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Abstract

Let © be a bounded domain with smooth boundary in RY and h €
C((0,00), (0,00)) with lim,_, 5+ h(s) = T € (0,00). By the perturbation method,
which is due to Garcia Melidn, and nonlinear transformations and comparison
principles, we derive the exact boundary behavior of solutions to a singular Dirich-
let problem —Av + @|V?)\2 =b(z), v>0, z € Q, vlgo = 0. Then, applying
the result, combining two kinds of nonlinear transformations, we derive the exact
boundary behavior of solutions to a boundary blow-up elliptic problem and a sin-
gular Dirichlet problem, where the weight b is positive in ©Q and may be (rapidly)
vanishing or blow up on the boundary.
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1 Introduction and the main results
Consider the following singular boundary value problem
h

—Av+$|VU|2 =b(x), v>0, 2€Q, v|jgo =0 (P)

where (2 is a bounded domain with smooth boundary in RN (N > 1), b satisfies
(b1) b e C2.(Q), for some a € (0,1), is positive in 2
and h satisfies

(hy) h € C((0,00), (0,00)) and lim,_,o+ h(s) =T € (0, 00).
The problem is related to the following

I. A boundary blow-up elliptic problem
Au=b(x)f(u), x €Q, ulog = (1.1)
where the last condition means that u(z) — 400 as d(z) = dist(x,0Q2) — 0, and
the solution is called “ a large solution” or “ an explosive solution”, f satisfies

(f;) f € C'0,00), f(0) = 0, f is increasing on [0,00) (or f € CL(R), f(t) >
0, Vt € R, f is increasing on R)

(f2) there exist p > 1 and Tp > 0 such that f(¢)/tP is increasing for ¢ > Tp;
(f3) limy— 100 f'(2) J, . dl; = Cy.
Let
o) = [ P us0(orueRr) (1.2)
v=">p(u) = —, U or u . .
w f)

We see that problem (1.1) is equivalent to problem (P) with h(v) = vf'(¢1(v))
where ¢ is the inverse function of @1, i.e., ¢ satisfies

—61(t) = f(¢1()), >0, $1(0) := lim ¢y (t) = +o0, (1.3)
or -y
v
i 0 1.4
/¢1<t>f(l/) t, t>0, (1.4)
and ~ g
Jim () = Tim @1(07'() = L 7'(0) | ﬁz):cf.
In particular,
(1) when f(u) = u”™ p > 0, u > 0, ®1(u) = p~lu™”, u > 0, ¢1(t) =
(pt)=P, t>0, h(v) = Cp = 51 > 1;
(2 when f(u) = €%, u € ]R, Oy (u) =e™ ueR, ¢(t) = —Int, t >0,
h(v) =
3

) when f(t) = cot’lexp (f ¥ gr ) t> TO, Cy = (p+1)/p, where p > 0,
cop >0, y € C([Tp,0) and for 7 — o0, y(1) —
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(4) (Garcia Melidn [12], Lemma 7) when f satisfies (f1) on [0, 00) and (f2), (f3),
1<Cp<p/lp—1);

(5) if limy o0 f/(t) = o0, then limy_,o A% = 1 implies (f;) with Cf = 1.

Moreover, f(t) = coexp (f;,o %) Vt > Ty satisfies (f2) and (f3) with Cy = 1,

where (; is a positive C! function on [Ty, 00) and satisfies lim,_, ., ¢} (7) = 0.
Problem (1.1) arises from many branches of mathematics and applied mathe-
matics and has been discussed by many authors and in many contexts; see, for
instance, [3], [6], [8], [10], [12], [13], [14], [17], [19], [20], [22], [23], [24], [26], [27], [28]
and the complete references therein.
II. A singular Dirichlet problem

—Aw = b(z)gw), w>0, z€Q, wog =0, (1.5)

where g satisfies
(g1) g€ C((0,00),(0,00)), lim,_,o+ g(t) = +o00 and g is decreasing on (0, 00);

. t
(g2) —lim; g+ g/(t) fo % = Lyg-
Now let

— o) = [,
v = Dy(w) : /O L > 0. (1.6)

We see that problem (1.5) is equivalent to problem (P) with h(v) = —vg'(¢p2(v)),
where ¢4 is the inverse function of @5, i.e., ¢ satisfies

¢/2(t) = g(d)Z(t))v ¢2(t) >0, te€ (0,00), ¢2(0) =0, (17)
or ot
/O % =t te[0,00), (1.8)
and

t
dp
lim h(s) = — lim ®5(t)g'(t) = — lim ¢'(¢ — =C,.
Jim h(s) = = lim @a(0g(0) = — lim ') [ L~
In particular,

(1) when g(u) = u™", u >0, 7 > 0, ®a(w) = L7, do(t) = (y+1)1)YO+D, ¢ >

0, h(v) =Cy = ﬁ € (0,1);

(2) when g(t) = cot Vexp (ftto ylfmm'), 0 <t <ty Cqg=~/(y+1), where
co > 07 Y > 07 Y2 S C[O,to] with y2<0) = 07

(3) (Cirstea [8], Lemma 3.1)) if lim; .o+ ¢'(¢) = —o0, then lim; ,q+ % =1

implies (g2) with Cy = 1. Moreover, g(t) = coexp (f:(’ gj(i)) Vit € (0,to] satisfies
(g1) on (0,%9) and (go) with Cy = 1, where ¢, > 0, (2 is a positive C! function on
(0,%p) such that lim, g+ (2(v) = lim, o+ ¢ (v) = 0;

(4) when g satisfies (g1) and (g2), Cy € [0, 1].
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In fact, by (g1), it is clear that Cy > 0 and

S
d
< / il < i7 Vs > 0,
o 9(m)  g(s)
ie.,

. *dp
lim g(s / — =0.
s—>0+g() o 9(n)

I(t) = fg’(t)/o g‘fz), Vit > 0.

Integrate I(s) from 0 to ¢ and integrate by parts, we obtain that

/ I(s)ds = —g(t) / t st

3 I(s)ds
t

Let

ie.,
<1, Vt>0.

It follows from the I’Hospital’s rule that

t
I1(s)d
J ) _ iy = o, < 1.
t—0+ t t—0+
Problem (1.5) arises in the study of non-Newtonian fluids, boundary layer phe-
nomena for viscous fluids, chemical heterogeneous catalysts, as well as in the theory
of heat conduction in electrical materials, and was discussed in a number of works;
see, for instance, [4], [5], [9], [11], [14], [18], [28], [29] and the references therein.
Now let’s return to problem (P).
By a perturbation method, Arcoya and Martinez-Aparicio [2] (Theorem 1.1),
Arcoya, Carmona and Martinez-Aparicio [1] (Theorem 1.3) showed that if h satisfies
(ha) h e C((0,00), (0,00)) and lim,_,o+ sup h(s) € (0,0),
and b € L*(Q) (or b € L1(Q) with ¢ > N/2) satisfies
(bg) inf{ b(x) > 0,2 € w} >0, Vw CC Q,
then problem (P) has at least a solution v € H}(Q)NC*(Q) (or v € HE(Q)NL>®(£)).

By another perturbation method, one class of nonlinear transformations and a
comparison principle, Garcfa Melidn [12] derived the following results:
If h satisfies (hy) with T > 1, b satisfies (by) and

(bs) there exist by > 0 and o € (0,2) such that

o b(x)(d(x))” = bo, (1.9)

then
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(i) when Y > 1, for any solution v of problem (P)

@

— b .
where 4 = e
(ii) when T =1 and A(t) > 1 for small ¢, (i) continues to hold.

Next let’s introduce a class of functions to be used in the following.
Let A denote the set of all positive monotonic functions k € L(0,80) N C(0, 6p)
(60 > 0) which satisfy

ti%l+% (Ik{((tt))> :=C% € [0, 00), (1.11)

where

K(t) = /0 h(s)ds. (1.12)

We note that for each k € A, lim;_, o+ % =0, Cy € [0,1] if k is non-decreasing
and Cj € [1,00) if k is non-increasing, and

lim K(t) =0; lim KK () =1-— lim a4 (K(t)> =1—-Cy. (1.13)

t—0+ k(t) t—ot+ k2 (t) t—0+ dt k(t)

The set A was first introduced by Cirstea and Réadulescu [6] for non-decreasing
functions and by Mohammed [23] for non-increasing functions to study the boundary
behaviour of solutions to problem (1.1).

Some basic examples of non-increasing functions in A are

(i) k=Co >0, K(t) = Cot, Cr, = 1;

(i) k(t) = t=7/2 with o € (0,2), K(t) =
(iii) k(t) = (= Int)?, 0 > 0, C, = 1;
and some basic examples of non-decreasing functions in A are

i) k(t) =t7/2,0 >0, Cyy = 2/(2+ 0);

ii) k(t) =1/(—=Int)?,0 > 0, Cf, = 1;

iii) k(t) =t /In(1+t71),0 >0, Cr, = 1/(1 + 0);
iv)E(t)=et", 6>0,Cr=0;

k()= ", 0>0,Cp=0;

vi) k(t) = e (=107 5 > 1, Cp = 0.

2t(2—0)/2
2—0

2 .
O =57

(
(
(
(
(
(

Inspired by the idea of Garcia Melidn [12], in this paper we consider the exact
boundary behavior of solutions to problem (P) for the following three cases:

(I) T € (1,00) and the more general weight b;
(II) Y =1and b=by > 0 on Q;
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(II) T € (1/2,1) and b= by > 0 on €.
Then, applying the result, we derive the exact boundary behavior of solutions to
problems (1.1) and (1.5).

Our main results are summarized in the following.

Theorem 1.1 Let h satisfy (hy), b satisfy (b1) and
(bs), There exist some k € A and by > 0 such that

b(x)
li ——— = bo.
0 BB ()
If
T >1and Cp + 27 > 2, (1.14)
then for any solution v € C(2) N C?(Q) of problem (P)
. v(x)
1 — = 1.1
i) 0 K2(d(z)) © (1.15)
where .
0 (1.16)

0T o(Ch+ 2T —2)
Remark 1.1 Since T > 1in (1.14), it is clear that C} can be equal to zero.

Theorem 1.2 Let h satisfy (hy), b=0by on Q. If

1
5 <T<1, (1.17)

then the result of Theorem 1.1 holds, where o = %.

Corollary 1.1 Let f satisfy (f1)-(f3).
(1) If b satisfies (b1), (ba), and (1.14) with ¥ = Cy holds, then for any solution
u € C?(Q) of problem (1.1)

i W@
d(z)—0 ¢1 (1o K2(d(x)))

(ii) If b=by on Q and T = Cy = 1, then the result of (i) holds.

=1 (1.18)

Remark 1.2 Garcia Melidan [13] showed that (f3) implies (f2).

Corollary 1.2 Let g satisfy (g1) and (g2), b = by on Q. If (1.17) with T = C,
holds, then for the unique solution w € C(2) N C%(Q) of problem (1.5)

w(x

d(li)rgo 7(;52(7'0(6“.13))2) =1 (1.19)
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Remark 1.3 When Cy = /(1 + ) with v > 0, (1.17) reads v > 1.

The outline of this paper is as follows. In Section 2 we prove Theorems 1.1-1.2.
The proof of Corollaries 1.1 and 1.2 is given in Section 3.
2 Boundary behaviour of solutions to problem (P)

First we need some preliminary considerations.

Lemma 2.1 (Berhanu, Gladiali and Porru [4], Lemma 2.1) If v > 1, then the
unique solution w € C(2) N C?(Q) of the following problem

—Aw=byw Y, w>0, x €Q, wlogg =0, (2.1)

satisfies

() (b)) 22)
a0 (@@~ 2y ) | |
Lemma 2.2 (Cirstea and Radulescu [6], Theorem 1 and Mohammed [23], Theorem
3.4) Let p > 0. If b satisfies (b1) and (by), then any solution u € C*(Q) of the
following problem

Au=b(z)ur?, u>0in Q, ulpgg = (2.3)
satisfies
. 202+ pCi)\ /*
2/p — (22T PR
d(lxl)rgo u(z)(K(d(x))) ( e . (2.4)

Lemma 2.3 (the comparison principle)(Diaz and Letelier [15], Theorem 2.2) Let
b satisfy (b1) and f satisfy (f1). If uy,uz € C*(Q) satisfies Aug — b(x)f(ur) >
Auy — b(z) f(uz) in Q and limsup,,)_o w1 (z)/uz(z) < 1, then uy < ug in Q.

Proof of Theorem 1.1. Since T > 1, let ¢ € (0,min{ T — 1, (Cy + 27 —2)/2}),
and we see by (h;) and problem (P) that there exists § > 0 such that

T—e<hw@)<YT+e Ve eQs

and
[Vol?
—Av+ (T + E)T > b(x), = € Qy, (2.5)
2
—Av+ (T — 5)@ <b(z), z € Qs. (2.6)
Set

ue =0 ", e =T —e— 1
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By (2.6) and a direct computation, we have
Auqpe < qlgb(x)u1:q1;1, z € Q.
Since g1 > 0, let Uy, be the unique solution to the following problem (see [26])
Au = qlgb(x)qulEA, u>0, €, ulgg =m, (2.7)

wherem =1,2,3, -+, {U1em () } is nondecreasing for x € Q and lim,,, 00 Urem (z) =
Uie(x), x € Q and Uy € C%(Q) which is one solution to the problem

Au = qlgb(x)u“rqlffl, u>0, z€Q, ulgg = . (2.8)

It follows by Lemma 2.2 that

lim Uy (2)(K(d(z))20e = (

d(z)—0

2(2q1. + Cp) \
bo '

Let M > 0 such that Uy > M and Uy, — M < Uze = M <ujcon Iy :={z €
Q:d(z) = 6}. We see by uic|lsgq = +0o and Lemma 2.3 that Ui, — M < uge on
Qs, thus U — M < uq. on Qy, ie.,

v < (Ure = M)V 0 2 € Q.

It follows that

lims v(x) < bo
1 u .
Hey s K2(d(x)) ~ 2(2q1 + Ch)

Letting € — 0, we obtain

. v()
e B~ 29

Next let
Uge =V ¢ goe =T +e—1.

By (2.5) and a direct computation, we have
Aug, > qgsb(x)uéjq“_l, z € Qs.
Since go > 0, let Us. be the unique solution to the following problem
Ay = ngb(x)quQJI, u>0, r€Q, ulgg = . (2.10)

It follows by Lemma 2.2 that

3 q2e __ 2(2Q2E+Ck;)) 12e
Jim U (a) (K (d(0)) —(bo) |
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Let M > 1such that Usc+M > us. on I's. We see by Lemma 2.3 that Usc+M > us.
on (s, i.e.,
v > (Uge + M)~V 1 e Q.

It follows that (@) b
o v(z 0
lim inf >
d(z)—0 K2(d(z)) = 2(2¢2 + Ck)

Letting € — 0, we derive

lim inf (%)

lim inf 207037 2 ™ (2.11)

Thus (1.15) holds.

Proof of Theorem 1.2. (1) YT € (1/2,1). Let e € (O,min{ 1 -7, (2T —1)/2})
and
wie =0, Y =1-"T —¢.

By (2.5) and a direct computation, we see that

—(y1e 1—1
—Awye > 507151015@1 )

) x E Qé, le'BQ = 07 wl&‘l—‘g = U7157 (212)
By 71 € (0,1/2), ;. > 2, let Wi, be the unique solution to the following problem
—Aw = byyrew e D w0, e Q, wlaq = 0, wlp, = v, (2.13)

It follows by Lemma 2.1 that

. Wie(x) B bo Yie
d(l;)rgo (d(z))?me - (2(1 — 2715)) . (2.14)

By the comparison principle ([16], Theorem 2.3), we can show that
Wie < wie in Qs,
ie., (Wls)i < v in Qs. Thus, we obtain that

... v(x) bo
lim inf > .
d(r)50 (d(@))2 = 2(Cy — 2712)

It follows that for e — 0

e v(x)
ldl(mm)gl(f)’ A)E > 0. (2.15)

Subsequently, let
Wa2e = /U’Y%a V2e = 1- T+Ea

by (2.6) and a direct computation, we see that

—(y2e1-1)

—Awse < boy2eWy, , € Qs, waelog =0, wae|p, = v72. (2.16)
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Since £ < (2T — 1)/2, we see that v,.' > 2. Let Wa. be the unique solution to the

following problem

-1
—Aw = byyoew 2 Y >0, z € Q, wlon = 0, wlp, = v72.

It follows by Lemma 2.1 that

. W2s (m) bO e
lim = .
d(z)—0 (d(x))?72e 2(1 — 272,)
By the comparison principle ([16], Theorem 2.3), we can show that
Wae () > woe (), Vo € Qs

and
) v(x)
limsup ——= < 7.
a0 (d(@))? =
Thus (1.15) holds.
(i) YT =1.Let € € (0,1/2) and

Il
<

W3e
By (2.6) and a direct computation,

—(e71=1)

p— p— £
—Aws, < €bow35 , x €y, w3s|aQ =0, st‘Fg =v.

Since e 7! > 2, in the same proof of (2.19), we can obtain

v(x) bo

lim sup <19=—.

a0 ([d@)2 =0 2

Finally let

Uze =V °.
By (2.5) and a direct computation, we have
Auge > Ebouéja_l, T € Qs.
In the same proof of (2.11), we can obtain

lim inf v(z) > 715 = b—o.

d(z)—0 (d(x))2 — 2

Thus (1.15) holds and the proof is finished.

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)
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3 Proof of Corollaries 1.1 and 1.2

In this section, applying Theorem 1.1, we prove Corollaries 1.1 and 1.2.

Lemma 3.1 (Garcia Melidn [13], Lemma 6 and Remark 1) Under the assumptions
on f in Corollary 1.1, for €,a € (0,00) with € < a

. ¢i(la—e)t)
M o)

Lemma 3.2 Under the assumptions on g in Corollary 1.2, for e,a € (0,00) with

e balla—2))
.. @a(la—e
LT R
Proof. Since ¢ is increasing on [0, 00), we see that
0 < ¢2((a—e)t) < da(at), W <1, Vt > 0.

Moreover, by (g1), g(s) and g(s)/s? (g € (0,1)) are dereasing for s > 0, we also see
that

Vs > 0.

¢5((a —¢)s) g(¢2(a—€)s)  g(¢a(as) _ _dh(as)
(62((a=2)9))7 ~ (92((a—2)9))7 = (6afas))?  (da(as))®’

Integrate the inequality from 0 to ¢, we obtain that

¢2((a—5) ) 0 —¢ 1/(1—q)
a2 (f) e

Thus the result follows.

Proof of Corollary 1.1. By Theorems 1.1-1.2 and the definition of v(u), we see that

o Pa(u(z))
1 ———L =T
a0 K2(d(z))  °
Taking sufficiently small € > 0, there exists § > 0 small enough such that
(10 — &) K2(d(z)) < ®1(u(x)) < (10 + ) K3(d(z)), = € Q.

Since ®; and ¢; is decreasing, we see that

oo+ K@) _ ul) (o — K (d()
nEAAE) K@) oK)

Thus the result follows by Lemma 3.1.

, T € Q.
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Proof of Corollary 1.2. By Theorem 1.2 and the definition of v(w) we see that

lm 2200@) _

d(z)—0 (d(x))?
Taking sufficiently small € > 0, there exists § > 0 small enough such that
(10 — &)(d(2))? < ®a(w(x)) < (10 +€)(d(x))?, = € Q.
Since @, and ¢5 is increasing, we see

2((ro —)(d(2))*) _ wl@) _ $a((r0 +2)(d(2))*)
¢2(70(d(2))?) $a(7o(d())?) ¢2(70(d(2))?)

Thus the result follows by Lemma 3.2. and the proof is finished.

, x € Qs.
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