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Abstract

In this paper we study the generalized Hénon equation in the unit ball, where the coefficient
function may or may not change its sign. We prove that the least energy solution is not
radial and moreover we show the existence of a group invariant positive solution without
radial symmetry.
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1 Introduction

In this paper, we prove the existence of nonradial positive solutions and group invariant positive
solutions for the generalized Hénon equation

—Au = h(|x)u”, u>0 1inB, (1.1)
u=0, ondB, (1.2)

where Bis aunitball of RN with N >2, 1 < p<ooif N=2and 1 < p < (N +2)/(N-2)if N >3,
h € L>(B), h(|x]) # 0, h(|x]) is radially symmetric and may or may not change its sign. If A(|x[) < 0
for all x, then no positive solution exists because of the maximum principle. Hence we always
assume that 4, (r) # 0, where A, (r) := max(h(r), 0). Most typical examples of 4(|x]) are h(|x]) = |x|*
(the Hénon equation), A(|x]) = e™, (|x]/(1 + |x[))* with A > 0 large enough, A(|x]) = (|x] — a)(1 — a)
(sign-changing weight) and A(|x]) = —a < 0 for |x| < a and A(|x]) = 1 for a < |x| < 1, etc. Since h
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722 R. Kajikiya

is assumed to be radially symmetric, there exists a positive radial solution, which can be proved by
the mountain pass lemma in the space of radial functions. However we look for a nonradial positive
solution. It will be obtained as a least energy solution. To define it, we need the Rayleigh quotient

2/(p+1)
R(u) := (fquIzdx)/(f h(IxI)IuI”“dx) ,
B B

with the definition domain

D(R) := {u€ H)(B) : f h(|xD|ul”*' dx > 0}.
B

Here H(l](B) is a usual Sobolev space. Since h € L*(B) with h,(r) # 0, the definition domain D(R)
is not empty. For the proof, we refer the readers to [15, Lemma 3.1]. We define the least energy L
by

L :=inf{R(u) : u € D(R)}.

Because of the Sobolev imbedding theorem, L is well defined and positive. Next, we define the
Nehari manifold

N :={u € Hy(B) \ {0} : f(IVMI2 — h(xDlul”*dx = 0}.
B

It is obvious that N' € D(R). Observe that for any u € D(R), there is a 4 > 0 such that Au € N.
Furthermore, R(Au) = R(u) for any A > 0. Therefore we have

L = inf{R(u) : ue€ DR)} = inf{R(u) : ue N}.

Then the infimum is achieved at a certain point # € N. Moreover, u satisfies (1.1), (1.2) and it is
positive or negative in Q. For the proof of the result above, we refer the readers to [14] or [15]. Since
h € L°(B), u belongs to W>4(Q) for all g < co because of the elliptic regularity theorem. We call u
a least energy solution if u € N and R(u) = L. As stated above, a least energy solution is positive or
negative. Throughout the paper, a least energy solution means a positive one because we can replace
u by —u, if necessary.

When £ is nonnegative, there are some results on the existence of nonradial positive solutions.
When A(|x]) = |x|' is a power coeflicient, (1.1), (1.2) becomes the original Hénon equation

—Au=|xI'"w’, u>0 inB, u=0 ondB, (1.3)

which was introduced by Hénon [10] to study spherically symmetric clusters of stars. Smets, Willem
and Su [20] have proved that if A is large enough, then a least energy solution of (1.3) is nonradial.
There are many contributions which have studied the Hénon equation ([2, 3, 4, 5,6, 7, 8,9, 11, 18,
19]).

On the other hand, Moore and Nehari [16, pp.32-33] have studied the two point boundary value
problem

u’ () + h@u” =0, u>0 in(-1,1), (1.4)
u(-1)=u(1) =0. (1.5)
Here h(f) = O for || < a and h(¢) = 1 for a < |[¢f| < 1. They have constructed at least three positive

solutions of (1.4), (1.5) with a suitable a(< 1) sufficiently close to 1: the first one is even, the second
one u(t) is non-even and the third one is the reflection u(—r). Tanaka [21, 22] has extended the
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results to the p-Laplace equation and to radial solutions of a semilinear elliptic equation. Moore and
Nehari’s non-even solution can be obtained as a least energy solution, which has been proved in our
paper [13].

In the present paper, we study the sign-changing weight A(|x|) and prove the same result as
above. Moreover, we prove the existence of nonradial O(n) X O(N — n) invariant positive solutions
forl <n<N-1. Here

On) x O(N —n) := {( g 2 ):geo(n), heO(N—n)},

and O(n) denotes the orthogonal group of degree n. We call u an O(n) X O(N — n) invariant solution
if it satisfies (1.1), (1.2) and u(gx) = u(x) for all g € O(n) X O(N —n). Such a solution exists. Indeed,
aradial positive solution is clearly O(n) x O(N —n) invariant. We look for a nonradial O(n) X O(N —n)
invariant solution. Such a solution has already been obtained by Badiale and Serra [2] for the Hénon
equation (1.3) when N/2<n<N-2,1<p<(N+1)/(N-3)and N > 4. We extend this result to
more general weights h(x) and cover the case where n = N — 1 and N > 2, but p is in the subcritical
range (1,(N + 2)/(N — 2)). Thus our result is valid when ] <n < N—-1land 1 < p < cowith N =2,
1 < p < (N+2)/(N-2)with N > 3. We shall show that if 2(x) < 0 in |x| < a with a sufficiently close
to 1, then there exists a nonradial O(n) X O(N — n) invariant positive solution. It seems to the author
that little is known about the sign-changing weight, except for our recent result [15]. However [15]
deals with the one dimensional equation only. In the present paper, we shall study sign-changing
weights as well as positive weights in the higher dimensional case.
We denote the set of radial functions in Hé (B) by H(l)’r(B), ie.,

Hy (B) := {u € Hy(B) : u = u(|x))}.

We define
D.(R) := D(R)N H, (B), N, :=NnH,,(B),

L, = inf{R(u) : u € D,(R)} = inf(R(u): ueN,).

We call L, a radial least energy and u a radial least energy solution if u € N, and R(u) = L,. There
exists a radial least energy solution, which can be proved in the standard argument (we refer the
readers to [14]). To avoid confusion, a usual least energy solution is called a global least energy
solution.

Our strategy is as follows. For a radial least energy solution u#, we construct a function v de-
formed slightly from u such that v is O(n) X O(N — n) invariant and the energy R(v) is less than
that of u. A minimizer of R in the set of O(n) X O(N — n) invariant functions in Hé(B) becomes an
O(n) X O(N — n) invariant solution because of the principle of symmetric criticality (see Palais [17]).
Moreover, it is not radial because its energy level is less than the radial least energy.

Our paper is organized in five sections. In Section 2, we state the main results and give some
examples. In Section 3, we construct an O(n) X O(N —n) invariant function whose energy is less than
the radial least energy. In Section 4, we investigate the properties of radial least energy solutions
and give some estimates on them. In Section 5, we prove the main theorems.

2 Main results

In this section, we state the main results and give examples of 4. First, we define constants v, d and
u(h, a) as bellow. Since p < (N +2)/(N — 2), we define v € (0, 1) which satisfies

N+2—2v<N+2
N-2 N-2

p< @.1)
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If N =2, we putv:= 1. Define

p+1
= 22
&= e wop-2 0 2.2)
Moreover, we define
a 1 -1
uth,a) := (1 - a)P*D"2 ( f h(r)r‘”"dr) ( f h(r)(1 = ry?* AN ldr) (2.3)
0 a

Write £, (r) := max(h(r), 0). We introduce two types of assumptions on / depending on a parameter
a € (0, 1): one is a positive case and another is a sign-changing case.

(A), h(r)>0in (0, 1), he(r) 2 0in (a, 1) and u(h, a) < 2d)"P*+/2,
(B), h(r) <0in (0,a) and A, (r) £ 0in (a, 1).
Our main result is as follows.

Theorem 2.1 Let N > 2 and 1 < n < N — 1. Then there exists an € € (0, 1) depending only on N, n
and p such that if h € L*(B) satisfies (A), or (B), with a certain a € (1 — ¢, 1), then a least energy
solution is not radial and there exists a nonradial O(n) X O(N — n) invariant positive solution.

Remark 2.1 For solutions u and v of (1.1), (1.2), we say that u is equivalent to v if u(gx) = v(x) with
some g € O(N). Hence an O(n) X O(N — n) invariant solution is equivalent to an O(N — n) X O(n)
invariant solution. In our paper [12, Theorem 9.5], it has been proved that any nonradial O(n) X
O(N — n) invariant solution is not equivalent to a nonradial O(m) X O(N — m) invariant solution if
1 < n < m < NJ/2. Therefore (1.1), (1.2) has nonequivalent positive solutions: a positive radial

solution and nonradial O(n) X O(N — n) invariant positive solutions with 1 < n < N/2.

Corollary 2.1 Let g(r) be a continuous function on [0, 1] such that 0 < g(r) < g(1) for r < 1. Put
h(|x)) := g(IxD. If A > 0 is large enough, then a least energy solution is not radial and there exists
a nonradial O(n) X O(N — n) invariant positive solution for each 1 <n < N — 1.

In (A),, the condition u(h,a) < (2d)~?P+D/2 is fulfilled if A(|x]) in (0, a) is sufficiently smaller
than that in (a, 1). If A(|x]) is negative in (0, a), then (B), is satisfied. Under such a condition,
if a is sufficiently close to 1, then a least energy solution is not radial and moreover, a nonradial
O(n) X O(N — n) invariant positive solution exists. We give some examples of /.

Example 2.1 The following % satisfies the assumption of Theorem 2.1 or Corollary 2.1.

(i) Let h(r) = @ in (0,a) and h(r) = 1 in (a, 1) with a close to 1. If @ > 0 is small enough, &
satisfies (A),. If @ < 0, & satisfies (B),,.

(i) Let A(lx]) = [t e™, (x/(1 + |x])*, (sin(x|x|/2))*, etc. Then h satisfies the assumption of
Corollary 2.1.

(i) Let A(|x]) = (|x] — @)/(1 — a) with a sufficiently close to 1. Then # satisfies (B),.
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3 Construction of a lower energy function

In this section, we shall construct an O(n) X O(N — n) invariant function whose energy is less than
the radial least energy. We use the similar idea to our paper [1]. First, we deal with the case where
N > 3. We introduce the N dimensional polar coordinate:

Xy = rcosd,
X, = rsinf;cosb,,
Xy = rsin@;---sinfy_,sinfy_g,

forre (0,1),0; € [0,7] for 1 <i <N —2and8y_; € [0,2r]. The Jacobian of the transformation is

computed as

a(xy, x Xxn) =

15A25 .- AN N-1 . . N-1-i
——————— =r""Jac(d) with Jac(d) = sin ;.
3(7’,‘91’--~59N—1) I_l

i=1

Definition 3.1 Let N > 3 and 1 < n < N — 1. Let u(r) be a positive radial solution of (1.1), (1.2).
Using the polar coordinate, we define for € > 0,

v(x) = dOu(r), ) =1+ &S(0), 3.1

n

S@) = ]_[ sing;—S, for0=@,...,00_1),
i=1

where S, is defined by
T(N/2)T((N —n+1)/2)

VT DI -y T EN TR G2

and S n-1 := 0. Here T'(+) denotes the Gamma function.
We write
60=(0,...,0nv_1), dO=dO;---dOy_.

We define ® by the set of 8 = (6;,...,0y_1) such that §; € [0, 7] for | <i < N—-2and8y_; € [0, 2n].
The constant S, is so chosen that the integral of S(#)Jac(d) vanishes. Indeed, we have the next
lemma.

Lemma 3.1

fS(H)Jac(G)dQ =0. (3.3)
e}
Proof. To prove the lemma, we use the formula

fﬂ-sinntdtz M.
0

I'(n+2)/2) SR

First, we deal with the case n < N — 2. Hereafter, if n > m, we mean )}/’ a; = O and [, a; = 1 for
any sequence {a;}. Note that the intervals of integrations in (3.3) are [0, 7] for §; with i < N — 2 but
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[0, 2r] for Oy_;. From a direct computation, it follows that

n n T
f []_[ siné),»)]ac(@)d& = 27r1—[ f sin~ 6,d6;
) i1 Jo

i=1

N-2  ~x .
]_[ f sinV =1~ 9,d6;
0

i=n+1

o [T VAL =i+ D/2) 7 VAtV - i)/2)
g D T(N-i+2)/2) 1L Tw-i+1)/2)
22NN = n + 1)/2)
T((N + 1)/2T(N = n)/2)’

From similar computation, it follows that

272

j@;Jac(H)dH = TV

Therefore (3.3) follows. Let n = N — 1. Then we see

N-1 N-2 T ) 2
f (]_[ sin Gi]Jac(G)dH =11 f sin"~" 6,d6; f sin Oy_1d6y_; = 0.
O \i=i i=1 V0 0
Since S y-1 = 0, (3.3) holds. The proof is complete. O

Lemma 3.2 Let v(x) be as in (3.1). Then it is O(n) X O(N — n) invariant and belongs to D(R) when
& > 0 is small enough.

Proof. 1In the polar coordinate, the point (r,0,6,,...,0y_1) with 6; = 0 for any 6,,...,6y_ cor-

responds to the common point (x; ...,xy) = (r,0,...,0). Therefore v(r,0,6,,...,0y_1) should be
independent of 6,,...,0y_;. This fact holds for 8; = m also. In the same reason, v(r,6,...,0y_1)
with 6; = 0, should be independent of 6;,1,...,0y-1. Moreover, v should be 2x periodic in Oy_;.
Our definition of v(x) obeys these rules and so it is well defined.
Since

X2 4+ Xy =rsing - -sing,,

we have
& 1
SO =] [sin6 =8, = ~lCar ..ol =S

i=1 r
Therefore v(x) depends only on |(x, ..., x,)| and [(X+1, - . ., Xy)|, 1.€., it is O(n) X O(N — n) invariant.
Note that any nontrivial solution of (1.1), (1.2) belongs to N. Indeed, multiplying (1.1) by u and

integrating it over B, we get

0< f |Vul*dx = f hlulP*'dx. (3.5)
B B

Thus u belongs to N, and to D(R). Then v also belongs to D(R) for € > 0 small enough, because as
e—0,

f h(xDIP dx — f h(xD|ulP* ' dx > 0.
B B
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We consider the inequality

1 1
f u(r)* " 3dr < (p— 1)(N —n - NS?>)n™! f W' (V- dr, (3.6)
0

0

where u'(r) = du/dr. In the proof of the next proposition, it will be shown that the coefficient
(p— 1)(N = n— NS%)n~! is positive. We shall show that if a radial solution u satisfies (3.6), then
the energy of v is lower than that of u. Therefore u is not a local minimizer of R because v — u in
H(B) as & — 0.

Proposition 3.1 Let N > 3, 1 < n < N — 1 and u be a radial solution satisfying (3.6). Define v
by (3.1). Then R(v) < R(u) for € > 0 small enough. Therefore u is not a local minimizer of R, and

hence it is not a global least energy solution.

Proof. By (3.6), we choose a constant P > 0 slightly less than (p — 1)(N —n — NSﬁ)n‘1 such that

1 1
f u(ry*rN=dr < Pf W' (ry’rNdr. (3.7
0 0

Since nP < (p— 1)(N —n — NS,ZL), we choose a constant « slightly less than 1 such that
O<a<l1, nP<(pa—1)N-n-NS?). (3.8)

Under the N-dimensional polar coordinate, |Vv|? is represented as

wPr & 1 ov [
Vv = |—| + —_— | —
or ,Z‘ r2 [T, sin® 6; 196
= ¢ (r)? +¢& Zcos 9; (l—l sin H)M(r) .
j=1 i=j+1
Therefore we have
1 1
f \Vy[2dx = f ' (2 tdr f #(0)*Tac(0)db + £y, f u(r)?rN3dr, (3.9)
B 0 ) 0

where y, is defined by

chos 0; [ sm 9]]ac(0)d6
i=j+1

Let us compute ,,. We first deal with the case where n < N — 2. Rewrite the integrand as

cos? 0; [ I—[ sin’ Gi] Jac(6)

i=j+1

-1
= []j—[ sinV =1 Gi] (sinN_l_j 0; cos? Oj)

i=1

n N-2
x[l_[ sinV+!- Gi][ l_[ sinV "1 9;].

i=j+1 i=n+1
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We use (3.4) and the formula

T o NAD(+ 1)/2)
j(; sin” tcos“ tdt = NIk

Noting that 0 < 6; < wfori < N -2 and 0 < Oy_; < 2x, we have

N\ 27VPT((N = /TN = n +2)/2)
Hn = (N = j+ DIWN/2T(N = j +2)/20(N = n)/2)’

We use the relation ['(n + 1) = n['(n) to get

n

B Z 27aN2(N - n)
B = LN =+ DIV = T(N/2)

J=1

B ZﬂN/z(N—n)Z": 1 1

~ T2 &H\N-j N-j+l
2nnN/?
NI(N/2)’

The equation above holds for n = N — 1 also from the same computation.
Since u is radial, we reduce (3.5) to

I 1
1
fu’(r)er_ldr:f (PP PN dr = — R(u) P D/P=D),
0 0 wWN

Here wy denotes the surface area of the unit sphere of RV, ie.,

27N/2
wy = | Jac(0)db = ————.
! f@ O = v
Then y, is rewritten as
_ 2naN? _n
K= NTvj2) ~ N9V

Let us compute the integral of ¢(9)2Jac(9) in (3.9). We expand q§(9)2 to get

f #(6)*Tac(0)do = f Jac(H)d + 2¢ f S (6)Jac(6)de + £ f S (6)*Jac(6)do.
[©] [©] [©] [©]

We shall compute the last integral. When n < N — 2, we use (3.4) to get

n n N-2
in® ; | Jac(6)d6 f in® §; in""17 ¢, | do
j(;(l_[ sin ] ac(6) @(l—[ sin )[n sin ]

i=1 i=1 i=1
27aN2(N - n) _N-n
NI(N/2) =~ N

wy.

The above computation is still valid for n = N — 1. By (3.3), we see

f [l_[ sin 0,-) Jac(0)do =S, f Jac(6)dO = S ,,wy.
) )

i=1

R. Kajikiya

(3.10)

(3.11)

(3.12)

(3.13)
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Therefore
S(0)*Jac(0)ds = f ; in’6; |J HdH—ZSnf Tsi ai]J 0)do
L (0)“Jac(6) @(ll:[sm ) ac(6) @[E[sm ac(0)
+52 f Jac(9)d6
(€]
= (W =n)/N-S})wy = Twy. (3.14)

Here we have put T,, := (N — n)/N — S2. Since the left had side of (3.14) is positive, T,, is positive,
and so is the coeflicient of (3.6). Substituting (3.11), (3.3) and (3.14) into (3.13), we obtain

f@ P(0)*Tac(0)db = (1 + 2T, wy. (3.15)
Using (3.7), (3.10) and (3.12), we evaluate the last term in (3.9) as
Uy fl u(r)*rN=3dr < E2nN"'PR(u) PP,
0
Substituting the inequality above, (3.10) and (3.15) into (3.9), we obtain
fB VoPdx < |1 +&°T, + &nN~" P Ra)"+ /@0, (3.16)

On the other hand, from the definition of v and (3.10), it follows that

1
f h(xDvPHdx = f (PP PN dr f P(6)P* 1 Jac(6)do
B 0 (€]

LR(M)(””)/("’I) f P(0)P* 1 Tac(6)do. (3.17)
wWN [©)

Let us estimate the last integral. For # > —1, there exists a 6 € (0, 1) by the Taylor theorem such that

p(p+1)
2

A+ =1+(p+ D+ (1 + 6077112 (3.18)

Recall that @ > 0 has been defined by (3.8). Then we choose an &y = gyp(@) > 0 so small that
(1 — &)P"! > @. Therefore it holds that

A+ > -g) ' 2a ifll< e

Putting t = £S5 (6) in (3.18), for £ > 0 small enough, we have

pp+ D
2

(1+&S@)* >1+(p+1)ss@) + L2 &S (0)%.

Using (3.11), (3.3) and (3.14), we see
f #(0)" ' Tac(0)db > wy + 2wy O,
e)

where Q is given by
Q:=aplp+1)T,/2.
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Hence (3.17) is rewritten as
| ity > R0 4 20),
B

which leads to

=2/(p+1)
(f h(|x|)|v|p+1dx) < Ru)™2/P=D(1 + 2 Q)72+,
B

For t > 0, we use the mean value theorem to get a ¢ € (0, 1) such that

(1 + t)—Z/(P+1) = 1= L(l + 61)—(p+3)/(p+1)t
p+1

IA

2
1- [m(l + 1)~ P+, (3.19)

Substituting 7 = £2Q, we have
A +0)72P ) <1 -2(p+ 1)782Q = 1 — E2aBpT,,

where
Bi=(1+ SZQ)—(P+3)/(P+1)‘

Thus we obtain
=2/(p+1)
( f h(IxI)IvIp”dx) < Ru)~2P=V(1 - e2aBpT,).
B

Using this inequality with (3.16), we find

=2/(p+1)
( f |Vv|2dx) ( f thI”“dx)
B B

R@) {1+ T, + &8nN"'P}{1 - &%appT, |

R(®v)

IA

IA

R@){1 - & (@BpT, — T, - nN"'P)}.

By (3.8), (ap — )T, —nN~'P > 0. If £ > 0 is small enough, then 3 is sufficiently close to 1, and
hence (ep — 1)T,, — nN~'P > 0. Consequently, R(v) < R(u) for & > 0 small enough. The proof is
complete. O

Remark 3.1 Under the assumption that A(]x|) is positive, Smets, Willem and Su [20, Theorem 2.1]
have proved that if « is a local minimizer of R(-) in Hé (B) \ {0} and it is radially symmetric, then it

satisfies s
N-1
f \Vuldx < f Zdx.
B p—1Jglx

Since u is radial, the inequality above is rewritten as

1 N 1 1
f W ()N dr < f u(r)> N 3dr.
0 p—1Uo

In other words, their result means that if a radial solution u does not satisfy the inequality above, or
equivalently, it satisfies

1 -1 !
f u(r)y?r"3dr < P f ' (ry’rYdr, (3.20)
, N=TJo
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then it cannot be a local minimizer in Hé(B), of course it is not a global least energy solution.
Since S y_1 = 0 by Definition 3.1, our assumption (3.6) with n = N — 1 coincides with (3.20). Hence
Proposition 3.1 gives another proof of the result above. However, our proposition provides a stronger
conclusion. Indeed, it ensures the existence of a nonradial O(N — 1) X O(1) invariant solution under
the assumption (3.20) because n = N — 1. It will be proved in Section 5.

We deal with the case N = 2. Since the left hand side of (3.6) with N = 2 diverges, we need
another inequality. We use the two dimensional polar coordinate:

x] =rcosf, xp=rsinb.
For a radial solution u# and & > 0, we define
v(r,0) := ¢(r,Du(r), ¢(r,0) =1+ ercos?26. (3.21)
Then v(r, 8) = v(r, —0) = v(r,m — ), hence v is axially symmetric, i.e., it is O(1) X O(1) invariant.

Proposition 3.2 Let N = 2 and u be a radial solution satisfying

1 1
2 (-1 f rpN2.3
fo u(r)“rdr < —Zp 3, u' (r)rdr. 3.22)

Define v by (3.21). Then R(v) < R(u) for € > 0 small enough. Therefore u is not a local minimizer
of R, and so it is not a global least energy solution.

Proof. From an easy calculation, it follows that

1 2w
f |Vv|*dx f ( (Iv,|2+|v9|2/r2)d9)rdr
B 0 0
1 1
27rf ufrdr+827rf W ridr
0 0

1 1
+5827Tf wrdr + 2827rf uurtdr.
0 0

Integrating by parts in the last term and using (3.10), we find

1 1
fleIde = R(u)P*D/(=D 4 827l'f Wrridr + 3827Tf Wrdr.
B 0 0

Observing the last two terms, we put

1 1
P := R(u)~P*V/(=D (nf W ridr + 37rf uzrdr).
0 0

f [Vv]>dx = R(u)P+V/P=D(1 + £P). (3.23)
B

Then we have

Now, we shall compute the integral of h|v|P*L. To this end, we estimate ¢(r, 6). Define y(r, 6) by

1
u(r,0) = (1 + &rcos 20" — 1 = (p + Dercos 20 — @gzﬂ cos? 26. (3.24)
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From the Taylor theorem (put ¢ = er cos 26 in (3.18)), it follows that
Y(r,0) = 0 uniformly on (r,6) € [0, 1] x [0,27] as € — O.
Rewrite (3.24) as
+1
B, 07! = 1+ (p + 1ercos 26 + p(pT)ezﬁ cos? 20 + 2y, 6).

Using the equation above, we find

1 1
f WvPtldx = 2x f RulP* ' rdr + (p(p + 1)/2)en f hlulP* P dr
B 0 0

1 27
+e? f f hlulP* ' yrdedr.
0 0

1 1 27
Q:= R(u)_(p+1)/(p_l)((p(p+1)/2)71' f hlulP* ' P dr + f f hlulp”(//rdt‘)dr).
0 0 0

We put

Then by (3.10), we see
fhlVl"Hldx = R(M)(IHI)/("FI)(I + 82Q),
B

which with (3.19) implies

-2/(p+1)
( f h|v|ﬂ“dx) < Ry *7D(1 - 2/(p +1)£°BO).
B
Here we have put
Bi=(+ SZQ)—(p+3)/(p+l)'
Combining (3.23) and (3.25), we obtain

=2/(p+1)
( f |Vv|2dx) ( f h|v|P+1dx)
B B

R(v)

< Rw(1+&P)(1-Q2/(p+1)eBO)
< R {1+ (P -@2/(p+1)BO)
< R,

(3.25)

provided that P < (2/(p + 1))BQ. We shall verify this inequality. Since 8 — 1 as € — 0, we have
only to prove P < (2/(p + 1))Q for £ > 0 small. Since  converges to 0 uniformly on r and 6 as

& — 0, we find

1
0 — (p(p + 1)/2)nR(u)"P+D/(P=D f hulP*'Pdr  ase — 0.
0

Therefore it is enough to show that

1 1 1
f wridr + 3f wrdr < pf hulP* P dr.
0 0 0

(3.26)
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Now, since u is radial, (1.1) with N = 2 is reduced to
d
—(u,r) + h(Nufr = 0.
dr

Multiplying the both sides by ur?, integrating it over [0, 1] and using integration by parts, we get

1 1 1
f urridr — 2f Wrdr = f hlulP* P dr.
0 0 0

This relation means that (3.26) is equivalent to

1 1
Q2p+ 3)[ wrdr < (p - l)f ufr3dr.
0 0

This inequality coincides with our assumption (3.22) and the proof is complete. O

4 Radial least energy solution

Observe Propositions 3.1 and 3.2. To prove that a global least energy solution is not radial, it is
enough to show that a radial least energy solution satisfies (3.6) for N > 3 or (3.22) for N = 2. To
this end, we investigate the properties of radial least energy solutions. Recall the notations Hé!r(B),

D,(R), N, and L, defined in Introduction. For u € H(l)’r(B), we define
1 1 2/(p+D)
R,(u) := ( f u'(r)erldr) /( f h(r)lulp”erdr) : (4.1)
0 0
Then R(u) is rewritten as
Rw) = oV OR,u)  foru € Hy (B). (4.2)

Here wy is the surface area of the unit sphere of RY, which has been computed in (3.11). We first
deal with the case where /4 is nonnegative.

Lemma 4.1 Assume that h(r) > 0in (0, 1) and h,(r) # 0. Let u be a positive radial solution. Then
' (r) <0 for 0 < r < 1and u(r) attains its maximum at r = 0. Moreover, u(r) satisfies

1 |
R, (u) PV~ = f W' (N ldr = f AP AN gy, 4.3)
0 0

Proof. Since u is radial, we rewrite (1.1), (1.2) as

@ (Y = —h(Pur)PrV 1 <0, u>0 in(0,1), (4.4)
' (0)=u(l)=0.
Therefore u’(r)rV~! is nonincreasing, and hence u/(r) < 0 for » > 0. Combining (3.10) with (4.2),
we obtain (4.3). m]

The next two lemmas has been shown in our paper [14] , however we give a proof for the reader’s
convenience.
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Lemma 4.2 Suppose that Assumption (A), holds and let u be a positive radial least energy solution.
Then

! =2/(p+1)
R.(u)<(1-a) (f h(r)(1 - r)p+er—1dr)
Proof. Put
{ 1 if0<r<a,
V(r) =
(1-n/d-a) ifasr<l.

Then v € D,(R). From the definition of v, we have

1
1
f V()N ldr < ——,
0 1-a

1 1
f AP PN dr > (1= @)D f h(r)(1 = )P,
0 a

Therefore we obtain

! -2/(p+1)
R@m=d-a ( f h(r)(1 - r)””rN‘ldr)

Since u is a radial least energy solution, R,(#) < R.(v) and the proof is complete. O

Lemma 4.3 [mpose the same assumption as in Lemma 4.2. Then u(0) < 2u(a).

Proof. Integrating (4.4) over [0, r], we have
—u' (V! = f h(Hu(HP N dt.
0

By Lemma 4.1, u(0) is the maximum of u(r) on [0, 1]. Dividing both sides by ¥~! and integrating

it over [0, a], we have
f r<N‘>( f hu!’tN‘dr)dr
0 0

u(())fr_(N_l)(frhu”_ltN_'dt)dr.
0 0

Using the Holder inequality and applying Lemma 4.1, we estimate the integral above as

r r (p=D/(p+1) r 2/(p+1)
f AP N gy (f hu”“t’“dt) (f htNldt)
0 0 0

r 2/(p+1)
R, (1) ( f hrN—ldt) .
0

Using the constant v defined by (2.1), we have

f hNtde < PN f h(f)t™ "+ dt.
0 0

u(0) — u(a)

IA

IA

IA
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Combine all the estimates above with Lemma 4.2 and (2.2). In (A),, we assumed the condition that
u(h, a)®P*1 < 1/(2d). Then we find

u(0) — u(a)
2/(p+1)
< u(O)Rr(u)jw pm(N=DR2WN=/(p+D) g (f h(t)t_”"dt)
0 0

1 =2/(p+1) a 2/(p+1)
< u(0)d(1 - a) (f h(r)(1 - r)””r’“dr) (f h(t)t”"dt)
@ 0

= u(h, a)*' PV u(0)d < u(0)/2.
This completes the proof. O

The next lemma ensures that a radial least energy solution satisfies (3.6) or (3.22) if a is suffi-
ciently close to 1.

Lemma 4.4 Under the same assumption as in Lemma 4.2, we have

1 4a~N-D(] = 1
f u(r)er_sdr < aN—(Za)f u’(r)er_ldr when N > 3,
0 - a

1 1
f M(”)zrd" < 2a‘3(1 - a)f u'(r)2r3dr when N = 2.
0 a

Proof. Let N > 3. Using the Schwarz inequality, we get

1
—f u' (r)dr

! 2,
(f u’(r)zdr) (f dr)

1 1/2
(1 —a)!?aN-D/2 (f u’(r)er_ldr) .

u(a)

12

IA

IA

It follows from Lemma 4.3 that
1
w(0)? < 4a~ V(1 - a) f W' ()N ar.
a

Since u(0) is the maximum of u(r), we see

1 2 ~(N=1)¢1 _ 1
fo e < 00 MO0 f W (P

Let N = 2 and repeat the argument above. Then we see

1 12
u(a) < (1 —a)'?a™3? (f u'(r)2r3dr) ,

which with Lemma 4.3 yields

I
w(0)? <4a™3(1 - a)f W' (r)*rdr.
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fl 5 u(0)2
0 2

We next consider the case where h(r) changes its sign.

Therefore

1
a1 —a)f W' (r)*rdr.

Lemma 4.5 Assume that h(r) < 0in (0,a) and hy(r) # 0in(a, 1). Let u be a positive radial solution.
Then it holds that

1 -(N-D(] = 1
f WV 3dr < a—(a)f u’(r)2rN‘1dr when N > 3,
0 N-2 u

1 -3 1 _ 1
f Wrdr < %[ W' (r)*r*dr when N = 2.
0 a

Proof. Let N > 3. Since h(r) < 01in (0, a), we see
@YY = N >0,

which implies that ' (r)rN~! is nondecreasing in (0, @), hence «’(r) > 0. Thus u(r) is nondecreasing
in (0, @) and therefore it attains its maximum at a point in [a, 1). Denote it by b € [a, 1) and write
M := u(b). We use the Schwarz inequality to get

. | 1/2
M = ub)= U W' (rydr| < V1 —b(f u’(r)zdr)
b b

1 1/2
< pWN-b2 \/E(f u'(r)ZrN‘ldr) )
b
Since M is the maximum of u, we have

1 2
M
2 N-3
d .
Lu(r)r r<N_2

Combining two inequalities above, we obtain

1
b N-Da-p
fuer_3dr < ( )f )2"N 'dr
0

N-1)(] —
—NEZ « oy,

where we have used that a < b.
Let N = 2. Then the method above works well. We leave the details to the reader and the proof
is complete. O

5 Proof of main results

In this section, we prove Theorem 2.1 and Corollary 2.1. For simplicity of notation, we put O,, :=
O(n) X O(N — n) and define

H(B,0,) :={u € H)(B) : u(gx)=u(x) forge 0,),
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which is a closed subspace of Hé(B). Moreover, we define

D(R,0,) = D(R) N H}(B,0,), N(O,)=N n Hy(B,O,).
These sets are nonempty because @ # N, ¢ N(O,) c D(R, O,). Put

L(O,) := inf{R(u) : u e DR, O0,)} =inf{R(u) : ue N(O,)}.

We call u an O(n) X O(N — n) invariant least energy solution if u € N(O,) and R(u) = L(O,). The
minimizer u of R(u) among N(O,) exists, which can be proved in the standard argument. Moreover,
it is a critical point of R in Hé (B, O,). Then it becomes a critical point of R in Hé (B) by the principle
of symmetric criticality due to Palais [17]. Therefore to prove Theorem 2.1, it is enough to show
that an O(n) X O(N — n) invariant least energy solution is not radial.

Proof of Theorem 2.1. Let N >2and 1 <n < N — 1. Let u be a positive radial least energy solution
and v be defined by (3.1) for N > 3 or (3.21) for N = 2. Observe Propositions 3.1, 3.2 and Lemmas
4.4, 4.5. If a is sufficiently close to 1, then u satisfies (3.6) or (3.22). Therefore R(v) < R(u) for
€ > 0 small enough. Since v is O(n) X O(N — n) invariant, the O(n) X O(N — n) invariant least energy
is less than the radial least energy. Thus an O(n) X O(N — n) invariant least energy solution is not
radial. Since the global least energy is clearly less than or equal to the O(n) X O(N — n) invariant
least energy, a global least energy solution is not radial. The proof is complete. m}

We conclude the paper by proving Corollary 2.1.

Proof of Corollary 2.1. Let h(r) be as in Corollary 2.1. Fix a € (1 — &, 1), where ¢ is determined
by Theorem 2.1. Let us show that & satisfies (A), if 2 > 0 is large enough. To this end, it is enough
to prove that u(h,a) — 0 as 1 — co. We use the same method as in [14, Corollary 2.2]. Denote the
maximum of g(7) on [0, a] by m. Since g(1) is the maximum of g(r), we choose b € (a, 1) such that

M := min g(r) > m.
b<r<l1

Then
1 -1
( f h(r)r‘“vdr) ( f h(r)(1 - r)P“rN-ldr)
0 a
a 1 -1
< ( f h(r)r”vczr) ( f h(r)(1 - r)P“erdr)
0 b

< C(m/M)A —0 asd— oo,
where C > 0 is independent of m, M and A. Hence u(h,a) — 0 and the proof is complete. O
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