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Abstract

By means of a continuation argument, we prove the existence of at least one increasing het-
eroclinic solution to a scalar equation of the kind ẍ = a(t)V ′(x), where V is a non-negative
double well potential, and a(t) is a positive, measurable coefficient, which is definitively
monotone with respect to |t|, converges to l as |t| diverges and fulfils one of the two follow-
ing assumptions: a(t) ≥ l everywhere, or a(t) − l converges to 0, as |t| → +∞, more slowly
than a suitable exponential term.
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1 Introduction
As is known, if a non-negative potential V has two consecutive, non-degenerate wells ξ− and ξ+

at level zero, the autonomous equation ẍ = V ′(x) admits infinitely many heteroclinic solutions
which connect the two wells, and differ each other by a shift in time. It looks interesting to know
what happens if we multiply the right-hand side of the equation by a positive coefficient a(t) which
converges to a positive limit l as |t| diverges. In this case, we say that the corresponding equation

ẍ = a(t)V ′(x) (1.1)

∗The author acknowledges the support of M.I.U.R. - Italy

613



614 A. Gavioli

is ”asymptotically autonomous”. For instance, when V(x) = 1 + cos x and ξ± = ±π, (1.1) could
represent the motion of a pendulum whose pivot is subject to a vertical perturbation a(t) − l, which
becomes negligible for large values of |t|: a similar model, but in the more familiar case of a periodic
perturbation, can be found in §4.2a of [19]. From now on, for the sake of simplicity, we suppose
ξ± = ±1: then we ask whether (1.1) presents at least one heteroclinic trajectory, namely a solution
of (2.5). In spite of the many papers which concern periodic or almost periodic coefficients a(t)
(see, for instance, [16],[17]), this particular situation was not widely studied in the literature, and
most results are rather recent. In order to give a short summary of them, we begin to recall the case
a(t) ≤ l, where, without further assumptions, a solution always exists, and is found by minimizing
the corresponding action functional F : see [4] (Chapter 2, Thm. 2.2), and also a related result in
[6] (§5, Example 1). On the contrary, in the case a(t) ≥ l, some minimax arguments on F show
the existence of a ”mountain pass” solution under the additional assumption that a(t) is bounded
from above by a suitable number, which depends on l and the shape of V [8], [12]. We also quote a
recent paper where this result is improved, by allowing a(t) to go below l [18]. A case which can be
handled more easily is when a(t) and V(x) are both even (on this subject, see also [10], [11], where
a third intermediate well is considered).

Since problem (2.5) is one-dimensional, another possible approach is provided by shooting
methods, on the ground of the usual representation of (1.1) on the phase plane xẋ: in this way,
in [9], we are able to deal with the more general case in which a(t) converges from above to two
possibly different limits l∗ and l∗. In this case, however, we need that a(t) is definitively monotone,
and also an exponential bound on the speed at which a(t) converges to max(l∗, l∗). Furthermore, V
is supposed to fulfil, in a slightly stronger form, condition (V2) of §2, which is indeed typical of the
most common double-well potentials, but is not required in [8], [12]. In [9] we also deal with the
definitively autonomous case, when a(t) ≡ l outside a compact interval J: in this framework, solu-
tions are proved to exist without further assumptions. The latter result exploits a peculiar technique,
which is based on the property that a hamiltonian flow on the plane preserves area.

In this paper we are going to present a further way for tackling the problem: by means of a
continuation method, we try to relate it to a well-known situation, where a is replaced by a new
coefficient α0, in such a way that the corresponding problem surely admits a solution, say x0. More
precisely, as explained by Theorem 2.9, it is possible to build a ”homotopy” λ 7→ αλ on the co-
efficient of the equation which joins α0 with the given coefficient α1 = a, and x0 to a solution of
(2.5), in the usual sense: if P(αλ) denotes the problem we get from (2.5) by putting a = αλ, then
the space C1 × [0, 1] contains a connected setM0 of pairs (x, λ) such that x solves P(αλ), and the
projection ofM0 on [0, 1] is onto. For the sake of simplicity, αλ is defined as in (2.10), but other
kinds of homotopies could be considered (see Remark 4.5). The existence results which follow from
the procedure above are summed up in Theorem 2.10, where two alternative sets of assumptions are
presented. In particular, when (A0)-(A3) hold, the corresponding claim improves the result of [9]
in the case l∗ = l∗ = l, since it removes the exponential estimate we quoted before. On the other
hand, when (A1)-(A5) are satisfied (so that estimates of the previous kind hold both for t → −∞ and
t → +∞) and the coefficient a(t) converges to l from above, it is allowed to go below l on a bounded
set. With respect to the results of [8], [12] and [18], the main advantage of Theorem 2.10 is that it
does not require any bound from above on the coefficient a(t). On the other hand, the quoted papers
need no conditions about monotonicity or convergence rate of a(t).

The main results of the paper are explained in §2. In particular, Theorem 2.9 contains the
continuation argument which, together with Prop. 2.6, allows to get quickly our existence result for



Asymptotically autonomous equations via continuation methods 615

problem (2.5), that is Theorem 2.10. In §3 we put forward some information about the stable and
unstable manifold of the perturbed equation near the two wells ±1, which is summed up in Prop.
3.7. The proof of this result combines the classical method of the Implicit Function Theorem (which
allows to get the regularity properties of the functions x±, and is explained in §6) with a variational
approach, which seems more suitable for getting an upper and lower bound on the initial times of
solutions asymptotic to, respectively, −1 and +1 (see Prop. 3.7c). In §4 we are going to reduce the
perturbed problem to a suitable nonlinear system of two scalar equations of the form ϕλ(σ, τ) = 0,
where σ and τ represent, respectively, the initial times of solutions asymptotic to −1 and +1. Indeed,
as is known, continuation methods are based on degree theory in functional spaces, but it looks rather
difficult to apply such a tool when the given equation is to be considered on the whole real line, rather
than on a compact interval. Then we adopt the following, well-known argument: problem P(αλ) is
solved if and only if the unstable manifold at (−1, 0) of the corresponding equation and its stable
manifold at (1, 0) meet in the space txẋ. Of course, this problem can be tackled in several ways (see,
for instance, §4 of [15] for a similar approach, even if under different assumptions): in our case, it
looks suitable to describe it by means of two degrees of freedom, namely two values σ and τ of the
time axis. This new setting allows to represent the solution set in the three-dimensional space στλ:
then the behaviour of its connected component which starts from λ = 0, say Γ0, can be studied by
means of the more simple Brouwer degree. In order to reach our goal, that is the level λ = 1, we
need that Γ0 is bounded: it is exactly at this point that we exploit the crucial assumption of definitive
monotonicity on a(t) given in (A3), together with (A0) or (A5), so as to get the required estimates on
Γ0.

The starting point of our continuation method, namely Prop. 2.6, is proved in §5, by means
of Prop. 5.2, which provides a particular bifurcation from the autonomous case. For the sake
of completeness, we also give the obvious proof of Prop. 2.11, which combines Prop. 5.2 with
Theorem 2.9 in order to get a global extension of the previous bifurcation. At the end of the section,
in Remarks 5.3-4, we recall that Prop. 5.2 could be partially inserted in a more general framework.
Finally, the already mentioned §6 is an appendix where we prove some results which were exploited
in §3.

In order to conclude, we point out that, in spite of the great variety of possible approaches and
alternative conditions which were introduced for solving (2.5), this problem seems to remain open
under the only basic assumptions (A1), (A2) and (A4) on the coefficient a(t): actually, we do not
know of any counter-examples on this subject.

2 Definitions and main results
We begin to introduce the main conditions we need on the potential V(x) and the coefficient a(t) of
(1.1), which we denote respectively by (V1)-(V2), (A0)-(A6). Throughout the paper (V1)-(V2) will
be fixed, while the assumptions on a(t) may change here and there. Some of them, indeed, are
alternative to other ones, as can be easily understood. For the sake of simplicity, we suppose that the
number l > 0 is given.

(V1) V ∈ C2(IR; [0,+∞[), V(±1) = 0, V ′′(±1) > 0.

(V2) On ] − 1, 1[ V ′ vanishes at just one point x∗.

(A0) a(t) ≥ l for t ∈ IR
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(A1) a(t)→ l as t → ±∞.

(A2) a ∈ L∞(IR).

(A3) a(t) is definitively monotone with respect to |t|, that is to say: for some T ≥ 0, one of the
two following conditions holds, where the arrows ↑ and ↓ mean respectively increasing and
decreasing (not necessarily in a strict sense).

a(t) ↑ for t ≤ −T and a(t) ↓ for t ≥ T (2.1)
a(t) ↓ for t ≤ −T and a(t) ↑ for t ≥ T. (2.2)

(A4) inf a > 0

(A5) For some β <
√

lV ′′(−1), γ > −
√

lV ′′(1) it is

|a(t) − l|eβt → +∞ as t → +∞, (2.3)
|a(t) − l|eγt → +∞ as t → −∞. (2.4)

(A6) For some T ≥ 0 it is a(t) ≡ l for |t| ≥ T .

Remark 2.1 We point out that, by virtue of (V1) and (V2), the strict inequality V > 0 actually
holds on ] − 1, 1[. Furthermore, when (A0) and (A1) hold, (A3) is obviously equivalent to (2.1).

We defineA as the family of those functions a which fulfil the basic assumptions (A1), (A2) and
(A4). For any a ∈ A, we are interested in the following problem:

P(a)


ẍ(t) = a(t)V ′(x(t)) (i)
x(−∞) = −1, x(+∞) = 1 (ii)
−1 < x(t) < 1 (iii)

(2.5)

Remark 2.2 Since a is only supposed to be measurable, (2.5i) is required to hold almost every-
where, according to the usual definition of weak solution. More precisely: x is C1, ẋ is absolutely
continuous and (2.5i) holds at any Lebesgue point of a.

Remark 2.3 Clearly the behaviour of V outside the interval [−1, 1] does not affect problem (2.5).
In particular, without loss of generality, we may suppose that xV ′(x) > 0 for |x| > 1, and also that
V ′ is bounded, so that (iii) follows from (i-ii), and all solutions to (2.5i) are global. We also point
out that a solution of (2.5) needs not be monotone: nevertheless, our proof will actually provide a
monotone solution.

Definition 2.4 We denote by S(a) the family of all solutions to P(a). By virtue of the previous
remark, these solutions are supposed to be global: in particular, we shall regard S(a) as a subset of
C1(IR). We also define M(a) as the subset of S(a) made up by monotone functions. We say that
x ∈ S(a) is regular or, respectively, degenerate according to whether the following linear problem
admits only the trivial solution z ≡ 0 or not:{

z̈(t) = a(t)V ′′(x(t))z(t) (i)
z(±∞) = 0 (ii) (2.6)
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Definition 2.5 The script R(a) will denote the set of all regular solutions to (2.5). We say that
problem P(a) is regular if it admits a unique monotone solution, which is also regular, and denote
byA∗ the set of those coefficients a ∈ A such that P(a) is regular.

Proposition 2.6 Both of the following families are non-empty:

A− := {a ∈ A∗ : (A6) holds, and a ≤ l },
A+ := {a ∈ A∗ : (A6) holds, and a ≥ l }.

Proof. see §5.

Remark 2.7 If we take a(t) ≡ l, we know that S(l), and thereforeM(l), is made up by the functions
t 7→ xs(t) := x0(t + s), s ∈ IR, where x0 is the solution of the first order equation ẋ =

√
2lV(x) which

fulfils the initial condition x(0) = 0. In particular, P(l) is not regular, so that l < A∗.
Definition 2.8 A map λ 7→ αλ from [0, 1] intoA is said to be a homotopy between α0 and α1 if it is
continuous from [0, 1] to L∞(IR), that is:

∥αλ − αµ∥∞ → 0 as λ→ µ. (2.7)

If λ 7→ αλ is a given homotopy, we associate to it the sets

S = {(x, λ) ∈ C1
b(IR) × [0, 1] : x ∈ S(αλ) }, (2.8)

M = {(x, λ) ∈ S : x ∈ M(αλ) }, (2.9)

where C1
b(IR) denotes the space of those functions x ∈ C1(IR) which are bounded together with

their derivative. C1
b(IR) is endowed with its usual norm, and both S andM will inherit the product

topology of C1
b(IR) × [0, 1]. A standard example of homotopy is given by:

αλ = (1 − λ)α0 + λα1, λ ∈ [0, 1]. (2.10)

Theorem 2.9 Let (V1) and (V2) hold, and suppose that a . l fulfils (A0)-(A3) or (A1)-(A5). Let
α0 ∈ A+ or α0 ∈ A− according to whether, respectively, a satisfies (2.1) or (2.2), and consider the
homotopy (2.10), where α1 = a. LetM(α0) = {x0}: then there exists a compact, connected subset
M0 of (2.9) which joins (x0, 0) withM(a) × {1}.

The theorem above will be proved in §4: together with Prop. 2.6, it allows to get easily our
existence result for problem (2.5), which follows below.

Theorem 2.10 Let conditions (V1)-(V2) hold, and also (A0)-(A3) or (A1)-(A5). Then problem (2.5)
admits a monotone solution.

Proof. By virtue of Prop. 2.6, we can find α0 as in Theorem 2.9. Furthermore, we can obviously
exclude the trivial case a(t) ≡ l, where we find the infinitely many solutions of Remark 2.7: then we
can apply Theorem 2.9, which ensures, in particular, thatM(α1) × {1} , ∅.

Theorem 2.9 can be combined with the results of §5, so as to get a branch of solutions which
bifurcates from the autonomous case and reaches a solution of the given problem (see §5 for more
details).

Proposition 2.11 Let conditions (V1)-(V2) hold, and also (A0)-(A3) or (A1)-(A5). Let xs be as in
Remark 2.7: then there exist a homotopy λ 7→ αλ between α0 ≡ l and α1 = a, and a compact,
connected subsetM0 of (2.9) which joins (xs, 0) withM(a) × {1}.
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3 The stable and unstable manifolds
As we can easily see, (1.1) gives rise, in the phase plane xy = xẋ, to the hamiltonian field f (t, x, y) =
(y, a(t)V ′(x)), whose equilibria (±1, 0) turn out to be saddle points. In this section we are going to
study, in particular, the unstable manifold of f at (−1, 0) and its stable manifold at (1, 0). Actually,
we are going to deal with the former, since the latter can be derived from it through suitable changes
of variable, as we are going to show in the final part of the proof of Prop. 3.7. As we mentioned in
the introduction, we adopt a variational point of view. We recall that V ′′(−1) > 0, so that we can
find r > 0 and a function Q : IR→ IR such that

Q ∈ C2(IR), Q(0) = 0, inf Q′′ > 0, sup Q′′ < +∞, (3.1)
Q(u) = V(−1 + u) for |u| ≤ r. (3.2)

Proposition 3.1 Let a ∈ L∞(IR), inf a > 0. Let Q ∈ C2(IR) fulfil (3.1). For any τ, h ∈ IR, let us denote
by W−(τ, h) the space of those functions u ∈ H1(] −∞, τ]) such that u(τ) = h. Then the problem

min
{∫ τ

−∞

(
1
2

u̇(t)2 + a(t)Q(u(t))
)

dt; u ∈ W−(τ, h)
}

(3.3)

admits a unique minimizer u, which is also the unique solution on ]−∞, τ] of the following problem:{
ü = a Q′(u) (i)
u(−∞) = 0, u(τ) = h (ii) (3.4)

Proof. Existence and uniqueness of the minimum in (3.3) follow from standard arguments in Cal-
culus of Variations, since the integral functional Φ which appears in (3.3) is strictly convex, weakly
lower semicontinuous and cohercive on H1. On the other hand, (3.4i) is the Euler equation of (3.3),
while the first condition in (3.4ii) is satisfied by any function u ∈ H1(] −∞, τ]) ([5], Cor. VIII.8), so
that any solution of (3.3) fulfils (3.4). Finally, thanks to the convexity of Φ, the inverse implication
holds true as well.

From now on, let λ 7→ αλ ∈ A be a given homotopy of the form (2.10), where α0 and a = α1
are as in Theorem 2.9. For any c ∈ IR we denote respectively by Γ−(c) and Γ+(c) the two half-lines
] − ∞, c] and [c,+∞[. Furthermore, W±c will stand for the space of those functions x ∈ C1(Γ±(c))
such that x and ẋ vanish at ±∞, on which we put the C1-norm. For any function u : IR → IR we
denote by R±c u its restriction to Γ±(c). The following result concerns the dependence of the solution
of (3.3) on τ, h and a, and will be proved in §6.

Proposition 3.2 Let Q fulfil (3.1). Put a = αλ in (3.3), denote by t 7→ u(t; τ, h, λ) the corresponding
minimizer, and extend it to the whole real line as a solution of ü = αλQ′(u). Apply the same proce-
dure after replacing Q(u) by its quadratic part Q0(u) = 1

2 Q′′(0)u2, and denote by t 7→ u0(t; τ, h, λ)
the corresponding function. Let us also put η(τ, h, λ) = u′t(τ; τ, h, λ), pλ(t) = u0(t; 0, 1, λ), wλ(t) =
ṗλ(t)/pλ(t). Finally, for any h ≥ 0, let us denote respectively by κ(h) and K(h) the minimum and the
maximum value of Q′′(u) on [0, h], and put m(h) = (mκ(h))1/2, M(h) = (MK(h))1/2, where, for any
λ ∈ [0, 1], 0 < m ≤ αλ ≤ M. Then:

(a) for any c ∈ IR, the map (s, h, λ) 7→ R−c u(·; s, h, λ) is continuous from IR2 × [0, 1] to W−c , and
continuously differentiable with respect to (s, h).
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(b) u′′th(τ; τ, 0, λ) = η′h(τ, 0, λ) = wλ(τ).

(c) h exp(M(h)(t − τ)) ≤ u(t; τ, h, λ) ≤ h exp(m(h)(t − τ)) for any t ≤ τ.

(d) ẇλ(t) = αλ(t)Q′′(0) − wλ(t)2 a.e. on IR.

(e) m(0) =
√

mQ′′(0) ≤ wλ(t) ≤ M(0) =
√

MQ′′(0) for any t ∈ IR. Furthermore, the first
inequality (or, respectively, the last one) is definitively strict to the right according to whether,
on a set of positive measure, it is, respectively: αλ > m or αλ < M.

Remark 3.3 Of course, it is u(t; τ, h, λ) = u(t;σ, u(σ; τ, h, λ), λ) for any σ, τ, t, h ∈ IR, λ ∈ [0, 1].
Indeed, both sides of the previous equality, as functions of t, solve problem (3.4), where we put a =
αλ. In particular, they have the same derivative at t = σ, so that: u′t(σ; τ, h, λ) = η(σ; u(σ; τ, h, λ), λ).

If we put q(t) = (Q′′(0)αλ(t))1/2, from Prop. 3.2d we argue that the function w = wλ solves the
Riccati equation ẇ = q2−w2, which we denote by (R). In the next result we are going to study, under
suitable assumptions, the asymptotic behaviour of its solutions. To this end, we adopt the following
notations: whenever a function z is definitively monotone to the right and converges, as t → +∞,
to a number θ ∈ IR, we write z(t) ↓ θ or z(t) ↑ θ according to whether the convergence to θ is from
above or from below.

Lemma 3.4 Let σ ∈ IR, J = [σ,+∞[, q : J →]0,+∞[ be monotone, θ := q(+∞), 0 < θ < +∞. Let
w be a positive solution of (R): then w(t) ↓ θ or w(t) ↑ θ.

Proof. 1) If w is definitively monotone, it converges to θ. Indeed, in this case, w admits a limit w̄ ≥ 0.
Of course, w̄ < +∞: otherwise, (R) would imply the contradiction ẇ(+∞) = −∞. On the other hand,
if w̄ , l, from (R) we should argue that ẇ converge to a non-zero limit, which is not possible, since
w̄ is finite.

2) If w(τ) ≥ q(τ) ≥ θ for some τ ≥ σ, then w(t) ≥ q(t) for t ≥ τ. We point out that, in this case, q
is decreasing. As can be easily guessed, we can replace q by q+ in the inequality to be proved, where
q+(t) denotes the right limit of q at t. So, by contradiction, let τ1 > τ be such that w(τ1) < q+(τ1),
A the closed subset of [τ, τ1] where w ≥ q+, σ1 = max A, J1 = [σ1, τ1], so that w ≤ q+ on J1: then,
according to (R), ẇ ≥ 0 on J1, in contrast with the inequalities w(τ1) < q+(τ1) ≤ q+(σ1).

3) If w(τ) ≤ q(τ) ≤ θ for some τ ≥ σ, then w(t) ↑ θ. We can argue in a quite similar way to step
2).

4) Conclusion. Thanks to steps 2) and 3), we only need to prove our claim when w ≤ q on J, or
w ≥ q on J. In both cases, (R) ensures that w is monotone, so as to apply 1).

Lemma 3.5 Let Q satisfy (3.1) and (3.2). Let αλ be given by (2.10), where α0 and a = α1 are as in
Theorem 2.9, and wλ be as in Prop. 3.2. Let T ∈ IR be as in (2.1) or (2.2), and suppose also α0(t) ≡ l
for t ≥ T. Then, for any λ ∈ [0, 1]:

(a) wλ → θ ”from the same side” as qλ, as t → +∞.
(b) The equality wλ = θ cannot hold definitively to the right.
(c) there exists τ = τ(λ) ≥ T such that ẇλ(τ) < 0 or ẇλ(τ) > 0 according to whether, respectively,

(2.1) or (2.2) holds.
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Proof. We split the proof into the following steps.
1) (A0) ∨ [(λ = 0) ∧ (2.1)] ⇒ (a) ∧ (b). Of course, on the assumptions of this step, it is qλ ↓ θ.

Furthermore, αλ ≥ l on IR: then we can put m = l in Prop. 3.2, so that the number m(0) in claim (e)
is nothing but θ. Hence wλ ≥ θ, so that wλ → θ+. As regards (b), we point out that α0 ≥ l, α1 ≥ l
and the equalities α0 = l and α1 = l cannot hold everywhere (the former because α0 ∈ A∗, the latter
by an explicit assumption). Then (2.10) entails that αλ > l on a set of positive measure, and we can
put m = l in the last claim of Prop. 3.2e, so that wλ(t) > m(0) = θ for t large enough.

2) (λ = 0) ∧ (2.2) ⇒ (a) ∧ (b). Now qλ ↑ θ, and αλ = α0 ≤ l on IR, so that we can exploit Prop.
3.2e again, where we put M = l.

3) (A5) ∧ (2.1) ∧ (λ > 0) ⇒ (a) ∧ (b). Thanks to (2.10) and (A6):

|qλ(t) − θ| = (qλ(t) + θ)−1|qλ(t)2 − θ2| ≥

θ−1Q′′(0)|αλ(t) − l| = λ
√

Q′′(0)/l |a(t) − l|, t ≥ T.

Then, as t → +∞, |qλ(t) − θ|eβt → +∞ for β < θ: on this subject, we recall that Q′′(0) = V ′′(−1) (so
that β actually fulfils (2.3)), and λ > 0. Now, let us argue by contradiction, so as to deny that w ↓ θ:
then, by virtue of Lemma 3.4, it is wλ ↑ θ, so that wλ ≤ θ on [τ,+∞[, for some τ ≥ σ. Now we can
apply Lemma 6.3a, where we put f (t,w) = q(t)2 − w2, ψ(w) = θ2 − w2. Then δ(t) = q(t)2 − θ2 ≥ 0,
in contrast with the thesis of the lemma. Of course, since αλ can replace a in (2.3), it cannot be
definitively costant to the right, and the same we can say of wλ, thanks to Prop. 3.2d: hence (b) is
proved as well.

4) (A5) ∧ (2.2) ∧ (λ > 0) ⇒ (a) ∧ (b). We can argue in the same way as in 3): now, of course,
we exploit Lemma 6.3b.

5) Conclusion. Under the assumptions of Theorem 2.9, α1 = a always fulfils (2.1)∨ (2.2) and
(A0) ∨ (A5), so that the four cases we considered in the previous steps are exhaustive, and both
claims (a) and (b) are proved. Finally, (c) is a consequence of (a) and (b), by virtue also of Lemma
3.4.

Lemma 3.6 Let us put Et(x; λ) := 1
2 ẋ(t)2 − aλ(t)V(x(t)) for any λ ∈ [0, 1], x ∈ S(αλ), t ∈ IR, and

take T from (2.2) or (2.1). Then, for |t| ≥ T, it is Et(x; λ) ≤ 0 or Et(x; λ) ≥ 0 according to whether,
respectively, (2.1) or (2.2) holds.

Proof. As a simple argument shows, whenever x ∈ S(aλ), it is ẋ(±∞) = 0, so that Et(x, λ) → 0 as
t → ±∞. On the other hand, if (A3) holds, it is easy to infer, from the equation ẍ = αλV ′(x), that the
map t 7→ Et(x; λ) is monotone, for |t| ≥ T , in an opposite way with respect to αλ(t), and therefore to
a(t). Hence our claim is proved.

Proposition 3.7 Let λ 7→ αλ be as in Theorem 2.9. Then there exist r > 0 and functions x± :
IR2 × [0, r] × [0, 1] → IR which satisfy the following conditions, according to the notations which
come before Prop. 3.2.

(a) For any c ∈ IR the map (s, h, λ) 7→ R±c x±(·; s, h, λ) is continuous from IR × [0, r] × [0, 1] to
±1 +W±c , and also continuously differentiable with respect to (s, h).
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(b) t 7→ x±(t; s, h, λ) is the unique function x(t) which is increasing on Γ±(s) and such that, ac-
cording to the sign, {

ẍ(t) = aλ(t)V ′(x(t)), t ∈ IR, (i)
x(±∞) = ±1, x(s) = ±(1 − h) (ii) (3.5)

(c) The sets A± := {s ∈ IR : x±(·; s, r, λ) ∈ S(αλ) for some λ ∈ [0, 1]} are such that sup A− < +∞
and inf A+ > −∞.

Proof. Let r and Q be as in (3.1-2), and let u, Q0, u0, wλ, η be given by Prop. 3.2: it is easy to see
that the map z(t) := u(t; s, h, λ) and its derivative ż(t) are positive for t ≤ s, so that 0 ≤ z(t) ≤ h on
that half-line. Then, for h ∈ [0, r], the values that Q takes outside [0, r] do not affect u: hence the
map t 7→ u(t; s, h, λ) solves the equation z̈ = αλ(t)V ′(−1 + z) for t ≤ s. By virtue of Remark 2.1,
this map can be extended to the whole real line as a solution of the latter equation, so as to become
a new map ũ. Now we are going to prove that the function x−(t; s, h, λ) := −1 + ũ(t; s, h, λ) fulfils
all the required properties which concern it, that we denote by (a−)-(c−), (3.5−). In a similar way,
(a+)-(c+) and (3.5+) will stand for the corresponding properties of x+.

(a−) The regularity properties of u that we get from Prop. 3.2a are obviously inherited by ũ,
since standard arguments about dependence on initial data [1] ensure that, for any compact interval
J, the map (s, h, λ) 7→ ũ(·; s, h, λ)|J is continuous from IR × [0, r] × [0, 1] to C1(J), and continuously
differentiable with respect to (s, h). In particular, ũ and ũ′t admit continuous partial derivatives with
respect to s and h.

(b−) By construction, the function t 7→ x−(t; s, h, λ) solves (3.5−). As regards uniqueness, let
x(t) be a solution of (3.5−) which is monotone for t ≤ s: then, according to the previous arguments,
x(] − ∞, s]) ⊆ [0, h] so that, by the uniqueness result of Prop. 3.1, x(t) = x−(t; s, h, λ) for t ≤ s. Of
course, thanks to (3.5i), the two functions agree for t ≥ s as well.

(c−) Suppose, by contradiction, sup A− = +∞: then we can find points si → +∞ and λi ∈ [0, 1]
such that si → +∞ as i → +∞, and xi(+∞) = 1, where xi(t) = x−(t; si, r, λi). Suppose also, as we
may do up to a subsequence, that λi → λ ∈ [0, 1]. For such a λ, take τ = τ(λ) as in Lemma 3.5c:
then, for large i’s, when putting h = r, t = τ and τ = si in the second inequality of Prop. 3.2c we get

0 ≤ hi := xi(τ) + 1 = u(τ; r, si, λi) ≤ r exp(m(r)(τ − si)).

In particular, hi → 0 as i → +∞. Now, let ηi := ẋi(τ), and put σ = τ, τ = si, h = r, λ = λi in the
final claim of Remark 3.3, so as to get ηi = η(τ, hi, λi): then Prop. 3.2b implies that ηi/hi → w(τ)
as i → +∞. Indeed, since u′′th is continuous, the ratio between η(τ, h, λ) and h converges uniformly
with respect to λ ∈ [0, 1], as h → 0. Now, let us recall the function Et from Lemma 3.6: then, as
i→ +∞,

Eτ(xi; λi)
h2

i

→ 1
2

(wλ(τ)2 − αλ(τ)Q′′(0)) = −1
2

ẇλ(τ). (3.6)

Indeed, we have Eτ(xi; λi) = 1
2 ẋi(τ)2 − αλi (τ)V(xi(τ)) = 1

2η
2
i − αλi (τ)Q(hi), so that (3.6) follows

easily: in particular, the last equality can be deduced from Prop. 3.2d. Now, if (2.1) holds, from
Lemma 3.5c we get ẇλ(τ) < 0. Then, from (3.6), we infer that Eτ(xi; λi) > 0 for large i’s, in contrast
with Lemma 3.6. A completely similar argument can be applied if (2.2) holds: in this case, we get
Eτ(xi; λi) < 0 for large i’s, again in contrast with Lemma 3.6.

(a+)-(c+) If we put Ṽ(x) = V(−x) and ã(t) = a(−t), it is straightforward to check that Ṽ and ã
fulfil the same assumptions as V and a in Theorem 2.9. Then we can apply the previous arguments
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to Ṽ and ã, so as to get a function x̃− together with the corresponding set Ã−. Now, let us put
x+(t; s, h, λ) := −x̃−(−t;−s, h, λ), so that A+ = −Ã−: then (a+)-(c+) follow easily. In particular, when
(A5) holds instead of (A0), we remark that only (2.3) was used for building x−. Now, of course, we
exploit (2.4), which plays the role of (2.3) for x̃−.

4 Reduction to a two-dimensional problem
In this section we are going to reduce problem P(αλ) to the equation

ϕλ(σ, τ) = 0, σ, τ ∈ IR, (4.1)

where ϕλ is a suitable function from IR2 to IR2. To this end, let us take r and x± as in Prop. 3.7, put
y± := (x±)′t , v± := (x±, y±) and also:

ϕλ(σ, τ) = v+(0; τ, r, λ) − v−(0;σ, r, λ), λ ∈ [0, 1], σ, τ ∈ IR, (4.2)

Ω(λ) = {(σ, τ) ∈ IR2 : ϕλ(σ, τ) = 0 }, λ ∈ [0, 1],

Ω = {(σ, τ, λ) ∈ IR2 × [0, 1] : (σ, τ) ∈ Ω(λ) },

x(·;ω) = x−(·;σ, r, λ) = x+(·; τ, r, λ), ω = (σ, τ, λ) ∈ Ω, (4.3)

Θ(ω) = (x(·;ω), λ), ω = (σ, τ, λ) ∈ Ω. (4.4)

Proposition 4.1 Definition (4.3) is well posed onΩ, and the mapΘ in (4.4) is a continuous bijection
from Ω to the set S ⊆ C1

b(IR) × [0, 1] of (2.8). In particular, for any λ ∈ [0, 1], problem P(αλ) admits
a solution if and only if so does (4.1).

Proof. 1) We are going to show that, for any λ ∈ [0, 1], the map s 7→ x−(·; s, r, λ) is a bijection
between IR and the family S−λ of those solutions x of the equation ẍ = αλV ′(x) such that x(t)→ −1+

as t → −∞. First of all, it is obvious that x−(·; s, r, λ) ∈ S−λ . Now, let x ∈ S−λ , s = min x−1({−1 + r}),
x̄ = x−(·; s, r, λ): then both functions x̄ and x solve (3.5). Furthermore, thanks to the choice of s,
x(] − ∞, s]) ⊆] − 1,−1 + r], so that x(t) is increasing for t ≤ s: according to Prop. 3.7b, these
properties characterize x̄, so that x ≡ x̄, and s 7→ x−(·; s, r, λ) is onto. On the other hand, the same
map is obviously one-to-one, because x−(·; s, r, λ) is strictly increasing on ] −∞, s].

2) In the same way we can prove that, for any λ ∈ [0, 1], the map s 7→ x+(·; s, r, λ) is a bijection
between IR and the family S+λ of those solutions x of the equation ẍ = αλV ′(x) such that x(t) → 1−

as t → +∞.
3) Conclusion. Both functions x−(·;σ, r, λ) and x+(·; τ, r, λ) solve (2.5i) and, thanks to (4.1), fulfil

the same initial conditions at t = 0. Hence the second equality in (4.3) actually holds. Furthermore,
from Prop. 3.7a, we obviously infer the continuity ofΘ, while 1) and 2) entail that, for any λ ∈ [0, 1],
the map (σ, τ) 7→ x(·;σ, τ, λ) is a bijection between Ω(λ) and the set S−λ ∩ S+λ , which can be thought
to agree with S(αλ), according to Remark 2.3. Then Θ : Ω→ S is also one-to-one.

Lemma 4.2 A sufficient condition in order that problem (2.6) admits only the trivial solution is that
we can find two independent solution z− and z+ to (2.6i) such that z−(−∞) = 0, z+(+∞) = 0.
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Proof. Let z− and z+ as above.
1) None of the two conditions z∓(±∞) = 0 can hold. Indeed, let us suppose, for instance,

z−(+∞) = 0: by solving, with respect to z, the equation (z+ż − zż+)· = 0, we easily get a solution
z of (2.6i) such that z+ and z are independent and z(+∞) = +∞. In particular, z− = c1z + c2z+ for
suitable c1, c2 ∈ IR, and the condition z−(+∞) = 0 would entail c1 = 0, so that z− = c2z+. In a similar
way, of course, we could argue if z+(−∞) = 0, so as to infer that z− and z+ are linearly dependent, a
contradiction.

2) Any solution z of (2.6i) takes the form c1z−+c2z+, for some c1, c2 ∈ IR. Now, since z(±∞) = 0,
from 1) we get c1 = c2 = 0.

Proposition 4.3 According to Def. 2.4, let R be the set of those ω ∈ Ω such that x(·;ω) is regular.
Then:

R = {(σ, τ, λ) ∈ Ω : det∇ϕλ(σ, τ) , 0 }. (4.5)

Proof. Let ω = (σ, τ, λ) ∈ Ω, x = x(·;ω) and, according to the notations of Prop. 3.7, z−(t) =
(x−) ′s (t;σ, r, λ), z+(t) = (x+) ′s (t; τ, r, λ), w = z−ż+ − z+ż−.

1) det ∇ϕλ(σ, τ) = w(0): it is enough to perform an exchange between ∂/∂t and ∂/∂s at the
left-hand side.

2) z̈− = αλV ′′(x)z−. In the proof of Prop. 3.7, the function x−(·; s, h, λ) can be seen as that
solution of (3.5i) which fulfils the initial conditions x(0) = −1 + ũ(0; s, h, λ), ẋ(0) = ũ′t(0; s, h, λ):
then we only need to apply well-known results about the dependence on initial data (see, for instance,
[1]).

3) z−(−∞) = 0. On this subject, it is enough to point out that the derivative (ũ−)′s is performed in
a space of functions which vanish at −∞.

4) In the same way as in the two previous steps, we can show that z̈+ = αλV ′′(x)z+ and z+(+∞) =
0.

5) If x is degenerate, then det ∇ϕλ(σ, τ) = 0. Indeed, thanks to 2)-3)-4) and Lemma 4.2, z− and
z+ are linearly dependent, so that w(0) = 0, and our claim follows from step 1).

6) If det ∇ϕλ(σ, τ) = 0, then x is degenerate. Again by virtue of step 1), our assumption entails
that c1z−+c2z+ ≡ 0 for a suitable pair (c1, c2) , (0, 0). Actually, c1 , 0 and c2 , 0, since it is easy to
understand that both z− and z+ are non trivial. Then the conditions z±(±∞) = 0 imply z±(∓∞) = 0,
so that z− and z+ both solve problem (2.6), where we put a = αλ.

7) Conclusion. Now (4.5) obviously follows from 5) and 6).

Proposition 4.4 In the same assumptions of Theorem 2.9, let ω0 = (σ0, τ0, 0) be such thatM(α0) =
{x(·;ω0)}. Then the connected component Γ0 of Ω which contains ω0 is a compact subset of M :=
{ω ∈ Ω : x(·;ω) is monotone}.

Proof. 1) Γ0 ⊆ M. Let us recall the point x∗ of condition (V2), denote by U∗ the set of those functions
x ∈ C1(IR) such that the pair (x − x∗, ẋ) never vanishes, and put

θ(x;σ, τ) =

∫ τ

σ

αλV ′(x)(x − x∗) − ẋ2

(x − x∗)2 + ẋ2 dt, x ∈ U∗, σ, τ ∈ IR, (4.6)

χ(ω) = θ(x(·;ω);σ, τ), ω = (σ, τ, λ) ∈ Ω.
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The function θ is continuous from U∗ × IR2 to IR, where U∗ is endowed with the C1
loc-topology.

Furthermore, χ is well defined on Ω, since the only solution x < U∗ of (3.5i) is x ≡ x∗, and
continuous as well. If x solves (3.5i), (4.6) can be seen, in the phase plane xẋ, as the angular
variation, with respect to the point (x∗, 0), that (x, ẋ) undergoes in the interval [σ, τ]: then it is easy
to understand that χ(ω) is less or bigger than π according to whether, respectively, the solution x(·;ω)
is monotone or not: in particular, χ(ω0) < π. Now, let us suppose, by contradiction, that there exists
ω∗ ∈ Γ0 such that the corresponding solution x(·;ω∗) is not monotone, that is to say χ(ω∗) > π: since
χ is continuous and Γ0 is connected, we should find ω = (σ, τ, λ) ∈ Γ0 such that χ(ω) = π: this is a
contradiction, since x(·;ω) has a positive derivative at σ and τ.

2) Γ0 is bounded. Let us put J = [−1 + r, 1 − r], where r > 0 is taken from Prop. 3.7, and
∆ :=

∫
J(2lV(x))−1/2dx. Let Γ∗ be the projection of Γ0 on the plane στ: since x(·, ω) is monotone

and (V2) holds, the same arguments as in [9] show that τ − σ ≤ ∆ for any (σ, τ) ∈ Γ∗, that is to say:
Γ∗ ⊆ S , where S is the strip of the plane στ which lies between the two lines τ = σ and τ = σ + ∆.
On the other hand, according to Prop. 3.7c, the intersection between S and the set A := A− × A+ is
bounded, and turns out to contain Γ∗: since Γ0 ⊆ Γ∗ × [0, 1], our claim follows.

3) Γ0 is closed. Of course, it is enough to show that Ω is closed, as we can argue from the
continuity of the map (σ, τ, λ) 7→ ϕλ(σ, τ).

Proof of Theorem 2.9. Let us consider the homotopy (2.10) and the corresponding function ϕλ of
(4.2), define Γ0 as above and putM0 = Θ(Γ0), where Θ is the map of (4.4): thanks to Propositions
4.1 and 4.4M0 is a compact, connected subset of C1

b(IR) × [0, 1], andM0 ⊆ M. Since obviously
(x0, 0) ∈ M0, we only need to prove thatM0 meetsM(α1) × {1}, that is to say: 1 ∈ Λ0 := P(Γ0),
where P is the projection (σ, τ, λ) 7→ λ. So, by contradiction, suppose 1 < Λ0, and recall Prop.
4.3: since (σ0, τ0, 0) ∈ R, the Implicit Function Theorem ensures the existence of an arc γ from
an interval J = [0, δ] to an open neighbourhood V0 of (σ0, τ0) such that γ(0) = (σ0, τ0) and, for
any λ ∈ J, γ(λ) =: (σ(λ), τ(λ)) is the only solution of (4.1) in V0, and det ∇ϕλ(γ(λ)) , 0. We
also recall, according to Def. 2.5, that problem P(α0) is regular, so that (σ0, τ0, 0) is the only point
where M meets the plane λ = 0. Then, if we put W = [0, δ[×V0 and consider the closed sets
Γ = Γ0 \ W, Γ1 = Ω \ Γ0 , we get P(Γ) ⊆ ]0, 1[ and Γ ∩ Γ1 = ∅: since Γ is compact, we can find
an open neighbourhood A of Γ such that Ā ∩ Γ1 = ∅ and P(Ā) ⊆ ]0, 1[. Now, let λ∗, λ∗ ∈ ]0, 1[ be
such that the intervals [0, λ∗], [λ∗, 1] do not meet P(Ā), put U = A ∪ W◦ and define a homotopy
h : U × [λ∗, λ∗]→ IR3 as follows:

h(ω, µ) = (ϕλ(σ, τ), λ − µ), ω = (τ, σ, λ) ∈ U, µ ∈ [λ∗, λ∗].

Actually, h(·, µ) cannot vanish on ∂U: indeed, on ∂U the mapping (σ, τ, λ) 7→ ϕλ(σ, τ) can vanish
only on ω0, where the last component of h takes the value −µ < 0. Hence h is an admissible
homotopy. On the other hand, ω∗ := (γ(λ∗), λ∗) is the only point at which h(·, λ∗) vanishes and, of
course, the determinant of ∇h(·, λ∗) at ω∗ agrees with det ∇ϕλ∗(σ(λ∗), τ(λ∗)) , 0. On the contrary,
h(·, λ∗) cannot vanish in U, since otherwise we should argue that λ∗ ∈ P(U) = P(A) ∪ P(W◦) =
P(A)∪ ]0, δ[. Since λ < P(A), we should get 0 < λ∗ < δ, in contrast with [λ∗, 1] ∩ P(A) = ∅. Now
we get the following contradiction, which concludes the proof:

deg (h(·, λ∗),U) , 0 = deg (h(·, λ∗),U).

Remark 4.5 For the sake of simplicity, Theorem 2.9 only deals with the particular homotopy (2.10).
Actually, if we analyze all the results which lead to the previous proof, we argue easily that (2.10)
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can be replaced by any other homotopy such that, for any λ ∈ ]0, 1[: αλ . l and, whenever α1 = a
fulfils condition (Ai) for some i = 0, 1, ..., 5, so does αλ.

Remark 4.6 Actually, there is a further case to which Theorem 2.9 could be extended. Indeed, let
us suppose a ≤ l, α0 ∈ A−, and that (A1), (A2) and (2.2) hold: then we can easily check that Lemma
3.5c still works, so as to infer, also in this case, that the set Γ0 of Prop. 4.4 is bounded. We point out,
however, that the existence result which would follow for (2.5) is not very interesting in this case,
since the variational methods of [4] (Chapter 2, Thm. 2.2) allow to get more easily a stronger result.

5 Bifurcation from the autonomous case
In this section we are going to prove Propositions 2.6 and 2.11. To this end, we are going to perform
a simple perturbation of the autonomous equation ẍ = lV ′(x), by modifying the constant value l on a
compact interval. According to condition (V2), let ρ be the unique function from the interval [−1, 1]
into itself such that V(ρ(ξ)) = V(ξ) and ρ(ξ) , ξ for ξ , x∗. For any ξ ∈] − 1, x∗[, δ > −l, we define
t 7→ x̃(t, ξ, δ)) as the function x(t) such that: ẍ = lV ′(x) on ] −∞, 0[, ẍ = (l + δ)V ′(x) on ]0,+∞[ and
(x(0), ẋ(0)) = w(ξ), where w(ξ) := (ξ,

√
2lV(ξ)). We also put u := (x̃, x̃′t ).

Lemma 5.1 Let σ(ξ, δ) :=
∫ ρ(ξ)
ξ

(2(l + δ)V(x) − 2δV(ξ))−1/2dx, where |ξ| < 1, δ > −l. Then the
following properties hold:

(a) u(σ(ξ, δ), ξ, δ) = w(ρ(ξ)).
(b) For ξ , x∗: ρ′(ξ) = V ′(ξ)/V ′(ρ(ξ)).
(c) For ξ , x∗: σ′ξ(ξ, 0) = −(2lV(ξ))−1/2(1 − ρ′(ξ)).
(d) For any T > 0 there exists δT ∈ ]0, l[ and ξT ∈ C1([−δT , δT ]) such that, for |δ| ≤ δT , ξT (δ)

is the unique solution of the equation σ(ξ, δ) = T in the whole interval ] − 1, x∗[. Furthermore,
σ′ξ(ξT (δ), δ) < 0.

Proof. (a) It is enough to analyze the given equation in the phase plane.
(b)-(c) From the equality V(ρ(ξ)) = V(ξ), the expression of σ and the chain rule we easily argue

that both formulas hold true.
(d) Let T > 0 be given, and fix δ0 ∈ ]0, l[: we remark that σ(ξ, δ) → 0 as ξ → x∗ and σ(ξ, δ) →

+∞ as ξ → −1. Furthermore, both behaviours are uniform with respect to δ ∈ [−δ0, δ0]: then we can
find a compact interval J ⊆ ]− 1, x∗[ such that the image of ]− 1, x∗[\J through the map σ(·, δ) does
not contain T , for |δ| ≤ δ0. On the other hand, (b) and (c) show that σ′ξ(ξ, 0) < 0, since V ′(ξ) and
V ′(ρ(ξ)) have opposite signs: then we can find δT ∈ ]0, δ0] such that σ′ξ(ξ, δ) < 0 for ξ ∈ J, |δ| ≤ δT .
Now we only need to put ξT (δ) = σ(·, δ)−1(T ) for |δ| ≤ δT : of course, the map ξT is C1 by virtue of
the Implicit Function Theorem.

Now, let us introduce the field fδ(x, y) = (y, (l + δ)V ′(x)), and derive with respect to ξ both sides of
the equality in Lemma 5.1a, as we are allowed to do by well-known results about differentiability
with respect to initial data. Since u′t = fδ(u) on ]0,+∞[ (in particular for t = σ(ξ, δ)), we get:

u′ξ(σ(ξ, δ), ξ, δ) = ρ′(ξ)w′(ρ(ξ)) − σ′ξ(ξ, δ) fδ(w(ρ(ξ))). (5.1)

Proposition 5.2 Let T > 0, γ be the characteristic function of [0,T ] and put, for any δ > −l,
a(t, δ) = l + δγ(t). Then there exists δ∗ ∈ ]0, l[ such that:
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(a) P(a(·, δ)) admits a solution xδ for any δ ∈ [−δ∗, δ∗].
(b) The map δ 7→ xδ is continuous from [−δ∗, δ∗] to C1

b(IR).
(c) xδ is regular for any δ ∈ [−δ∗, δ∗].
(d) xδ is the unique monotone solution to P(a(·, δ)).

Proof. (a) Let δT and ξT be as in Lemma 5.1d, and put δ∗ = δT . Let us define xδ(t) = x̃(t, ξT (δ), δ)
for t ≤ T , and extend xδ to ]T,+∞[ as a solution of the equation ẍ = lV ′(x). Let us denote by (Eδ)
the equation we get from (2.5i) when putting a = a(·, δ). Then surely xδ solves (Eδ). Finally, both
points (xδ(0), ẋδ(0)) and (xδ(T ), ẋδ(T )) lie on the curve Γ := w(]−1, 1[), where ξ 7→ w(ξ) was defined
before: then xδ(±∞) = ±1.

(b) Thanks to the continuity of ξT and standard arguments on the dependence on initial data,
we can easily check that the map δ 7→ (xδ)|J is continuous, with respect to the required topology,
whenever we put J =] −∞, 0], J = [0,T ], J = [T,+∞[.

(c) We are going to show the existence of functions z− and z+ as in Lemma 4.2, where we
replace the function a of (2.6i) by a(·, δ), and x by xδ. To this end, we denote by (Lδ) the cor-
responding equation, and point out that it admits the solution z−(t) := x̃′ξ(t, ξT (δ), δ), by virtue of
well-known results about dependence on initial data. Furthermore, when deriving with respect to
t the equality ẍδ = lV ′(xδ), we see that ẋδ solves (Lδ) outside ]0,T [: then it is easy to check that
z− = (2lV(ξ))−1/2 ẋδ on ] − ∞, 0], and we are also allowed to define z+(t) as that solution of (Lδ)
which agrees with ẋδ(t) for t ≥ T . In particular, we get z±(±∞) = 0, since ẋδ(±∞) = 0. Now we
only need to show that z− and z+ are independent, that is to say: ν−(σ) ∧ ν+(σ) , 0 at some point
σ, where ν± = (z±, ż±). To this end, we take σ = σδ := σ(ξT (δ), δ), and remark that, when putting
ξ = ξT (δ) in (5.1), the left-hand side just becomes ν−(σδ), while ν+(σδ) is nothing but w′(ρ(ξT (δ))):
hence the previous determinant is the product of the three numbers δ, V ′(ρ(ξT (δ))) and σ′ξ(ξT (δ), δ):
since δ , 0, we only need to recall that V ′ , 0 on ]x∗, 1[, and the last claim in Lemma 5.1d.

(d) Let x ∈ M(a(·, δ)), x(0) = ξ: a simple analysis on the phase plane shows that both conditions
ẋ(0) =

√
2lV(ξ) and σ(ξ, δ) = T must be satisfied. Then Lemma 5.1d implies that ξ = ξT (δ), so that

x = xδ.

Proof of Prop. 2.6. From the previous result we argue, in particular, that xδ ∈ A− for −δ∗ ≤ δ < 0
and xδ ∈ A+ for 0 < δ ≤ δ∗.

Proof of Prop. 2.11. Let us put, for any λ ∈ [0, 1], βλ = a(·, λδ∗), and call now γλ the homotopy of
Theorem 2.9: if we join, according to the usual definition, the two paths λ 7→ βλ and λ 7→ γλ, we get
a new homotopy λ 7→ αλ which obviously fulfils the statement of Prop. 2.11.

Remark 5.3 Prop. 5.2a is known to hold not only when γ is the characteristic function of an interval,
but, more generally, under the following assumptions: γ ∈ L∞(IR), γ(±∞) = 0, γ . 0. Indeed, let
us recall the functions xs of Remark 2.7, and define on the real line the Melnikov function M(s)
as the derivative of the map s 7→

∫
IR γV(xs)dt: then M must vanish at some point s0 in such a way

that its local Brouwer degree is non-zero, so that standard results in bifurcation theory imply Prop.
5.2a (see also [2] for a variational approach to the problem). Furthermore, if the stronger condition
M′(s0) , 0 is satisfied, claims (b) and (c) hold as well: on this matter see, for instance, Theorem
I.5.1 of [14] (where the roles of λ and s are exchanged).

Remark 5.4 Actually, it is Prop. 5.2d which may fail to hold in the general setting of the previous
remark: this was the reason of our choice of γ. In particular, our proof of Prop. 5.2c is confined
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to that specific framework, but it is obvious to expect a relation between the two transversality
conditions M′(s0) , 0 and σ′ξ(ξ, 0) , 0, since the latter was the key point for getting that claim.
Indeed, let ξ0 ∈ ] − 1, x∗[, s0 ∈ IR be such that σ(ξ0, 0) = T , x0(s0) = ξ0. Then:

M′(s0) =
√

2lV(ξ0)(V ′(ρ(ξ0)) − V ′(ξ0)) = −2lV(ξ0)V ′(ρ(ξ0))σ′ξ(ξ0, 0).

6 Appendix
In this section we are going to prove two results which were exploited in §3: Prop. 3.2 and Lemma
6.3. Since most techniques we employ are well-known, we shortly outline the proves. Let us begin
with Prop. 3.2: fix a number c as in its statement and suppose, without loss of generality, c ≥ 0. We
denote by Ei the Sobolev space Hi(] −∞, c]), for i = 1, 2, and also put E0 = L2(] −∞, c]), while the
script Ei

0 (i = 1, 2) stands for the subspace of Ei where z(c) = 0. We denote respectively by ∥ · ∥2,
∥ · ∥1,2 and ∥ · ∥2,2 the standard norms on E0, E1 and E2, while the script z · u stands for the usual
inner product between z, u ∈ E0. We also consider the subset A of the normed space L∞(IR) whose
functions are positive and bounded away from zero. For any b ∈ A, γ ∈ L2(IR), τ ≤ c, h ∈ IR, we are
going to study the linear problem{

z̈ = bz + γ (i)
z(−∞) = 0, z(τ) = h. (ii) (6.1)

Lemma 6.1 Let all conditions above hold. Then:
(a) Problem (6.1) admits a unique solution z = L(γ; b, τ, h).
(b) The operator L is continuous from E0 × A × Γ−(c) × IR to E2, and continuously differentiable

with respect to (γ, τ, h).

Proof. (a) Let us put [u, v]b = u̇ · v̇ + (bu) · v for any u, v ∈ E1
0. Since the linear functional u 7→ γ · u

is bounded on (E1
0, [·, ·]b), the Riesz Representation Theorem yields a unique z := P(γ; b) ∈ E1

0 such
that, for any u ∈ E1

0, it is γ · u = [z, u]b: then z solves (6.1) for τ = c, h = 0, and the general solution
of (6.1) takes the form P(γ; b) + k U(b), where k is a suitable constant and z = U(b) solves (6.1)
for τ = c, h = 1, γ = 0. U(b) can be got as the unique minimizer of (3.3), where we put a = b,
Q(z) = 1

2 z2, τ = c, h = 1, while k comes out from the condition z(τ) = h. Then:

L(γ; b, τ, h) = P(γ; b) + J(γ; b, τ, h)U(b), (6.2)

where J(γ; b, τ, h) = (h − [P(γ; b)](τ))/[U(b)](τ).
(b) Let 0 < m < 1 < M, Ã the set of those functions b ∈ A such that m ≤ b(t) ≤ M a. e.: since m

and M are arbitrary, we may replace A by Ã. By standard arguments, P(·; b) is linear, and bounded
in L(E0; E1) by 1/m. On the other hand, (6.1i) easily yields an evaluation on ∥z̈∥2 as well, so that
P(·; b) is bounded also in L(E0; E2), by C := (1 + m + M)/m. Furthermore

P(γ; b) − P(γ; a) = P((b − a)P(γ; a); b),
U(b) − U(a) = P((b − a)U(a); b), so that
∥P(·; b) − P(·; a)∥ ≤ C2∥b − a∥∞, (6.3)
∥U(b) − U(a)∥2,2 ≤ C∥U(a)∥2,2 ∥b − a∥∞, a, b ∈ Ã, (6.4)
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where the first norm in (6.3) comes fromL(E0; E2). Now, (6.3) implies that the map (γ, b) 7→ P(γ; b)
is continuous, and continuously differentiable with respect to γ. On the other hand, thanks to (6.4),
U is continuous, and we can easily infer also on the functional J of (6.2) all the required properties,
so as to prove our claim.

Lemma 6.2 Let λ 7→ αλ, Q and u be as in Prop. 3.2. For any λ ∈ [0, 1] let Nλ : E1 → E0 be
defined by Nλ(z) = αλ(Q′(z) − Q′′(0)z). For any z ∈ E1, τ, h ∈ IR let us also put G(z; τ, h, λ) =
L(Nλ(z); bλ, τ, h) − z, where bλ = αλQ′′(0). Then:

(a) [N′λ(z)]w = αλ(Q′′(z) − Q′′(0))w for any λ ∈ [0, 1], z,w ∈ E1.
(b) The map G is continuous from E1 × Γ−(c) × IR × [0, 1] to E2, and continuously differentiable

with respect to (z; τ, h)
(c) G′z is everywhere invertible as a linear operator from E1 to E2.
(d) G(u(·; τ, h, λ); τ, h, λ) = 0.

Proof. (a) Let z,w ∈ E1, R = ∥z∥∞, K = supλ ∥αλ∥∞, and denote by Γw the right-hand side of the
relation to be proved. For any r > 0, let ω(r) be the supremum of |Q′′(ξ) − Q′′(p)| for |p| ≤ R,
|ξ − p| ≤ r. Then ω(r)→ 0 as r → 0, and the following estimate shows our claim:

∥Nλ(z + w) − Nλ(z) − Γw∥2 ≤ Kω(∥w∥∞)∥w∥2 ≤ Kω(∥w∥1,2)∥w∥1,2.

(b) From (a) and the continuity of Q′′ we argue easily that the map z 7→ N′λ(z) is continuous from
L∞ to L(E1; E0). Then, actually, Nλ ∈ C1(E1; E0), since ∥ · ∥∞ ≤ ∥ · ∥1,2. On the other hand, Nλ is
obviously lipschitzian from E0 to E0, while, for any ρ > 0, the maps λ 7→ Nλ(z) and λ 7→ N′λ(z),
by virtue of (2.7), are continuous, uniformly with respect to the condition ∥z∥1,2 ≤ ρ. Then, again
by virtue of (2.7) and Lemma 6.1, both maps (λ, z) 7→ Nλ(z) and (γ; τ, h, λ) 7→ L(γ; bλ, τ, h) are
continuous with respect to the prescribed norms, and also continuously differentiable with respect
to z (the former) and (z, τ, h) (the latter). Now our claim follows easily.

(c) Let z ∈ E1, ϕ ∈ E2 and look for w ∈ E1 such that G′z(z; τ, h, λ)w = ϕ: if we put v = ϕ + w
we get v = L(−N′λ(z)ϕ;αλQ′′(z), τ, h), where the use of the operator L is justified by the inequality
inf Q′′ > 0, so as to yield a unique solution v. Since it must be w = v − ϕ, G′z is bijective.

(d) G(z; τ, h, λ) = 0⇔ z̈ = αλQ′(z), z(−∞) = 0, z(τ) = h⇔ z = u(·; τ, h, λ).

Proof of Proposition 3.2. (a) Thanks to Lemma 6.2 and the Implicit Function Theorem [3], the map
(s, h, λ) 7→ u(·; s, h, λ) enjoys, with respect to the norm ∥ · ∥2,2, the same properties we stated in Prop.
3.2 with respect to the weaker C1-norm.

(b) Let us fix τ ∈ IR, λ ∈ [0, 1] and put, for any h ∈ IR, ε(h) = u(·; τ, h, λ). We point out that
ε(0) = 0 = Nλ(0), and that [U(bλ)](t) = kpλ(t), where k = [U(bλ)](0): then from the chain rule we
get

0 = G′z(0; τ, 0, λ)ε′(0) +G′h(0; τ, 0, λ) = −ε′(0) + J′h(0; τ, 0, λ)U(bλ)⇒

⇒ [ε′(0)](t) =
pλ(t)
pλ(τ)

⇒ 1
h

[
∂u
∂t

(t; τ, h, λ) − ∂u
∂t

(t; τ, 0, λ)
]
→ ṗλ(t)

pλ(τ)

as h → 0, uniformly with respect to t ≤ c. Indeed, the last implication holds because the derivative
ε′(0) is performed with respect to ∥ · ∥2,2, which is stronger than the C1-norm. From the previous
relation we argue that u′′th(t; τ, 0, λ) = ṗλ(t)/pλ(τ): in particular, for t = τ, we get our claim.
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(c) Let τ, h, λ be fixed, and denote respectively by v−(t) and v+(t) the left-hand and right-hand
side of the given inequalities. Then v− and v+ turn out to be, respectively, a lower and an upper
solution for (3.4i), where we put a = αλ: according to a well-known theory (see, for instance, [7]),
for any n ∈ Z+, n ≥ −τ, (3.4) must admit on [−n, τ] a solution vn such that v− ≤ vn ≤ v+. On the
other hand, since v−(τ) = v+(τ) = h, it must also be vn(τ) = h, and v̇−(τ) ≤ v̇n(τ) ≤ v̇+(τ), so that the
sequence (v̇n(τ))n admits a limit point η: now, let us put again a = αλ in (3.4i), and denote by v its
solution which fulfils the conditions v(τ) = h, v̇(τ) = η: it is easy to understand that v(−∞) = 0, so
that v(t) = u(t; τ, h, λ). Now it is enough to point out that v− ≤ v ≤ v+ on ] −∞, τ].

(d) Let us put in (3.3) a = αλ, Q0(u) := 1
2 Q′′(0)u2 in place of Q, and denote by (Γλ) the

corresponding Euler equation, that is ü = Q′′(0)αλu: since u = pλ solves (Γλ), and wλ = ṗλ/pλ, our
claim follows easily.

(e) First of all, we point out that the function wλ can be expressed as the ratio between (u0)′t(·; τ, h, λ)
and u0(·, τ, h, λ) not only for τ = 0, h = 1 (as by definition), but for any τ ∈ IR, h > 0: indeed, since
the equation (Γλ) of the previous step is linear, it is easy to understand that u0(·; τ, h, λ) is a scalar
multiple of u0(·; 0, 1, λ). Now, for the sake of convenience, let us denote m by m− and M by m+.
Let us put again in (3.3) Q0 in place of Q and, respectively, a = αλ, a ≡ m±. Let us suppose
that τ is fixed, for now, and call u 7→ Φλ(u), u 7→ Φ±(u) the corresponding functionals and µλ(h),
µ±(h) the respective minima on W−(τ, h). Let us also put, according to the notations of Prop. 3.2,
uλ(t) := u0(t; τ, 1, λ), and denote by u± the function we get in the same way when replacing αλ by
m±. Then:

µ−(1) = Φ−(u−) ≤ Φ−(uλ) ≤ Φλ(uλ) =

= µλ(1) ≤ Φλ(u+) ≤ Φ+(u+) = µ+(1).
(6.5)

Now, an integration by parts in the first term of Φλ(uλ), together with the corresponding Euler
equation, yields µλ(1) = 1

2 uλ(τ)u̇λ(τ), while the arguments at the beginning of this step imply that
wλ(τ) = u̇λ(τ)/uλ(τ). On the other hand, by definition, uλ(τ) = 1, so that µλ(1) = 1

2 wλ(τ). Finally,
explicit computations show that µ±(1) is given by 1

2

√
m±Q′′(0), so that (6.5) contains the two in-

equalities to be proved, for t = τ: since τ was arbitrary, the first part of our claim holds. As regards
the last one, it is enough to point out that, in (6.5), the first or the last inequality turns out to be strict
according to whether, respectively, αλ > m or αλ < M on a set of positive measure.

Lemma 6.3 Let τ ∈ IR, J = [τ,+∞[, f : J × IR → IR be locally bounded, f (t,w) measurable
with respect to t and continuous with respect to w, ψ ∈ C1(IR), θ ∈ IR be such that ψ(θ) = 0 and
ψ′(θ) < 0. Let w ∈ AC(J) a solution of ẇ = f (t,w) such that w(+∞) = θ and, for some β < −ψ′(θ),
|δ(t)|eβt → +∞ as t → +∞, where δ(t) := f (t,w(t)) − ψ(w(t)). Then:

(a) w ≤ θ on J ⇒ δ(σ) < 0 for some σ ≥ τ.
(b) w ≥ θ on J ⇒ δ(σ) > 0 for some σ ≥ τ.

Proof. (a) Suppose, by contradiction, w ≤ θ and δ ≥ 0 on J. Take γ ∈]β,−ψ′(θ)[, ζ < θ and σ0 ≥ τ
such that −ψ′(w) > γ for ζ ≤ w ≤ θ and w(t) ≥ ζ for t ≥ σ0. Then:

ẇ(t) = f (t,w(t) ≥ ψ(w(t)) ≥ γ(θ − w(t)), t ≥ σ0. (6.6)

Indeed, the first inequality holds because δ(t) ≥ 0, while the second one follows from the mean value
theorem, since ψ(θ) = 0 and ζ ≤ w(t) ≤ θ. In particular, from (6.6) and the inequality β < γ, we
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argue that the function ϕ(t) := (θ − w(t))eβt has a non-positive derivative for t ≥ σ0: since ϕ(t) ≥ 0,
we get ϕ(+∞) = k for some finite value k ≥ 0, so that ψ(w(t))eβt should converge to −kψ′(θ). On the
other hand, ϕ(t) can be seen as the ratio between θ−w(t) and e−βt, so that, by virtue of de l’Hopital’s
rule, ẇ(t)eβt → kβ. But δ(t) = ẇ(t) − ψ(w(t)), so that δ(t)eβt should converge, as t → +∞, to the
finite limit k(β + ψ′(θ)), a contradiction.

(b) It is enough to apply the previous proof to 2θ − w, − f (t, 2θ − w), −ψ(2θ − w) in place of w,
f (t,w), ψ(w).
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