.1. We introduce

Xg= ) W

() Xy}

It is a stratified set of top dimension kg, and, since it is made of unstable manifolds of critical points at
infinity of a single mass, we derive from (ii) that Xp J7*1. Observe that Xy is contractible in J7*7,
since J7*" is a contractible set. More precisely, there exists a contraction 4 : [0, 1] X XI‘(’(‘)’ — JoH,
i.e. h continuous and Yu € Xl‘;‘)’, h(0,u) = u and h(1,u) = @ a fixed point in X,‘j;’ Let

Y(Xi) = h([0, 1] X X}7).

:,D(X,‘(’;) is a contractible stratified set of dimension ko + 1.

Now let ¢f, € FL \ X;, such that i(¢L,) < ko + 1. If ¢, is made of two masses or more, i.e.
p = 2, then, using the fact that 1//(X,f§) Cc J7*, and using (i), we derive that W(X,Z) NW,(¢h) = 0. By
using (ii), it remains to consider the critical points at infinity made out of a single mass (y)e & Xj,,
and thus, such that i(y.,) = ko + 1. But then, since ky € N, there are no critical points at infinity made
out of a single mass, of Morse index equal to ko + 1. Therefore assumption (H;) of Theorem 1.1 is
satisfied by Y/(X;), and hence Theorem 1.1 applies.

6.3 Proof of Theorem 1.3

We have assumed that K has a set of critical points I = {yg, ¥1, ¥2, ... }, ordered such that K(yy) >
K(y1) > K(y2) > ..., and that yy, y; € I'*, y, e INTH, and y, € I'" \ {yg, y1}.

We recall that k; = 2n + 1 — ind(K, yy).

Observe that for X, = {(30)e, (1)}, the hypothesis (Hy) of Theorem 1.1 is satisfied. Let

X;T = Wu(yO)oo U Wu(yﬂw.

We are going to construct a contraction ¢(X;*) of X} , which satisfies the hypothesis (H3) of Theo-
rem 1.1. For this, using the assumption (A3) of Theorem 1.3, we can choose a positive real ¢, very
close to K(yy), such that K(y) > ¢ > K(y¢), and we define

1
E=Sm

o

C n+l

It follows from Proposition 1.1, that under assumption (A3), (yo)e and (y1)e are the only critical
points at infinity of J, which are below the energy level ¢.

Notice that, in view of (5.3)-(5.4) (or [2], p. 535), the unstable manifold of a critical point at
infinity made of a single mass (), can be described as the product of W(y) the stable manifold of
y with respect to the vector field —9K, with [A, +00) the domain of the variable A, for some large
A>0,ie. W,(¥)o = Wi(y) X [A, +00).

Let J = (ue X*; J(u) < &). We claim that

Lemma 6.2 X,‘:’ is contractible in J¢.

Indeed, using the assumption (A;) of Theoremi?,, it is straightforward to see that N; = Ws(yl) =
Wi(yo) U W(y1) = N, is contractible in N, = W,(y,). It follows that there exists a contraction

g:[0,1]xN, — N,
(t, x) — g, x)
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where g is continuous and such that for all x € Ny, g(0, x) = x and g(1, x) = xp some fixed point
of Nj. Such a contraction gives rise to the following contraction

G:[0,IxXY — 3°
Pls(t, x), )

, x, )
llecge, . 1l

since X,‘:’ can be parameterized by Ny X [A, +0). So G is continuous, G(0, x, 1) = |I£ZX:§II € X;:,)’ and
G, x, A) = ”z*":;” a fixed point in X;°.
0
Using the expansion given by (4.10) with p = 1, and since J is homogeneous, we have

1
Koo E)]

for all (¢, x, 1) € [0, 1] X N| X [A, +o0). Since g(z, x) € N, K(g(t, x)) > K(y2). Then, for 1 > A
large enough,

T(@g(r.0.0) = S

n 1 1
J(@an.n) < S KO {1+ O(E> J<e

It follows that the contraction G is performed under the level ¢, that is to say, if we let zJ/(X]‘:’) =

G([0, 1] x X,‘:‘l’), we then have w(X;j’) c J¢. Whence our Lemma.
Observe now that, under the assumption (A3z) of Theorem 1.3, the lowest level of energy of the
critical points at infinity not belonging to X}, is J(y¢), and it is above the energy level ¢. Thus,

v ) wieh) =o.

{¢heFEXy, }

In particular w(X,jf) satisfies the assumption (H) of Theorem 1.1. Applying Theorem 1.1, Theorem
1.3 follows.

Appendix A.

We recall that
w(z 1) = |1+ —if™ (A1)
denotes the solution of Yamabe problem on H". For (a, 1) € H" X R, we obtain the other solutions

W, defined V (z,1) € H" by :
Wz 1) = V'w(da ' (z,1) (A.2)

(4, are the translated and dilated of w = w(o,1). Then wy, 4 verify on H™:

+2

1
Lo,wa,n = W, j (A.3)

where 6y = d t+2’;~: 1 izjdZj—iZ;dz; is the standard contact form on H". Recall that the nonisotropic
dilation by A > 0 in H" is the map

(z.0) — Az, 1) = (Az, 2%D), (A.4)

and the Sobolev constant S is

S = ( f w(z, %760 A deg)? (A.5)
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Lemma A.1 Forall ¢ > 0, v = % W(a,p) is the solution on H" of the Yamabe equation Lgyv =
c?

cvlti.

In what follows A4;, 4; are large enough positive parameters, and a;, a; are any distinct points

of M. Then, from the results of section 3 and Appendix 1 of [13], we easily derive the following

estimates, provided that n > 2.

4 2 /1 n
fM & (an A OAdY" = S + 0(12%2) (A.6)
Vi __ n 1
<p(a b )9 AdO"=S"+ O(ﬁ) (A7)
f 6’(Cli,/li)l+%9/\d0n = (7) (A.8)
M A
1
f Lo 1) aan® A do" = llg@all> = S" + O(W) (A.9)
M i
LLiﬁ(a,,A[)SD(aj,A,)Q AdB" = cjjg;j (A.10)
1+2
f Py Plaiyf A dO" = cieii(1 + o(1)) (A.11)
M

where g;; is given below (2.2), and ¢;; are positive bounded constants. The next two Lemmas, useful

to the proof of Theorem 3.1, are derived from [6]. We will write ¢; for ¢, 1, in the sequel, and
2

q =2+ P

Lemma A.2 We have
fK(Z aipi +v)! = [K(Z i) + q [[K(Z; i)’y
+atg-1) [ K )+ oGm0
Lemma A.3 We have
fK(Z aip)? =3 af fK<P? +q Dz a?ila’ijSD?fl‘Pj

+O(Zstup(a/l<p,, ,go,)q inf(a;¢;, a]goj))

i#]
The following Lemma corresponds to Lemma A.1 of [10]:

Lemma A.4 Assumen > 2. Leta € M and A > 0 very large. There exists a constant ¢ > 0 such
that

AgK(a) 1

( )+0( )+ 0(/12,,) O(W)'

f Kgo = K(a)S" +
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Proof. We give the proof for sake of completeness. We have

LKQO?;: —K(a)f(p(a})+f(K(x) K(a))go(u . (A.12)

Denoting by B the ball B(a, ), we derive that

[ koo~ kaneiti= [ - kanesh + [ k- k@i,

Using (iii) of Lemma 4 and Lemma A.1 in [13], we get

f (K - K@), = O Wz) (A.13)

On the other hand, using Lemma 3 in [13], with (1.2)—(1.5), we derive that
f(K K(a))cp(a (x)@/\dH" f(K K(a))d'(a, /l)2+ n(X)ONdO" + O( )
= f (K - K(@)cnwg, A)(z, 1) 0o NdOy+ 0( -)
B(O.”)

where x = exp,(z,1), B(0,7) = exp,! B, wo.=A"|1+%(|z>~it)|™, and where (z,1) = (z(x), t(x))

are pseudohermitian normal coordinates centered at a, i.e. such that z(a) = 0, and #(a) = 0. Let

Z;, Z T} be the standard CR structure of the Heisenberg group H", where Z; = (% + iZj% s
<j

Zj = ai
of the function K around a to the second order is: K(x) = K(a) + K)(x) + Ko)(x) + o(p?) where
p = lz*+ £, and Ky(x), resp.  K)(x), is the homogeneous part (in terms of the nonisotropic
dilations) of order 1, resp. 2, of this ?xpansion; m_ore precisely: Kj)(x) = 2?: 1 Z_,-K(a).z j+Z iK(a).z;
and K(g)(x) =T K(a)~t+%Z;{kzl(Z‘]‘ZkK(a)ZjZk+ZjZkK(a)z-jZk"'ZjZkK(a)ZjZk+ZjZkK(a)ZjZk)- Hence :

tzwl ,(1<j<n),and T = t. By virtue of Lemma 3.10 in [17], the Taylor series

fB(O,r )(K(X) K(a))w(() ) = L(OJ')(K(U(_X) + K(g)(x) + o(pz))a)(z(:i (A 14)

Notice that most of the integrals vanish by oddness, so (A.14) becomes :
f (K(x)- K(a))w(o 0= f Z(z Z; + Z,Z)K(a)lz,I* w(o B
B(O,r") BO.) %

2\, 2+2
+ f o(p )“)(0, D
B(0,)

Now, combining the results of Theorem 3.1 and Lemma 3.5 in [17], we derive that for any integer
m > 2, there exists a choice of contact form &', such that, in a pseudohermitian normal coordinates
chart centered at a, we have:

(A.15)

Ay = Ag + O(p"2), (A.16)

and we have also in this same chart

Ay =1 Z(zjz‘, +7,Z)) + 0(p?). (A.17)

=1
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Taking then m > 4 will suffice to derive from (A.16) and (A.17) the relation

1 n _ ~
3 D22+ 2i2)) = g+ O(p?). (A.18)
=1

Inserting (A.18) in (A.15), and using the change of variable (z,7) —> A(z,1) = (Az, A*t), equation
(A.15) becomes:

AK
f (K - K@)’ ) =K@ )+0( )+ 0(—s) (A.19)
B(O,r/) A ﬂ,
where
¢ = f 22w (A20)
Hn

: : . 2 I 1 2y, 245
and using the estimates: LB(OJ,) 2" w1y = O(5m), fB(o,r') o(pw ;) = o(5),
242 .
and f3<o ” O(P*)K(a)lz ,|2w(0* »= O(+;). On the other hand, using (A.7),

242 n 1
K(a) f <p(af;) = K(a)S" + O(ﬁ). (A.21)
M
Collecting then our estimates in (A.13), (A.19), (A.21), and inserting in (A.12), Lemma A.4 follows.

Lemma A.5 For A;, A; very large we have: f K(p;+i<pj = K(a)cijej(1 + o(1)).
M

1+ 1+2 142
ngai gosz(a,-)fgoi (pj+f(K(x)—K(a,-))g0i @j.
M M M

By (A.11) we have K(a,)f ®; 90] K(aj)cijeij(1 + o(1)). We turn to the second integral:

Proof. We have

fM(Km — K(a))p! ) = fB (K — K(@))g! ) + f JCER K@)e, ;.

where B; is the ball B(a;, %). ‘We have for the first term

J = k@l es = ot - K

= O(ﬁ) (K - K(ap)o;+ +0(—o=

Bai.r) /ln+2/ln )

1
0(—)f O(lI(z, Dllg+) w(() 1t (/ln+2/1n)

1.1 1
O(—)— 0(p) w7+ 0
(/17 )/1?+1 jt;((),/l,r’) © (/1”+2’ln)

= 0(%) = O(Eij)

i
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where we used polar coordinates to show that fB(o l_r,)O(p)cu“% = O(%), and the fact that ﬁ =
A i i

O(€;j). Now, we turn to the second term

1+2 1+2 c
f (K(x) — K@)p, "¢; < 2Kl f 0 < —— f @;
¢B CB(a.5) A B(a, 5
C/
< + 0 + O(—=
il o), oo

72 /

c ol 1 1
< — w +0 w+0(—
/ln+2(f( b (0,4;) ( )) /ln+2(/l;l ZL(OAr) (/l’] ))

= o(g;)).

N
)
~

£
N—

Lemma A.5 follows.

Lojgl 1 -1
Lemma A.6 For A;, A; very large we have f (pil+”(p;.+" = O(ei1j+” loge;").
M

Proof. Using polar coordinates we have

1 1+ 1 1
(5,.1+" = f f w]+u
.[L;,- ! B(O.,”) @y = /1}”1 B(0, ;)

i A 2n+ld c
n+l f €+| < n+l IOg /li
4 o (I+pH7T 4

where p = (|z]* + 2)%. Therefore we have

1+ 14l 1 e 1 f S14l ¢
T, T = 6 n o4 P P S —
j[\; 901 90} /li;+l fB’ /l;ﬁ—l B, J (Ai/lj)iﬁl

1+1 -1
O(el.j " log el.j”).

Lemma A.7 If A;, Ajarevery large then,
2, 2 1+1 _1
f K sup(aipi, aj¢))" inf(aigi, @jp;)” = O(g; " loge,").
M

Proof. 1t is straightforward. Since 2 > 1 + % we have

1+ g4l el gyl

2, 2 ’ n n n
fﬁ; K sup(@ip;, aj;)" inf(aipi, ajp;)” < C fM @ g a; gaj
< Claa)'™s A log e

Lemma A.8 There exists a nonnegative constant C such that for all v in He(a, A):

VoK (@)l
fM Kol "'y < Clv ||(QT 0( )+ (w))

142 1+2 1+2
fKsoi*"v:K(ai)fsoﬁ"v+f(K—K(a,-))¢f"v.
M M M

Proof. We have

R. Yacoub
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First we compute the integral:

1+% s1+2 1 _ 1
fM oty fB 61" + Oz IV = f Lgw + 05V

(is v) + O W)uvu o( W)nvn

where we used the fact Ehat (@i, v) = 0, (since v € H(a, ), see (2.5)), and the continuity of the
inclusion § %(M) s [>*%. Next, we turn to

f (K = K@), v = f (K~ K(@))g, v+ f (K~ K(@)g, *v.
M B; s,

Outside of the ball B;, ¢; is O(/li) then fCB_(K - K(ai))go v = 0(/1,,” JIKIE
Now we are left with

f (K—K(a,v))go;Jr%v f (K—K(ap)o," v +0(M+2)||v||
B;

f (K~K(@))5;" v+ O( M)nvn

2 2 o'ﬁffv
(f 242 2n+2 f(K K(a)) n+262+ ) (/l"+2)”v“

vl

N

N

I (K~K(@) o215 +O<M

Using the notations of Lemma A.4, with (z,7) = exp;il (x), the Taylor series of K around a; at first
order is

K(x)-K(a;) = Kay(x) + 0(z*)

> ZiK(az; + ZiK(ai)z; + Ol
Jj=1

= Y, K@)z + 0(z)

where Vy, = (Z, ..., Zy, Zy, ..., Z,) is the CR gradient of H", z = (z;, Z;), and - is the inner product
of R?". Denoting by Vj the CR gradient associated to Ay, and using the relation derived from section
3of [17],

VoK (ai)z = Vo, K@)z + O(Iz)

we derive that

2142 2 Zr:+ 2
f (K-K(a)) =677 < f (VoK @Il + 0zP)) " wiys
B;

B(0,r")

VKa‘ Zz 2,;’:72 2
<[ (e, 0(" 00
(0,4,;7")

A
Taking then everything into account, we find

PP

w2520 !
( fB (K=K(@p)™= 67" v o
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where C = ( J;-nn 2|2 )2'”2 the remainder terms being absorbed by the 0( ) since n > 2.

Therefore

VoK (a)l 1
( A ))

1+
fB (K—Ka)g; "v < CIM| + O(A—iz) +0( prEE

Collecting then our estimates, Lemma A.8 follows.

1

Lemma A.9 (Lemma 1.2 [6]). There exists M > 0 such that for any (ay, ...,a,) € R and a > 0 :
|(Zia)® = 3 a?] <M Ty lail* "t inf(lai, laj).

Appendix B.

In this Appendix, we fix some notations, and we establish some basic results, used in the proof of
Lemma 5.1. Let
dpi Opi dpi  Og;
_,_a1<l<P}, a_° a4,
(9a,- 6/1,~ 6a,~ 0/1,‘
o Sf — E (resp. m, : S% — F) the orthogonal projection on E (resp. on F).

Let w be an increment in the space of the variables (a, 1). Then the variation of v along w is

E = Span{ Qi F = Span{ , 1<i<p}

denoted by 0((;92 /D(W) = 4. Observe that, since w is a variation in (a, 4), or equivalently in F, and
denoting by da;(w) = a; (resp. dA;(w) = A;) the action of w on a; (resp. on 4;), we have:
d¢i 690,
a /l
aa,

Proposition B.1 Let w be an increment in the space of the variables (a, A). Then, provided (a, a, 1) €
B., € adequate, there exists a constant ¢ > 0 independent of w and of (a,a, A), such that

”
Ve F (m(50).6) <E Il

Proof. Since v € H.(a, 1), we have VY ¢ € E, thus a fortiori V¢ € F

(v, ¢)=0. (B.1)
Differentiating (B.1) with respect to w one has { g—‘i, ,p)y=—(V, %) where
¢ . 1 8¢ 4 (9¢ A;
= it -
Z aal it Z 6/11 Z(/l, Ba,- 6/1 /1 )

Since ¢ is a linear combination of + 9 and ;2 which are almost orthogonal, it is easy to see that

/l da; ’B/l
there is a positive constant ¢ such that || 1 72 L 99 ol 12,2 cligl, hence [ 22| c||¢|| i Ailai] + b,

igell <

On the other hand, there is a uniform posmve constant ¢ such that ||+ T3 dd’ || ||/l i || co, and we
a .
have also { 1 gi’ ; aﬁ’) = O(g;j) which is small. Then, noting that w = ; %gﬁl At + /l,z—ﬁ‘A—‘ we

derive that [[wll > L ¥(Alal + %) and thus

0 j _
(5, S00] < climtigl > + U) < gl

Therefore one has |( %, ) >| < cl[vllligllllwl|. Proposition B.1 follows.
To prove lemma 5.1 we also need the following sequence of Lemmas.
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Lemma B.1 J'@w = J'(3; aip)w + J"(3; i)y w + O(IFIPlIwl]) .

Proof. Recall that # = }; a;; + V. We have

2 2 2_
| Il it — (Z aip)' T - <1+%)(Z @) V| <
i i

- 21212
o (L TS S N Ll )
i

where 1y is the function equal to 1 on the set X. Thus,

fKIﬁﬁL‘thfK(Za,tp, 1+nW+(1+ )fK(Za,-ga,-)%\'/w+
i
—1+2 2_1,=
of f 171147 ] + f O g I ).
|3 qigil<Ivl -

Observe now that, for any w € F we have pointwise |w(x)| < C||w||(3; @ip:)(x), since any |/1 i (x)|

i3
and | /{ ,‘Z’ (x)| are bounded by Cy;(x) and since the components of w are upperbounded by ||w]|.
Therefore
[t | (0?1 < CUTP + P
| 2 crigil<[?]
and hence,

2 _ 2 2 _ —
f Kl = f K i) *iw+ u+%>f KCY aig)tow + O(IFIPIwI),
i i

and then Lemma B.1 readily follows.
Lemma B.2
77 - _ |V9K(al)| ";2 —= ":2
J (Z aig)v w = W] O(Z e Z_, + ; 7 (loge, ")),

Proof. Observe that, since v € H¢(a,1) and w € F (that is, w has no component on ¢;), we have
(w, ;) = (w, Py = 0, and thus

J”(Z @)W = — J(@) 5 (142 f K(Z @) W
fK(Za',(p)H“W fK(Za't‘Pz "V

For the second term of the right hand side, we operate as in the proof of lemma 4.1, and we find

[K a0t = o ¢ Z + Yo% (logs % )

1 i#j

(B.2)

fK(Z @) 5 = [l O(ngliai)' Z + Zgl]”{n (logg )2n+2 )
i i !

i#]



658 R. Yacoub

Now, to estimate the first term, we will estimate f K, ai<p,~)%\7¢ for ¢ = ; ail or ¢ = A a‘j’, the

result will be true for w since w is in F. Using the fact that such ¢’s are orthogonal to ¥, and that
|¢p(x)| < Cyp;(x) where C is a universal constant, we have

fK(x)(Zasoz )" v f (K- K(ap)(aigy) 76 + O ﬁVIcp > inf(aigi, aj¢))

J#L
+0( f e aje;))
Qi< Y i AP

J#E

f(K K(a; ))(01901 "V¢ + O ﬁv|90” Z inf(a;ep;, aj‘pj))

JEI

2n+2 q =
o(lvlf f O Tl !
ai¢i<2/‘:[f’j¢j

J#I

and, using estimates as in lemma 4.1, we derive that
2 VoK (a;)|
f K( Z aipi)" o= ||v||0(Z n Z_, +;sl, # (loge i), (B.3)
Observe that by (4.4) and (4.5) we have the following estimate on v

||v||=0(Z'V"IjF“")| Z—+Z(9U2n (log & 3. (B.4)

l i#]

Lemma B.2 follows by (B.2)—(B.4).

Lemma B.3 supw
ger  lI9ll

Proof. We recall that (¥, A; g‘j’)

VoK (a; 1 52 — e
— O(Zil g/lfu I 4 Zi/l_z"' Zi;tjsijz" (log & )2n+2),

(, %%) = 0; thus, for ¢ € F, we have:

J/(ljl)¢ = J@m)(u, ) — fKJ(ﬁ)2+£ﬁl+%Signﬁ¢ — —J(ﬁ)z'*'% fKL'tH%signﬁgS.
Arguing as in the proof of lemma 4.1, one has
. [VoK(a))|
J @) <lglloy = ; Z + e (loge, ),
i ! l i*]

from which we derive lemma B.3.

Appendix C.

Proof of Lemma 5.2. The vector field w, provided by Lemma 5.1, is C! and therefore integrable. It
satisfies the (P.S) condition on the decreasing flow lines of J, away from the critical points at infinity.
Let n, be the 1-parameter group generated by w, we have

Ind Ziig) = w(n(Z; i),
n(Ziaw) = 2, igi.
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By lemma 5.1, J(7,) is a decreasing function of s. Observe that since ¥ is a minimizer, we have
J(@) < J(3; @ip;). Now, using the estimates (4.9), (4.10), we have J(u) = J(3; a;p;) + o(1). Since
the flow line started from }; @;¢;, which is not a critical point at infinity (a critical point at infinity
occurs only when A; = +00), the flow line should have been down the level J(i1) before it exits from
V(p, €), which is the region where the vector field w is defined. Thus, there is at most one solution
to the equation

T Y i) = J (@, (C.1)

Indeed, assume that the initial data }; @;¢p; is in V(p, &) with gy < § Then the flow line will move
from 0V (p, 5) to dV(p, €), and during this traveling we have

=J' (ns(X; i) > (X Wiﬂ + 712 + Xz €ij)
dist(dV(p, 5), dV(p,e)) =a(e) >0, and |w||<C.

If we denote by As the duration of the trip from dV(p, 5) to V(p, €), then we have a(e) < C as. If
we let y(e) = %, then J(ny(3; @i¢;)) should have decreased at least of y(€) during this crossing.
Using estimates (4.9) and (4.10), we derive that J(i1) — J(3; @i¢;) — 0 as € — 0. Then, if we choose
€ small enough, we have J() > J(3; @;¢;) —y(€), that is to say, J(15(>; @;¢;)) crosses the level J(it)
before 1,(3; @ip;) leaves V(p, €), and therefore, equation (C.1) possesses a unique solution.
Conversely, starting from }; a@; € V(p,€’), € as small as we please, we would like to find
Yiaipi = n-5(2; @ig:) so that
@) =J( ) aip). (C2)

Observe that by lemma 5.1, J(i(—s) ) = JI (n_s(zi ai@;) + (- (X; @i@; ) ) is an increasing function
of s; so at time s = 0 we have J(3; @;@; + ¥(a, @, 1)) < J(3; ai@; ). Therefore, there is at most one
solution for (C.2). Note that, along an increasing flow line for J, one has %(Z caipi) = —w(X; aip),
so one might exit from V(p, €'); but the former argument applies here again, and we would have
gone higher than J( }; @;¢;) before exiting from V(p, €’).

The other possibility is that the increasing flow line goes to infinity before reaching the level
J(X; a;p;). If this happens the ¢; corresponding to the highest concentration A; will go weakly to
zero, thus A; goes to +oo. However, since, by lemma 5.1, |[dA;(w)| < ¢’4;, this will happen at an
infinite time. Observe that since

ov 1
y o
-J (u)(W + 6_W) > C(Z €+ Z ?),
i#] i i
we must have, on such a flow line, at least for a subsequence (si), sy — +oo, Zi#j €j(—sk) +

i %;(—Sk) — 0. This implies that ¥(_ (3; @i¢;)) — 0, and then
J(a(=sp)) — J(X; @ipi(=s¢)) — 0. Thus,
lim sup J(@(—s)) = limsup J (17— ;0 > J ;7;
> J(Z aig; + Wa, @, ).

Hence, by continuity, (C.2) must have a solution. The required diffeomorphism is then given by 7;
which solves (C.1)-(C.2).
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To complete the proof of Lemma 5.2 we need also to show that (x) and () hold. Set }’; a;p;(s) =
X @i = Ns( 2i @ig;). Since w has no action on the variable @, we have

=Y g 20 3i(s)  Ai(s)
W—me) S (ﬂ(>,(s>)+Zom<> G

where @;(s) and A;(s) denote the action of w on the variables a; and ;. Observe that g;j = o(1), and
1 9¢i(s) 6¢,(S) 1 9¢i(s)

T oa and 4 HT aa; ” <
and 0 < ¢y < “/l WWH C. Since w is bounded, it yields that |1;d;| < C and |7 < C. On the other

og; Og;
hand, (%8,/ < Cegjj, and A; M” , A' (')a] are O(g;;), then we have,

are nearly orthogonal, both of order O(y;), and such that 0 < ¢y <

~Csg, j(g)( )e,-j(s) < e“g;(0)
S Cs
20 <eé (C.3)

eCs
d(a;, ai(s)) < 0

€7CY < 22

Since s satisfies equation (C.2), the time s needed to have J(@)=J(n;( X; ai¢;)) is bounded because
we have —J' @) (w+ 45) > o(Z; PH9L + 31 £+ X, %), and, by (4.9)-(4.10), J(@) - J(X; aigr) =
o(Y; Wjﬂ + Vg € F X %) Using (C.3), we see that c%(a,-, @;) = d(a;(0), a;(s)) tends to zero when
i /1%(0) tends to zero, which establishes (x). Since s is bounded, (¥ €;+ 3 A%)(O) tends to zero is
equilvalent to (Xizj &)+ X )—112)(s) = Yz &+ 2 %2 tends to zero. Thus, we der’ive (*x), and lemma
5.2 is thereby proved. O
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