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Abstract

Various properties of radial solutions of the supercritical elliptic equation with Hardy Po-
tential

{ AU = e in Q\{0),
|x?

u=0 on 0Q

are studied, where Q = int{x € RV | a < |x| < b}, whichisaball if 0 = a < b < +c0, an

annulus if 0 < a < b < 400, an exterior domain if 0 < a < b = +o0, and the whole space

RV if a = 0,b = +co. We assume p is supercritical, that is, p > 2* with 2* = % being the

critical Sobolev exponent, and N > 3.
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1 Introduction

This paper concerns radial solutions of the supercritical elliptic equation with Hardy potential

|x[? (1.1)

Autp =W u inQ\ {0},
u=0 on 0Q),
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where Q = int{x € R | a < |x| < b}, p > 2* with 2* = % being the critical Sobolev exponent, and
N > 3. Note that Qisaballif 0 = a < b < +o0, an annulus if 0 < a < b < +00, an exterior domain
if 0 < a < b = +00, and the whole space RY if ¢ = 0,b = +co. By a solution of (1.1) we mean a
classical solution which satisfies (1.1) pointwise. Since a solution # may be singular at x = 0, we
drop 0 from Q in (1.1). Existence, uniqueness, and multiplicity of radial solutions with prescribed
properties of (1.1) are studied in this paper. For radial solutions, (1.1) is rewritten as

N-1

17

. u +,u% =uPu, a<r<b, (12)
ula)=0ifa>0, ub)=0 if b < +co.

Here, if b = +oco then we do not impose any boundary condition at +co since, from phase plane
analysis, any solution of the first equation in (1.2) automatically satisfies lim,_, . u(r) = 0. Note
also that there is no boundary condition at 0 if @ = 0. Equation (1.1) with 4 = 0 is the famous
Lane-Emden-Fowler equation. In this case, solutions of this equation have been studied extensively
in the last century.

If 2 < p < 2" and Q is a bounded domain, then it is well known that (1.1) has infinitely many
solutions ([1]).

If p = 2" and Q is a bounded star-shaped domain then u = 0 is the only solution of (1.1), as
seen from Pohozaev’s identity, but nontrivial solutions do exist if Q has a nontrivial topology or if
the equation is suitably perturbed ([2, 5]).

For p > 27, (1.1) is more involved since in this case no Sobolev imbedding is available and
variational methods can not be directly applied to (1.1).

While in various cases solutions of (1.1) with supercritical exponent have been constructed (see
for example [10, 11, 13, 25]) and uniqueness of positive and sign-changing radial solutions has been
proved (see for example [9, 12, 22, 23]), the question concerning properties of solutions of (1.1)
remains largely open. See [16, 19] for more results in this direction. When p # 0, the singularity
at origin will increase essential difficulties in solving (1.1), as indicated in [30]. There have also
been many results concerning existence of solutions of (1.1) in this case; see, for instance, [6, 7, 17,
27], where variational methods were applied to (1.1) with either a subcritical exponent or a critical
exponent for some ranges of . If the exponent is supercritical then additional difficulties arise, since
not only is compactness no longer in effect but also variational methods are not applicable. In the
case where Q is the whole space and —%
[31].

The present paper is focused on nodal and asymptotic properties of radial solutions. It turns out
that these properties depend heavily on ranges of the parameter u. We now state the main results
which extend some known results in the literature; see Remarks 1.1, 1.2, and 1.3. We state the first
theorem for the more general m-Laplacian equation

< p < 0, positive solutions of (1.2) were studied in

i ” o
A+ e Br(0)\ {0,
u+ R [ulPu in Bg(0)\ {0} (1.3)

u=0 on 0Bg(0),

where A, u = div(|[Vul"">Vu), Bg(0) is the ball centered at 0 with radius R, and u € R. We assume
that N >m > 1 and p > ]\’,”TAIIH If m > N then any p is subcritical, which is not the case considered
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here. As before, we study only radial solutions and rewrite (1.3) as

u(R) = 0. (14

{_(rN—1|ul|m—2ul)/ +MrN—1—m|u|m—2u — VN_lll/tlp_zu, re (O,R),
By a solution of (1.2) or (1.4) we always mean a nontrivial solution.

Theorem 1.1 Any solution of (1.4) changes sign infinitely many times.

Remark 1.1 In the case u = 0, the result of Theorem 1.1 is due to Ni and Serrin [24, Theorem 5.2],
who proved that (1.4) has no positive solution, and hence has no solution which changes sign only
finitely many times. Our result generalizes Ni and Serrin’s result to the case ¢ # 0. We use an idea
from [24] together with some new techniques to prove Theorem 1.1 in the case u < 0. The case
> 01is more involved and we have to use a more detailed analysis in this case.

In the annulus case, we have the following theorem which also covers the range 2 < p < 2*.

Theorem 1.2 Assume O < a < b < +o0 and p > 2. Denote

_ _(N—2)2
Hn = 4

nmw 2
_ , =1,2,3,---.
(1nb—lna) "

(1) If u > wy then, for any nonnegative integer n, (1.2) has a unique solution u, u’(a) > 0, which
has exactly n zeros in (a, b).

(i1) If ptx+1 < p < g for some k > 1 then any solution of (1.2) has at least k zeros in (a, b), and for
any integer n > k, (1.2) has a unique solution u, u’(a) > 0, which has exactly n zeros in (a, D).

Remark 1.2 a) Assuming O < a < b < +oo, it was proved by Ni and Nussbaum [23, Theorem 3.1]
that for any nonnegative integer 7, the equation (i.e. (1.2) with y = 0)

N -1 .
{ —u” - W =P u, a<r<b,

Wa)=0, w@>0, ub)=0

with / € R and p > 2 has at most one solution having exactly n zeros in (a, ). Using a transforma-
tion, we will see that the uniqueness part of Theorem 1.2 is a consequence of Ni and Nussbaum’s
result. For u > 0, uniqueness of the positive solution is also a consequence of [14, Theorem 1.2],
where nondegeneracy of the unique positive solution was also given. The existence part of Theorem
1.2 in the case u = O is aresult in [3]. Combining [23] and [3] yields a result stating that if = 0 then
for any nonnegative integer n, (1.2) has a unique solution u, u’(a) > 0, which has exactly n zeros in
(a, b). Here in Theorem 1.2 we extend this result to the case u # 0. We give exact information on the
number of solutions with exactly prescribed number of zeros in (a, b) for all 4 € R, in accordance
with the location of u with respect to y,. We will use Rabinowitz’s global bifurcation theorem to
prove Theorem 1.2.
b) A more general theorem than Theorem 1.2 will be stated in Section 3.
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Assume a > 0 and let «; and u;, be two solutions of the equation

, N-1
—u' -

u _
u'+y—2=|u|” 2u, a<r<+oo.
I

If there exists & > 1 such that us(r) = @¥ P2y, (ar) for all a < r < +oo then u; and u, are said to be
equivalent, otherwise they are said to be nonequivalent. We now turn to consider exterior domains,
that is, we consider the case where 0 < a < b = +oo. Set

8= 2 No2-—2 ),
p-2 p-2 Tt

U f)h , denote

For pu > —

o W= VN =2)2 + 4u
5 .
Let u(r) be a function defined for large r (small r, respectively) and A be a real number. We say
that u(r) has order 7! near r = +oo (r = 0, respectively) if the limit lim,_, ;oo 2(7)/r* (lim,_o u(r)/r?,
respectively) exists and is a nonzero real number.

_ -2y
4 ’

Theorem 1.3 Assume O < a < b = +oo. () If u <
infinitely many times.

then any solution of (1.2) changes sign

@) If u > —%, then any solution of (1.2) has only a finite number of zeroes in (a, +o0),
and, for any nonnegative integer n, (1.2) has infinitely many nonequivalent solutions with exactly n
zeros in (a, +00), among which only one pair, denoted by +u,, have order r* near +oo. Moreover,
Ug, U, * 5 Uy, -+ are equivalent if we specify u, so that (—1)"u,(a) > 0.

Remark 1.3 a) In the case 1 = 0, the results concerning positive solutions in Theorem 1.3 are due to
[21, 23], see [21, Theorem 2] and the remark following it. Theorem 1.3 extend the related results in
[21, 23] to all u € R and to sign-changing solutions. For p # p;, where {p;} is an increasing sequence
tending to infinity, non-degeneracy of the unique positive solution with fast decay rate r~™=2 was
proved in [12] and non-degeneracy of the unique pair of solutions with n zeros and with fast decay
rate -2 was proved in [9]. These solutions were used in [9, 12] as building blocks to construct
solutions of elliptic equations with supercritical exponent on a bounded domain with a very small
hole.

b) Theorem 1.3 also improves obviously a result in [20]. It was proved in [20] that if u = 0,
a > 0and b = +oo then (1.2) has a radially symmetric solution which satisfies |Vu| € L>(RY \ B,(0))
and u € LP(RY \ B,(0)). This is just the positive solution with order 7' near +oo stated in Theorem
1.3(ii). Theorem 1.3 gives not only existence but also uniqueness of the positive solution, and, in
addition, it asserts existence and uniqueness of the pair of solutions with arbitrary prescribed number
of zeros in the class of functions which satisfy |Vu| € L*(RN \ B,(0)) and u € LP(RN \ B,(0)).

Our last result is for the case of entire RY.

Theorem 1.4 Assume a = 0 and b = +oo.

) Ifu < ~ 2 then each solution u(r) of (1.2) changes sign infinitely many times near 0 and

4 ’
also near +oo.
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(i1) If—% <u< —p%z(N -2- p%z), then each solution of (1.2) changes sign infinitely many
times near 0, and does not change sign and satisfies u(r) = O((r> In r)"Y P2 near +oco. Among all
the solutions, only one pair have order r* near +oo.

(i) If u > — (N 2 - ) then (1.2) has two pairs of solutions +uy, +u, which do not
change sign and all the other solutlons change sign infinitely many times near 0 and do not change
sign near +oo. Moreover, ui(r) = ﬁ/’%z r_v%, uy(r) = Br2r m2(1 + o(1)) near +oo, u, has order P
near 0, (1.2) has one pair of sign changing solutions with order r* near +oo, and all the other sign
changing solutions satisfy |u(r)| = ﬂﬁ riﬁ (1 + o(1)) near +oo.

The pair of solutions with order 7' near +co in Theorem 1.3 or in Theorem 1.4 are called the fast
decay solutions. The paper is organized as follows. In Section 2 we prove Theorem 1.1 and prove
at the end of this section two lemmas as byproduct which will be used at a later stage. We prove
Theorem 1.2 and state a more general result in Section 3. Section 4 is devoted to the study of the fast
decay solutions. In Section 5 we complete the proofs of Theorems 1.3 and 1.4, using phase plane
analysis.

2 Q being a ball

We denote ¢(s) = |s|" s for s € (—oo, +00). The inverse function of ¢ is given by ¢~'(s) =
1 . .
|s|m1~!s. Using ¢, we write (1.4) as

~( @) + ") = PVl e (0,R), o
u(R) =0 ’
The following lemma is Pohozaev’s identity [26], whose proof is standard and thus is omitted.
Lemma 2.1 [fuis a solution of (2.1), then for any 0 < € <r <R,
N N-m NIuI” r ot
=2 [t - ] = oy
¢ ¢ (2.2)
N — r
+ —m SN |

The following lemma is proved following the arguments in [24]. In the sequel, we shall use C as a
positive constant which may be variant in the context if not specified.

Lemma 2.2 Assume u < 0. Then there exists a positive constant C = C(m, N, p) such that, for any
positive solution u(r) of (2.1),
u(ry<Crrn, 0<r<R.

Proof. We first claim that ’ < 0 in (0, R). In fact, since u(r) is a positive solution of (2.1) and u < 0,
from (2.1) we see that —(¥¥~'¢(u))’ > 0 which implies that ¥¥~!¢(u’) is strictly decreasing in (0, R).
If u’(ry) > 0 for some ry € (0, R) then there would exist a constant C > 0 such that V!¢’ (r)) > C
for r € (0, ry/2). As a consequence, for 0 < r; < ry < ry/2, we have

5 C l _N-m
u(ry) > f u' (rydr > ](Vm )( r -, mhy.
i
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For fixed r,, letting r; — 0, we obtain u(r,) = +oo, a contradiction. Therefore, u’(r) < 0 for

0 <r<R.For0 < e <r<R,integrating (2.1) from € to r, since u’(r) < 0 for 0 < r < R, we have
N
—€

N

g () =~V g ()] = f N 0 )

Sending € to 0, we obtain

N
- low () = S ). 0<r <R,

which can be rewritten as

_p-L —-L L
—M/(V)u o (r) > N mipmTd, 0<r<R.

Integrating the last inequality from e to r, we see that

mo Ly s

— lN_ﬁ(r% - e%).

Letting & — 0, we arrive at

_pom -m_ 1 m
i () 2 RN, 0<r <R,

which implies the result. This is the end of the proof.
In order to estimate u’(r), we need the following lemma.

Lemma 2.3 Assume u < 0. If u(r) is a positive solution of (2.1) then

111% Vo' (e)) = 0.

Proof. According to the proof of Lemma 2.2, u’'(r) < 0 and (X" '¢u’(r))) < 0 for 0 < r < R,
and therefore the limit lim._,o €¥~'¢(u’(€)) exists and is nonpositive. Assume by contradiction that
lim._,o V' ¢(u’ (€)) := —ap < 0, then

e (1) < —ap, 0<r<R.
That is
wW(r) < ¢ (—agr ™), 0<r<R.
For any 0 < r < R/2, integrating the last inequality from r to 2r, we see that

u(2r) ~ u(r) < ~5—

N _N-m

1
a(’)”‘l (1 — 27 m—1 )r m=T
m

As a consequence, we obtain

N- m-N

1 )
ayt(1-2" et )t
m

u(r) > ]rvn:

which combined with Lemma 2.2 yields, for some positive constant C; and for all 0 < r < R/2,

_N-m m

7 m-1 SC[V_”—'".

Note that — -2 > —N%’;’ since p is supercritical. We obtain a contradiction by letting r — 0. This is
p—m m

the end of the proof.
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Lemma 2.4 Assume pu < 0. If u(r) is a positive solution of (2.1) then
0<-u(r)<Crmm, 0<r<R,
where C = C(u,m, N, p) is a positive constant.

Proof. Integrating (2.1) from € to r , we have

N lg ()| = f s + s

Letting € — 0 and using Lemma 2.3, we obtain
o) = [ s o+,
0
Then Lemma 2.2 can be used to deduce that

Vo' () < Cf stlfml(’pfijﬂl),
0

from which we easily obtain the result. This is the end of the proof.
Now we are ready to prove Theorem 1.1.

Proof of Theorem 1.1. Assume by contradiction that (2.1) has a solution # which changes sign only
finitely many times. Then, choosing a smaller ball if necessary, we may assume that u is a positive
solution of (2.1). To come to a contradiction, we first consider the case u < 0. In Pohozaev’s identity
(2.2), letting € — 0 and r — R and using the estimates obtained in Lemmas 2.2 and 2.4, we see that

N N
(———’”) f Nty = 2RV R

But this is a contradiction since the left side is negative and the right side is positive. Now we assume
> 0, and divide the remaining of the proof into three cases.

Case I: There exists ry € (0, R) such that u(r) > (Zu)ﬂ%mr_# for O < r < ry. Then we have
1
—( )y = Nt Nt s ErN—lup—l'

Repeating the arguments in Lemmas 2.2-2.4, we see that, for some positive constant C and for
0<r<ry,
__m_ __r
w(r) <Crrm, 0<-u'(r)<Cr v,

This yields a contradiction as above.

Case II: There exists ry € (0,R) such that u(r) < (Zu)ﬁr_# for 0 < r < ry. Let {r,} be
a decreasing sequence such that r; < r9/2 and r, — 0. Set f(r) = 9= u(r) and then choose
ry € (#y,2r,) such that f(2r,) — f(r,) = f'(r;)r, for n € N. Then it is easy to see that, for some
positive constant C; and for all n,

W (r)| < Ci(rt) 77
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In Pohozaev’s identity (2.2), letting € = r;, — 0 and r — R, we come to a contradiction.
Case III: There exist sequences {r,} and {7,} satisfying 0 < r,, < 7, and 7, — 0 such that

u(r) = QU () 75, () = ()7 (F) 7,

1 _m .
u(r) < Qu)rmr PTm, forr, <r<F,.

Choose r;, € (ry, 7,) such that f'(r;) = 0. Then, for some positive constant C, and for all n,
* S Iy s — 2
u(ry) < Qu)yrm(ry) W (r)l < Ca(ry) v,

We then arrive at a contradiction as in Case II. This is the end of the proof.

The argument for proving Theorem 1.1 can be used to prove the following lemma, which pro-
vides the order at r = 0 of the solution of (1.2) which corresponds to the heteroclinic orbit of (5.3).
Lemma 2.5 Assume a = 0, b = +oo and u > —ﬁ(N -2- [7%2)' Then the equation (1.2) has a

I . . +
positive solution u with order r*" near r = 0.

Proof. Recall that 1+ = M where A = (N—2)2+4u. Set w(r) = ¥ u(r). Then u is a positive
solution of (1.2) if and only if w is a positive solution of the equation

—(NTR Y = N W € (0, +00). 2.3)
Let 0+ = pA*—24*. Then 6* > —2 since u > —p%z(N—Z— p%z). As in [8, 18], we take the coordinate
transformation

2 (A
t= 2+0+r 2, w(t) = w(r).

Then w is a positive solution of (2.3) if and only if v is a positive solution of the equation

_V” —_

-1
Vo= P2y, 1 e (0, +0),

where N = ﬁ VA + 2. Consider the initial value problem

N-1
- - Vv =Py, >0,
W0) = 1, 24
Vv(0) =0,

which is equivalent to the integral equation

t s Tﬁ—l
v(t) = —f f — ()P v(t)dTds + 1.
0 Jo

sN-1

By the Banach fixed point theorem, the integral equation and therefore (2.4) has a unique continuous
solution v near ¢ = 0. Since the Hamiltonian function H(¢) := %Iv'(t)l2 + %Iv(t)lp satisfies

dH N-1,,
P — <0’
dt t Vi<
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v exists for all # > 0. We claim that v(f) must be positive for all + > 0. Otherwise, v(T')) = 0 for
some 7 > 0 and we may assume 7 to be the smallest such number. As in Lemma 2.1, for any
0<e<t<T,wehave

N-2 = t
— =Ny

N N-=-2 Pt
(———)f Fpp = £ R AL , 3)
2 €
Also, as in Lemmas 2.2 and 2.4, we have, forO0 <t < T,
W) < Crt, 0<—V(f)<Cri, 2.6)
where C = C(u, m, N, p) is a positive constant. Since
o 2N
P= Ny

we see that

VA>-(N-2)+ \/Z+i:L((p—Z)/l++2):L(0++2).
p p-2 p—2

-2
Therefore, _
20" +2 2N
> ¢ +2) +2== .
VA N-2
Letting ¢ —» O and t — T in (2.5), we obtain
N N-=-2
o><———>f e = STV >0,
p

a contradiction. As a consequence, v is positive in (0, +c0). Setting u(r) = r** v(ﬁr%), then u is
a positive solution of equation (1.2) with order " near r = 0. This is the end of the proof.

Remark 2.1 It is clear that Lemmas 2.1-2.4 are valid if the ball Bg(0) is replaced with the entire
RN . More precisely, if u < 0 and u is a positive solution of

=" o)) + N gy = PN P, 7 € (0, +00),
then, for 0 < r < +o0, »
u(ry <Crrm, 0<—=u'(r) < Cr i,

where C = C(u,m, N, p) is a positive constant. The same argument also leads to the following
lemma.

Lemma 2.6 For any u € R, if u is a positive solution of the equation
N-1

_u,, —

u
’ -2
u +u—r2 =ulP~"u, 0<r<ry,

then , )
u(r) < Crm2, W@ <Crr, 0<r<r.

Proof. If u < 0O then the result follows from Lemmas 2.1-2.4. If 4 > 0, then the result is a conse-
quence of (2.6). This is the end of the proof.
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3 Q being an annulus

LetO <a<b < +oo, p>2 and u,l € R. Consider the boundary value problem

, N-1

’ u I, p—2
+U— = B € ) b >
u ﬂrz r|lul’~“u, re€(a,b) G.1)
u(a) = u(b) = 0.
We shall prove the following theorem which generalizes Theorem 1.2.

Theorem 3.1 Assume 0 < a <b < +oo, p> 2, andl € R. Denote

_(N—2)2_( nm

2
1 lnb—lna)’ n=123

Hn =

(1) If u > wy then, for any nonnegative integer n, (1.2) has a unique solution u, u’(a) > 0, which
has exactly n zeros in (a, b).

(i) If u < i, k > 1, then any solution of (1.2) has at least k zeros in (a, b).

(1) If 1 < u < i, k > 1, then for any integer n > k, (1.2) has a unique solution u, u’(a) > 0,
which has exactly n zeros in (a, b).

Proof. Set u(r) = rv(s), s = Inr. Then (3.1) is transformed into

o _ ’_ _ _ — TS p—2
{ V/I-(N+2e-2)0 —[e(N+€e—-2)—ulv=e" v, se(ap), 3.2)

va) =v({B) =0,
where 7 = [+ 2+ (p —2)e, @ = Ina and B = Inb. According to [23, Theorem 3.1] and the proof

therein, for any 4 € R and any nonnegative integer n, (1.2) has at most one solution u, u’(a) > 0,
which has exactly n zeros in (a, b). Therefore, the uniqueness part of (i) and (iii) holds. We choose

€= —NT_Z and rewrite (3.2) as
N —2)? 2
v 7 L]y = et S e (a,p), (3.3)
v(a) =v(B) =0.
. ir \2 .
Since Ay = (,BTQ) is the kth eigenvalue of

V' =, se@p),
{v(a) =v(B) =0,

and the associated eigenfunctions have exactly k — 1 zeros in («, ), the Sturm comparison theorem
implies that if 4 < y for some k£ > 1 then any solution of (3.3) has at least k zeros in («,8). This
proves (ii). For existence part of (i) and (iii), we apply Rabinowitz’ global bifurcation theorem from
[28,29]. Let E = {u € C'[a,B] | u(a) = u(B) = 0} and S,j denote the set of u € E such that u has
exactly k — 1 simple zeros in (a,), u > 0 near s = 3, and all zeros of u in [, 3] are simple. Set
S, =-S;and S, =S US,. Let S denote the closure of the set {(u,v) | v # 0, (u,v) satisfies (3.3)}
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in RX E. According to [28, 29], S has an unbounded connected component C; such that C;, € RX S
and C, N {(u,0) | 1 € R} = {(ux, 0)}. From (ii) we see that Cy \ {(ur, 0)} C (ug, +o0) X Si. The same
argument as the proof of [29, Lemma 2.22] shows that for any bounded interval I, C, N (I X E) is
bounded in R X E. Therefore, the image of the projection of C onto the parameter space is [, +00).
The existence part of (i) and (iii) follows. This is the end of the proof.

4 The fast decay solution

Hereafter, we always assume b = +co in (1.2). We assume u > —(N — 2)?/4 in this section. To
study the fast decay solution, we take the transformation

w(s)=ru(r), s=r,

where 1~ = M and A = (N — 2)? + 4. Then this transformation converts (1.2) into
3-N-21" e
Y S Y S—p/l +21 _4|W|p_2W, 0<s< a—l
s 4.1
w(@') =0 ifa>0.
Here ™' = +o0 if @ = 0 and there is no boundary condition in this case. Let 6~ = —pA~ + 24~ — 4.
Then 8~ > —2. Using the coordinate transformation (see for instance [8, 18])
2 s
t= 2+9_s(22, V(1) = w(s)

again, we see that w is a solution of (4.1) if and only if v is a solution of the equation

, N-1

V =Py, 1e(0,7),

WT)=0 if T < +oo,

where N = # VA + 2, and

2 -
T 2+9_a_ﬁ22 ifa>0,
+o00 ifa=0.

Now we consider the initial value problem

—(tﬁ_'v')' = tﬁ_llvl”_zv, t>0,
v(0) =1, 4.2)
V' (0) = 0.

The same argument of the proof of Lemma 2.5 show that the equation (4.2) has a unique solution ¥
which exists globally. For 0 < r < +c0, define
2 12

_ R VPN o
t—2+9_r , (@) =r" a(r).

Then 7 is a solution of (1.2) with a = 0 and b = +oco, and ii(r) = r* (1 + o(1)) for r large.
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Lemma 4.1 i changes sign infinitely many times near r = 0.

Proof. Assume the result were false. That is, & has only a finite number of zeros in (0, +c0). Then
¥ has only a finite number of zeros in (0, +c0). Without loss of generality, we assume that r* > 0 is
the largest zero of ¥ and #(¢) > O for * < t < +co. Define r* := (”’%t*)*zfr . Then @(r) is a positive
solution of

17 l ’

u _
—u’ - W+ pu— =ufu, 0<r<r.
r

According to Lemma 2.6, we have
i(r) < Crie, W< Crir, 0<r<r.

This implies
2 P
P <Cr 2, WO <Crr2, 1 <t<+oo. 4.3)

In the Pohozaev’s identity

(ﬁ_N Z)f - PR = N 1~/~T

letting 7 — +o0 and using (4.3), we obtain
N N-2 ,
S22 [T e - e, (44

It is easy to see that N=2ifA=0and

Nispp _
NP 1 T
AL + =P

2

2N p(N=2)-2N
—_ = p + >
N-2 VA
if A > 0. Therefore, the left side of (4.4) is positive while the right side is negative, which is a
contradiction. This is the end of the proof.

Lemma 4.2 Assume yu > —%-

If a > 0 then for any nonnegative integer n, (1.2) has exactly one pair of solutions +u, with
exactly n zeros in (a, +00) and having order " near +oo, and all ug, uy, uy, - - - are equivalent.

Ifa = 0 then (1.2) has exactly one pair of solutions having order r'" near +oo and these solutions
have infinitely many zeros in (0, +00).

Proof. If u is a solution of (1.2) having order 7'~ near +co then u is equivalent to ii. Therefore, if
a = 0 then, up to equivalence, (1.2) has exactly one pair of solutions +ii having order r*" near +oco
and these solutions have infinitely many zeros in (0, +o0), according to Lemma 4.1. We arrange the
zeros of i in the decreasing sequence

Fg> Ty >0 > o> >,

In the case a > 0, define for any nonnegative integer n and r > a,
Tyy2 _ T
u,(r) = (=) 2 i(=r).
a a

Then =+u, are the only solutions of (1.2) with order 7' near +co which have exactly n zeros in
(a, +o0). These solutions are equivalent. This is the end of the proof.
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5 Phase plane analysis
Taking the coordinate transformation introduced by Fowler [15]
W(s) = ritu(n), r=eé, (5.1)
we transform (1.2) with a = 0 into the equation
—V—av+Bv =Py, s e (—00,+00), (5.2)
4

wherea =N -2- -5 >0,6 = %Z(N -2- %2) + w. Translation invariance of the solutions of
p P p

(5.2) corresponds to equivalence of the solutions of (1.2). Setting x = v and y = v/, then (5.2) can
be written as the 2-dimensional dynamical system

{x - (5.3)

Y = Bx — |xP2x — ay.

Consider the Hamiltonian function

1 1
H(s) = 55%(8) + —Ix(s)l" = £ e, (5.4)
p 2
Clearly, we have
H
i _ —ay*(s) <0, (5.5)
ds

which implies that (x(s), y(s)) exists for all positive s and that (5.3) has no homoclinic orbit. To see
that (x(s), y(s)) exists for all negative s and to study the picture of the phase flow, we also consider

& =-n,
5.6
{n’ = —BE +EP7E + am. G0

Lemma 5.1 (a) Ifu < —[%Z(N -2- [%) then for any &y > 0 the phase curve of (5.6) starting from
(&0, 0) will turn counterclockwise around (0,0) and reach some point (&1,0) with & > & in finite
time.

®) Ifu> —p%z(N -2- ﬁ) then the result in (a) also holds provided that & is large enough.

Proof. (a) We first assume y < —ﬁ(N— 2— ﬁ). Then 8 < 0. Suppose (£(t), n(?)) is the phase curve
of (5.6) such that (£(0),7(0)) = (£&,0). Since n°(0) = —B&, + fg_l > 0, the phase curve enters the
first quadrant at r = 0. From (5.6) it is easy to see that £(¢) is strictly decreasing and 7(?) is strictly
increasing as long as (&(¢), n(¢)) is in the first quadrant. Let 7y > O be such that (£(¢), 7(¢)) is in the
first quadrant for O < r < fg. Then &' (r) < —n(ty) < 0 and 7' (¢) < —B& + fg_l + an for t > t) before
(&(1), n(1)) leaves the first quadrant. As a consequence, there is #; > f such that (&£(¢1),n(¢1)) is on
the positive n-axis, that is,
&n)=0, n@)>0

and (&(r), n(?)) stays in the first quadrant for 0 < ¢ < ;. Now since

) =-nt) <0, n'(t)=ant)>0,
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there exists 7; > 1 such that (£(7), n(¢)) lies in the second quadrant and n’(f) > 0 for t; < ¢ < 7.
We claim that there exists 7; > #; such that (£(7), n(¢)) lies in the second quadrant for 1| < 7 < 7
and 77/ (7)) < 0. If this is not the case then in the maximal existence interval [f1, T) of (£(2), (1)), we
have &'(f) < 0 and ’(f) > 0. Hence &(7) is strictly decreasing and 7(¢) is increasing in ¢ € [t1, 7).
Therefore, fort; <t < T,

—BE) + EDIPE@) + an() 2 0, .7)
which implies

1 1
&M =-n < —Ef(t) + —[E@IPTEWD) < —|E@IPTED). (5.8)
a a a

For t € (;, T), integrating this inequality from 7| to ¢, we obtain
UN 1
f —i > —(r-1),
iy P2 T a

£1) < —~(C) - Cot) 77, (5.9)

which implies

where C; = |£fH) P2 + (p = 2)a”'f; and C, = (p — 2)a”! are positive. Therefore, T < +00
and lim,_,7_o &(f) = —co. For t € (f;,T), we also have 1/ (f) < an(t) and thus n(¢) < n(f;)e®"~™.
Therefore,

rli?}o(_ﬁg(t) + Ig(t)|p72§(f) + an(1)) = —oo,

which contradicts (5.7) and shows the claim. From (5.6), we observe that £ (r) > —n(#;) and 1/ (¢) <
n'(f1) < 0 as long as (&(r), n(¢)) stays in the second quadrant for 7 > 7;. This implies there exists
t, > f; such that (£(r), n(¢)) stays in the second quadrant for #; < ¢t < t, and (£(t), (%2)) is on the
negative £-axis. Repeating the above discussions, we obtain 74, > t3 > #, such that (£(7), n(¢)) stays in
the third quadrant for #, <t < t3, (£(t3), 17(t3)) is on the negative n-axis, (£(7), n(¢)) stays in the fourth
quadrant for #3 < t < t4, and (£(#4),71(24)) is on the positive &-axis. Then &(z4) > 0 and n(#4) = 0.
Denote &1 = &(t4). Then & > & since %nz(t) + %|§(t)|1’ - §§2(t) is strictly increasing when n(t) # 0.

() If 4 > -5 (N ~ 2~ -%) then 8 > 0. In this case the argument is similar and we only

indicate the main differences. Assume & > ( %)” (P=2) and consider the the phase curve (£(f), 7(f))
of (5.6) such that (£(0),7(0)) = (&9, 0). Noting that the energy function takes its maximal value 0
in the interval [0, ,81/ =271 on &-axis, that it takes nonnegative value at (£, 0), and that it is strictly
increasing along phase curve when n # 0, we see that (£(7), n(¢)) can not reach the &-axis before
it reaches the positive n-axis. Therefore, similar to the first paragraph, there is #; > 0 such that
(&(t1),n(z1)) is on the positive n-axis, and (&(f), n(7)) stays in the first quadrant for 0 < ¢ < #;. To
study the behavior of the phase curve in the second quadrant, we first observe that the curve must
cross the line & = —3""=2 from the right to the left. Therefore, we can assume that the time 7
selected above also satisfies £(7;) < —B'/*"~2. To prove the claim in the second paragraph, instead
of (5.8), we have, for some ¢ > 0,

() < el e, [ <t<T,

which also leads to a contradiction. The rest of the argument is the same as above. This is the end
of the proof.
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Remark 5.1 a) According to Lemma 5.1, any orbit of (5.3) exists for all s € R'. b) If a = 0,
b =+4c0and u < —p%z(N -2- ﬁ) then the equation (1.2) has no positive solution.

Lemma 5.2 Assume u < —%. Then any solution u of (1.2) changes sign infinitely many times
near r = +oo.

Proof. We note that u < —% implies B8 < 0. Therefore (5.3) only has one equilibrium point
0(0,0). The linearized matrix at O(0, 0) is

(s %)

It is easy to see that tr(L) = —a < 0, det(L) = =8 > 0 and
A=a*+48=(N-2)>+4u<0.

Thus O(0, 0) is a spiral point of the linearization system of (5.3). By classical perturbation theory
(see, for instance, [4]), O(0,0) is also a spiral point of the nonlinear system (5.3). Therefore, along
any trajectory, x changes sign infinitely many times near s = +co. Then any solution u of (1.2) also
changes sign infinitely many times near r = +oco. This is the end of the proof.

Lemma 5.3 Ifu > — (Nf)z, then any solution u of (1.2) does not change sign near +oo. If—% <
u< —ﬁ(N -2- 1%), then any solution u of (1.2) satisfies u(r) = O((r* Inr)"/"=2) as r — +c0.

Proof. Assume u > —% and let ¥ be the solution of (4.2) obtained in section 4 which is positive

near r = 0. Then the solution i of (1.2) defined by

2 I~ + -
- 2+9—r7022’ () = rt ).

t

is positive near r = +oo, and along the trajectory of (5.3) corresponding to &, x(s) is positive near s =
+00. Therefore, along any trajectory of (5.3), x(s) does not change sign near s = +co0. Consequently,
any solution of (1.2) does not change sign near » = +oco. Assume —% <u< —p%z(N -2- p%z)
and let u be any solution of (1.2). Since v(s) defined as in (5.1) does not change sign near s = +oo,
we may assume that v(s) is positive for s large enough. From (5.2) we see that if v(s) > 0 and
V'(s) = 0 then v’(s) < 0. Therefore, there exists s > 0 such that if s > sg then v(s) > 0 and
V'(s) < 0. For s > 59, we have
V' —a =P

which implies

S
_ _ 1
™V (s) > ="V (DT, 2 f V(D) dr > —vPT(5)(e® — ).
‘ a
50

Therefore, there exists s; > sy such that for s > sy,

vyl > l(l — 079y > L
a 2ar
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1
For s > s, integrating the last inequality from s; to s, we obtain v(s) = O(s 72) as s — +oo.
According to the transformation (5.1), u satisfies

u(r) = O((F* Inr) P2y as r — +oo,

which finishes the proof. This is the end of the proof.

Ifu> —ﬁ(N -2- p%z), then 8 > 0 and (5.3) has three equilibrium points, O(0, 0), PJf(,Bl’%2 ,0)

and P_(—BH%Z,O). It is easy to see that O(0, 0) is a saddle point of the linearization system of (5.3)
at 0(0,0). By classical perturbation theory (see [4]), O(0,0) is a saddle point of (5.3). P. are the
global minimizers of the energy function H in the phase plane.

Lemma 5.4 Assume u > —ﬁ(N -2 - ﬁ), a =0and b = +oco. Then (1.2) has exactly two

12

positive solutions u; and uy and two negative solutions —u, and —u,. Moreover, u\(r) = fr2r »2,
12 N

ur(r) = Br2r 72 (1 +0(1)) near r = +oo, and u, has order r* near r = 0. Here u, stands for a class

of solutions which are equivalent.

Proof. Since 0(0,0) is a saddle point of (5.3) and P. are the only global minimizers of the energy
function H in the phase plane, there is a unique heteroclinic orbit connecting O(0, 0) and P+(ﬂ1']f2 ,0).
This heteroclinic orbit lies in the half plane {(x, y) € R*|x > 0} since the energy function is decreasing
along the orbit and is nonnegative on the y-axis. Therefore, this heteroclinic orbit defines a family
of positive solutions to problem (1.2), which, by the uniqueness of the heteroclinic, are equivalent to
the solution u obtained in Lemma 2.5. Accordingly, (1.2) has exactly two positive solutions u; and
uy and two negative solutions —u; and —u,, u; corresponding to the equilibrium point P+(ﬁﬁ,0)
and u, corresponding to the unique heteroclinic orbit connecting O(0,0) and P+(Bﬂ]f2,0). Thus,
u(r) = B r 77, uy(r) = Brir 72 (1 + o(1)) as r — +oo, and ua(r) has order 4 near r = 0. This
is the end of the proof.

Now we are ready to prove Theorem 1.3 and Theorem 1.4.
_(N-2)?

7
we assume (> . Then according to Lemma 5.3, any solution of (1.2) changes sign only
finitely many times. Let & be the solution of (1.2) with @ = 0 and b = +oo obtained in Section 4
and u, be the solution of (1.2) with a > 0 and b = +co defined in the proof of Lemma 4.2. For
any n, according to the discussion in Section 4, +u, are the only solutions with exactly n zeros in

Proof of Theorem 1.3. In the case u <
_(N-2p
4

the result has been proved in Lemma 5.2. Now

(a,+c0) and with order ' near +oco. Also, (—1)"u/(a) > 0 and ug,uy,--- ,u,, -+ are equivalent.
Denote by (X(s), ¥(s)) the orbit of (5.3) corresponding to &. This orbit lies in the right half plane
for s large enough and there exists a decreasing sequence {s,} with lim,_ . 5, = —oo such that

{(X(s,), (s,))} are all the intersection points of this orbit with the y-axis. Denote yo = 0 and y, =
(=1)""'y(s,). Observe that {y,} is a strictly increasing sequence and any orbit (x(s), y(s)) of (5.3)
with y(0) € [—yn+1, —Vn) U (V> Yur1] intersects with the y-axis exactly n times in s € (0, +c0). Then
u(r) = r‘ﬁ%z x(In r) corresponding to (x(s), y(s)) with y(0) € [=V+1, —=Vn) U V> Yur1] 1 @ solution of
(1.2) with @ = 1 and b = +co. Therefore, using the transformation u;(r) = a u(*-) one sees that
(1.2) with @ > 0 and b = +o0 has infinitely many solutions with exactly n zeros in (a, +o0). This is
the end of the proof.

Proof of Theorem 1.4. In the case u < —%

5.1and 5.2. If —% <u< —%Z(N -2- %2), then according to Lemmas 5.1 and 5.3, the set of
P p

, the result is a consequence of combination of Lemmas
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zeros of any solution of (1.2) is a decreasing sequence {r,,}]* which satisfies lim,_, o 7, = 0, and
any solution of (1.2) satisfies u(r) = O((r* Inr)""/?=2)) near +co. That (1.2) has exactly one pair
of solutions with order 7' near +co has been obtained in Lemma 4.2. If u > —ﬁ(N -2- ﬁ),
then, thanks to Lemma 5.4, (1.2) has exactly two positive solutions u;, #, and two negative solutions
—uy, —up, uy(r) = ﬁp%zr_n%z, up(r) = ,Bﬁr_n%z(l + o(1)) near r = 400, and u, has order " near
r = 0. By lemmas 5.1 and 5.3, the set of zeros of any sign changing solution of (1.2) is a decreasing
sequence {r,,}Iroo which satisfies lim,,_, . 7, = 0. According to the discussions in Section 4, (1.2)
has exactly one pair of sign changing solutions with order ! near +co which corresponds to the
unique pair of orbits of (x(s), y(s)) of (5.3) satisfying lim,—, ;e (x(s), y(s)) = (0,0). Any other orbit of
(5.3) satisfies either lim_, 1o (x(s), y(5)) = Py or lim_, ;o (x(s), y(s)) = P_. Therefore, any other sign
changing solution of (1.2) satisfies either u(r) = 77 r 72 (1 + o(1)) or u(r) = B2 r 72(1 + o(1))
near r = +oo. This is the end of the proof.
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