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Abstract.

This paper is about prescribing the Webster scalar curvature on a compact CR manifold

of dimension 2n+1 ≥ 5, which is locally CR equivalent to the standard CR unit sphere

S2n+1. The associated variational problem being noncompact we approach this issue with

techniques from the critical points at infinity theory, combined with topological tools. Our

existence results are based on a generalized Bahri-Coron type criteria. We also give an

upper bound on the Morse index of the obtained solutions.
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1 Introduction. Main results.
Let M be an orientable compact real (2n+1)-dimensional CR manifold and θ a given contact form on

M. We denote by L = 2(n+1)
n Δθ + Rθ the CR invariant laplacian of M, where Δθ is the sublaplacian

operator, Rθ the Webster scalar curvature associated to θ.

Let K be a strictly positive C2 function on M.We try to find conditions under which K is equal to

the Webster scalar curvature Rθ̃ of some contact form θ̃ on M, which is CR equivalent to θ. This is

the Webster scalar curvature problem on CR manifolds. This problem amounts to finding a function

u such that: {
Lu = Ku1+ 2

n

u > 0 on M.
(1.1)

Notice that if K is taken to be constant, then (1.1) is the CR Yamabe problem, which was dealt with

in [16], [17], [18] and [13].

The main difficulty of problem (1.1) comes from the presence of the critical Sobolev exponent
2(n+1)

n . Indeed, our problem enjoys a variational version. Let S 2
1 be the completion of C∞(M) for the

norm ‖u‖ = (∫
M Lu u θ∧ dθn) 1

2 . Let
∑
=
{
u ∈ S 2

1

/ ‖u‖ = 1
}

and
∑+ = {

u ∈ ∑ /
u > 0

}
. The

Euler-Lagrange functional associated to problem (1.1), denoted by J, is then defined on S 2
1 by

J(u) =
‖u‖2(∫

M K|u|2+ 2
n θ ∧ dθn

) n
n+1

·

One knows that if v is a critical point of J in
∑+, then the function u = J(v)

n
2 v is a solution for (1.1),

and thus the contact form θ̃ = u
2
n θ has its Webster scalar curvature Rθ̃ = K.

Problem (1.1) therefore amounts to finding the critical points of the functional J. However, the

functional J does not satisfy the Palais-Smale condition, that is to say there exist critical points at

infinity (or asymptotes), which are the limits of noncompact orbits for the gradient flow of −J. In

http://www.iceni.com/unlock.htm
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addition, as in the conformal case, in the CR case there are topological obstructions of Kazden-

Warner condition type to solve (1.1) (see e.g. [14]).

With collaboration of H. Chtioui and M. Ould Ahmedou, we have obtained in [10] some exis-

tence results to problem (1.1) for n ≥ 2 through topological methods initiated by Aubin-Bahri in

[2], and in [11] we have obtained some existence and multiplicity results to problem (1.1) for n = 1,

using some “Morse inequalities at infinity”. Among other articles devoted to this subject, one can

cite [20] where A. Malchiodi and F. Uguzzoni established some existence results for problem (1.1)

when M = S2n+1 using a perturbative method due to Ambrosetti and Badiale (c.f. [1]), and also [12]

where V. Felli and F. Uguzzoni obtained solutions to this problem on the Heisenberg group and CR

spheres, in the case of presence of symmetry, as well as in the perturbative case.

In the present paper, generalized Morse theory is used in combination with the theory of critical

points at infinity. More precisely, one knows that a critical point at infinity, as a usual critical point,

induces a change in the toplogy of the descendent level sets of J. Our main idea is to compute the

contribution of some critical points at infinity into some changes of topology, and, since arguing

by contradiction we are assuming that (1.1) has no solution, our main problem consists to finding

conditions on K such that one observes some change of topology, that cannot be explained by the

only contribution of the critical points at infinity. Such a situation, if it occurs, leads to the existence

of (genuine) critical points for the functional J. Notice that once a Morse type reduction is performed

around critical points at infinity, there is no difficulty to compute their Morse index and to define

their stable and unstable manifolds (see Section 5).

To state our results, we need to recall the construction of the family of “almost solutions” ϕ(a,λ)

of the Yamabe problem on M. Since M is compact and locally CR equivalent to the standard CR

sphere S2n+1, any point a of M has a neighborhood containing a ball B(a, r), where pseudohermitian

normal coordinates can be defined (see [16], [17]), r > 0 is independent of a, and there exists a

positive function ua on B(a, r) such that θ0 = u
2
n
a θ, where θ0 = d t +

∑n
j=1 iz j dz̄ j − iz̄ j dz j is the

standard contact form on the Heisenberg group Hn. Let χ : R+ −→ [0, 1] be a cut off function such

that:

⎧⎪⎪⎨⎪⎪⎩χ(t) = 1 if 0 � t � r
2

χ(t) = 0 if t � r.
Define on B(a, r) the function χa(x) = χ

(‖ exp−1
a (x)‖Hn

)
where exp−1

a is the parabolic exponential

map based in a (see [17]), and where, putting exp−1
a (x) = (z, t) , ‖(z, t)‖Hn = (|z|4 + t2)

1
4 is the norm

of the Heisenberg group.

Let λ be a positive large parameter. We introduce on B(a, r) the function:

δ(a, λ)(x) = cnλ
n|1 + λ2(|z|2 − it)|−n (1.2)

where the constant cn is such that the equation L0δ(a, λ) = δ(a, λ)1+ 2
n is satisfied on B(a, r). Here

L0 =
2(n+1)

n Δθ0
is the CR invariant laplacian of Hn. Observe that

δ(a, λ) = cn ω(0,λ) ◦ exp−1
a (1.3)

where ω(0,λ) is a solution of Yamabe problem on Hn (see (A.2) in Appendix A).

We define a family of “almost solutions” ϕ(a,λ) to be the unique solutions of:

Lϕ(a,λ) = δ
′(a, λ)1+ 2

n on M, (1.4)

with ⎧⎪⎪⎨⎪⎪⎩δ′(a, λ)(x) = χa(x)ua(x)δ(a, λ)(x) on B(a, r)

δ′(a, λ)(x) = 0 on CB(a, r).
(1.5)
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Let K : M −→ R be a C2 function having a finite set of critical points denoted by I:

I = {y ∈ M ; ∂K(y) = 0}.

Let

I+ = { y ∈ I such that , −ΔθK(y) > 0 }
and, denoting by �I+ the cardinality of I+, let F+ be the set

F+ =
{
(yi1 , . . . , yip ) ∈ (I+)p / yi j � yik if j � k , 1 ≤ p ≤ �I+

}
. (1.6)

We say that K satisfies (N.D) a non-degeneracy condition if it satisfies:

(N.D) ∀y ∈ I, ΔθK(y) � 0.

We prove in section 5 (Propositions 5.2 and 5.3) the following result:

Proposition 1.1 Assume that (1.1) has no solution, n ≥ 2, and let K : M → R be C2 be positive and
satisfy (N.D). Then, the critical points at infinity (see definition 2.1 below) of J in

∑+ correspond to
p∑

j=1

1

K(yi j )
n/2ϕ(yi j ,+∞) := (yi1 , . . . , yip )∞.

where (yi1 , . . . , yip ) ∈ F+. The Morse index of such a critical point at infinity is:

i
(
(yi1 , . . . , yip )∞

)
= p − 1 +

∑p
j=1

(2n + 1 − ind(K, yi j ))

where ind(K, yi j ) is the Morse index of K at yi j .

Let F+∞ be the set of critical points at infinity of J. According to Proposition 1.1,

F+∞ =
{
φ

p
∞ = (yi1 , . . . , yip )∞ ; (yi1 , . . . , yip ) ∈ F+

}
. (1.7)

If φ
p
∞ ∈ F+∞, then Wu(φ

p
∞) denotes its unstable manifold and Ws(φ

p
∞) its stable manifold, with respect

of the C1 vector field −∂J. We have,

dim Wu(φ
p
∞) = codimWs(φ

p
∞) = i(φp

∞).

Now, for any k ∈ N and any subset Xk of {φp
∞ ∈ F+∞ ; i(φp

∞) � k}, we define the following set

X∞k =
⋃
φ

p
∞∈Xk

Wu(φ
p
∞). (1.8)

X∞k is then a stratified set of dimension at most k. Without loss of generality we can assume it equal

to k. Observe that since
∑+ is a contractible set, then X∞k is contractible in

∑+. Let ψ
(
X∞k

)
be a

contraction of X∞k in
∑+. Then we have the following existence result:

Theorem 1.1 Assume n � 2. Let K : M −→ R be a C2 positive function satisfying (N.D). If there
exists k0 ∈ N and Xk0

⊂ {φp
∞ ∈ F+∞ ; i(φp

∞) � k0} such that

(H1)
∑
φ

p
∞∈Xk0

(−1)i(φp
∞) � 1

(H2) ψ
(
X∞k0

) ∩Ws(φ
p
∞) = ∅, for all φp

∞ ∈ F+∞ � Xk0
such that i(φp

∞) � k0 + 1,

then there exists a solution w of (1.1) such that i(w) ≤ k0 + 1, where i(w) is the Morse index of the
solution w.
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As an example of functions satisfying the assumptions of Theorem 1.1 we give the following per-

turbative result, in the case where M is the standard CR sphere S2n+1. So we let K : S2n+1 −→ R a

C2 function, and we introduce the following perturbative assumption:

(C.C) K(ζ) = 1 + εK0(ζ) , ∀ζ ∈ S2n+1, where K0 ∈ C2(S2n+1) and |ε| small.

We introduce the following set:

ℵ = { k ∈ N /∀y ∈ I+, 2n + 1 − ind(K, y) � k + 1
}
. (1.9)

For example if k � 2n + 1 then k ∈ ℵ.

The next existence result generalizes the perturbative result of Malchiodi-Uguzzoni [20]:

Theorem 1.2 Let n � 1, K : S2n+1 → R a C2 positive function satisfying (N.D) and (C.C). If

max
k∈ℵ

∣∣∣∣∣∣1 − ∑
y∈I+

2n+1−ind(K,y)�k

(−1)2n+1−ind(K,y)

∣∣∣∣∣∣ � 0 , (1.10)

then, for |ε| small enough, there exists a solution w of (1.1) such that i(w) ≤ k0+1, where k0 realizes
the maximum in (1.10).

As a corollary we find the result of [20]:

Corollary 1.1 Let n � 1. K : S2n+1 → R a C2 positive function satisfying (N.D) and (C.C). If∑
y∈I+

(−1)2n+1−ind(K,y) � 1 ,

then, for |ε| small enough, there exists a solution for problem (1.1).

Now we return to a general CR manifold M. To state the existence result that follows, let us

assume, without loss of generality, that I = {y0, y1, y2, . . . }, the critical points being ordered such

that

K(y0) � K(y1) � K(y2) � . . .

(A1) Assume that y0, y1 ∈ I+ and y2 ∈ I � I+.

For y ∈ I we denote by Ws(y) the stable manifold of y with respect of the C1 vector field −∂K, and

by Ws(y) its closure. Let

N1 = Ws(y1) and N2 = Ws(y2).

Let ∂ be the boundary operator of the Floer-Milnor Homology associated to the functional K, (see

[5], [22]).

(A2) Assume that ∂N2 = N1.

Let y� be the first critical point of K below y2, which belongs to I+, and:

(A3) Assume that K(y2) > K(y�).

then, we have:

Theorem 1.3 Assume n � 2. Let K : M → R be a C2 positive function satisfying (N.D). Under
assumptions (A1), (A2) and (A3), there exists at least a solution w of (1.1) such that i(w) ≤ k1 + 1,
where k1 = 2n + 1 − ind(K, y1).
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Our paper will be organized as follows. In Sections 2 we study the lack of compactness in the

variational framework. Sections 3 and 4 are devoted to estimate the behavior of J in the neighbor-

hoods of its potential critical points at infinity. In section 5 we state the Morse lemma at infinity,

which is a crucial result, and we give the available information on the critical points at infinity of the

functional J. Section 6 is devoted to proving our main results.

2 Defect of compactness.

Since the exponent 2(n+1)
n is critical for the Sobolev embedding S 2

1 ↪→ L
2(n+1)

n (M), which is continuous

but not compact, the functional J does not satisfy the Palais-Smale condition. In order to describe

the sequences violating the Palais-Smale condition (see [4], [9] [19], [21]), we introduce in a natural

way, for p � 1, the set

Ep = (0,+∞)p × Mp × (0,+∞)p , (2.1)

which is the space of the variables (α, a, λ) = (α1, ..., αp, a1, ..., ap, λ1, ..., λp) , and in particular we

consider, for a small enough ε > 0, the following subset of Ep:

Bε =
{
(α, a, λ) ∈ Ep, s.t.

∣∣∣∣ α 2
n
i K(ai)

α
2
n
j K(a j)

− 1
∣∣∣∣ < ε , εi j < ε , λi >

1
ε

}
, (2.2)

where εi j = εi j(ai, a j, λi, λ j) =
( λi
λ j
+
λ j

λi
+λiλ jd̃(ai, a j)

2)−n
where d̃(x, y) = ‖exp−1

x (y)‖Hn if x and y are

in a small ball of M of radius r, and d̃(x, y) is equal to
r
2

otherwise. Now, we define the set V(p, ε)
of potential critical points at infinity to be:

V(p, ε) =
{
u ∈ ∑+ / ∃ (α, a, λ)∈ Bε s.t.

∥∥∥∥u − i=p∑
i=1

αiϕi

∥∥∥∥ < ε} (2.3)

where ϕi = ϕ(ai,λi) is the “almost solution” defined by (1.4) in the introduction. Then, the following

result gives a complete description of the noncompact sequences along which the functional J is

bounded and its gradient goes to zero.

Proposition 2.1 Assume that (1.1) has no solution. Let (vk) be a sequence in
∑+ such that J′(vk)→

0 and J(vk) is bounded. Then, there exists an integer p ∈ N∗, a sequence (εk), εk > 0, εk → 0, such
that, up to an extracted subsequence, vk ∈ V(p, εk).

Proof. One can operate as in section 4 of [13], making some minor modifications. �
Now, for u ∈ V(p, ε), we consider the minimization problem:

min
(α,a,λ)∈Bε

∥∥∥u −∑p
i=1
αiϕi

∥∥∥. (2.4)

The following proposition follows from the corresponding results of [3] and [4]:

Proposition 2.2 Let ε small enough. For any u in V(p, ε), the minimization problem (2.4) has a
unique solution (α, a, λ) in Bε up to permutation.

Thus, for ε > 0 sufficiently small, any function u ∈ V(p, ε) can be uniquely written as: u =∑p
i=1
αiϕi + v , where (α, a, λ) ∈ Bε and v ∈ Hε(a, λ), where

Hε(a, λ) =
{
v ∈ {ϕi,

∂
∂ai
ϕi,

∂
∂λi
ϕi ; 1�i�p

}⊥
, ‖v‖ < ε

}
, (2.5)
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where orthogonality is relative to the inner product 〈u, v〉 =
∫

M Lu.v θ∧ dθn. Furthermore,

∀ i � j , α
2
n
i K(ai)

α
2
n
j K(a j)

−→ 1 when ε → 0. (2.6)

Definition 2.1 A critical point at infinity of J in
∑+ is a limit of a flow line u(s) of the equation⎧⎪⎪⎨⎪⎪⎩ ∂u(s)

∂s = −J(u(s))

u(0) = u0

such that u(s) remains in a set V(p, ε(s)) for all s � s0, where ε(s)→ 0 when s→ +∞, and where u0

is an initial condition. Using Proposition 2.2, u(s) can be written as u(s) =
∑p

i=1
αi(s)ϕ(ai(s),λi(s)) +

v(s). If we let αi = lims→∞ αi(s) and ai = lims→∞ ai(s), then such a critical point at infinity is

denoted by
∑p

i=1
αiϕ(ai,+∞) or (a1, ..., ap)∞.

Characterization, strictly speaking, of the critical points at infinity of J in
∑+ is provided by Propo-

sition 5.2 in Section 5.

3 Expansion of the functional and its gradient.

3.1 Expansion of J.
We want to understand the behavior of J near infinity, that is when a flow line of ∂J, the gradient of

J, enters into a set V(p, ε). We provide a local expansion of J in this set:

Proposition 3.1 For ε > 0 small enough, let u =
∑p

i=1
αiϕ(ai,λi) + v in V(p, ε), with (α, a, λ) ∈ Bε and

v ∈ Hε(a, λ). Then we have the following expansion of J :

J(u) = γ0(α, a)
{
1 + γ1(a, λ) + γ2(a, λ) − 〈 f , v〉 + Q(v) + O(‖v‖q)

}
where

γ0(α, a) =
S

n
n+1 (

∑
i α

2
i )(∑

i α
q
i K(ai)

) n
n+1

, γ1(a, λ) = −
∑

i

ci
ΔθK(ai)

λ2
i

+ o
(∑

i

1

λ2
i

)
,

γ2(a, λ) = O
(∑

i� j

εi j(1 + o(1)) + ε
1+ 1

n
i j log ε

− 1
n

i j
)

〈 f , v〉 = 2

S n∑
i α

q
i K(ai)

∫
M

K
(∑

i

αiϕi
)q−1v (3.1)

Q(v) =
1

S n ∑
i α

2
i

{
‖v‖2 −

2(n + 2)
∑

i α
2
i

n
∑

i α
q
i K(ai)

∫
M

K
(∑

i

αiϕi
) 2

n v2
}
, (3.2)

where ci are positive constants, S is the Sobolev constant given in (A.5), and q = 2+ 2
n .

Proof. Let J(u) = J(
∑p

i=1
αiϕi + v) = ‖u‖2(∫

M Ku2+ 2
n
) n

n+1
= N

D .

Since v ∈ Hε(a, λ), using (A.9) and (A.10), we have

N =
∑

i

α2
i

∫
M

Lϕiϕi + ‖v‖2 +
∑
i� j

αiα j

∫
M

Lϕiϕ j
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= S n
∑

i

α2
i + O

(∑
i

1

λ2n
i

)
+
∑
i� j

αiα jO(εi j) + ‖v‖2.

= S n
∑

i

α2
i

{
1 +

∑
i� j

αiα jO(εi j) + O
(∑

i

1

λ2n
i

)
+

1

S n ∑
i α

2
i

‖v‖2
}

Next, using Lemma A.2 we have:

D
n+1

n =
∫

M K
(∑p

i=1
αiϕi + v

)q
=

∫
M K

(∑
i αiϕi

)q
+ q

∫
M K

(∑
i αiϕi

)q−1v

+q(q − 1)
∫

M K
(∑

i αiϕi
)q−2v2 +O

(‖v‖q).
Using Lemmas A.2−A.7 we obtain

D
n+1

n =
∑

i

α
q
i K(ai)S n +

∑
i

α
q
i c̄
ΔθK(ai)

λ2
i

+o
(∑

i

1

λ2
i

)
+ O

(∑
i

1

λ2n
i

)
+ q

∑
i� j

α
q−1

i α jci jεi j(1 + o(1)) + O
(∑

i� j

ε
1+ 1

n
i j log ε

− 1
n

i j
)

+ q
∫

M
K
(∑

i

αiϕi

)q−1
v + q(q − 1)

∫
M

K
(∑

i

αiϕi

) 2
nv2 + O

(
‖v‖q

)
.

Hence

D = S n n
n+1

(∑
i

α
q
i K(ai)

) n
n+1

{
1 +

∑
i

nαq
i c̄

(n + 1)S n ∑
i α

q
i K(ai)

ΔθK(ai)

λ2
i

+ o
(∑

i

1

λ2
i

)
+ O

(∑
i

1

λ2n
i

)
+O

(∑
i� j

εi j(1 + o(1))
)
+O

(∑
i� j

ε
1+ 1

n
i j log ε

− 1
n

i j
)
+ O

(
‖v‖q

)
+

nq
(n + 1)

∑
i α

q
i K(ai)S n

∫
M

K
(∑

i

αiϕi

)q−1
v

+
nq(q − 1)

(n + 1)
∑

i α
q
i K(ai)S n

∫
M

K
(∑

i

αiϕi

) 2
nv2

}
.

Finally, computing the quotient J(u) = N
D we obtain the expected expansion of J, where Q, given in

(3.2), is a quadratic form on Hε(a, λ), and f , given in (3.1), represents the continuous linear form

v �−→ 2
S n∑

i α
q
i K(ai)

∫
M K

(∑
i αiϕi

)q−1v , with respect to the inner product 〈 , 〉. Proposition 3.1 follows,

with ci =
nαq

i c̄
S n(n+1)

∑
i α

q
i K(ai)

.

3.2 Expansion of ∂J.
Now, we provide the following expansions of the gradient of J, in the set V(p, ε).

Lemma 3.1 Let n � 2. For ε > 0 small enough and u =
∑

j α jϕ(a j,λ j) ∈ V(p, ε), the following
expansions hold:

〈∂J(u), λi
∂ϕi

∂λi
〉 = c

ΔθK(ai)

λ2
i

+
∑
j�i

ci jλi
∂εi j

∂λi
+ o

(∑
j

1

λ2
j

+
∑
j�i

εi j

)
(3.3)

〈∂J(u),
1

λi

∂ϕi

∂ai
〉 = −c̃

|∇θK(ai)|
λi

+
∑
j�i

c̃i j

λi

∂εi j

∂ai
+ O

( 1

λ2
i

)
+ o

(∑
j

1

λ2
j

+
∑
j�i

εi j

)
(3.4)
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where c > 0, c̃ > 0, and ci j, c̃i j are bounded constants. (For definition of ∇θ please see lemma 4.1
below).

Proof. We have,

〈∂J(u), λi
∂ϕi

∂λi
〉 = J(u) 〈

∑
j

α jϕ j , λi
∂ϕi

∂λi
〉 − J(u)

2n+1
n

∫
M

K(
∑

j

α jϕ j)
1+ 2

n λi
∂ϕi

∂λi
.

Using the following estimates

〈ϕi, λi
∂ϕi

∂λi
〉 = o

( 1

λ2
i

)
〈ϕ j, λi

∂ϕi

∂λi
〉 = c1

i jλi
∂εi j

∂λi
+ o

( 1

λ2
i

+
1

λ2
j

+ εi j

)
∫

M
Kϕ

1+ 2
n

i λi
∂ϕi

∂λi
= −1

q
c̄
ΔθK(ai)

λ2
i

+ o
( 1

λ2
i

)
∫

M
Kϕ j

1+ 2
n λi
∂ϕi

∂λi
= c2

i jλi
∂εi j

∂λi
+ o

( 1

λ2
i

+
1

λ2
j

+ εi j

)
then, using the results of Appendix A, it yields,

〈∂J(u), λi
∂ϕ

∂λi
〉 =J(u)

2n+1
n

[ c̄
q
α

1+ 2
n

i
ΔθK(ai)

λ2
i

+
∑
j�i

c3
i jλi
∂εi j

∂λi
+ o

(∑
j

1

λ2
j

+
∑
j�i

εi j

)]
.

Thus, the first expansion follows. For the second, we have

〈∂J(u),
1

λi

∂ϕi

∂ai
〉 = J(u)〈

∑
j

α jϕ j ,
1

λi

∂ϕi

∂ai
〉 − J(u)

2n+1
n

∫
M

K(
∑

j

α jϕ j)
1+ 2

n
1

λi

∂ϕi

∂ai
.

Using the following estimates,

〈ϕi,
1

λi

∂ϕi

∂ai
〉=o(

1

λ2
i

)

〈ϕ j,
1

λi

∂ϕi

∂ai
〉=

c4
i j

λi

∂εi j

∂ai
+ o

( 1

λ2
i

+
1

λ2
j

+ εi j

)
∫

M
Kϕ

1+ 2
n

i
1

λi

∂ϕi

∂ai
= c1

|∇θK(ai)|
λi

+ O
( 1

λ2
i

)
∫

M
Kϕ

1+ 2
n

j
1

λi

∂ϕi

∂ai
=

c5
i j

λi

∂εi j

∂ai
+ o

( 1

λ2
i

+
1

λ2
j

+ εi j

)
we derive, using the results of Appendix A, that

〈∂J(u),
1

λi

∂ϕi

∂ai
〉 = −J(u)

2n+1
n

[
c1α

1+ 2
n

i
|∇θK(ai)|
λi

+ O
( 1

λ2
i

)
+
∑
j�i

c6
i j

λi

∂εi j

∂ai
+ o

(∑
j

1

λ2
j

+
∑
j�i

εi j

)]
.

The second expansion follows and the proof of lemma 3.1 is thereby completed. �
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4 Estimates on the v-part.
In the expansion of J(u) above, the v-part is : −〈 f , v〉 + Q(v) + O(‖v‖q).

We first estimate the linear part 〈 f , v〉:

Lemma 4.1 Let ε > 0 sufficiently small. There exists a nonnegative constant c such that for all v in
Hε(a, λ) we have :

〈 f , v〉 �C‖v‖
(∑

i

|∇θK(ai)|
λi

+
1

λ2
i

+
1

λn+2
i

+
∑
i� j

ε
n+2
2n

i j
(
log ε

− 1
n

i j
) n+2

2n+2

)
where ∇θ is the so called subelliptic gradient on M, which can be characterized by the identity:∫

M

(∇θu , ∇θv)θ = ∫M Δθu.v , where
(
,
)
θ is the Levi form of θ.

Proof. By (3.1) we have 〈 f , v〉 = 2
S n∑

i α
q
i K(ai)

∫
M K

(∑
i αiϕi

)q−1v. Using Lemma A.9,∫
M

K
(∑

i

αiϕi
)q−1v =

∑
i

α
1+ 2

n
i

∫
M

Kϕ
1+ 2

n
i v + O

(∑
i� j

α
2
n
i α j

∫
M

Kϕ
2
n
i inf(ϕi, ϕ j)v

)
.

Then, using Lemma A.8,∑
i

α
1+ 2

n
i

∫
M

Kϕ
1+ 2

n
i v � C‖v‖

(∑
i

|∇θK(ai)|
λi

+ O
(∑

i

1

λ2
i

)
+ O

(∑
i

1

λn+2
i

))
.

On the other hand, K being bounded we have∫
M

Kϕ
2
n
i inf(ϕi, ϕ j)v �

(∫
M

v2+ 2
n

) n
2n+2

(∫
M

(
Kϕ

2
n
i inf(ϕi, ϕ j)

) 2n+2
n+2

) n+2
2n+2

� c′‖v‖
(∫

M
ϕ

4n+4

n2+2n
i inf(ϕi, ϕ j)

2n+2
n+2

) n+2
2n+2

� c‖v‖
(∫

M
ϕ

4n+4

n2+2n
i ϕ

1+ 1
n

j ϕ
2n+2
n+2
− n+1

n
i

) n+2
2n+2

� c‖v‖
(∫

M
ϕ

1+ 1
n

i ϕ
1+ 1

n
j

) n+2
2n+2 � ‖v‖O

(
ε

1+ 1
n

i j log ε
− 1

n
i j

) n+2
2n+2

since 2n+2
n+2
� 1 + 1

n , and using Lemma A.6, (c, c′ are suitable constants). Thus

O
(∑

i� j

α
2
n
i α j

∫
M

Kϕ
2
n
i inf(ϕi, ϕ j)v

)
= ‖v‖O

(∑
i� j

ε
n+2
2n

i j
(
log ε

− 1
n

i j
) n+2

2n+2

)
which completes the proof of Lemma 4.1.

�

In order to refine our estimates on the quadratic form Q, given by (3.2), we claim

Lemma 4.2 ∫
M

K
(∑

i

αiϕi
) 2

n v2 =
∑

i

α
2
n
i K(ai)

∫
M
ϕ

2
n
i v2+

‖v‖2 O
(∑

i

|∇θK(ai)|
λi

+
1

λ2
i

+
∑
i� j

ε
1
n

i j
(
log ε

− 1
n

i j
) 1

n+1

)
.
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Proof. First, we proceed as in the proof of Lemma A.8, and we obtain∫
M

Kϕ
2
n
i v2 = K(ai)

∫
M
ϕ

2
n
i v2 + ‖v‖2 O

( |∇θK(ai)|
λi

+
1

λ2
i

)
. (4.1)

Next, by Hölder, Lemmas A.9 and A.6, and since n+1 � 1+ 1
n , we have:∣∣∣∣ ∫

M
K
(∑

i

αiϕi
) 2

n v2 −
∑

i

α
2
n
i

∫
M
Kϕ

2
n
i v2

∣∣∣∣
� ‖v‖2

(∫
M

∣∣∣(∑
i

αiϕi
) 2

n−
∑

i

α
2
n
i ϕ

2
n
i

∣∣∣n+1) 1
n+1

� ‖v‖2
(∫

M

∑
i� j

(
sup(αiϕi, α jϕ j)

2−n
n inf(αiϕi, α jϕ j)

)n+1) 1
n+1

� ‖v‖2
(∫

M

∑
i� j

(αiϕi)
1+ 1

n (α jϕ j)
1+ 1

n

) 1
n+1

� ‖v‖2
∑
i� j

(αiα j)
1
n ε

1
n

i j
(
log ε

− 1
n

i j
) 1

n+1 .

Lemma 4.2 follows from this inequality and (4.1).

Let õ(1) = O
(∑

i
|∇θK(ai)|
λi
+ 1
λ2

i
+
∑

i� j ε
1
n

i j
(
log ε

− 1
n

i j
) 1

n+1

)
. Using Lemma 4.2 we have

Q(v) =
1

S n ∑
i α

2
i

{
‖v‖2 − 2( n+2

n )
∑

i

α
2
n
i K(ai)

∑
i α

2
i∑

i α
q
i K(ai)

∫
M
ϕ

2
n
i v2 + ‖v‖2 õ(1)

}
.

Since u ∈ V(p, ε), u =
∑p

i=1
αiϕ(ai,λi) + v with v ∈ Hε(a, λ). By (2.6),

α
2
n
i K(ai)

α
2
n
j K(a j)

→ 1 when ε → 0, for

i � j. So we can assume the coefficients α
2
n
i K(ai)

∑
i α

2
i∑

i α
q
i K(ai)

= 1 and therefore Q is very close to the

following quadratic form, denoted also by Q:

Q(v) =
1

S n ∑
i α

2
i

{
‖v‖2 − 2( n+2

n )
∑

i

∫
M
ϕ

2
n
i v2 + ‖v‖2 õ(1)

}
. (4.2)

Q is bounded on Hε(a, λ), furthermore, arguing as in the proof of Proposition 3.1 in [6], we derive

the following result

Lemma 4.3 Assume the εi j are small enough. Then there exists α0 = α0(p) > 0 such that for all v
in Hε(a, λ) : Q(v) � α0‖v‖2.

On the other hand one has:

Lemma 4.4 There exists aC1-map v̄ : Bε → Hε(a, λ) , (α, a, λ) �→ v̄(α, a, λ), such that v̄ = v̄(α, a, λ)

is the unique minimum of the functional J on Hε(a, λ) :

J
( p∑

i=1

αiϕ(ai,λi) + v̄
)
= min

v∈Hε (a,λ)
J
( p∑

i=1

αiϕ(ai,λi) + v
)

(4.3)

and we have the estimate
‖v̄‖ = O

(‖ f ‖). (4.4)
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Proof. Observe that from Section 2, the parameterization of V(p, ε) is given by the map

Bε × Hε(a, λ) −→ V(p, ε)

(α, a, λ, v) �−→ u =
∑p

i=1
αiϕ(ai,λi) + v

where (α, a, λ) is the solution in Bε of the minimization problem (2.4), and where v = u−∑p
i=1
αiϕ(ai,λi)

is in Hε(a, λ). Since (α, a, λ) ∈ Bε , εi j are small enough, then by Lemma 4.3, Q is definite, positive,

and lower bounded on Hε(a, λ). Thus, there exists a continuous self adjoint, positive and invertible

operator A, such that Q(v) = 1
2
〈Av, v〉 on Hε(a, λ) and β0Id � A � β1Id where β1 > β0 > 0. Then,

the expansion of J provided by Proposition 3.1 becomes

J(u) = γ0

{
1 + γ1 + γ2 − 〈 f , v〉 + 1

2
〈Av, v〉 + O(‖v‖q)

}
where γ0, γ1 and γ2 are independent of v, and f is small, since we derive from Lemma 4.1

‖ f ‖ = O
( p∑

i=1

|∇θK(ai)|
λi

+
1

λ2
i

+
1

λn+2
i

+
∑
i� j

ε
n+2
2n

i j
(
log ε

− 1
n

i j
) n+2

2n+2

)
. (4.5)

Observe that O(‖v‖q) is, as J is, twice differentiable in v, and it’s differential at the origin is O(‖v‖1+ 2
n ).

The expansion of J′ along an increment h near the origin in Hε(a, λ) is J′(u)(h) = γ0〈− f + Av +
O(‖v‖1+ 2

n ) , h〉. The second differential of O(‖v‖q) is O(‖v‖ 2
n ) . Thus the functional −〈 f , v〉 +

1
2
〈Av, v〉+O(‖v‖q) is coercive in a neighborhood of the origin where ‖v‖ 2

n < c0 , a small enough fixed

constant, and therefore, using the implicit function theorem, this functional has a unique minimum

v̄ in a neighborhood of zero in Hε(a, λ), which satisfies:

− f + Av̄ + O(‖v̄‖1+ 2
n ) = 0. (4.6)

Now, since the operator A + O(‖v̄‖1+ 2
n ) is positive and invertible in a neighborhood of the origin

(depending only on the smallness of v), with inverse denoted A−1 and satisfying 2
β0

Id � A−1 �
1

2β1
Id , there exist c, c′ > 0, such that ‖v̄‖ � c′‖A−1 f ‖ � c‖ f ‖. Thus, estimate (4.4) follows, and

Lemma 4.4 is thereby proved. �
For such a v̄ satisfying (4.3) we set in the sequel

ū =
p∑

i=1

αiϕ(ai,λi) + v̄ . (4.7)

Since v̄ verify (4.6), we have : −〈 f , v〉 + Q(v) + O(‖v‖q) = Q(v − v̄) − Q(v̄) + O(‖v̄‖q), and since Q
is definite positive, we have −Q(v̄) + O(‖v̄‖q) = O(‖v̄‖2) = O(‖ f ‖2). Using then estimate (4.5) on f ,

one has

J(u) = γ0

{
1 + γ1 + γ2 + γ3

}
+ γ0Q(v − v̄), (4.8)

J(ū) = γ0

{
1 + γ1 + γ2 + γ3

}
(4.9)

where γ3 = γ3( f ) = O(‖ f ‖2), and (setting v = 0),

J
(∑p

i=1
αiϕ(ai,λi)

)
= γ0

{
1 + γ1 + γ2

}
. (4.10)

5 More about critical points at infinity.
This section is devoted to characterize the critical points at infinity associated to problem (1.1) under

(N.D) condition. The characterization is obtained through the construction of a suitable pseudogra-

dient at infinity in the set V(p, ε), depending on a delicate expansion of the gradient of J near infinity.
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5.1 Morse lemma at infinity.
To establish our Morse Lemma, we need to use the following two technical lemmas. The first

lemma provides some pseudogradient for J which have a very nice behavior near the critical points

at infinity.

We recall that F+ =
{
(yi1 , . . . , yip ) ∈ (I+)p / yi j � yik if j � k , 1 ≤ p ≤ �I+

}
.

Lemma 5.1 . There exists on V(p, ε) a vector field W, for which there exists constants c, c′, C > 0

independent of
∑

i αiϕi in V(p, ε) such that :

(i) −J′(ū)
(
W + ∂v̄

∂W
)
� c

(∑
i
|∇θK(ai)|
λi
+ 1
λ2

i
+
∑

i� j εi j
)
.

(ii) −J′(
∑

i αiϕi) W � c
(∑

i
|∇θK(ai)|
λi
+ 1
λ2

i
+
∑

i� j εi j

)
.

(iii) ‖W‖ � C.

(iv) |dλi(W)| � c′λi , ∀i ∈ {1, · · · , p}.

(v) The only region where the λi are not bounded along the decreasing flow lines of W, is where
(a1, . . . , ap) is close to some (yi1 , . . . , yip ) ∈ F+, and the λi are comparable.

The proof is given below in subsection 5.5.

With the second lemma we focus on the behavior of J(ū) in the neighborhood of some critical

point at infinity, and we show that there exists (ã, λ̃) such that J(ū) = J(
∑

i αiϕ̃i), where ϕ̃i = ϕ(ãi, λ̃i)
.

More precisely, we have

Lemma 5.2 . Let
∑

i αiϕi ∈ V(p, ε) . There exists on V(p, ε) a change of variables (a, λ) −→ (ã, λ̃) ,
such that J

(∑
i αiϕi + v̄(α, a, λ)

)
= J

(∑
i αiϕ̃i

)
and such that:

(∗) d̃(ai, ãi) −→ 0 as
∑

i� j εi j +
∑

i
1
λ2

i
−→ 0 ,

(∗∗) ∑i� j ε̃i j +
∑

i
1
λ̃2

i
−→ 0 if and only if

∑
i� j εi j +

∑
i

1
λ2

i
−→ 0.

Proof. See Appendix C.

Here ε̃i j = εi j(ãi, ã j, λ̃i, λ̃ j) =
( λ̃i

λ̃ j
+
λ̃ j

λ̃i
+ λ̃iλ̃ jd̃(ãi, ã j)

2)−n
.

The following Morse lemma at infinity establishes in V(p, ε) a change of the variables (α, a, λ, v)

into (α̃, ã, λ̃,V), (α̃ = α), where V is a variable completely independent of ã and λ̃, which

lives around zero in some fixed Hilbert subspace, and such that J
(∑

i αiϕ(ai,λi) + v
)

behaves like

J
(∑

i αiϕ(ãi,λ̃i)

)
+ ‖V‖2. Namely we prove

Proposition 5.1 (Morse Lemma at infinity). Let u = (
∑

i αiϕi + v) in V(p, ε). There exists a C1

change of variables : (α, a, λ, v) −→ (α, ã, λ̃,V) , such that

J
(∑

i αiϕi + v
)
= J

(∑
i αiϕ̃i

)
+ ‖V‖2.

where V is independent of (ã, λ̃) and belongs to a neighborhood of zero in some fixed Hilbert sub-
space.

Proof. By lemma 5.2, there exists (ã, λ̃) such that J(ū) = J
(∑

i αiϕ̃i
)
, and using (4.8)-(4.9), we derive

that J(u) = J(ū)+ γ0Q(v− v̄). But, for ε small enough, Q is definite positive on Hε(a, λ). Therefore,

there exists a C1 change of variables v − v̄ −→ V , from a neighborhood of v̄ in Hε(a, λ), into

a neighborhood of zero in the subspace orthogonal to
{
ϕ̃i,

∂
∂λ̃i
ϕ̃i,

∂
∂ãi
ϕ̃i ; 1�i�p

}
, such that J

(
u) =

J
(∑

i αiϕ̃i
)
+ ‖V‖2. q.e.d. �
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5.2 Characterization of the critical points at infinity.
According to the notations of Definition 2.1 and (1.7), we prove:

Proposition 5.2 . Assume that (1.1) has no solution. Then, the set of critical points at infinity of J
in
∑+ is

F+∞ =
{
φ

p
∞ = (yi1 , . . . , yip )∞ ; (yi1 , . . . , yip ) ∈ F+

}
.

Proof. In fact we will prove that critical points at infinity occur only in the case (v) of Lemma 5.1,

since by Lemma 5.1 the Palais-Smale condition is satisfied along the flow lines of W in the other

cases (see the proof of Lemma 5.1 below). So we assume for a function u =
∑

j α jϕ j + v in V(p, ε)
that the concentration points a j converge to distinct critical point yi j in I+ and that all speeds of

concentrations λ j are comparable. Using the Morse lemma (proposition 5.1 above) and (4.10), it

yields:

J(u) = γ0(α, ã)
{
1 + γ1(ã, λ̃) + γ2(ã, λ̃)

}
+ ‖V‖2. (5.1)

The variable V is completely independent from the others, and close to zero in a fixed Hilbert

subspace. Then, minimizing with respect to V , the problem is reduced in a finite dimensional prob-

lem. In fact we can do as V was nil. Indeed, one can define on the V-variable the pseudogradient
∂V
∂s = −V , and then V(s) = e−sV(0) will go to zero as s goes to +∞. Observe that since a j, and hence

(by Lemma 5.2) ã j, converge to distinct critical points yi j we have |∇θK(ã j)| = o(1) , and since all

the concentrations are comparable, each ε̃i j = o
(

1
λ̃2

i

)
= o

(
1
λ̃2

j

)
. Therefore γ1(ã, λ̃) and γ2(ã, λ̃) can

easily be seen as of order
∑p

j=1
o
( 1
λ̃2

j

)
. Now, since ΔθK(ã j) = ΔθK(yi j )(1 + o(1)), and after a change

of variable λ̃ j �→ ˜̃λ j =
λ̃ j√

c j(1+o(1))
, it yields (we drop the tilde for simplicity):

J(u) = γ0

{
1 −

p∑
j=1

ΔθK(yi j )

λ2
j

}
. (5.2)

Recall that γ0 = γ0(α, a) =
S

n
n+1 (

∑
i α

2
i )(∑

i α
q
i K(ai)

) n
n+1
· Equation (5.2) then, yields a split of the variables a and λ.

Thus it is easy to see that when a = (a1, ..., ap) is equal to y = (yi1 , . . . , yip ), only the variables λ j

can move. Since −ΔθK(yi j ) > 0, in order to decrease J(u), the only way is to increase the variables

λ j. When λ j = +∞ for j = 1, . . . , p, we obtain the critical point at infinity (yi1 , . . . , yip )∞ . �

5.3 Morse index of a critical point at infinity.
Proposition 5.3 Let φp

∞ = (yi1 , . . . , yip )∞ ∈ F+∞. Let i(φp
∞) be the Morse index of J at its critical

point at infinity φp
∞. Then,

i(φp
∞) = p − 1 +

∑p
j=1

(
2n + 1 − ind(K, yi j )

)
where ind(K, yi j ) is the Morse index of K at yi j .

Proof. Using (5.2), it is easy to see that the Morse index of J at the critical point at infinity (yi1 , . . . , yip )∞
is equal to the Morse index of the functional γ0 = γ0(α, a) at its critical point. Observe that, on

the one side γ0 is homogeneous in the variable α, and has an absolute degenerate maximum ᾱ =

( 1

K(a1)
n
2
, ..., 1

K(ap)
n
2

) with one dimensional nullity space, and (since one can assume that
ᾱ

2
n
i K(ai)

ᾱ
2
n
j K(a j)

= 1)
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with a critical value equal to S
n

n+1
(∑p

i=1
1

K(ai)n

) 1
n+1 . On the other hand, γ0 has a single critical point

y = (yi1 , . . . , yip ) in the a−variable. Thus, the critical point of γ0 has an index equal to p − 1 in the

α−variable. Let α− ∈ Rp−1 be the coordinate of α, and, denote by a+i , (respectively a−i ), the coordi-

nate of ai along Ws(yi) the stable manifold of yi, (respectively the coordinate of ai along Wu(yi) the

unstable manifold of yi), with respect to a Morse-Smale pseudogradient for K. Then, using a Morse

Lemma for the function γ0 around its critical point (ᾱ, y), we obtain, after a changing of variables,

the following normal form:

J(u) = S
n

n+1
( p∑

i=1

1

K(yi)n

) 1
n+1

{
1 − |α−|2 +

p∑
i=1

(|a+i |2 − |a−i |2)
}
. (5.3)

Noticing that unstable manifolds for K coincide with stable manifolds for 1
K , the Morse index

searched is equal to p − 1 +
∑p

j=1

(
2n + 1 − ind(K, yi j )

)
. Hence the result.

5.4 Stable and unstable manifold of a critical point at infinity
Denote by φ

p
∞ the critical point at infinity (yi1 , . . . , yip )∞. Since a Morse lemma at infinity is available

around φ
p
∞, one can define its stable manifold as usual, that is Ws(φ

p
∞) is the set of all points attracted

by the asymptote φ
p
∞ through the decreasing flow lines of W.

The unstable manifold is more delicate to define. Rigorously speaking, it is a shadow object,

since it exists only as the limit of Wu(uλ) the unstable manifold of the critical point uλ of the reduced

problem in a section relative to λ. Since there is a Morse lemma in this section and since the flow

of W splits the variable λ from the other variables near φ
p
∞, one can therefore think of Wu(φ

p
∞) to be

represented by some Wu(uλ) for λ very large. To be more precise, using the notations of 5.3 above,

the unstable manifold of φ
p
∞ can be defined as:

Wu(φ
p
∞) = Wu(ᾱ, y) × [A, +∞ ) (5.4)

where Wu(ᾱ, y) is the unstable manifold of the critical point (ᾱ, y) of the functional γ0 and A a large

enough positive constant. [A, +∞ ) being the domain of the variable λ.

5.5 Proof of Lemma 5.1
We will use here the notations and results of Appendix B. Observe that, since the proof of (ii) can

be easily derived from the proof of (i), we will then prove (i).
Since v̄ minimizes J(

∑p
i=1
αiϕi + v) in Hε(a, λ) , J′(ū) = J′(

∑
i αiϕi + v̄) = πE

(
J′(ū)

)
, and therefore

J′(ū)
(
W +

∂v̄
∂W

)
= πE

(
J′(ū)

)(
W +

∂v̄
∂W

)
= J′(ū)

(
W + πE (

∂v̄
∂W

)
)
. (5.5)

Since Hε(a, λ) is orthogonal to E, we have 〈 v̄ , ∂ϕi
∂W

〉
= 0, and then 〈 ∂v̄

∂W , ϕi
〉
= 0 for 1 � i � p.

Thus πE ( ∂v̄
∂W ) ∈ F, that is

πE (
∂v̄
∂W

) = πF (
∂v̄
∂W

). (5.6)

Using (5.5), (5.6) and Proposition B.1, we get

−J′(ū)
(
W +

∂v̄
∂W

)
� −J′(ū)(W) − c̄

(
sup
φ∈F

J′(ū)(φ)

‖φ‖
)
‖v̄‖‖W‖, (5.7)
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then, using Lemma B.1, we have

−J′(ū)
(
W+
∂v̄
∂W

)
� −J′(

∑
i

αiϕi)W − J′′(
∑

i

αiϕi)v̄ W

+ O
(‖v̄‖2‖W‖) + O

(
sup
φ∈F

J′(ū)(φ)

‖φ‖
)
‖v̄‖‖W‖.

(5.8)

By Lemmas B.2 and B.3, (5.8) becomes

−J′(ū)
(
W +

∂v̄
∂W

)
� −J′(

∑
i

αiϕi)W−

−C‖W‖
(∑

i

|∇θK(ai)|2
λ2

i

+
∑

i

1

λ4
i

+
∑
i� j

ε
n+2

n
i j

(
log ε

− 1
n

i j
) n+2

n+1

)
,

(5.9)

where C is a universal constant.

We need to define W so that the (P.S) condition should be satisfied on its decreasing flow lines. W

has no action on the αi ’s variables, and, moving the ai ’s contains no risk for (P.S) condition, since

they lie in a compact set, so we only need

∀ s � 0
∂

∂s

(
sup

1�i�p
λi

)
� 0, (5.10)

where s is the time along a flow line of W.

Here, we resort to the estimates given by Lemma 3.1. Since |λi
∂εi j

∂ai
| � c εi j, we derive from (3.4)

∣∣∣J′(∑
j

α jϕ j)
1

λi

∂ϕi

∂ai

∣∣∣ � c
|∇θK(ai)|
λi

− 1

c

(∑
j�i

εi j +
1

λ2
i

)
(5.11)

where c is a suitable positive constant.

Assuming that ∑
j�i

εi j �
C
λ2

i

, (5.12)

where C is a suitable constant, (5.11) becomes∣∣∣J′(∑
j

α jϕ j)
1

λi

∂ϕi

∂ai

∣∣∣ � c
|∇θK(ai)|
λi

− 1

c′
1

λ2
i

(5.13)

c′ a suitable constant. We claim that lemma 5.1 follows from (3.3) and (5.13), if (5.13) holds for

any i. We will prove this later. Assuming that (5.12) does not hold for some indexes, we choose the

index i so that λi is the largest concentration with∑
j�i

εi j >
C
λ2

i

, (5.14)

then, for λ j � λi, we have ∑
k� j

εk j �
C
λ2

j

. (5.15)
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Observe that, if λ j and λi are comparable, or if λi � λ j, then

λi
∂εi j

∂λi
= −n εi j(1 + o(1) ). (5.16)

If they are not, and λi = o(λ j), then

λi
∂εi j

∂λi
= O(εi j) �

C
λ2

j

= o
( 1

λ2
i

)
. (5.17)

Thus (5.14), (5.16) and (5.17) imply

−
∑
j�i

λi
∂εi j

∂λi
�

n
2

∑
j�i

εi j �
C

2λ2
i

. (5.18)

hence, choosing C large enough, we derive from (3.3)

J′(
∑

j

α jϕ j)λi
∂ϕi

∂λi
�

C
4λ2

i

. (5.19)

(5.11) and (5.19) imply

∣∣∣J′(∑
j

α jϕ j)
1

λi

∂ϕi

∂ai

∣∣∣ + c̃
c

J′(
∑

j

α jϕ j)λi
∂ϕi

∂λi
� c
|∇θK(ai)|
λi

− 1

cλ2
i

(5.20)

for suitable positive constants c, c̃. Observe that (5.13) is obtained from (5.20) by taking c̃ = 0.

Thus we established (5.20) for an index i with λi the largest satisfying (5.14).

Assume now, that we have another index i such that (5.14) holds, but λi is not the largest. Then

we introduce

Ii =
{

k
/
λk � λi ,

∑
j�k εk j >

C
λ2

k

}
. (5.21)

Observe that for λk � λi we have

2λk
∂εk j

∂λk
+ λ j

∂εk j

∂λ j
� −n

2
εk j(1 + o(1) ). (5.22)

We derive, using (5.16) (5.17), the existence of suitable bounded constants ck, (one can take ck =
c̃
c

2k), such that

∣∣∣J′(∑
j

α jϕ j)
1

λi

∂ϕi

∂ai

∣∣∣ +∑
k∈Ii

ck J′(
∑

j

α jϕ j)λk
∂ϕk

∂λk
� c
|∇θK(ai)|
λi

− 1

cλ2
i

. (5.23)

We need to prove lemma 5.1 under (3.3), (5.21), (5.22) and (5.23). For this purpose, and for sake of

simplicity, we assume that

λ1 � · · · � λp. (5.24)

If
|∇θK(a1)|
λ1

�
1

c2λ2
1

, (5.25)
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then, (either by (5.13) or by (5.23), we derive∣∣∣J′(∑
j

α jϕ j)
1

λi

∂ϕi

∂ai

∣∣∣ +∑
k∈I1

ck J′(
∑

j

α jϕ j)λk
∂ϕk

∂λk
�

1

4cλ2
1

+
|∇θK(a1)|

4λ1

. (5.26)

This, combined with (5.23) again and (3.3) yields, with a suitable constant c̄, for any i,∣∣∣J′(∑
j

α jϕ j)
1

λi

∂ϕi

∂ai

∣∣∣ + c̄
∣∣∣J′(∑

j

α jϕ j)
1

λ1

∂δ̂1

∂a1

∣∣∣ + J′(
∑

j

α jϕ j)λi
∂ϕi

∂λi

+
∑
k∈I1

ck J′(
∑

j

α jϕ j)λk
∂ϕk

∂λk
+
∑
k∈Ii

ck J′(
∑

j

α jϕ j)λk
∂ϕk

∂λk
� (5.27)

(since λ1 is the smallest) � −
∑
j�i

ci jλi
∂εi j

∂λi
+
|∇θK(ai)|
λi

+
c̄
λ2

i

.

We would like to construct a combination with given bounded nonnegative constants βi, γi, such

that, using (5.22) and (5.27), we have :∑
i

βi

∣∣∣J′(∑
j

α jϕ j)
1

λi

∂ϕi

∂ai

∣∣∣ + J′(
∑

j

α jϕ j)
∑

i

γiλi
∂ϕi

∂λi
� c̄

(∑
i

|∇θK(ai)|
λi

+
1

λ2
i

+
∑
j�i

εi j
)
.

We can also require that

βi = 0 if
∣∣∣J′(∑

j

α jϕ j)
1

λi

∂ϕi

∂ai

∣∣∣ < c̄
10p

∑
i

1

λ2
i

. (5.28)

Setting then

W = −
∑

i

βi sign
(
J′(

∑
j

α jϕ j)
1

λi

∂ϕi

∂ai

) 1

λi

∂ϕi

∂ai
−
∑

i

γiλi
∂ϕi

∂λi
, (5.29)

W is then a C1 vector field (βi = 0, by (5.28), when J′(
∑

j α jϕ j)
1
λi

∂ϕi
∂ai

is small). Since the βi, γi are

bounded, and since ‖ 1
λi

∂ϕi
∂ai
‖ � C and ‖λi

∂ϕi
∂λi
‖ � C , we derive that

‖W‖ � C. (5.30)

On the other hand, dλi(W) = λ̇i = −αiγiλi; thus∣∣∣ dλi(W)
∣∣∣ � c′λi , ∀ i = 1, . . . , p. (5.31)

where c′ is a constant, and hence (iii) and (iv) are satisfied in this case.

A similar proof can be repeated if ∑
j�i

εi j �
C
λ2

1

. (5.32)

even if we assume
|∇θK(a1)|
λ1

�
2

c2λ2
1

. (5.33)

Now, we will extend the above proof as follows.

Assume that instead of λ1 � · · · � λp, we single out a subpack

λi1 � λi1+1 · · · � λi1+r. (5.34)
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Therefore, we will construct a vector field W(i1,r) in Span
{∂ϕi

∂ai
,
∂ϕi

∂λi

}
i1�i�i1+r

such that

‖W(i1,r)‖ � C (5.35)

and

0 � −d( sup
i1�i�i1+r

λi)(W(i1,r)) � C sup
i1�i�i1+r

λi. (5.36)

Under the hypothesis

|∇θK(ai1 )|
λi1

�
2

c2λ2
i1

or

r∑
s=0

∑
j�i1+r
j�i1+s

εi1+s, j �
1

λ2
i1

(5.37)

we obtain

−J′(
∑

j

α jϕ j)(W(i1,r)) � C
( r∑

s=0

∑
j�i1+r
j�i1+s

εi1+s, j +

r∑
s=1

1

λ2
i1+s

+

+

r∑
s=1

|∇θK(ai1+s)|
λi1+s

)
− 1

c̄

∑
j�i1+r+1

r∑
s=1

εi1+s, j . (5.38)

We first assume that such indexes i1 satisfying (5.37) exist (we will assume the opposite later on),

and we denote again by i1 the index satisfying (5.37) such that λi1 is the smallest concentration.

Since λi1 � · · · � λp, we derive

−J′(
∑

j

α jϕ j)(W(i1,p−i1)) � c̄
(∑

i�i1

|∇θK(ai)|
λi

+
1

λ2
i

+

p∑
k=i1

εik

)
. (5.39)

If i1 = 1, we have the result. Otherwise, for any � < i1, we have

|∇θK(a�)|
λ�

�
2

c2λ2
�

and

p∑
k=�

∑
i�k

εik �
c
λ2
�

. (5.40)

We claim that lemma 5.1 follows from (5.39) and (5.40), unless:

∑
i�i1

|∇θK(ai)|
λi

+
1

λ2
i

+

p∑
k=i1

∑
i�k

εik = o
( 1

λ2
�

)
= o

( 1

λ2
1

)
(5.41)

for some � � i1−1. Assuming that (5.41) holds, then by (5.40), for i � i1−1, we have |∇θK(ai)|
λi
� 2

c2λ2
i
,

then

λi|∇θK(ai)| �
2

c2
(5.42)

and thus, since λi is very large, |∇θK(ai)| = o(1). So, for i � i1 − 1, ai is close to a critical point of

K which we denote by yi. Using then a psudohermitian normal coordinates chart centered at ai, or

at yi, (yi is nondegenerate, i.e. the Hessian matrix of K at yi, in this chart, is invertible), we derive

that d̃(ai, yi) � κ|∇θK(ai)| for some suitable positive constant κ, and then λid̃(ai, yi) � C for each

i � i1−1. Consequently, if for i, j � i1−1, ai and a j are close to the same critical point yi,
λi
λ j
→ +∞

or
λ j

λi
→ +∞, and then εi j = o

(
1

inf(λi, λ j)2

)
= o

(
1
λ2

1

)
. Now, if ai and aj are close to distinct critical
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points yi and y j, εi j = O
(

1
(λi λ j)n

)
= o

(
1

inf(λi, λ j)2

)
= o

(
1
λ2

1

)
, because n � 2. Thus, for all i, j � i1 − 1, the

εi j’s are o
(

1
λ2

1

)
, as well as they are for i, j � i1 by (5.41). Thus all the εi j’s, in this case, are o

(
1
λ2

1

)
,

and therefore ∑
i� j

εi j = o
( 1

λ2
1

)
. (5.43)

This implies ∑
i�i1

|∇θK(ai)|
λi

= o
( 1

λ2
1

)
. (5.44)

Using (5.42) we have ∑
i<i1

|∇θK(ai)|
λi

�
c
λ2

i

�
c
λ2

1

, (5.45)

and thus
p∑

i=1

|∇θK(ai)|
λi

�
c
λ2

1

. (5.46)

Since a1 is close to a critical point y1, (1 < i1), and since y1 is nondegenerate, ΔθK(y1) � 0, and

ΔθK(a1) = ΔθK(y1)(1 + o(1) ) � 0, we derive then by (3.3),

−J′(
∑

j

α jϕ j)λ1

∂ϕ1

∂λ1

= −c
ΔθK(y1)

λ2
1

+ o
( 1

λ2
1

)
+
∑
i�i

c̃1iλ1

∂ε1i

∂λ1

. (5.47)

Since λ1
∂ε1i
∂λ1
= O(ε1i) = o

( 1
λ2

1

)
, from (5.40) and (5.41) we derive that,

−J′(
∑

j

α jϕ j)λ1

∂ϕ1

∂λ1

= −c
ΔθK(y1)

λ2
1

+ o
( 1

λ2
1

)
. (5.48)

Observe that by (5.43) and (5.46),

1

λ2
1

� c2
( p∑

i=1

|∇θK(ai)|
λi

+

p∑
i=1

1

λ2
i

+
∑
i� j

εi j

)
. (5.49)

where c > 0 is as we please.

First, let us assume that

−ΔθK(y1) � c′ > 0. (5.50)

So, we have −cΔθK(y1)

λ2
1

� 1
cλ2

1

, and then

−J′(
∑

j

α jϕ j)λ1

∂ϕ1

∂λ1

� c
( p∑

i=1

|∇θK(ai)|
λi

+

p∑
i=1

1

λ2
i

+
∑
i� j

εi j

)
. (5.51)

In this case, we are free to take

W = λ1

∂ϕ1

∂λ1

. (5.52)

W will increase λ1 (λ̇1 = λ1), but W will be bounded and will not increase supi λi, that is,
˙

(supi λi) �
0.
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Next, assume

−ΔθK(y1) < 0, (5.53)

we then take

W = −λ1

∂ϕ1

∂λ1

. (5.54)

Therefore, the vector field W given by (5.52) or (5.54), is bounded, satisfies (5.51) and is such that

d(supi λi)(W) � 0, that is to say, it satisfies all the required properties. Lemma 5.1 then follows as

soon as i1 exists.

Assume now that such i1 satisfying (5.37) does not exist, that is the case where � = p. Then,

(5.40) holds for any index i, and we get ∀ i ∈ {1, . . . , p},

|∇θK(ai)|
λi

�
2

c2λ2
i

and
∑
j�i

εi j �
c
λ2

i

. (5.55)

Thus ai is close to a critical point of K which we denote by yi, and then λid̃(ai, yi) = O(1) for

all i. If for i � j, ai and aj are close to the same critical point yi, then λi
λ j

or
λ j

λi
−→ +∞, and

εi j = o
(

1
inf(λi, λ j)2

)
. Now, if for all i � j, ai and a j are close to distinct critical points yi and y j, then,

since n � 2, εi j = o
(

1
inf(λi, λ j)2

)
. One can assume that

inf d̃(ai, a j) <
1
2

inf d̃(yk, yl). (5.56)

(If not, the proof is straightforward). Under (5.56), ai and a j are close to the same critical point yi,

then inf(λi, λ j)= o
(
sup(λi, λ j)

)
, so λ1 = o(supi λi) , and therefore

|∇θK(ai)|
λi

�
2

c2λ2
1

and
∑
j�i

εi j = o
( 1

λ2
1

)
. (5.57)

The same argument used in the previous case can be repeated here, since we obtain once more

(5.48), with λ1 = o(supi λi).

Observe that the above argument is available as soon as two concentrations are not comparable.

So we will assume now that inf d̃(ai, a j) � d0 > 0, and all the concentrations are comparable, that is
1

c
�
λi

λ j
� c. If for some index i, ai is not close to a critical point yi, then εi j = o

( 1
λ2

i

)
= o

( 1
λ2

j

)
, and

|∇θK(ai)|
λi
� c
λ2

i
, so we have

∣∣∣J′(∑ j α jϕ j)
1
λi

∂ϕi
∂ai

∣∣∣ � c |∇θK(ai)|
4λi

− 1
cλ2

i
� c

2λi
, and thus

∣∣∣J′(∑
j

α jϕ j)
1

λi

∂ϕi

∂ai

∣∣∣ � c
( p∑

k=1

|∇θK(ak)|
λk

+

p∑
k=1

1

λ2
k

+
∑
k�l

εkl

)
because all the concentrations are comparable. Hence W is also constructed in this case.

Now, we are left with the case where each point ai is close to a critical point yi, (always with

comparable concentrations). We know that

−J′(
∑

j

α jϕ j)λi
∂ϕi

∂λi
= −c

ΔθK(yi)

λ2
i

+ o
( 1

λ2
i

)
.

If −ΔθK(yi) < 0 , λ̇i = −λi, so, d(supi λi)(W) � 0, and in this case again W is constructed.



646 R. Yacoub

Our final pseudogradient W will be then a convex combination of the previous constructed pseu-

dogradients, since all the involved estimates are compatible with convex combinations.

Finally, it remains the last case, which is the case where the points ai are close to distinct critical

points y ji , having −ΔθK(y ji ) > 0, and such that all the concentrations are comparable. One can argue

as in the proof of proposition 5.2, to conclude that in this region the decreasing flow lines of W are

attracted by the critical point at infinity (y j1 , . . . , y jp )∞ . Thus condition (v) is satisfied, which ends

the proof of lemma 5.1.

6 Proofs of Theorems.

6.1 Proof of Theorem 1.1

In order to prove our Theorem, we introduce the following definition

Definition 6.1 Let N be a submanifold of dimension k of
∑+, and let φp

∞ be a critical point at infinity
of Morse index i(φp

∞) ≤ k. We say that φp
∞ is dominated by N, and we write φp

∞ < N, if

N ∩Ws(φ
p
∞) � ∅.

Now, for any k ∈ N and any subset Xk of {φp
∞ ∈ F+∞ ; i(φp

∞) � k}, we recall the following set given

by (1.8)

X∞k =
⋃
φ

p
∞∈Xk

Wu(φ
p
∞).

X∞k defines a stratified set of top dimension k. Without loss of generality we can assume it equal to

k. Observe that since
∑+ is a contractible set, then X∞k is contractible in

∑+. More precisely, there

exists a contraction h : [0, 1] × X∞k →
∑+, i.e. h continuous and such that ∀u ∈ X∞k , h(0, u) = u and

h(1, u) = ũ a fixed point in X∞k . Let

ψ(X∞k ) = h
(
[0, 1] × X∞k

)
.

ψ(X∞k ) is a contractible stratified set of dimension k + 1. Now, we use the flow lines of −∂J, to

deform ψ(X∞k ). By transversality arguments, we can assume that the deformation avoids all critical

points at infinity of Morse index greater than or equal to k + 2.

Recall that F+∞ is the set of the critical points at infinity of J, and Let � denotes retracts by

deformation. Using the result of Bahri-Rabinowitz (Proposition 7.24 and Theorem 8.2 of [7]), which

states that each manifold retracts by deformation onto the union of the unstable manifolds of the

critical points and the critical points at infinity of J dominated by the manifold, it follows that

ψ(X∞k ) �
⋃

{φp
∞<ψ(X∞k ), i(φp

∞)�k+1}
Wu(φ

p
∞)

� X∞k ∪
⋃

{φp
∞∈F+∞�Xk , φ

p
∞<ψ(X∞k ), i(φp

∞)�k+1}
Wu(φ

p
∞).

Now, taking k = k0, where k0 is the integer defined in Theorem 1.1, and since k0 verifies the assump-

tion (H2) we derive that

ψ(X∞k0
) � X∞k0

. (6.1)
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Recall that if N is a finite CW complex in dimension k, then the Euler-Poincaré characteristic is

given by

χ(N) =

k∑
j=0

(−1) jn j (6.2)

where n j is the number of cells of dimension j of N (see e.g. [15]). In our context, X∞k0
is a finite CW

complex in dimension k0, and the j-dimensional cells of X∞k0
are the unstable manifolds of critical

points at infinity of Morse index i(φp
∞) = j.

According to (6.2), we derive that

χ(X∞k0
) =

∑
{φp
∞∈Xk0

}
(−1)i(φp

∞).

On the other hand, since ψ(X∞k0
) is a contractible set, we derive that χ

(
ψ(X∞k0

)
)
= 1. Taking the

Euler-Poincaré characteristic of both sides of (6.1), we obtain

1 =
∑

{φp
∞∈Xk0

}
(−1)i(φp

∞)

which contradicts the assumption (H1). Hence, there is a solution w, and it is easy to derive from

the above arguments that its Morse index i(w) ≤ k0 + 1.

6.2 Proof of Theorem 1.2
Since K = 1 + εK0, the functional is

J(u) =
‖u‖2(∫

S2n+1 (1 + εK0)|u|2+ 2
n θ ∧ dθn) n

n+1

and for ε = 0 we obtain the Yamabe functional

J0(u) =
‖u‖2(∫

S2n+1 |u|2+
2
n θ ∧ dθn) n

n+1

,

which possesses a (2n + 2)-dimensional manifold of critical points

Z = {δ(a, λ) , (a, λ) ∈ S2n+1 × (0 , ∞)}.

Here δ(a, λ) are the solutions of Yamabe problem on S2n+1 (see [12], [20]). They correspond to the

“almost solutions ϕ(a, λ)”, except that they satisfy the Yamabe equation Lδ(a, λ) = δ
1+ 2

n
(a, λ)

on S2n+1.

The sphere is globally CR equivalent to itself, then standard arguments and results of the previous

sections are valid here.

Let σ be the minimum of J0 on
∑+, that is

σ = J0(δ(a, λ)) = S
n

n+1

where S is the Sobolev constant, see (A.5). Let Jβ = {u ∈ ∑+, J(u) � β}, β ∈ R. We need the

following Lemma:

Lemma 6.1 Let η > 0. For |ε| small enough, we have Jσ+η ⊂ Jσ+2η
0

⊂ Jσ+3η.
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Proof. Observe that, for u ∈ ∑+, we have

J(u) = J0(u)
1(

1 + ε
(∫
S2n+1 u2+ 2

n
)−1

∫
S2n+1 K0u2+ 2

n

) n
n+1

·

Since K0 is bounded on S2n+1, we derive that

J(u) = J0(u)
(
1 + O(ε)

)
where O(ε) is independent of u and O(ε)→ 0 when ε→ 0. Whence our Lemma.

On the other hand, using (5.3), the critical level corresponding to a critical point at infinity made

of p masses is

J
(
(y1, ..., yp)∞

)
= S

n
n+1
( p∑

i=1

1

K(yi)n

) 1
(n+1)

which tends to S
n

n+1 p1/(n+1) as ε→ 0, since K(yi) = 1 + εK0(yi).

Taking η =
σ

4
, we can assume |ε| sufficiently small that:

(i) critical points at infinity made of two bubbles or more are above the level σ + 3η,

and

(ii) critical points at infinity made of a single bubble are below the level σ + η.

Therefore, J has no critical points at infinity in the set

Jσ+3η
σ+η = {u ∈

∑+, σ + η � J(u) � σ + 3η}.

Since, arguing by contradiction, we assume that (1.1) has no solution. It follows that Jσ+3η � Jσ+η,
where � denotes retracts by deformation. Using Lemma 6.1, we have that Jσ+2η

0
� Jσ+η. Now, we

claim that Jσ+η is a contractible set. Indeed, from what precedes, it is sufficient to prove that Jσ+2η
0

is a contractible set. Let u0 ∈ Jσ+2η
0

, and s �→ u(s, u0) the Yamabe flow line. It satisfies the following

equation {
∂u
∂s = −∂J0(u)

u(0) = u0.

We know that the Palais-Smale condition is satisfied for the above equation for all s > 0. When

s → +∞, u(s, u0) converges to a single mass in Z. Thus, Jσ+2η
0

� Z. It follows that Jσ+2η
0

is a

contractible set, sinceZ is a contractible set. Our claim follows.

Now, let k0 be the integer for which the maximum is achieved in (1.10). Then∑
{y∈I+, 2n+1−ind(K,y)�k0}

(−1)2n+1−ind(K,y) � 1. (6.3)

We choose the set

Xk0
=
{
(y)∞ , y ∈ I+, i(y)∞ � k0

}
which is the subset of the critical points at infinity made out of a single mass, and having a Morse

index ≤ k0. Now, since the Morse index of (y)∞ is i(y)∞ = 2n+1− ind(K, y), equation (6.3) becomes∑
{(y)∞∈Xk0

}
(−1)i(y)∞ � 1, (6.4)



Webster scalar curvature problem on CR manifolds 649

which signifies that k0 satisfies assumption (H1) of Theorem 1.1. We introduce

X∞k0
=

⋃
{(y)∞∈Xk0

}
Wu(y)∞.

It is a stratified set of top dimension k0, and, since it is made of unstable manifolds of critical points at

infinity of a single mass, we derive from (ii) that X∞k0
⊂ Jσ+η. Observe that X∞k0

is contractible in Jσ+η,
since Jσ+η is a contractible set. More precisely, there exists a contraction h : [0, 1] × X∞k0

→ Jσ+η,
i.e. h continuous and ∀u ∈ X∞k0

, h(0, u) = u and h(1, u) = ũ a fixed point in X∞k0
. Let

ψ(X∞k0
) = h

(
[0, 1] × X∞k0

)
.

ψ(X∞k0
) is a contractible stratified set of dimension k0 + 1.

Now let φ
p
∞ ∈ F+∞ � Xk0

such that i(φp
∞) ≤ k0 + 1. If φ

p
∞ is made of two masses or more, i.e.

p ≥ 2, then, using the fact that ψ(X∞k0
) ⊂ Jσ+η, and using (i), we derive that ψ(X∞k0

)∩Ws(φ
p
∞) = ∅. By

using (ii), it remains to consider the critical points at infinity made out of a single mass (y)∞ � Xk0
,

and thus, such that i(y∞) = k0 + 1. But then, since k0 ∈ ℵ, there are no critical points at infinity made

out of a single mass, of Morse index equal to k0 + 1. Therefore assumption (H2) of Theorem 1.1 is

satisfied by ψ(X∞k0
), and hence Theorem 1.1 applies.

6.3 Proof of Theorem 1.3
We have assumed that K has a set of critical points I = {y0, y1, y2, . . . }, ordered such that K(y0) �
K(y1) � K(y2) � . . . , and that y0, y1 ∈ I+, y2 ∈ I � I+, and y� ∈ I+ � {y0, y1}.

We recall that k1 = 2n + 1 − ind(K, y1).
Observe that for Xk1

= {(y0)∞, (y1)∞}, the hypothesis (H1) of Theorem 1.1 is satisfied. Let

X∞k1
= Wu(y0)∞ ∪Wu(y1)∞.

We are going to construct a contraction ψ(X∞k1
) of X∞k1

, which satisfies the hypothesis (H2) of Theo-

rem 1.1. For this, using the assumption (A3) of Theorem 1.3, we can choose a positive real c, very

close to K(y�), such that K(y2) > c > K(y�), and we define

č = S
n

n+1
1

c
n

n+1

·

It follows from Proposition 1.1, that under assumption (A3), (y0)∞ and (y1)∞ are the only critical

points at infinity of J, which are below the energy level č.

Notice that, in view of (5.3)-(5.4) (or [2], p. 535), the unstable manifold of a critical point at

infinity made of a single mass (y)∞, can be described as the product of Ws(y) the stable manifold of

y with respect to the vector field −∂K, with [A, +∞) the domain of the variable λ, for some large

A > 0, i.e. Wu(y)∞ = Ws(y) × [A, +∞).

Let Jč = {u ∈ ∑+; J(u) ≤ č}. We claim that

Lemma 6.2 X∞k1
is contractible in Jč.

Indeed, using the assumption (A2) of Theorem 1.3, it is straightforward to see that N1 = Ws(y1) =

Ws(y0) ∪Ws(y1) = ∂N2 is contractible in N2 = Ws(y2). It follows that there exists a contraction

g : [0, 1] × N1 −→ N2

(t, x) �−→ g(t, x)
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where g is continuous and such that for all x ∈ N1, g(0, x) = x and g(1, x) = x0 some fixed point

of N1. Such a contraction gives rise to the following contraction

G : [0, 1] × X∞k1
−→ ∑+

(t, x, λ) �−→
ϕ(g(t, x), λ)

‖ϕ(g(t, x), λ)‖

since X∞k1
can be parameterized by N1 × [A, +∞). So G is continuous, G(0, x, λ) =

ϕ(x, λ)

‖ϕ(x, λ)‖ ∈ X∞k1
, and

G(1, x, λ) =
ϕ(x0 , λ)

‖ϕ(x0 , λ)‖ a fixed point in X∞k1
.

Using the expansion given by (4.10) with p = 1, and since J is homogeneous, we have

J
(
ϕ(g(t, x), λ)

)
= S

n
n+1

1

K
(
g(t, x)

) n
n+1

{
1 + O

( 1

λ2

) }
for all (t, x, λ) ∈ [0, 1] × N1 × [A, +∞). Since g(t, x) ∈ N2, K

(
g(t, x)

) ≥ K(y2). Then, for λ ≥ A
large enough,

J
(
ϕ(g(t, x), λ)

) ≤ S
n

n+1
1

K(y2)
n

n+1

{
1 + O

( 1

A2

) }
< č.

It follows that the contraction G is performed under the level č, that is to say, if we let ψ(X∞k1
) =

G
(
[0, 1] × X∞k1

)
, we then have ψ(X∞k1

) ⊂ Jč. Whence our Lemma.

Observe now that, under the assumption (A3) of Theorem 1.3, the lowest level of energy of the

critical points at infinity not belonging to Xk1
is J(y�)∞, and it is above the energy level č. Thus,

ψ(X∞k1
) ∩

⋃
{φp
∞∈F+∞�Xk1

}
Ws(φ

p
∞) = ∅.

In particular ψ(X∞k1
) satisfies the assumption (H2) of Theorem 1.1. Applying Theorem 1.1, Theorem

1.3 follows.

Appendix A.
We recall that

ω(z, t) = |1 + |z|2 − it|−n (A.1)

denotes the solution of Yamabe problem on Hn. For (a, λ) ∈ Hn × R+ we obtain the other solutions

ω(a,λ) defined ∀ (z, t) ∈ Hn by :

ω(a,λ)(z, t) = λnω
(
λa−1(z, t)

)
(A.2)

ω(a,λ) are the translated and dilated of ω = ω(0,1). Then ω(a,λ) verify on Hn:

Lθ0
ω(a,λ) = ω

1+ 2
n

(a,λ)
(A.3)

where θ0 = d t+
∑n

j=1 iz j dz̄ j−iz̄ j dz j is the standard contact form onHn. Recall that the nonisotropic

dilation by λ > 0 in Hn is the map

(z, t) �−→ λ(z, t) = (λz, λ2t), (A.4)

and the Sobolev constant S is

S =
(∫
Hn
ω(z, t)2+ 2

n θ0 ∧ dθn
0

) 1
n
. (A.5)
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Lemma A.1 For all c > 0, v = 1

c
n
2

ω(a,λ) is the solution on Hn of the Yamabe equation Lθ0
v =

c v1+ 2
n .

In what follows λi , λ j are large enough positive parameters, and ai , a j are any distinct points

of M. Then, from the results of section 3 and Appendix 1 of [13], we easily derive the following

estimates, provided that n � 2 .∫
M
δ′(ai, λi)

2+ 2
n θ ∧ dθn = S n + O(

1

λ2n+2
i

) (A.6)

∫
M
ϕ

2+ 2
n

(ai,λi)
θ ∧ dθn = S n + O(

1

λ2n
i

) (A.7)

∫
M
δ′(ai, λi)

1+ 2
n θ ∧ dθn = O(

1

λn
i

) (A.8)

∫
M

Lϕ(ai,λi)ϕ(ai,λi)θ ∧ dθn = ‖ϕ(ai,λi)‖2 = S n + O(
1

λ2n
i

) (A.9)

∫
M

Lϕ(ai,λi)ϕ(a j,λ j)θ ∧ dθn = ci jεi j (A.10)∫
M
ϕ

1+ 2
n

(ai,λi)
ϕ(a j,λ j)θ ∧ dθn = ci jεi j

(
1 + o(1)

)
(A.11)

where εi j is given below (2.2), and ci j are positive bounded constants. The next two Lemmas, useful

to the proof of Theorem 3.1, are derived from [6]. We will write ϕi for ϕ(ai,λi) in the sequel, and

q = 2+ 2
n .

Lemma A.2 We have∫
K
(∑

i

αiϕi + v
)q
=
∫

K
(∑

i αiϕi)
q + q

∫
K
(∑

i αiϕi
)q−1v

+ q(q − 1)

∫
K
(∑

i

αiϕi
)q−2v2 + O

(‖v‖q).
Lemma A.3 We have∫

K
(∑

i

αiϕi)
q =

∑
i α

q
i

∫
Kϕq

i + q
∑

i� j α
q−1

i α j
∫

Kϕq−1

i ϕ j

+ O
(∑

i� j

∫
K sup(αiϕi, α jϕ j)

q−2 inf(αiϕi, α jϕ j)
2).

The following Lemma corresponds to Lemma A.1 of [10]:

Lemma A.4 Assume n � 2. Let a ∈ M and λ > 0 very large. There exists a constant c̄ > 0 such
that ∫

M
Kϕ

2+ 2
n

(a,λ)
= K(a)S n + c̄

ΔθK(a)

λ2
+ o

( 1

λ2

)
+O

( 1

λ4

)
+ O

( 1

λ2n

)
+ O

( 1

λ2n+2

)
.
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Proof. We give the proof for sake of completeness. We have∫
M

Kϕ
2+ 2

n
(a,λ)
= K(a)

∫
M
ϕ

2+ 2
n

(a,λ)
+

∫
M

(
K(x) − K(a)

)
ϕ

2+ 2
n

(a,λ)
. (A.12)

Denoting by B the ball B(a, r
2
), we derive that∫

M

(
K(x) − K(a)

)
ϕ

2+ 2
n

(a,λ)
=

∫
B

(
K − K(a)

)
ϕ

2+ 2
n

(a,λ)
+

∫
CB

(
K − K(a)

)
ϕ

2+ 2
n

(a,λ)
.

Using (iii) of Lemma 4 and Lemma A.1 in [13], we get∫
CB

(
K(x) − K(a)

)
ϕ

2+ 2
n

(a,λ)
= O

( 1

λ2n+2

)
. (A.13)

On the other hand, using Lemma 3 in [13], with (1.2)−(1.5), we derive that∫
B

(
K − K(a)

)
ϕ

2+ 2
n

(a,λ)
(x)θ∧dθn =

∫
B

(
K − K(a)

)
δ′(a, λ)2+ 2

n (x)θ∧dθn+ O
( 1

λ2n

)
=

∫
B(0,r′)

(
K − K(a)

)
cnω

2+ 2
n

(0,λ)
(z, t) θ0∧dθn

0+ O
( 1

λ2n

)
where x = expa(z, t) , B(0, r′) = exp−1

a B , ω(0,λ)=λ
n|1+λ2(|z|2−it)|−n , and where (z, t) = (z(x), t(x) )

are pseudohermitian normal coordinates centered at a, i.e. such that z(a) = 0, and t(a) = 0 . Let

{Zj, Z̄ j, T } be the standard CR structure of the Heisenberg group Hn, where Zj =
∂
∂z j
+ iz̄ j

∂
∂t ,

Z̄ j =
∂
∂z̄ j
− iz j

∂
∂t , (1 ≤ j ≤ n) , and T = ∂

∂t . By virtue of Lemma 3.10 in [17], the Taylor series

of the function K around a to the second order is: K(x) = K(a) + K(1)(x) + K(2)(x) + o(ρ2) where

ρ =
4
√
|z|4 + t2, and K(1)(x), resp. K(2)(x), is the homogeneous part (in terms of the nonisotropic

dilations) of order 1, resp. 2, of this expansion; more precisely: K(1)(x) =
∑n

j=1 ZjK(a).z j+Z̄ jK(a).z̄ j

and K(2)(x) = T K(a).t+ 1
2

∑n
j, k=1

(
ZjZ̄kK(a)z jz̄k+Z̄ jZkK(a)z̄ jzk+ZjZkK(a)z jzk+Z̄ jZ̄kK(a)z̄ jz̄k

)
. Hence :∫

B(0,r′)

(
K(x) − K(a)

)
ω

2+ 2
n

(0,λ)
=

∫
B(0,r′)

(
K(1)(x) + K(2)(x) + o(ρ2)

)
ω

2+ 2
n

(0,λ)
. (A.14)

Notice that most of the integrals vanish by oddness, so (A.14) becomes :∫
B(0,r′)

(
K(x)−K(a)

)
ω

2+ 2
n

(0,λ)
=

1

2

∫
B(0,r′)

n∑
j=1

(
ZjZ̄ j + Z̄ jZ j

)
K(a)|z j|2 ω

2+ 2
n

(0,λ)

+

∫
B(0,r′)

o(ρ2)ω
2+ 2

n
(0,λ)
.

(A.15)

Now, combining the results of Theorem 3.1 and Lemma 3.5 in [17], we derive that for any integer

m � 2, there exists a choice of contact form θ′, such that, in a pseudohermitian normal coordinates

chart centered at a, we have:

Δθ′ = Δθ + O(ρm−2), (A.16)

and we have also in this same chart

Δθ′ =
1
2

n∑
j=1

(ZjZ̄ j + Z̄ jZ j) + O(ρ2). (A.17)
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Taking then m � 4 will suffice to derive from (A.16) and (A.17) the relation

1

2

n∑
j=1

(ZjZ̄ j + Z̄ jZ j) = Δθ + O(ρ2). (A.18)

Inserting (A.18) in (A.15), and using the change of variable (z, t) �−→ λ(z, t) = (λz, λ2t), equation

(A.15) becomes:∫
B(0,r′)

(
K(x) − K(a)

)
ω

2+ 2
n

(0,λ)
= c̄
ΔθK(a)

λ2
+ o

( 1

λ2

)
+O

( 1

λ4

)
+ O(

1

λ2n+2
) (A.19)

where

c̄ =
∫
Hn
|z j|2ω2+ 2

n (A.20)

and using the estimates:
∫
CB(0,r′) |z j|2ω

2+ 2
n

(0,λ)
= O

( 1
λ2n+2

)
,
∫

B(0,r′) o(ρ2)ω
2+ 2

n
(0,λ)
= o

( 1
λ2

)
,

and
∫

B(0,r′) O(ρ2)K(a)|z j|2ω
2+ 2

n
(0,λ)
= O

( 1
λ4

)
. On the other hand, using (A.7),

K(a)

∫
M
ϕ

2+ 2
n

(a,λ)
= K(a)S n + O

( 1

λ2n

)
. (A.21)

Collecting then our estimates in (A.13), (A.19), (A.21), and inserting in (A.12), Lemma A.4 follows.

Lemma A.5 For λi, λ j very large we have:
∫

M
Kϕ

1+ 2
n

i ϕ j = K(ai)ci jεi j
(
1 + o(1)

)
.

Proof. We have ∫
M

Kϕ
1+ 2

n
i ϕ j = K(ai)

∫
M
ϕ

1+ 2
n

i ϕ j +

∫
M

(
K(x) − K(ai)

)
ϕ

1+ 2
n

i ϕ j.

By (A.11) we have K(ai)

∫
M
ϕ

1+ 2
n

i ϕ j = K(ai)ci jεi j
(
1 + o(1)

)
. We turn to the second integral:

∫
M

(
K(x) − K(ai)

)
ϕ

1+ 2
n

i ϕ j =

∫
Bi

(
K(x) − K(ai)

)
ϕ

1+ 2
n

i ϕ j +

∫
CBi

(
K(x) − K(ai)

)
ϕ

1+ 2
n

i ϕ j,

where Bi is the ball B(ai,
r
2
). We have for the first term∫

Bi

(
K(x) − K(ai)

)
ϕ

1+ 2
n

i ϕ j = O
( 1

λn
j

)∫
Bi

(
K − K(ai)

)
ϕ

1+ 2
n

i

= O
( 1

λn
j

)∫
B(ai,r)

(
K − K(ai)

)
δ′i

1+ 2
n + O

( 1

λn+2
i λn

j

)
= O

( 1

λn
j

)∫
B(0,r′)

O(‖(z, t)‖Hn )ω
1+ 2

n
(0,λi)
+ O

( 1

λn+2
i λn

j

)
= O

( 1

λn
j

) 1

λn+1
i

∫
B(0,λir′)

O(ρ)ω1+ 2
n + O

( 1

λn+2
i λn

j

)
= O

( εi j

λ2
i

)
= o(εi j)
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where we used polar coordinates to show that
∫

B(0,λir′)
O(ρ)ω1+ 2

n = O( 1
λi

), and the fact that 1
λn

i λ
n
j
=

O(εi j). Now, we turn to the second term∫
CBi

(
K(x) − K(ai)

)
ϕ

1+ 2
n

i ϕ j � 2‖K‖∞
∫
CB(ai,

r
2

)

ϕ
1+ 2

n
i ϕ j �

c
λn+2

i

∫
CB(ai,

r
2

)

ϕ j

�
c′

λn+2
i

(∫
B(a j,

r
2

)

ϕ j + O
( 1

λn
j

))
�

c′

λn+2
i

(∫
B(a j,

r
2

)

δ′j + O(
1

λn
j
)
)

�
c′

λn+2
i

( ∫
B(0,r′)
ω(0,λ j) + O(

1

λn
j
)
)
�

c′

λn+2
i

( 1

λn+2
j

∫
B(0,λ jr′)

ω +O(
1

λn
j
)
)

� O
( εi j

λ2
i

)
= o(εi j).

Lemma A.5 follows.

Lemma A.6 For λi, λ j very large we have
∫

M
ϕ

1+ 1
n

i ϕ
1+ 1

n
j = O

(
ε

1+ 1
n

i j log ε
− 1

n
i j
)
.

Proof. Using polar coordinates we have∫
Bi

δ′i
1+ 1

n =

∫
B(0,r′)

ω
1+ 1

n
(0,λi)
=

1

λn+1
i

∫
B(0,r′λi)

ω1+ 1
n

�
c′

λn+1
i

∫ r′λi

0

ρ2n+1dρ

(1 + ρ4)
n+1

2

�
c
λn+1

i

log λi

where ρ = (|z|4 + t2)
1
4 . Therefore we have∫

M
ϕ

1+ 1
n

i ϕ
1+ 1

n
j =

1

λn+1
j

∫
Bi

δ′i
1+ 1

n +
1

λn+1
i

∫
Bj

δ′j
1+ 1

n +
c̃

(λiλ j)n+1

= O
(
ε

1+ 1
n

i j log ε
− 1

n
i j
)
.

Lemma A.7 If λi, λ j are very large then,∫
M

K sup
(
αiϕi, α jϕ j

) 2
n inf

(
αiϕi, α jϕ j

)2
= O

(
ε

1+ 1
n

i j log ε
− 1

n
i j
)
.

Proof. It is straightforward. Since 2 � 1 + 1
n we have∫

M
K sup

(
αiϕi, α jϕ j

) 2
n inf

(
αiϕi, α jϕ j

)2 � C′
∫

M
α

1+ 1
n

i ϕ
1+ 1

n
i α

1+ 1
n

j ϕ
1+ 1

n
j

� C(αiα j)
1+ 1

n ε
1+ 1

n
i j log ε

− 1
n

i j .

Lemma A.8 There exists a nonnegative constant C such that for all v in Hε(a, λ):∫
M

Kϕ
1+ 2

n
i v � C‖v‖

( |∇θK(ai)|
λi

+ O
( 1

λ2
i

)
+ O

( 1

λn+2
i

))
.

Proof. We have ∫
M

Kϕ
1+ 2

n
i v = K(ai)

∫
M
ϕ

1+ 2
n

i v +
∫

M

(
K − K(ai)

)
ϕ

1+ 2
n

i v.
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First we compute the integral:∫
M
ϕ

1+ 2
n

i v =

∫
Bi

δ′i
1+ 2

n v + O
( 1

λn+2
i

)‖v‖ = ∫
M

Lϕiv + O
( 1

λn+2
i

)‖v‖
= 〈ϕi, v〉 + O

( 1

λn+2
i

)‖v‖ = O
( 1

λn+2
i

)‖v‖
where we used the fact that 〈ϕi, v〉 = 0 , (since v ∈ Hε(a, λ), see (2.5) ), and the continuity of the

inclusion S 2
1(M) ↪→ L2+ 2

n . Next, we turn to∫
M

(
K − K(ai)

)
ϕ

1+ 2
n

i v =
∫

Bi

(
K − K(ai)

)
ϕ

1+ 2
n

i v +
∫
CBi

(
K − K(ai)

)
ϕ

1+ 2
n

i v.

Outside of the ball Bi, ϕi is O
( 1
λn

i

)
, then

∫
CBi

(
K − K(ai)

)
ϕ

1+ 2
n

i v = O
( 1
λn+2

i

)‖v‖.
Now we are left with∫

Bi

(
K −K(ai)

)
ϕ

1+ 2
n

i v =
∫

Bi

(
K−K(ai)

)
δ′i

1+ 2
n v + O

( 1

λn+2
i

)‖v‖
=

∫
M

(
K−K(ai)

)
δ′i

1+ 2
n v + O

( 1

λn+2
i

)‖v‖
�

(∫
M

v2+ 2
n

) n
2n+2

(∫
M

(
K−K(ai)

) 2n+2
n+2 δ′i

2+ 2
n
) n+2

2n+2
+ O

( 1

λn+2
i

)‖v‖
� ‖v‖

(∫
Bi

(
K−K(ai)

) 2n+2
n+2 δi

2+ 2
n

) n+2
2n+2
+ O

( 1

λn+2
i

)‖v‖.
Using the notations of Lemma A.4, with (z, t) = exp−1

ai
(x), the Taylor series of K around ai at first

order is

K(x)−K(ai) = K(1)(x) + O(|z|2) =

n∑
j=1

ZjK(ai)z j + Z̄ jK(ai)z̄ j + O(|z|2)

= ∇θ0
K(ai)·z + O(|z|2)

where ∇θ0
= (Z1, ... , Zn, Z̄1, ... , Z̄n) is the CR gradient of Hn, z = (z j, z̄ j), and · is the inner product

of R2n. Denoting by ∇θ the CR gradient associated to Δθ, and using the relation derived from section

3 of [17],

∇θK(ai)·z = ∇θ0
K(ai)·z + O(|z|2)

we derive that ∫
Bi

(
K−K(ai)

) 2n+2
n+2 δi

2+ 2
n �

∫
B(0,r′)

(
|∇θK(ai)| |z| + O(|z|2)

) 2n+2
n+2
ω

2+ 2
n

(0,λi)

�
∫

B(0,λir′)

(|∇θK(ai)|
λi

|z|+O(
|z|2
λ2

i

)
) 2n+2

n+2
ω2+ 2

n .

Taking then everything into account, we find(∫
Bi

(
K−K(ai)

) 2n+2
n+2 δi

2+ 2
n

) n+2
2n+2 � C

|∇θK(ai)|
λi

+ O
( 1

λ2
i

)
,
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where C =
(∫
Hn |z|

2n+2
n+2 ω2+ 2

n

) n+2
2n+2
, the remainder terms being absorbed by the O

( 1
λ2

i

)
since n � 2.

Therefore ∫
Bi

(
K−K(ai)

)
ϕ

1+ 2
n

i v � C‖v‖
( |∇θK(ai)|

λi
+ O

( 1

λ2
i

)
+ O

( 1

λn+2
i

))
.

Collecting then our estimates, Lemma A.8 follows.

Lemma A.9 (Lemma 1.2 [6]). There exists M > 0 such that for any (a1, ..., ap) ∈ Rp and α > 0 :∣∣∣(∑i ai)
α −∑i aαi

∣∣∣ � M
∑

i� j |ai|α−1 inf(|ai|, |aj|).

Appendix B.
In this Appendix, we fix some notations, and we establish some basic results, used in the proof of

Lemma 5.1. Let

E = Span
{
ϕi ,

∂ϕi

∂ai
,
∂ϕi

∂λi
, 1�i�p

}
, F = Span

{ ∂ϕi

∂ai
,
∂ϕi

∂λi
, 1�i�p

}
πE : S 2

1 → E (resp. πF : S 2
1 → F ) the orthogonal projection on E (resp. on F).

Let W be an increment in the space of the variables (a, λ). Then the variation of v̄ along W is

denoted by ∂v̄
∂(α,a,λ)

(W) = ∂v̄
∂W . Observe that, since W is a variation in (a, λ), or equivalently in F, and

denoting by dai(W) = ȧi (resp. dλi(W) = λ̇i) the action of W on ai (resp. on λi), we have:

W =
∑

i

∂ϕi

∂ai
ȧi +

∑
i

∂ϕi

∂λi
λ̇i.

Proposition B.1 Let W be an increment in the space of the variables (a, λ). Then, provided (α, a, λ) ∈
Bε , ε adequate, there exists a constant c̄ > 0 independent of W and of (α, a, λ), such that

∀φ ∈ F
〈
πF

( ∂v̄
∂W

)
, φ

〉
� c̄ ‖v̄‖ ‖W‖ ‖φ‖.

Proof. Since v̄ ∈ Hε(a, λ), we have ∀ φ ∈ E, thus a fortiori ∀ φ ∈ F

〈 v̄ , φ 〉 = 0. (B.1)

Differentiating (B.1) with respect to W one has 〈 ∂v̄
∂W , φ

〉
= −〈 v̄ , ∂φ

∂W
〉

where

∂φ

∂W
=
∑

i

∂φ

∂ai
ȧi +

∑
i

∂φ

∂λi
λ̇i =

∑
i

(
1

λi

∂φ

∂ai
λiȧi + λi

∂φ

∂λi

λ̇i

λi
).

Since φ is a linear combination of 1
λi

∂ϕi
∂ai

and λi
∂ϕi
∂λi

which are almost orthogonal, it is easy to see that

there is a positive constant c such that ‖ 1
λi

∂φ
∂ai
‖ , ‖λi

∂φ
∂λi
‖ � c‖φ‖, hence ‖ ∂φ

∂W ‖ � c‖φ‖∑i(λi|ȧi| + |λ̇i |
λi

).

On the other hand, there is a uniform positive constant c0 such that ‖ 1
λi

∂φ
∂ai
‖ , ‖λi

∂φ
∂λi
‖ � c0, and we

have also
〈 1
λi

∂ϕi
∂ai
, λ j

∂ϕ j

∂λ j

〉
= O(εi j) which is small. Then, noting that W =

∑
i

1
λi

∂ϕi
∂ai
λiȧi + λi

∂ϕi
∂λi

λ̇i
λi

we

derive that ‖W‖ � 1
C
∑

i(λi|ȧi| + |λ̇i |
λi

) and thus∣∣∣〈 v̄ , ∂φ
∂W

〉∣∣∣ � c‖v̄‖‖φ‖
∑

i

(λi|ȧi| +
|λ̇i|
λi

) � c̄‖v̄‖‖φ‖‖W‖.

Therefore one has
∣∣∣〈 ∂v̄
∂W , φ

〉∣∣∣ � c̄‖v̄‖‖φ‖‖W‖. Proposition B.1 follows.

To prove lemma 5.1 we also need the following sequence of Lemmas.
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Lemma B.1 J′(ū)W = J′(
∑

i αiϕi)W + J′′(
∑

i αiϕi)v̄ W + O
(‖v̄‖2‖W‖) .

Proof. Recall that ū =
∑

i αiϕi + v̄. We have∣∣∣ |ū| 2n ū − (
∑

i

αiϕi)
1+ 2

n − (1+ 2
n )(
∑

i

αiϕi)
2
n v̄
∣∣∣ �

C
(
|v̄|1+ 2

n 1|∑i αiϕi |�|v̄| + 1|∑i αiϕi |�|v̄|(
∑

i

αiϕi)
2
n−1|v̄|2

)
where 1X is the function equal to 1 on the set X. Thus,∫

K |ū| 2n ūW =

∫
K(
∑

i

αiϕi)
1+ 2

n W + (1+ 2
n )

∫
K(
∑

i

αiϕi)
2
n v̄W+

O
(∫
|∑i αiϕi |�|v̄|

|v̄|1+ 2
n |W| +

∫
(
∑

i

αiϕi)
2
n−1|v̄|2|W|

)
.

Observe now that, for any W ∈ F we have pointwise |W(x)| � C‖W‖(∑i αiϕi)(x), since any
∣∣∣λi
∂ϕi
∂λi

(x)
∣∣∣

and
∣∣∣ 1
λi

∂ϕi
∂ai

(x)
∣∣∣ are bounded by Cϕi(x) and since the components of W are upperbounded by ‖W‖.

Therefore ∫
|∑i αiϕi |�|v̄|

|v̄|1+ 2
n |W| +

∫
(
∑

i

αiϕi)
2
n−1|v̄|2|W| � C

(‖v̄‖2+ 2
n + ‖v̄‖2)‖W‖,

and hence, ∫
K |ū| 2n ūW =

∫
K(
∑

i

αiϕi)
1+ 2

n W + (1+ 2
n )

∫
K(
∑

i

αiϕi)
2
n v̄W + O

(‖v̄‖2‖W‖),
and then Lemma B.1 readily follows.

Lemma B.2

J′′(
∑

i

αiϕi)v̄ W = ‖W‖O
(∑

i

|∇θK(ai)|2
λ2

i

+
∑

i

1

λ4
i

+
∑
i� j

ε
n+2

n
i j

(
log ε

− 1
n

i j
) n+2

n+1

)
.

Proof. Observe that, since v̄ ∈ Hε(a, λ) and W ∈ F (that is, W has no component on ϕi), we have

〈W, ϕi〉 = 〈W, v̄〉 = 0 , and thus

J′′(
∑

i

αiϕi)v̄ W = − J(ū)
2n+1

n (1+ 2
n )

∫
K
(∑

i

αiϕi
) 2

n v̄W+

O
(∫

K
(∑

i

αiϕi
)1+ 2

n W
)
O
(∫

K
(∑

i

αiϕi
)1+ 2

n v̄
)
.

For the second term of the right hand side, we operate as in the proof of lemma 4.1, and we find∫
K(
∑

i

αiϕi)
1+ 2

n W = ‖W‖O
(∑

i

|∇θK(ai)|
λi

+
∑

i

1

λ2
i

+
∑
i� j

εi j
n+2
2n
(
log ε

− 1
n

i j
) n+2

2n+2

)
(B.2)∫

K(
∑

i

αiϕi)
1+ 2

n v̄ = ‖v̄‖O
(∑

i

|∇θK(ai)|
λi

+
∑

i

1

λ2
i

+
∑
i� j

εi j
n+2
2n
(
log ε

− 1
n

i j
) n+2

2n+2

)
.
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Now, to estimate the first term, we will estimate
∫

K(
∑

i αiϕi)
2
n v̄φ for φ = 1

λi

∂ϕi
∂ai

or φ = λi
∂ϕi
∂λi

, the

result will be true for W since W is in F. Using the fact that such φ’s are orthogonal to v̄, and that

|φ(x)| � Cϕi(x) where C is a universal constant, we have∫
K(x)(

∑
i

αiϕi)
2
n v̄φ =

∫ (
K− K(ai)

)
(αiϕi)

2
n v̄φ + O

(∫
|v̄|ϕ

2
n
i

∑
j�i

inf(αiϕi, α jϕ j)
)

+ O
(∫
αiϕi�

∑
j�i α jϕ j

|v̄|ϕi
(∑

j�i

α jϕ j
) 2

n
)

=

∫ (
K− K(ai)

)
(αiϕi)

2
n v̄φ + O

(∫
|v̄|ϕ

2
n
i

∑
j�i

inf(αiϕi, α jϕ j)
)

+ O
(
‖v̄‖

{∫
αiϕi�

∑
j�i α jϕ j

ϕ
2n+2
n+2

i
(∑

j�i

α jϕ j
) 4(n+1)

n(n+2)

} n+2
2n+2

)
,

and, using estimates as in lemma 4.1, we derive that∫
K
(∑

i

αiϕi
) 2

n v̄φ=‖v̄‖O
(∑

i

|∇θK(ai)|
λi

+
∑

i

1

λ2
i

+
∑
i� j

εi j
n+2
2n
(
log ε

− 1
n

i j
) n+2

2n+2

)
. (B.3)

Observe that by (4.4) and (4.5) we have the following estimate on v̄

‖v̄‖ = O
(∑

i

|∇θK(ai)|
λi

+
∑

i

1

λ2
i

+
∑
i� j

εi j
n+2
2n
(
log ε

− 1
n

i j
) n+2

2n+2

)
. (B.4)

Lemma B.2 follows by (B.2)–(B.4).

Lemma B.3 sup
φ∈F

|J′(ū)(φ)|
‖φ‖ = O

(∑
i
|∇θK(ai)|
λi
+
∑

i
1
λ2

i
+
∑

i� jεi j
n+2
2n
(
log ε

− 1
n

i j
) n+2

2n+2

)
.

Proof. We recall that 〈v̄, λi
∂ϕi
∂λi
〉 = 〈v̄, 1

λi

∂ϕi
∂ai
〉 = 0; thus, for φ ∈ F, we have:

J′(ū).φ = J(ū)〈ū, φ〉 −
∫

KJ(ū)2+ 1
n ū1+ 2

n sign ū φ = −J(ū)2+ 1
n

∫
Kū1+ 2

n sign ū φ.

Arguing as in the proof of lemma 4.1, one has

J′(ū).φ � ‖φ‖O
(∑

i

|∇θK(ai)|
λi

+
∑

i

1

λ2
i

+
∑
i� j

εi j
n+2
2n
(
log ε

− 1
n

i j
) n+2

2n+2

)
,

from which we derive lemma B.3.

Appendix C.
Proof of Lemma 5.2. The vector field W, provided by Lemma 5.1, is C1 and therefore integrable. It

satisfies the (P.S) condition on the decreasing flow lines of J, away from the critical points at infinity.

Let ηs be the 1-parameter group generated by W, we have⎧⎪⎪⎨⎪⎪⎩ ∂
∂sηs

(∑
i αiϕi

)
= W

(
ηs
(∑

i αiϕi
))
,

η0

(∑
i αiϕi

)
=

∑
i αiϕi.
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By lemma 5.1, J(ηs) is a decreasing function of s. Observe that since v̄ is a minimizer, we have

J(ū) � J(
∑

i αiϕi). Now, using the estimates (4.9), (4.10), we have J(ū) = J(
∑

i αiϕi) + o(1). Since

the flow line started from
∑

i αiϕi, which is not a critical point at infinity (a critical point at infinity

occurs only when λi = +∞), the flow line should have been down the level J(ū) before it exits from

V(p, ε), which is the region where the vector field W is defined. Thus, there is at most one solution

to the equation

J
(
ηs
(∑

i

αiϕi
))
= J(ū). (C.1)

Indeed, assume that the initial data
∑

i αiϕi is in V(p, ε0) with ε0 <
ε
2
. Then the flow line will move

from ∂V(p, ε
2
) to ∂V(p, ε), and during this traveling we have⎧⎪⎪⎨⎪⎪⎩−J′

(
ηs(

∑
i αiϕi)

)
� c

(∑
i
|∇θK(ai)|
λi
+ 1
λ2

i
+
∑

i� j εi j
)

dist
(
∂V(p, ε

2
), ∂V(p, ε)

)
= a(ε) > 0 , and ‖W‖ � C.

If we denote by �s the duration of the trip from ∂V(p, ε
2
) to ∂V(p, ε), then we have a(ε) � C �s. If

we let γ(ε) = c(ε)a(ε)
C , then J

(
ηs(

∑
i αiϕi)

)
should have decreased at least of γ(ε) during this crossing.

Using estimates (4.9) and (4.10), we derive that J(ū)− J(
∑

i αiϕi)→ 0 as ε → 0. Then, if we choose

ε small enough, we have J(ū) > J(
∑

i αiϕi)− γ(ε), that is to say, J
(
ηs(

∑
i αiϕi)

)
crosses the level J(ū)

before ηs(
∑

i αiϕi) leaves V(p, ε), and therefore, equation (C.1) possesses a unique solution.

Conversely, starting from
∑

i αϕ̃i ∈ V(p, ε′), ε′ as small as we please, we would like to find∑
i αiϕi = η−s

(∑
i αiϕ̃i

)
so that

J(ū) = J
(∑

i

αiϕ̃i
)
. (C.2)

Observe that by lemma 5.1, J
(
ū(−s)

)
= J

(
η−s

(∑
i αiϕ̃i

)
+ v̄

(
η−s(

∑
i αiϕ̃i

)) )
is an increasing function

of s; so at time s = 0 we have J
(∑

i αiϕ̃i + v̄(α, ã, λ̃)
)
< J

(∑
i αiϕ̃i

)
. Therefore, there is at most one

solution for (C.2). Note that, along an increasing flow line for J, one has ∂
∂s
(∑

i αiϕi
)
= −W

(∑
i αiϕi

)
,

so one might exit from V(p, ε′); but the former argument applies here again, and we would have

gone higher than J
(∑

i αiϕ̃i
)

before exiting from V(p, ε′).
The other possibility is that the increasing flow line goes to infinity before reaching the level

J
(∑

i αiϕ̃i
)
. If this happens the ϕi corresponding to the highest concentration λi will go weakly to

zero, thus λi goes to +∞. However, since, by lemma 5.1, |dλi(W)| � c′λi , this will happen at an

infinite time. Observe that since

−J′(ū)
(
W +

∂v̄
∂W

)
� c

(∑
i� j

εi j +
∑

i

1

λ2
i

)
,

we must have, on such a flow line, at least for a subsequence (sk), sk → +∞,
∑

i� j εi j(−sk) +∑
i

1
λ2

i
(−sk)→ 0. This implies that v̄

(
η−sk (

∑
i αiϕ̃i )

)→ 0, and then

J
(
ū(−sk)

) − J
(∑

i αiϕi(−sk)
)→ 0. Thus,

lim sup
s→+∞

J
(
ū(−s)

)
= lim sup

s→+∞
J
(
η−s(

∑
i

αiϕ̃i)
)
> J

(∑
i

αiϕ̃i)

� J
(∑

i

αiϕ̃i + v̄(α, ã, λ̃)
)
.

Hence, by continuity, (C.2) must have a solution. The required diffeomorphism is then given by ηs

which solves (C.1)-(C.2).
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To complete the proof of Lemma 5.2 we need also to show that (∗) and (∗∗) hold. Set
∑

i αiϕi(s) =∑
i αiϕ(ai(s),λi(s)) = ηs

(∑
i αiϕi

)
. Since W has no action on the variable α, we have

W =
∑

i

αi
1

λi(s)

∂ϕi(s)

∂ai

(
λi(s)ȧi(s)

)
+
∑

i

αiλi(s)
∂ϕi(s)

∂λi

( λ̇i(s)

λi(s)

)
,

where ȧi(s) and λ̇i(s) denote the action of W on the variables ai and λi. Observe that εi j = o(1), and
1
λi

∂ϕi(s)

∂ai
and λi

∂ϕi(s)

∂λi
are nearly orthogonal, both of order O(ϕi), and such that 0 < c0 �

∥∥∥ 1
λi

∂ϕi(s)

∂ai

∥∥∥ � C

and 0 < c0 �
∥∥∥λi

∂ϕi(s)

∂λi

∥∥∥ � C. Since W is bounded, it yields that |λiȧi| � C and | λ̇i
λi
| � C. On the other

hand, ∂
∂sεi j � Cεi j , and λi

∂εi j

∂λi
, 1
λi

∂εi j

∂ai
are O

(
εi j
)
, then we have,⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

e−Csεi j(0) � εi j(s) � eCsεi j(0)

e−Cs �
λi(s)

λi(0)
� eCs

d̃(ai, ai(s)) �
eCs

λi(0)
.

(C.3)

Since s satisfies equation (C.2), the time s needed to have J(ū)=J
(
ηs
(∑

i αiϕi
))

is bounded because

we have −J′(ū)
(
W + ∂v̄

∂W
)
� c

(∑
i
|∇θK(ai)|
λi
+
∑

i� j εi j +
∑

i
1
λ2

i

)
, and, by (4.9)-(4.10), J(ū)− J

(∑
i αiϕi

)
=

o
(∑

i
|∇θK(ai)|
λi
+
∑

i� j εi j+
∑

i
1
λ2

i

)
. Using (C.3), we see that d̃(ai, ãi) = d̃(ai(0), ai(s)) tends to zero when∑

i
1
λ2

i
(0) tends to zero, which establishes (∗). Since s is bounded,

(∑
i� j εi j+

∑
i

1
λ2

i

)
(0) tends to zero is

equivalent to
(∑

i� j εi j +
∑

i
1
λ2

i

)
(s) =

∑
i� j ε̃i j +

∑
i

1
λ̃2

i
tends to zero. Thus, we derive (∗∗), and lemma

5.2 is thereby proved. �
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