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Abstract

In this note we prove that if u is a negative solution to a nonlinear elliptic equation involving
a Hessian operator, and u is zero on the boundary of a ball, then u is radially symmetric and
increasing along the radii.

1991 Mathematics Subject Classification. 35B06, 35J60.

Key words. Symmetry, Hessian equations.

1 Introduction

In the famous paper [13] the authors investigate symmetry properties of negative solutions to elliptic
equations, vanishing on the boundary. The simplest example in a bounded, connected open set is the
following Dirichlet problem {

Δu = f (u) in B
u = 0 on ∂B (1.1)

where B is a ball in Rn (n ≥ 2) and f ∈ C1(R). By using the maximum principle and the moving
planes method it is proved that u is radially symmetric and increasing with respect to |x|. Later, many
mathematicians have been interested in this topic and many papers concerning semilinear elliptic and
parabolic equations or fully nonlinear, uniformly elliptic equations may be found in literature (see,
for example, [2], [3], [16], [1]). Anyway, in all these papers, all the monotonicity and symmetry
results are shown by using fine versions of the strong maximum principle. In [17] P.-L. Lions gave
an elegant proof of the symmetry of a negative solution to problem (1.1) for n = 2, whose main
ingredients are the classical isoperimetric inequality and the well-known Pohožaev identity (see
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[18]). Apart from its simplicity, this proof has the advantage that it does not make a direct use of the
maximum principle, so it works under weaker assumptions on u and f . In [15] a similar approach
has been used to treat the case of the n-Laplacian for n ≥ 2. The aim of this paper is to prove the
symmetry of a negative solution to a k-Hessian equation that seems to be a natural generalization of
(1.1) to the case n ≥ 2. We recall that for a twice differentiable function u defined in a bounded,
connected, open set Ω in Rn the k-Hessian operator (k = 1, ..., n) is defined by

S k(D2u) = S k(λ(D2u)) =
∑

1≤i1<...<ik≤n

λi1 · · · λik , (1.2)

where the λ’s are the eigenvalues of the Hessian matrix D2u of u and S k is the kth-elementary
symmetric function. For example, for k = 1, S 1(D2u) = Δu, while, for k = n, S n(D2u) = det D2u.
Denoted by κ1, ..., κn−1 the principal curvatures of a generic level set {u = t} and by Hk−1(x) =
S k−1(κ1, ..., κn−1) the (k − 1)th curvature of the level set of u passing through x, our main result is
contained in the following

Theorem 1.1 Let B1 be the unitary ball (centered at the origin) in Rn (n ≥ 2, n even) and let f be a
positive, C1 function. If u is a C3 negative solution to{

S n
2
(D2u) = H n

2 −1 f (u) in B1

u = 0 on ∂B1,
(1.3)

having convex sublevel sets, then necessarily u is radially symmetric and it is increasing with respect
to |x|.

We finally observe that, in different contexts, many authors have been investigated symmetry
questions and, in general, shape optimization problems arising in physics or geometry. A classical
reference is the monograph [19]; for recent results and a more up to date bibliography we refer the
interested reader to [14] (see also [4], [5], [7], [8], [9], [12]).

2 Notation and preliminaries

In this section we recall a few facts about k-Hessian operators that will be useful in the sequel. Let
Ω be a bounded, connected, open set in Rn. Denoting by

S i j
k (D2u) =

∂

∂ui j
S k(D2u),

Euler identity for homogeneous functions gives

S k(D2u) =
1
k

S i j
k (D2u)ui j,

where subscripts stand for partial differentiations. For instance, when k = 1 we have S i j
1 = δi j and

S 1(D2u) = δi jui j. Thus, from definition (1.2) it can be easily deduced that, for k > 1, the k-Hessian
operators are fully nonlinear and elliptic if restricted to the class of k-convex functions

Φ2
k(Ω) =

{
u ∈ C2(Ω) : S i(D2u) ≥ 0 in Ω, i = 1, 2, ..., k

}
.

Notice that Φ2
n(Ω) coincides with the class of C2(Ω) convex functions.
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A direct computation yields that (S 1 j
k (D2u), . . . , S n j

k (D2u)) is divergence free for every j =
1, ..., n, i.e.

∂

∂xi
S i j

k = 0;

hence S k(D2u) can be written in divergence form

S k(D2u) =
1
k

S i j
k (D2u)ui j =

1
k

(S i j
k (D2u)u j)i . (2.1)

Suppose now that ∂Ω ∈ C2, with principal curvatures κ = (κ1, ..., κn−1) and outer unit normal νx.
For k = 1, ..., n − 1 we define the kth curvature of ∂Ω by

Hk(∂Ω) = S k(κ1, ..., κn−1);

moreover we set

H0 = S 0 ≡ 1, Hn ≡ 0.

For example, H1 is equal to n− 1 times the mean curvature of ∂Ω, while Hn−1 is the Gauss curvature
of ∂Ω.

If Ω is convex, we can define the quermassintegrals of Ω by

Vn− j(Ω) =
1

n
(
n − 1
n − j

) ∫
∂Ω

Hj−1, j = 1, ..., n (2.2)

while, for j = 0, we take Vn(Ω) = |Ω| (see, for instance, [10], [21]). The constant in (2.2) is chosen
so that for a ball BR with radius R we have Vn− j(BR) = ωnRn− j (hereafter ωn means the measure of
the unitary ball in Rn). The following Aleksandrov-Fenchel inequalities hold true

(
Vn− j(Ω)
ωn

) 1
n− j

≤
(

Vn−l(Ω)
ωn

) 1
n−l

, 0 ≤ j ≤ l ≤ n (2.3)

and include the classical isoperimetric inequality for j = 0 and l = 1. Moreover, the following
identities, known in differential geometry and in theory of convex bodies as Minkowskian integral
formulae, hold true ∫

∂Ω

〈x, νx〉 Hj−1 = (n − j + 1)
(

n
j − 1

)
Vn− j+1(Ω), (2.4)

where 〈·, ·〉 stands for the euclidean inner product.
Finally, for 1 ≤ k ≤ n, the following pointwise identity can be proved (see [20] for instance)

Hk−1 =
S i j

k (D2u)uiu j

|Du|k+1 . (2.5)
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3 Proof of Theorem 1.1

Let t < 0 and let us integrate the equation in problem (1.3) on the convex sublevel set {u < t}. By
(2.1), (2.5) and Hölder inequality we can write∫

u<t
H n

2 −1 f (u) =
∫

u<t
S n

2
(D2u) =

2
n

∫
u=t

H n
2 −1|Du| n

2

≥ 2
n

(∫
u=t

H n
2 −1

) n+2
2

(∫
u=t

H n
2 −1

|Du|
) n

2
.

From Reilly’s formula (see [20])

d
dt

∫
u=t

H n
2 −2 =

(n
2

− 1
) ∫

u=t

H n
2 −1

|Du|
and Aleksandrov-Fenchel inequality (2.3) with j = n

2 − 1 and l = n
2 , denoting ϕ(t) = V n

2+1({u < t}),
we get

cn ϕ(t) ≤ ϕ′(t)
(∫

u<t
H n

2 −1 f (u)
) 2

n

, (3.1)

where

cn =

(
n + 2

2

) (
2ωn

(
n − 1

n
2

)) 2
n

.

From co-area formula we easily deduce∫
u<t

H n
2 −1 f (u) =

∫ t

−∞
f (s)

(∫
u=s

H n
2 −1

|Du|
)

ds (3.2)

=

(
n

n
2 − 1

) ∫ t

−∞
f (s)ϕ′(s)ds.

Gathering (3.1) and (3.2) we have

ϕ(t) ≤ dn

(∫ t

−∞
f (s)ϕ′(s)ds

) 2
n

ϕ′(t),

where

dn =
2

n + 2

(
n

(n + 2)ωn

) 2
n

.

If we multiply by f (t) and integrate on ] − ∞, 0], we obtain∫ 0

−∞
f (t)ϕ(t)dt ≤ dn

∫ 0

−∞
f (t)ϕ′(t)

(∫ t

−∞
f (s)ϕ′(s)ds

) 2
n

dt (3.3)

= dn
n

n + 2

(∫ 0

−∞
f (t)ϕ′(t)dt

) n+2
n

.
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On the other hand, integrating the equation on B1, by (2.1) and Hölder inequality we get(
n

n
2 − 1

) ∫ 0

−∞
f (s)ϕ′(s)ds =

∫
B1

H n
2 −1 f (u)

=

∫
B1

S n
2
(D2u) =

2
n

∫
∂B1

H n
2 −1|Du| n

2

=
2
n

(
n − 1
n
2 − 1

) ∫
∂B1

|Du| n
2

≤ 2
n

(
n − 1
n
2 − 1

) (∫
∂B1

|Du| n+2
2

) n
n+2

(nωn)
2

n+2 .

Then ∫ 0

−∞
f (t)ϕ(t)dt ≤ 2

n(n + 2)

∫
∂B1

|Du| n+2
2 . (3.4)

By a Pohožaev type identity (see (3.6) below) and (2.4), it holds∫
∂B1

|Du| n+2
2 =

1(
n − 1
n
2 − 1

) ∫
∂B1

H n
2 −1|Du| n+2

2 (3.5)

=
1(

n − 1
n
2 − 1

) ∫
∂B1

〈x,Du〉H n
2 −1|Du| n

2

=
n + 2

2
(
n − 1
n
2 − 1

) ∫
B1

〈x,Du〉H n
2 −1 f (u)

=
n + 2

2
(
n − 1
n
2 − 1

) ∫ 0

−∞
f (s)

(∫
u=s

H n
2 −1〈x, ν〉

)
ds

=
n(n + 2)

2

∫ 0

−∞
f (s)ϕ(s)ds.

From (3.3), (3.4) and (3.5) we deduce∫ 0

−∞
f (t)ϕ(t)dt ≤ 2

(n + 2)ω
2
n
n

( n
n + 2

) n+2
n

(∫ 0

−∞
f (t)ϕ′(t)dt

) n+2
n

≤
∫ 0

−∞
f (t)ϕ(t)dt.

Thus all the inequalities we used must hold as equalities and u must be radially symmetric, i.e.

u(x) = u(r), r = |x|. Moreover, being S n
2
(D2u) = 2

n

(
n − 1
n
2 − 1

)
r−n+1

[
r

n
2 (u′)

n
2

]′ ≥ 0 (see, for instance,

[22]), u is increasing with respect to r.

Lemma 3.1 Let f ∈ C1(R) and let u be a C3 solution to the following problem{
S k(D2u) = Hk−1 f (u) inΩ
u = 0 on ∂Ω (1 ≤ k ≤ n)
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in a bounded, connected, open set Ω in Rn. Then∫
Ω

〈x,Du〉Hk−1 f (u) +
n − 2k
k + 1

∫
Ω

Hk−1u f (u) =
1

k + 1

∫
∂Ω

〈x,Du〉Hk−1|Du|k. (3.6)

Proof. First of all let us multiply the equation by 〈x,Du〉. Reasoning as in the appendix of [6] we get∫
∂Ω

〈x,Du〉Hk−1|Du|k + (n − 2)
∫
Ω

S i j
k (D2u)uiu j + (1 − k)

∫
Ω

uxlS
i j
k (D2u)ui jl

=

∫
Ω

〈x,Du〉Hk−1 f (u). (3.7)

On the other hand

∂

∂xl
S k(D2u) =

∂

∂ui j
S k(D2u)

∂ui j

∂xl
= S i j

k (D2u)ui jl =
∂

∂xl
(Hk−1 f (u)) .

Then, by divergence theorem,∫
Ω

uxlS
i j
k (D2u)ui jl = −

∫
Ω

[〈x,Du〉 + nu] Hk−1 f (u). (3.8)

Finally (3.7) and (3.8) imply the claim.
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