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Abstract

In this paper we use a modified test function method to derive nonexistence results for the
semilinear wave equation with time-dependent speed and damping. The obtained critical
exponent is the same exponent of some recent results on global existence of small data
solutions.
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1 Introduction

We consider the Cauchy problem for the wave equation with time-dependent speed and
damping
uy —a(t)adu + bOu, = ft, x)|ul?, t>0, xeR",
u(0, x) = up(x), (1.1
(0, x) = uy (x)

with a(#) > 0,b(t) > 0, f(t,x) > 0 and p > 1. Recently a big effort has been done for
proving global existence for (1.1). In small data context this means to find an exponent p¢
such that the local-in-time solution can be extended to a global one, for any p > pc. One
may ask if this exponent pc is critical, that is, if for p < pc a non-existence result can be
established.

In the case @ = b = f = 1 Todorova and Yordanov in [28] proved that pc = 1 + 2/n is
critical. The nonexistence result for p = pc has been established in [32]. In the case a =
f = 1and for b(t) = by (1 + t)?, with |8] < 1, the exponent pc = 1 + 2/n is still critical, see
[19]. Recently global existence of small data solutions for p > pc has been proved in [4]
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for a general damping coeflicient b = b(t) sufficiently regular, provided that it is effective,
that is, the damped wave equation inherits parabolic properties, see [31]. If f = f(¢) then
the global existence holds for p > p, where p depends on the interaction between the
asymptotic behaviors of b(¢) and f(¢), see [1].

On the other hand, if we have a space-dependent damping b(x)u, the critical exponent
pc is modified by the decaying behavior of b(x), see [15]. For the existence result with
damping term depending on time and space variables, we address to [18, 29].

If we consider global existence of classical solutions for semilinear waves with time-
dependent propagation speed a(f), no damping and f = 1, the range of admissible expo-
nents p for large data depends on a(¢), see [7, 8, 12]. If, moreover, f = f(¢), this range
is modified by the interaction between the order of zeros of a(f) and the order of zeros
of f(r), see [20]. A global existence result for Schrodinger operator with time-dependent
coefficients has been obtained in [11].

The interaction between the coeflicients a(¢) and b(¢) comes into play also if one stud-
ies linear decay estimates for the wave equation with time-dependent speed and damping,
see [2, 3, 25].

We expect a nonexistence result for weak solution to (1.1) for p < p where p depends
on the interaction between a(t), b(¢) and f(z,x). We will use the following definition of
weak solutions.

Definition 1.1 Let us consider (1.1) with up,u; € L, . We assume that a € L5 ([0, o)),

b € W.2([0,00)) and f € L2 ([0, 00) x R").

We say thatu € L! ([0, c0)XR") is a global weak solution to (1.1)if [ul? f € L! ([0, c0)xR")

loc loc

and for any ® € C°([0, +00) X R") it holds

f " f u(t, x) (@y(t, x) — a(H) AD(t, x) — b(H)D,(t, x) — b’ ()D(t, x)) dxdt
0 R»
= f ) £, x) lu(t, 0)IP D(1, x) dxdt
0 Jre
+ 5 ((u1(x) + uo(x) b(0)) (0, x) — up(x) P;(0, x)) dx.

It follows that classical solutions are weak solutions, and that C2 weak solutions are classi-
cal solutions.
We consider a class of damping coefficients b(f) satisfying the following.

Hypothesis 1.1 Let b € C'([0, o)) be such that b(t) > 0 for any t > 0. We assume that

()]

llgglf b0)? > -1, (1.2)
bl

lirtllil)lp tb(g) <1. (1.3)

Definition 1.2 Let us define .
1
B(t) := f —dr.
o b(m)
Since b(t) > 0, the function B : [0, c0) — [0, o) is strictly increasing.

In Remark 3.3, using (1.3), we will show that b(¢) < " for some m € [0, 1), therefore
1/b ¢ L' so that B(¢) is a bjiection.
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Definition 1.3 Let b(¢) > 0 for any ¢ > 0. We define
!
B(t) :=exp (—f b(t) d‘r). (1.4)
0

In Remark 3.4, using (1.3), we will show that 8 € L'(0, 00). Therefore, for any t > 0, we
may define:

() := f Cpdr, b= ) = BIIZ ) 001 -
Theorem 1.1 Let b(t) be as in Hypothesis 1.1 and let us assume that
o 0 <a(t) < B)™™ for some a < 1,
o f(t,x) 2 B |x|° for some y > —1 and § € R.

If

2(1 + 5
( 7)+

n(l—a) n’ (1.5)

Pmin<P5PC21+

where

- n

+ + 161t
pmm=l+ma><{b/1 a] ,[] }

then there exists no weak solution to the Cauchy problem (1.1) with initial data ug,u, € L'
satisfying

f (u1(x) + brug(x))dx > 0. (1.6)
Ri’l

In Section 4 we will discuss the sharpness of the exponent pc in Theorem 1.1 and the
optimality of the general nonexistence results of Theorems 2.1 and 2.2. In particular, global
existence results for

2(1 +
n

are known when a(f) = ap > 0is a constant and f = f(¢) is independent of x (see [1, 4, 28]),
therefore Theorem 1.1 is sharp in this case.

Remark 1.1 Theorem 1.1 is meaningful if ppin(@,y,8) < pc(e,y,d,n). Since @ < 1
and y > —1, this inequality holds if, and only if,

nly+al* =2(1+v)

o>
1 -«

Example 1.1 Let us consider

wy — 19 Au+ (1%;) u =1+ 2% P, t>0, xR,
u(0, x) = up(x), (L.7)

u;(0, x) = uy(x).

for some ¢1,{, > 0,6 € R, u > 0 and k € (-1, 1]. Moreover, let u > 1 if « = 1. Then we
may apply Theorem 1.1 by taking @ = —¢;/(1 + k) and y = £,/(1 + k).
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Example 1.2 If y = —« in Theorem 1.1, that is, we assume that
0<a() < (B, f(t,x) 2 (B@t))™ |xl°,
for some @ < 1, and 6 > —2, then a nonexistence result follows for any

[6]* 2406

1+ <p<l+

This case corresponds to take £; = £, in (1.7).

Moreover, if we replace the assumption on f(z, x) with f(¢,x) = B()™ (x)?, for some d >
0, then we may apply Theorem 1.1 for any ¢ € [0, d], obtaining a range for nonexistence
givenby 1 < p <1+ 2 +d)/n.

For 6 = 0 we get the range 1 < p < 1 + 2/n. In particular, we have a counterpart of the
global existence results proved in [4] for p > 1 + 2/n when @ =y =6 = 0.

Example 1.3 Let @« = 6 = 0 in Theorem 1.1, that is, a(¢) is bounded and f(z, x) > B(t)”
for some vy > —1, and ¥y < 2/(n — 2) if n > 3. Then a nonexistence result follows for
any 1 + [y]" < p <1+ 2(1 +y)/n. In particular, we have a counterpart of some global
existence results proved in [1].

This case corresponds to take £; = ¢ = 0 in (1.7).

In order to prove Theorem 1.1 we will use a modified test function method coupled with
a careful study of the properties of b(z).

The test function method is based on the scaling invariance property of the operator.
Since it works for elliptic, parabolic and hyperbolic equations, the corresponding literature
is very extensive. We only quote the papers in which Mitidieri and Pohozaev explain how
a suitable choice of the test function gives a nonexistence result. A deep description of
this technique can be found in [23], see also [21, 22]. Here we use a modified test func-
tion method: we apply the scaling argument on an associated equation obtained from the
original one by means of a multiplication by an auxiliary function.

The scheme of the paper is the following. In order to clarify our approach in Section 2,
we introduce a general notation and we briefly derive a modified version of the test function
method for a class of Liouville and Cauchy problems. In Section 3 we prove Theorem 1.1
as a corollary of the result established in Section 2.2. In Section 4 we present some other
applications of the results of Section 2, in particular for classical wave equations and for
damped wave equations with a special mass term.

The modified test function method can be extended to Liouville problems for differen-
tial inequality or for quasilinear operators, as well as one can deal with Cauchy problems
for quasilinear systems. Also, it applies to some nonlocal operators (see [5]). For the sake
of brevity, we will not investigate here these arguments.

1.1 Notation
In this paper, all functions are assumed to be measurable.

- We omit to write R" when considering spaces of functions defined on R".
In particular, L} stands for L} (R") and so on.

- Given m : R" — (0, o), with Lﬁ) (m(x)dx) we denote the space of real functions f
such that mf € L?

loc
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- With C¥(D) we denote the space of functions belonging to C¥(D) with compact sup-
port in a domain D.

- Given p > 1, by p’ we mean the conjugate of p, thatis, p’(p — 1) = p.

- By x- M or M - x we will denote the product of a vector x € R” with a n X n matrix M
and vice-versa.

- In what follows, ¢ stands for the vector in N” or N"*! with zero entries, exception
given for the k-th, which assumes value 1.

- Let A(¢), B(¢) be two positive functions on suitable domains. We write A ~ B if there
exist Cy,Cy > 0 such that C1A(€) < B(¢) < CLA(¢) a.e. Similarly A(€) < B(€) means
that there exists C > 0, independent of &, such that A(¢) < CB(¢) a.e.

2 A modified test function method

In this section we illustrate the modified test function method. First we state notation and
results for Liouville problems, whose presentation is simpler, then we show how to extend
this approach to the Cauchy problems.

2.1 The Liouville problem

We consider the differential Liouville problem:
L, Vyu= flu”, xeRY, (2.8)

where Lu is a linear operator of order m, p > 1, and f € L7, satisfies f(x) > 0 a.e. We

denote by L* the formal adjoint of L: for any u, v € C° one has
f v(x)L(x, VYu(x)dx = f u(x)L* (x, V)v(x) dx . 2.9)
RV RV

Moreover, we denote by L(x, &) the symbol of L obtained by means of the Fourier trans-
form.
For the Liouville problem (2.8) we will use the following definition of solution.

Definition 2.1 Let g(x) > 0 a.e. be such that if we put

D(x,V) := g(x)L(x, V),

then D" is a differential operator with Lj> coeflicients. We say that u € LlloC is a (weak)
g-solution to (2.8) if |u|’ fg € LlloC and for any ¢ € C°, we have
fN F(x) g(x) lu(x)Pp(x)dx = fN u(x)D*(x, V)p(x) dx . (2.10)
R R

Remark 2.1 Since we look for u € L?

1oc (f(0g(x)dx) and D* has L7 - coefficients, both the
integrals in (2.10) are well-defined.
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Remark 2.2 If g € C* then Definition 2.1 is equivalent to the definition of weak solution:
for any @ € C;° we have

f S [u(x)|)PO(x)dx = f u(x)L* (x, V)®(x) dx . (2.11)
RV RV

Indeed, D*¢ = L*(g¢) and 1/g belongs to C*. Hence the application ¢ € C* - @ = g¢ €
C™ is a bijection.

Given u € Ll'OC n Lﬁ) (f(x)g(x)dx) which satisfies (2.10) (respectively (2.11)) for some

differential operator L of order m, a density argument shows that the same relation (2.10)
(respectively (2.11)) holds for any ¢ € C7'. Arguing as before, the equivalence of g-
solutions and weak solutions for g € C™ follows.

Remark 2.3 Let L be a differential operator of order m with continuous coefficients and
let f(x) > O be continuous. Let u(x) be a classical solution to (2.8), that is, u € C™
and Lu(x) = f(x)lu(x)|P. Let g(x) > 0 be in C". Then D" is a differential operator with
continuous coefficients, and u(x) is a g-solution. Indeed, u € LlloC N L{; (f(x)g(x)dx), and
one has

fR . F(x) g(x) [u(x)IP$(x) dx = fR . #(x) g(x) Lu(x) dx
= f ¢(x) Du(x)dx = f u(x) D* ¢p(x)dx,
RV RV

for any ¢ € C_°. The last inequality holds by density argument. By virtue of Remark 2.2, u
is a weak solution, as yet known being u a classical solution.

Definition 2.2 Let N > 2 and [ > 0. We denote by
Cri={xeRN: |xI<li=1,.. N},

the N-dimensional cube with length 2/, centered at the origin. Moreover, for any « € NV,
we put
C\”:={xeC:Ix|>1/2 foranyisuch thate; # 0},

and we notice that CI(“) C C;\ Cypp, for any |a| > 1.
Now we consider

Fi:(0,00)—>(0,00) i:l,.“,N’
strictly increasing, continuous functions with F;(R) — oo as R — oo. Let
F(R) := diag(F1(R), ..., Fn(R))

be the diagonal matrix with F;(R) as (i, {)-th entry.
For any R > 1, we define the N-dimensional rectangle

Or = [-F1(R), FI(R)] X ... X [-Fn(R), FN(R)],

that is,
O = {x eRY : max|x(Fi(R)™| < 1}
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is the image of the cube C| by the matrix F(R). We denote the volume of Qg by |Qxl; it
follows that
|Qgl := 2N det F(R) =2V F1(R) - ... - Fy(R).

We also put
0k = [-Fi(R)/2, F\(R)/2] X ... X [-Fx(R)/2, F(R)/2],

that is, the image of the cube Cy, by the matrix F(R). It is clear that IQiI = det F(R).
Finally for any & € NV, we put

g') :={x € Qr:lxl = Fi(R)/2 forany isuch thata; # 0},
and we notice that Qﬁf) C Or\ Q,ﬁ;, for any |a| > 1.

Definition 2.3 For any F(R) as in Definition 2.2, we denote by S the scaling operator
such that for any f : RV — R the function Sk f : RY — R is defined by

Srf() = f(x- (FR)™).

The test function method is based on a suitable choice of compactly supported functions
which multiply the considered equation.
In the one dimensional case we call test function any ® € C°(R) which satisfies

e O(R) Cc[0,1];
e supp® c [-1,1];
e ®=1on[-1/2,1/2].

Remark 2.4 Clearly, there exists an even ® € C°(R) satisfying the previous assumptions
which is decreasing in [1/2, 1].

In order to consider the N-dimensional case, one can use a radial reduction and obtain
spherical supports or one can separate the variables and use cubic supports. Here we prefer
this second procedure.

Definition 2.4 Let ® € C(R) such that supp® c [-1,1], ®R) c [0,1] and ® = 1 on
[-1/2,1/2]. In what follows by fest function we mean a function € C?(RN , [0, 1]) having
the following structure:

N
v = | o). 2.12)
j=1

For any F'(R) as in Definition 2.2, we put

N
Yr() = Spp() = | | @ Fi®™).

J=1

Remark 2.5 If y is a test function, then suppy C C; and ¢ = 1 in Cy;. Therefore
supp¥r C Qg and yg = 1 in er
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Hypothesis 2.1 Let g(x) > 0 a.e. be such that D* is a differential operator with Ly,
coefficients, which contains no zero order terms, that is, D*(x,0) = 0. We denote by a,(x)
its coefficients, i.e.

D'x V)= > a0}

1<|al<m

Remark 2.6 Given y as in Definition 2.4, for any |a| > 1 one has supp %y C C(l“) and,

(@)
R

analogously supp d5¥r C Q. In particular Hypothesis 2.1 implies

supp D" (¥7) € Ci \ Cip2,s supp D" (Yx) € Or \ O . (2.13)
for any test function ¢ and any o € N*,

Remark 2.7 It is clear that we also have the following scaling property:

N
O = S rw) = (| [(FiR)Y™) S @) (2.14)
=1

Lemma 2.1 Let ¢ be a test function. For any fixed r > 1 there exists o € N such that
r
05 s 97, foranyo eN, o >|a| 1
r—
The proof may be given by inductive argument on |e| € N.
Now we introduce two quantities related respectively to the linear operator and to the

semilinear perturbation.

Definition 2.5 Let g(x) and a,(x) be as in Hypothesis 2.1. Let F(R) be as in Definition 2.2.
For any a € N with 1 < |o| < m, we put

N

Ho@®) := [ | FR)y™, (2.15)
i=1

Ga(R) = fQ laa(l (g f) ¥ dx. (2.16)

We remark that G,(R) € [0, o], in particular, it can be a divergent integral. We observe
that limg_,o Hy(R) = 0, since F;(R) —» oo foranyi=1,...,N.

Combining the growth behaviour of H,(R) and G,(R) we can state a first nonexistence
theorem.

Theorem 2.1 Let L(x,V) be a differential operator, f(x) > 0 a.e. and p > 1. Assume
that there exists g > 0 a.e. such that (L,g) satisfies Hypothesis 2.1. Suppose that u €
Lﬁ)c(f(x)g(x)dx) is a global g-solution in the sense of Definition 2.1.

If there exists F(R) as in Definition 2.2, such that

limsup Hy(R) Go(R)” < oo forany 1 <la| <m, 2.17)

R—0c0

then u(x) = 0 a.e.
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Thanks to Remark 2.2, from Theorem 2.1 we immediately obtain the following.

Corollary 2.1 Let L(x,V) be a differential operator, f(x) > 0 a.e. and p > 1. Letu €
(f(x)dx) be a global weak solution in the sense of (2.11).

Assume that there exists g € C™ such that (L, g) satisfy Hypotheses 2.1 and there ex-
ists F(R) as in Definition 2.2, such that (2.17) holds. Then u(x) = 0 a.e.

loc

Remark 2.8 Condition (2.17) implies that H,(R) G(,(R)ﬂi’ is bounded and that G,(R) is
finite for sufficiently large R.

Proof of Theorem 2.1. Let (L, p, f) and (g, F(R)) be such that the assumptions of The-
orem 2.1 hold. Let u € L’ (f(x)g(x)dx) be a g-solution of Lu = flulP, that is, (2.10) is

loc
satisfied. Given R > 1, and ¢ a test function, we put

fr= fR g0 f O Yr(x) dx = fQ 200 fOC)yr(x) dx,
I = f | 8OO dx.
Or\Qp

By using (2.10) and (2.13) together with Holder inequality, since p’/p = p’—1, we formally
obtain:

I = f UD" () dx < f lul |D" ()| dx
0x\0}, 0:\0%

$(1§>L{ f 'D*‘”R(x)' () ‘>dx] . 2.18)
QR\QR R (x)

By using (2.14), we may now estimate

DR < D laaNOYRIIS D Ha(R) law(0] IS 50 ()]

1<]alsm 1<|al<m

In order to control the quantities

e A
PR )

= 2.19
Wr(x)P ! Za @19

we choose a particular y. More precisely we take ¢ = ¢” a suitable integer power of a test

function ¢ with o € N and o > mp’. By virtue of Lemma 2.1, the quantities in (2.19) are

bounded. In particular, the quantity [D*yr(xX)I” (Yg(x))"? =V in (2.18) is well-defined.
Recalling that supp 0%yr(x) C Q%’), we get

U Y Hu(®) ( | laatr Getar oy dx]"
I<|al<m Or (220)
ST D HoR) (Go(R)T < C U7

1<]alsm

where C > 0 does not depend on R, since H,(R) (G(,(R))l% are bounded.
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1
We immediately get that Ix < C), := CP%‘, as I;;’j < C. Indeed, Ife <Igand p > 1. Now
we apply Beppo-Levi convergence theorem. Let {Ry}ien be a strictly increasing sequence
with Ry — oo as k — oo and so that F;(Ri+1) > 2F;(Ry) for any i = 1,...,N. Then it
follows that g, (x) > ¥, (x) for any x € RY and yg, (x) — 1 pointwise as k — co. We
constructed an increasing sequence of positive functions {g f |ul” Yg, }reny to which we can
apply Beppo-Levi convergence theorem:

I:= f g SOl dx = lim I, . (2.21)
RN —00

This gives I < C,, hence u € LP(f(x)g(x)dx). Now we can apply Lebesgue convergence
theorem to obtain

lim 7% < lim f g FOu dx = 0.
R— QR\Q”
R

R—c0

This concludes the proof, since Iz < C (12)% — 0 as R — oo so that [ = 0 by virtue
of (2.21); hence u = 0 a.e. since g(x)f(x) > 0 a.e.

Remark 2.9 Theorem 2.1 cannot be extended if D* has zero order term, namely ag(x) # 0.

Indeed with the same notation of Theorem 2.1, we would have Qg)) = Qg, so that Iﬁ =1Ix

and (2.20) gives Iz < 1 Ig. The final convergence argument does not work except for the
case Hy(R)Go(R) — 0 for R — oo. On the other hand, Hy(R) = 1, and

lim Go(R) = fim [ laoCol” (660 1) 7 dx
R—eo R—00 Ok

- fR a0l (500 f) 0 dx

so that Hy(R)Go(R) — 0 if and only if ap(x) = 0 a.e. This means that g has to be taken,
when it exists, such that the corresponding D* does not contain the zero order term.

2.2 The Cauchy Problem

Let us denote R"*! := [0, c0) X R". Here we consider the Cauchy problem:

Lu = f(t, x)|ul?, t>0, xeR" (2.22)
Gfu((),x):uj(x), j=0,....m—-1 ’
where u; € L} forany j=0,...,m—1and
m—1 )
L=9"+ Z Li(t, x,V.)o! , (2.23)

J=0

with L; differential operators of order m; € N. We also put L,, = 1.
Let g(t,x) > 0 a.e. and let us define D = gL and D; = gL; for j = 0,...,m — 1.
Formally

D, x) := ) (=10] (Dt x, Vov(t,x)) , forany ve CV([0,00) xR, (2.24)
=0
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Here D,, = D;, = g, and D; = (gL;)" according to notation (2.9).

Forany j =0,...,m, we assume that D;(t, x, V) is a differential operator with C/([0, c0), Ly )

coefficients. In particular we suppose g € C"'([0, ), L;> ).

Let 7 € CZ°([0, 0)) be such that = 1 in some neighborhood of {t = 0}. Integrating by
parts, we obtain

foo f n()¢(x) D u(t, x) dxdt = f‘” f u(t, x) D* (n(t)¢(x)) dx dt
0 R” 0 n

m.j
=T 19 w0, 0107 DO, x, Vgl dx,
=1 k=1 R

for any u € C*([0, c0) X R") and ¢ € CZ°(R").
Definition 2.6 We say that u € L| _is a g-solution to (2.22) if [u|’ fg € L} and for any 5 €

loc loc

C2([0, 0)) such that 7 = 1 in some neighborhood of {# = 0} and for any ¢ € CZ(R") one
has

j(; f 8(t, x) f(t, ) lu(t, ) n(1)¢(x) dx di

= fo fR ) u(t, x) D* (n(np(x)) dx dt — Ko(¢) ,

where we put
m.J ' )
Ko(@):= ) > (- f 1 (0 (3] DO, x, V.)p(x) dx, (2.25)
=1 k=1 Re
with u;_;(x) as in (2.22).

We remark that we are not assuming that L is a Kovalevskian operator in normal form.
Indeed L is a differential operator of order M := max{m, j+m;|j=0,...,m— 1}, possibly
M > m. In order to state our result, analogously to Hypothesis 2.1, we assume that D* may
be written as

D'(6x V)= D as(t )9 (2.26)
1<ap+|al<M

Let us extend the notation of Section 2.1 for N = n+1, denoting xy = ¢ when it is convenient
and X = (xg, x) € R"™! with xy > 0 and x € R”. We put

Cr={FeRy: xo <l x| <1 =[0.1xCy,
and similarly
F(R) := (Fy(R), F(R)) = (Fo(R), F(R), ..., Fy(R)),
Or = [0.Fo(R)I x Qr. O := [0, Fo(R)/2] x Q.

We remark that det F (R) = Fo(R) det F(R). We will consider test functions with separable
variables, that is,

Y = 0,0 = now) = 00 | [ o), 2.27)
j=1
with ¢ as in Definition 2.4 and 7 satisfying
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e 7€ C2([0, +00)),

* 1([0, +00)) C [0, 1],
e supp7n C [0, 1],

e n=1on[0,1/2].

This choice is consistent with our definition of C. In particular supp W C C, and Yt x) =1
for any (t, x) € Cy,. For any @ = (ay, @) € N"*!, we define

éf) = ~§§”°’“) = {(xo,x) € Og : |x;| > Fi(R)/2, for any i such that o; # O} ,

H5(R) = H(gy)(R) = H(F i(R)™,
i=0
and for any az as in (2.26) we put
g o (2, 0|
Ga®) =GRy = [ I gy

Theorem 2.2 Let L(t,x,0,,V,) be a differential operator, f(t,x) > 0 a.e. and p > 1.
Assume that there exists g(,x) > 0 a.e. such that D* does not contain a term of zero order.
Let us assume that there exists F(R) such that

limsup Ha(R) Ga(R)” < oo forany 1 <|a <M. (2.28)
R—>
Let (ug, uy, . . ., Uy—1) be sufficiently smooth so that Uy € L' where
m J ' e
Up(x) := Y > (=1 @ D0, x, V1 (x) . (2.29)
J=1 k=1
If
f Up(x)dx >0 (2.30)

then there exists no global g-solution u(t, x) to (2.22) in the sense of Definition 2.6.

Remark 2.10 Analogously to Corollary 2.1, if g is sufficiently smooth then the non-existence
result of g-solution in Theorem 2.2 implies a non-existence result of global weak solution.

Remark 2.11 Here and in the examples we will not discuss the local existence result for
the equation Lu = f(t, x) [u|’. Theorem 2.2 as well as its applications mean that either the
local solution blows up or the local solution does not exist. No information is contained on
the blow up mechanism.

Remark 2.12 If uy € WMe! where My = max{m;|k < j < m— 1}, then Uy € L.

Remark 2.13 To check condition (2.30) is easier if D; are independent of ¢. For example
this holds if g = g(x) and L has constant coefficient with respect to . In particular if L; =
«--=Ly=0forsomeh=1,...,m—1and D;is independentof t for j=h+1,...,m—1
then condition (2.30) only involves the initial data u, ..., 4,1, and no sign assumption is
needed for uy, ..., u,_;. More generally, the same property holds if L; = --- = L, = 0
and@f_ij(O,x,Vx) =0forj=h+1,....m—landk=0,...,h
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Proof of Theorem 2.2. We follow the proof of Theorem 2.1 with minor modifications.
Let u(t, x) be a g-solution to (2.22), in the sense of Definition 2.6. Due to (2.30) it follows
that some data are not zero, so that u = 0 is not a solution to (2.22). We put

I= foof g, x) f(t, x) lu(t, x)|Pdxdt € [0, co] .
O n

and we shall prove that I = 0. This gives absurd conclusion and the theorem follows. Since
Uy € L', it follows that
Ko(¢) = f Uo(x) p(x)dx, (2.31)

for any ¢ € CZ°(R"). In particular, there exists R > 0 such that Ky(yg) > 0 for any R > R.
Therefore, if we put

Ie = fo f ¢(t, ) (0, ) lut, P UrCOme(dxd

then we obtain

Iz < fmf u(t, x) D* (np(H)yr(x)) dx dt, (2.32)
0 Jre

for R > R. We can now follow the proof of Theorem 2.1, obtaining Iz < (Ife)% where

Fo(R)
If; = f f g(t, x) f(t, x) [u(t, x)|" nr(OYr(x) dxdt .
F 0x\0%

o(R)/2

This implies that I is bounded with respect to R; hence [ is finite since Iz, — I for a

suitable sequence R; — co. Applying Lebesgue convergence theorem, one gets Ig — 0. In
turn, this gives Iz — 0 as R — oo, and hence I = 0.

Remark 2.14 Let (ug, uy, ..., u,-1) be sufficiently smooth so that Uy is defined, not nec-
essarily in L', and Up(x) > 0 a.e. Then inequality (2.32) still holds, as well as the nonexis-
tence result in Theorem 2.2.

3 Proof of Theorem 1.1

In order to prove Theorem 1.1 we first prepare some tools.

Remark 3.1 As a consequence of (1.2) we obtain

li¥n inftb(t) > 1. (3.33)

Indeed, there exist a sufficiently small § € (0, 1) and T > 0 such that '(t)/b(t)*> > —(1 — 6)
for any ¢ > T. It is now sufficient to integrate in [7, f], obtaining

1

m—%>—(1—6)(l‘—T).

Hence
1

Ub(Ty+ (1 -0)t-T)"

b(t) >
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Remark 3.2 Combining (3.33) with (1.3), we may prove that b’'(¢)/b(t)*> < 1 for large .
Since b'(£)/b(1)? is continuous, recalling (1.2), we may conclude that

b’ (1) < Cb*(1). (3.34)
Remark 3.3 On the other hand, combining (3.33) with (3.34) and recalling (1.3), we derive

t " b(r) T

_M /
YAV ? (3.35)

for some M > 0 and m € [0, 1), for t > T with a sufficiently large T > 0. Integrating (3.35)
in [, A¢] and taking the exponential, it follows that

A
< b(0) <A, (3.36)

foranyr> T and 4 > 1.

Remark 3.4 By using (3.33) we can prove that 8 € L' ([0, c0)) and that

. B
fim 5 =0, (3.37)

where 8(t) is defined in (1.4). Indeed, there exists § > 0 and T > 0 such that

i3 f 1
exp (—f b(t) d‘r) < exp (—(1 + 6)[ - dT) <+
T T T

for any ¢t > T. Therefore 8 € L' and, by using again (3.33), we can prove that
-5

B _

b(t) — 1+6

Remark 3.5 Thanks to (3.34) and (1.2), there exist €, C > 0, T > 0 such that

for any ¢ > T'; hence (3.37) follows.

b(®)? + b’ (1)
< W <C foranyt>T. (3.38)
In particular, b(£)*> + b’(¢) > 0; hence 8(t)/b(¢) is strictly decreasing for t > T.
Remark 3.6 We claim that:

l !
I'(t) = [b% = % exp (—I) b(1) d‘r) s for any 7 € [0, o). (3.39)

In order to prove (3.39), we may integrate the relation

B\ _ @ o\
(—%) —ﬁ(t)(bz(t) +l)~ﬁ(t) (>T,

where the equivalence is a consequence of (3.38), and T > O is the same found in Re-
mark 3.5. Due to (3.37), this gives us I'(¢) = B(¢)/b(¢) in [T, c0). On the other hand,
I'(#) b(¢)/B(¢) is a strictly positive continuous function in [0, T'], and this concludes the proof
of (3.39).
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Remark 3.7 We claim that
B(t) ~ t/b(v), for any t € [0, o). (3.40)

Similar to Remark 3.6, using (1.3) and (3.35) one can prove that

J /_ 1 ) 1
(%) ) %(1 " b )~ b’ (3.41)

for any t > T, for a suitable 7 > 0. Indeed, from (3.35) one can deduce —Mb(t) < tb'(t)
for any ¢ > 0 and for a suitable M > 0. It follows that #/b(t) is strictly increasing for t > T,
and that B(f) ~ t/b(¢) in [T, o). On the other hand, the function {5’ (£)|/b(f) is continuous
in [0, T]; therefore there exists #, € (0,77 such that #p’(¢)|/b(t) < 1 for any ¢ € [0, ].
Hence (3.41) remains true in [0, #y] and B(¢#) ~ t/b(¢) in this interval. Finally, B(f) and
t/b(t) are continuous strictly positive functions in [#, T1, with ty < T, hence B(?) ~ t/b(f)
in [fo, T too. This concludes the proof of (3.40).
Recalling (3.36) we get

1om _ B(A1) 1+M
A g e S A (3.42)

foranyt > T and 1 > 1.

Proof of Theorem 1.1. We define g(r) := I'(¢)/B(¢); this is the solution to the following
Cauchy problem:

{_8'(0 +8bH =1, 1>0, (3.43)

80) = 7.
We remark that g € C?, since b € C'; therefore Remark 2.2 is applicable and we will

establish non-existence results for the weak solution to (1.1). With this choice of g(7),
putting D = g()(0,; — a(H)A + b(1)d,), we see that D* does not contain the zero order term:

D* = g3} - g a(H)a + (g'(H) — 1), .

Moreover
1
Uo(x) = (g(0)b(Huo(x) — &' (Huo(x) + g(H)u1(x)),— = uo(x) + B—ul(X)
1

and the initial data condition (1.6) is equivalent to (2.30).

Let us define A : [0, o0) — [0, o) to be the inverse of the function B(¢). It follows that A
is strictly increasing and bijective. We set Fo(R) := A(R?) with a suitable d > 0 which we
will choose later, and F;(R) = Rfori=1,...,n, so that

Hyo(R) = ARD ™, H,(R)=ARN "',  Hy®=R?* i=1,...,n.

By using the growth assumptions on f(z, x) and a(¢), we obtain

A(Rd) ’ ’
Gae)(R) 5 f () B f x| Ddxdr,
A(RY)/2 Or

A(RY) ERPVYONT
G, (B) < f ”g—(t)',l |17 Ddxdt,
Awdy2 (80 BOMP ' Jo,
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A(RY) / / /
Go,(R) f (1) Bty =her f x| Ddx dr .
0 Or\Qrp2

It is clear that

f |x|—5(P’—l)dx ~ R6W'=D
Or

since 8(p’ — 1) < n, thanks to the assumption
1)
p>1+—. (3.44)
n

By using (3.39) we have g(t) = ['(£)/B(t) = 1/b(t); recalling the definition of B(r) and A(s)
it follows

A(RY) , ) A(RY) L
f g0 B@)™ B Vdr < f — BV
0 o b®

l—ap'—y(p' -1
~ B(t) " " )|z=A(Rd)

— Rd(l—ap’—y(p’—l)) )

Indeed, ap’ + y(p’ — 1) < 1, thanks to the assumption
A-a)yp>y+1. (3.45)

We remark that the assumption p > ppi, in Theorem 1.1 implies (3.44) and (3.45). There-
fore we have
Goe(R) 5 R™AAOP=dy+dr'=h ==

To deal with G,,, we compute
B(t)'" P Dy ey ify(p'-1) <1,

A(R)
' =AR? . ,
f; e 80y By """Vt < { [log B(1)])- Agd;/z ify(p — 1) =1,
BO'P gy ify(p =1 > L

Recalling that A : [0, 00) — [0, 00) is a strictly increasing, surjective function, and d > 0, it
follows that A(R?) — oo as R — co. Therefore we get B(A(R?)) ~ B(A(R?)/2) for large R,
thanks to (3.42). Assuming (3.44), in all the three cases we conclude that

G2e (R) < Rn+d7(dy+6)(p'71)
0 ~ ’

for large R. It remains to estimate G,,(R). By using 1 —g’ =2 —gb and g = 1/b, see (3.39),
it follows that 1 — g’ is bounded. Hence

A(R?) ’ / A(R?)
f M B(t)_V(P/—l)dt < f b(t)p' L B(t)—y(p’—l)dt’
arn2 8P ARD)2 b(1)

for a sufficiently large R. Now, we use (3.36). In particular, b(s) ~ b(¢) for any s € [¢/2,1]
for sufficiently large ¢, namely ¢ > 2T. Proceeding as before, we find

Gy (R) S B(A(RY)YY R~y +0)p'=1)
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for large R. On the other hand, the equivalence (3.40) implies
bAR?) ~ AR R,
hence we may conclude that
Gey(R) < (ARRD)" RHr0w=h,

for large R. Summarizing,

Hoe,(R) (G2e,'(R))”L’ < R2-da=dy=o+ B , i=1,...,n, (3.46)
He,(R) (Gaey(R))7 < ARY)2 R0+ (3.47)
Heo,(R) (G (R)? < R™D-075572 (3.48)

for large R. But the estimate in (3.47) is better than the estimate in (3.48), since R <
A(RY)?. Indeed, this is equivalent to B(r) < >, which holds true due to (3.40) and (3.33).
Looking for d > 0 such that the estimates in (3.46) and (3.48) are equal, we immediately
find d = 2/(1 — @). Therefore condition (2.28) holds if

1 1 2(1
dl+yp oz irddEn o gy dEnEe  2dEy 0
p n n(l —a)
By applying Theorem 2.2, we conclude the proof.
3.1 Examples for the damping term
Example 3.1 Let us choose
b(t) = a ft)’( for some u > 0 and x € (-1, 1]. (3.49)

Since « € (-1, 1], Hypothesis 1.1 holds, provided that 4 > 1 if x = 1. Indeed

40) K . 1 ~1/u ifx=1,
m-——==—-——1m--———=
=0 (b(1)2 oo (1+D)% |0 ifke(-1,1),
tb'(r)
1m =-—KlIlm  — = -
1—o00 b(l‘) 1—00 1 +f

We notice that B(r) ~ t'*¥.

Remark 3.8 The special case b(f) = u(1 + )~ has a completely different structure if u €
(0, 1]. In particular, the function B(¢) = (1+¢)™ in (1.4) is not in L'; hence the function g =
g(t) cannot be constructed like in (3.43). In [30] Y. Wakasugi used the function g(f) =
(1 + #)* to obtain a nonexistence result for I < p < 1 +2/(n+ u — 1) for (1.1) in the
case a = f = 1. In fact, with this choice of g(¢), Theorem 2.2 is applicable to (1.1) with
b)) =p(l + 1" and u € (0,1].

Example 3.2 We may consider perturbations of (3.49) by taking

b(t) = ”t

Tro v(t),  withg>0and0 < x| < I,
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where v € C1([0, o)) satisfies v() > 0 and

v
s v(t)

0. (3.50)

It immediately follows that

b K L+ 1+nv(®
b(t) 1+t k(1)

has the same asymptotic profile of —«/(1 + £), due to (3.50). Therefore

0] 1 . K
liminf — = —— limsup ——,
imeo DA1) g e (LD W(D)
i th'(t)
-0 b(f)

Assumption (1.3) is immediately satisfied, and assumption (1.2) trivially holds if v(¢) also
verifies
lim(1 + )™ w(f) = +o0. (3.51)
t—o0

In particular, conditions (3.50) and (3.51) hold if
v(?) = (log(e + 1))”

for any y € R. More generally, if v(¢) is an iteration of logarithmic functions, possibly with
different powers, such as:

v(t) = (log(e + (log(e + 1)), or
v(t) = (log(e + (log(e + (log(e + ...)))"*))"*)".

Conditions (3.50) and (3.51) hold if v(r) = w((1 + t)™%) for some o > 0, where w is a
strictly positive, C ! function. Indeed, w, 1/w and w’ are bounded functions; hence (3.50)
and (3.51) are satisfied. In this case, we still have B(¢) ~ #'**. For instance,

v(H) = 1+ (1 +0)%sin(1 + 1)~

which is obtained by taking w(r) = 1 + # for r € (0, 1] and w(0) = 1.

4 Examples

In the statements of Theorems 2.1 and 2.2, for fixed p > 1, we check our assumptions on a
suitable g. One can pose the question on the structure of the set of exponents p > 1 such that
these assumptions hold. For a fixed g, it is evident that if the assumptions hold for p; > 1
then they also hold for any 1 < p < p;. Hence one may look for the largest interval (1, p)
or (1, p] such that a suitable g exists. The literature sometimes refers to the exponent p as
critical Fujita exponent. In this Section, we will call them Fujita-type exponents, whereas
by Fujita exponent we only means pryj(n) := 1+2/n. Indeed, for semi-linear heat equation
a nonexistence result for 1 < p < pgy(n) was provided by Fujita [13] (see Example 4.2).
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In the same paper one can find a global existence result for p > ppyj(n) and suitable initial
data condition.

We are specially interested in Fujita-type exponents p for which there is a known exis-
tence result for p > p. In such a case, we will say that they are critical.

Let us remark that for the same equation one can find different exponents p for which
the solution globally exists for p > p, according to which kind of solution one is interested
in. The Fujita-type exponent is smaller than any possible existence exponent. In the critical
case it coincides with an existence exponent.

A typical example in this direction is given by the wave operator in dimension n > 3:
the real numbers

1+ 2 <l+;+<(l+L)2+ 2 )l/2<1+ 4
n-1 2 n-1 2 n-1 n—1 n—2

are respectively the Fujita-type exponent pgyj(n — 1), the critical exponent for small am-
plitude solution pgi(n — 1), the large data critical exponent pgon(n), see [26]. This says
that for suitable small data and for pg,j(n — 1) < p < psy(n — 1) pointwise solutions to
u; — Au = |u|” do not exist but weak solutions may “survive”.

A general discussion on the critical exponents can be found in [9, 17].

We first see how taking g = 1 in Theorems 2.1 and 2.2 we find some already known
nonexistence results for quasi-homogeneous operators.

Example 4.1 Theorem 2.1 easily applies to quasi-homogeneous operators L such that L*
contains no zero order terms. In particular, following [6], let us write x = (xy, x»), with x; €
R"% and Ny + N, = N. We assume that there exists (d,d,, h), with d;,d, > 0 and h € R,
such that the symbol of L satisfies

LAy, A2, A1, 4%8) = V' L(x1, x0,61,62) (4.52)

for any A > 0. Then we set F;(R) = RY fori = 1,...,N; and Fi(R) = R® fori =
Ny +1,...,N. Using (4.52) one can prove that

L'Sg=R"SgL". (4.53)
If we write L* as

L = Z an(x)05 ,

1<|a|l<m

then each operator a,(x)0$ satisfies (4.52)-(4.53). Therefore

Ny N
ay(x- F(R)) = hy(R)a,(x),  where hy(R) :R‘h(l_[ R ( ]_[ RO
i=1 i=N;+1

Let us assume that f(x1, x2) = |x1|”" |x,|% for some 6,,6, € R, and let g = 1. Since

Go(R) < det F(R) f (ha(R) ap(x)” (IR xi " |R% xo) P Vax,  (4.54)
Cy

Ny N
H,(R) = (I—[ R—dlm)( I—I R—dzm) , (4.55)
i=1

i:N1+1
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we derive the estimate

Hy(R) (Go(R))7 Rt _ potno iyt
where we put 8 = d, 6, + dr 6, and d = dy Ny + d, N, for any 1 < |a|] < m. Applying
Theorem 2.1 we obtain a nonexistence result for the Liouville problem Lu = f|u|”, if

b d+0 C 14 0+h
“d-h d-h’
provided that & € (—6,d). The bound on the exponent p is the same obtained in [6]. We
remark that (4.54) implicitly requires |x;|~% |x2| % a,(x) € L{: (x1[""[x2|"). This may give a
lower bound for the exponent p.

(4.56)

Example 4.2 It is clear that the approach in Example 4.1 holds in the setting of Cauchy
problem for quasi-homogeneous operators, provided that data satisfy (2.30).
According to Theorem 2.2, for the semilinear heat equation

u, — Au = ul”, u(0, x) = up(x),

we find nonexistence of global solutions for any 1 < p < pgj(n) = 1 + 2/n, provided

that uo € L' and
f up(x)dx > 0.

Indeed, the heat operator is quasi-homogeneous of type (2,1,2) in [0, co) X R".
If one considers the Cauchy problem for the semilinear Schrodinger equation

Lu = iu, + Au = |uf?, u(0, x) = up(x),

one finds again a nonexistence result for 1 < p < 1 + 2/n, provided that
Juge L', and Sup(x)dx < 0. 4.57)
er

‘We refer the interested reader to [14], where the same result is extended to nonlinearities
of type Alul?, where A is complex-valued. We remark that for p > 1 + 2/n the scattering
theory of Schrodinger equation becomes meaningful, see [27].

If (4.57) is satisfied, the non existence result for 1 < p < 1+2/n still holds for different
evolution problems of mixed type, such as

iy — At + Ayu = |ul”,

with x e R¥andy e R"*, ke {1,...,n—1}.
The classical semilinear wave equation

Uy — Au = |ul”, u(0,x) = up(x) (0, x) = uy(x),

is also quasi-homogeneous of type (2,1, 1).
We find Kato exponent pga(n) = 1 +2/(n — 1) = pgyj(n — 1), provided that

u; € L' and f ui(x)dx > 0.

We remark that Kato’s result of nonexistence is obtained in [16] by comparison method, so
that it holds for a larger class of operators.



Modified test function method for damped wave equations 887

In some cases estimate (4.54) can be refined to relax the restrictions from below on the
exponent p.

Example 4.3 Following Example 4.1 and [6], one can find a nonexistence result for the
semilinear equation for the Grushin operator

61 110
At + gy(X)Ayu = X [y ful”,

where g,(x) is a homogeneous function of order 2y with y € R, x € R¥ for some 1 < k <
N—1andy € RV-*. We are dealing with a quasi-homogeneous operator of type (2, I, 1 +v),
so that the admissible range for p is given by

+ +
1+max{[91] [6] } S1+2+91+(1+7)92

k "N-k N+N-ky-2

if (k+2y)p > k+6; and (y, 6, 6,) satisfies 2+ 6y + (1 +y)6, > 0and N+ (N —k)y—2 > 0.
In particular, for ¥ = 1 and 2y € N*, we have the Tricomi Operator d,, + szAy. We
consider the Liouville problem

U + X2 Ayu = x| ul? (4.58)

where x € Randy € RVM!, N > 2 and 6§ > —2. Since max{[6]*, [0 — 2y]*} = [6]*, one
obtains a nonexistence result for

2+0

l+[6 <p<le — -0
O <p<l+ T N=1,-2

(4.59)

Let us see that the lower bound on p can be relaxed if we directly apply the estimate for G,
given in (2.16). Fixed F(R) = (R, R, ...,R), for some d > 0, we compute

R ifa= 2ey,

H,(R) = .
®) {R2 ifa=2e, k=2

Moreover, we can immediately estimate:

Gau (B > RN [ (fa ROy i x D, (4.60)

1/2<x<1

GZek(R) ~ RdJerl f |de|2yp'(f(de))f(p'71) dx ~ Rd+N71+2yd17'7d9(p'71) , (461)

[xl<1

for k > 2, provided that 2yp’ — (p’ — 1)0) > —1. We remark that we do not have integrability
problems in (4.60) due to the fact that we integrate in 1/2 < |x| < 1. This approach
represents an improvement with respect to the estimate (4.59). Taking d > 0 such that the
same exponent appears in (4.60) and (4.61), from Theorem 2.1, we get

6-291" _ _ 0+2

1+2y P T NIy -2 (4.62)

provided that 6 > —2. We remark that for some 6, N,y the previous range for p is empty.
The same result holds for
Uyx + xzyAyu = f0) Jul”,



888 M. D’Abbicco, S. Lucente

for any f such that f(x) > |x|. We remark that if f(x) > (x)® for some © > 1 in (4.58),
then assumption f(x) 2 |x|’ is verified for any 6 € [1,®] and hence the bound in (4.62) is

replaced by
0+2

N+(N-1y-2"
Condition (4.62) improves from below the range of admissible expoenents p for Grushin

operators with nonlinearities |x|° with respect to [6]. Let us come back to the original
question posed by Deng and Levin in §5 in [9]. Taking a nonlinearity in the form

l<ps<l+ (4.63)

1 .
FEOlul? = x| ® gy

where x € RV and N; + ... + Ny = N, we may obtain more admissible exponents for a
quasi-homogeneous operator with constant coefficients, with respect to the approach in [6].
This improvement is a consequence of the choice of using nonradial test functions in the
form (2.12). Indeed, in this way, for any a € N¥ such that é)ﬁx}(]) = 0 for some j and for
any k = 1,...,N;, the domain of G, absorbs potential singularities coming from |x{|%

Example 4.4 We notice that no sign assumption on the coefficients of the linear operator
plays a particular role in Example 4.3. Therefore the result of nonexistence is still valid for
Uyy — xz“/Ayu = |x|? |ulP. As a consequence we may study the Cauchy problem

Uy — 1Y Au = f@®ulP te[0,00)and x € R”

u(0, x) = up(x), 4.64)
u (0, x) = uy(x),

where f(¢) is a positive function satisfying f(f) 2 #° for some 6 > —2. If u; € L' and

f u(x)dx >0,

then there exists no global weak solution to (4.64) if

0 —-2y1* 0+2
B=29" o 9% (4.65)
1+2y n+ny—1

For y = 0, again we find the Kato exponent p g,(n).

Even if an operator is quasi-homogeneous, it may happen that L* contains a term of order
zero. In this case, Theorems 2.1 and 2.2 come into play if one finds a function g such
that D* = (gL)* does not contain zero order terms. In the next example D* will also remain
quasi-homogeneous.

Example 4.5 Let us consider the Cauchy problem

Luz(?;”u—Au+izu=|ulp t>0, xeR"
I (4.66)

8fu(0,x)=uk(x), k=0,....m-1,
where A4 > 0, in space dimension n > 3. Assuming u,,—;(x) > 0 a.e. and defining

(n-2)? n-2
/l_ s
s " 2

s=sn,A) =
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in [10] it was proved that there exists no global solution to (4.66) for

2

l<p<ld —— .
p= n-2+s+2/m

(4.67)
According to Remarks 2.13 and 2.14, we may obtain the same result using Theorem 2.2,
provided that s > 1, that is, A > n — 1. Indeed, if u is a g-solution, we may set Fo(R) = R,
Fi(R)=Rfori=1,...,n,and g(x) = |x|*. Therefore

—Ag+ (4.68)

Z o=0,
I
so that

D* = g(x)(-1)"0y" — g(x)a = Vg(x) - V

does not contain terms of order zero. We notice that the assumption s > 1 comes into play to
guarantee that D" has L7 coeflicients. Moreover, we may replace the assumption u;,—1(x) >
0 by taking u,,_; € L'(g(x)dx) and

f g(x)um_l(x) dx>0.

Stretching a little bit Theorem 2.2, we may also consider the case A € [0, n—1], in particular
if u is a weak solution and u,,_;(x) > 0.

Remark 4.1 We remark that for m = 2 in (4.67) one finds

l<p<l+ ——m.
p= n—1+s

The upper bound gives Kato exponent pgqy(n) = 1 +2/(n — 1) if 4 = 0, and it can be
considered like a Kato exponent modified by the influence of the mass term if 4 > 0. We
remark that s > 0, so that it is worse than p g, (n). Similarly for m = 1 the relation (4.67)
becomes

l<p<1+ )
p n+s

which is a Fujita modified exponent. Moreover in [10] it is shown that this exponent is
critical, that is, there exist global positive solutions to (4.66) for m = 1.

If we add a mass term in the form a(f) 1/|x|*> to the damped wave equation in (1.1), then
we can use again a modified test function method. Moreover, in this case we are no longer
dealing with quasi-homogeneous operators.

Example 4.6 Let b(7) be as in Hypothesis 1.1 and let us consider the Cauchy problem
uy; — a(®)au + b(t)u; + a(r) #u = ft,x) [P, t>0, xeR",

u(0, x) = uo(x), (4.69)
u(0, %) = uy(x)

where n > 3 and 4 > n — 1. Now we may apply Theorem 2.2 with g = g;(¢) g2(x)
where g (r) = T'(¥)/B(?) as in the proof of Theorem 1.1, and g»(x) = |x|* as in Example 4.5.
By virtue of (3.43) and (4.68), we have

D" = g(t,x)0; — g(t, x) a(t)2 + g(x) (g} (t) — 13, — a(t) g1()Vg2(x) - V..
We claim that if
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e O<a(t) < B@)*forsomea <1,
e f(t,x) 2 B(t)” |x|° for somey > —1 and 6 € R,

as in Theorem 1.1, then there exists no global solution for

+ + 2 1
Pemaxd el Iy LA (4.70)
l—-a n+s n+s\l—-a 2

provided that u, u; € L'(g2(x)dx) and
\ﬁﬁﬂ@@ﬂw+5mMﬂMX>0
Indeed, it is sufficient to follow the proof of Theorem 1.1, replacing
%" Ddx  with |x* =D dx

in the estimates for G, G, and Gy, for i = 1,...,n. Moreover, we have to consider the
new terms

A(Rd)
@@sf &mmwwwﬁf S 50D s
0 Or\Qr2

foranyi=1,...,n. Since s — §(p’ — 1) > 1, thanks to (4.70), setting againd = 2/(1 — a),
we may then arrive at the estimate

1

H&(R) (G&(R))# < R#(nJrs)f;(ll%Hs) ’

for any & = 2e;,e;, for i = 0,...,n. Therefore we can apply Theorem 2.2, proving our
claim.
If y = —a, as in Example 1.2 and 6 > -2, then (4.70) becomes:

o]* 2+0
1+[] <p<l+
n+s

n+s’

For 6 = 0 we have nonexistence for 1 < p < 1 +2/(n + s), the Fujita exponent modified
by the influence of the mass term, as in Remark 4.1.

Remark 4.2 An analogous result can be obtained for the Liouville problem associated to
the equation

A
Byy + a(y)ru + b(y)uy, + a(t) P fo, )P, yeR, xeRN!,
X

with a, b, f satisfying the same assumptions of Example 4.6. One obtains a nonexistence
result for any p in the range (4.70), by replacing N = n + 1 as usual.
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