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Abstract

Various properties of radial solutions of the supercritical elliptic equation with Hardy Po-

tential ⎧⎪⎪⎨⎪⎪⎩ −∆u + µ
u
|x|2 = |u|

p−2u in Ω\{0},
u = 0 on ∂Ω

are studied, where Ω = int{x ∈ RN | a ≤ |x| < b}, which is a ball if 0 = a < b < +∞, an

annulus if 0 < a < b < +∞, an exterior domain if 0 < a < b = +∞, and the whole space

RN if a = 0, b = +∞. We assume p is supercritical, that is, p > 2∗ with 2∗ = 2N
N−2

being the

critical Sobolev exponent, and N ≥ 3.
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1 Introduction
This paper concerns radial solutions of the supercritical elliptic equation with Hardy potential⎧⎪⎪⎨⎪⎪⎩ −∆u + µ

u
|x|2 = |u|

p−2u in Ω \ {0},
u = 0 on ∂Ω,

(1.1)
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where Ω = int{x ∈ RN | a ≤ |x| < b}, p > 2∗ with 2∗ = 2N
N−2

being the critical Sobolev exponent, and

N ≥ 3. Note that Ω is a ball if 0 = a < b < +∞, an annulus if 0 < a < b < +∞, an exterior domain

if 0 < a < b = +∞, and the whole space RN if a = 0, b = +∞. By a solution of (1.1) we mean a

classical solution which satisfies (1.1) pointwise. Since a solution u may be singular at x = 0, we

drop 0 from Ω in (1.1). Existence, uniqueness, and multiplicity of radial solutions with prescribed

properties of (1.1) are studied in this paper. For radial solutions, (1.1) is rewritten as

⎧⎪⎪⎪⎨⎪⎪⎪⎩ −u′′ − N − 1

r
u′ + µ

u
r2
= |u|p−2u, a < r < b,

u(a) = 0 if a > 0, u(b) = 0 if b < +∞.
(1.2)

Here, if b = +∞ then we do not impose any boundary condition at +∞ since, from phase plane

analysis, any solution of the first equation in (1.2) automatically satisfies limr→+∞ u(r) = 0. Note

also that there is no boundary condition at 0 if a = 0. Equation (1.1) with µ = 0 is the famous

Lane-Emden-Fowler equation. In this case, solutions of this equation have been studied extensively

in the last century.

If 2 < p < 2∗ and Ω is a bounded domain, then it is well known that (1.1) has infinitely many

solutions ([1]).

If p = 2∗ and Ω is a bounded star-shaped domain then u = 0 is the only solution of (1.1), as

seen from Pohozaev’s identity, but nontrivial solutions do exist if Ω has a nontrivial topology or if

the equation is suitably perturbed ([2, 5]).

For p > 2∗, (1.1) is more involved since in this case no Sobolev imbedding is available and

variational methods can not be directly applied to (1.1).

While in various cases solutions of (1.1) with supercritical exponent have been constructed (see

for example [10, 11, 13, 25]) and uniqueness of positive and sign-changing radial solutions has been

proved (see for example [9, 12, 22, 23]), the question concerning properties of solutions of (1.1)

remains largely open. See [16, 19] for more results in this direction. When µ � 0, the singularity

at origin will increase essential difficulties in solving (1.1), as indicated in [30]. There have also

been many results concerning existence of solutions of (1.1) in this case; see, for instance, [6, 7, 17,

27], where variational methods were applied to (1.1) with either a subcritical exponent or a critical

exponent for some ranges of µ. If the exponent is supercritical then additional difficulties arise, since

not only is compactness no longer in effect but also variational methods are not applicable. In the

case where Ω is the whole space and − (N−2)2

4
< µ < 0, positive solutions of (1.2) were studied in

[31].

The present paper is focused on nodal and asymptotic properties of radial solutions. It turns out

that these properties depend heavily on ranges of the parameter µ. We now state the main results

which extend some known results in the literature; see Remarks 1.1, 1.2, and 1.3. We state the first

theorem for the more general m-Laplacian equation

⎧⎪⎪⎪⎨⎪⎪⎪⎩ −∆mu +
µ|u|m−2u
|x|m = |u|p−2u in BR(0) \ {0},

u = 0 on ∂BR(0),
(1.3)

where ∆mu = div(|∇u|m−2∇u), BR(0) is the ball centered at 0 with radius R, and µ ∈ R. We assume

that N > m > 1 and p > mN
N−m . If m ≥ N then any p is subcritical, which is not the case considered
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here. As before, we study only radial solutions and rewrite (1.3) as⎧⎪⎪⎨⎪⎪⎩−(rN−1|u′|m−2u′)′ + µrN−1−m|u|m−2u = rN−1|u|p−2u, r ∈ (0,R),

u(R) = 0.
(1.4)

By a solution of (1.2) or (1.4) we always mean a nontrivial solution.

Theorem 1.1 Any solution of (1.4) changes sign infinitely many times.

Remark 1.1 In the case µ = 0, the result of Theorem 1.1 is due to Ni and Serrin [24, Theorem 5.2],

who proved that (1.4) has no positive solution, and hence has no solution which changes sign only

finitely many times. Our result generalizes Ni and Serrin’s result to the case µ � 0. We use an idea

from [24] together with some new techniques to prove Theorem 1.1 in the case µ < 0. The case

µ > 0 is more involved and we have to use a more detailed analysis in this case.

In the annulus case, we have the following theorem which also covers the range 2 < p ≤ 2∗.

Theorem 1.2 Assume 0 < a < b < +∞ and p > 2. Denote

µn = −
(N − 2)2

4
−

( nπ
ln b − ln a

)2

, n = 1, 2, 3, · · · .

(i) If µ > µ1 then, for any nonnegative integer n, (1.2) has a unique solution u, u′(a) > 0, which
has exactly n zeros in (a, b).

(ii) If µk+1 < µ ≤ µk for some k ≥ 1 then any solution of (1.2) has at least k zeros in (a, b), and for
any integer n ≥ k, (1.2) has a unique solution u, u′(a) > 0, which has exactly n zeros in (a, b).

Remark 1.2 a) Assuming 0 < a < b < +∞, it was proved by Ni and Nussbaum [23, Theorem 3.1]

that for any nonnegative integer n, the equation (i.e. (1.2) with µ = 0)

⎧⎪⎪⎨⎪⎪⎩ −u′′ − N − 1

r
u′ = rl|u|p−2u, a < r < b,

u(a) = 0, u′(a) > 0, u(b) = 0

with l ∈ R and p > 2 has at most one solution having exactly n zeros in (a, b). Using a transforma-

tion, we will see that the uniqueness part of Theorem 1.2 is a consequence of Ni and Nussbaum’s

result. For µ > 0, uniqueness of the positive solution is also a consequence of [14, Theorem 1.2],

where nondegeneracy of the unique positive solution was also given. The existence part of Theorem

1.2 in the case µ = 0 is a result in [3]. Combining [23] and [3] yields a result stating that if µ = 0 then

for any nonnegative integer n, (1.2) has a unique solution u, u′(a) > 0, which has exactly n zeros in

(a, b). Here in Theorem 1.2 we extend this result to the case µ � 0. We give exact information on the

number of solutions with exactly prescribed number of zeros in (a, b) for all µ ∈ R, in accordance

with the location of µ with respect to µn. We will use Rabinowitz’s global bifurcation theorem to

prove Theorem 1.2.

b) A more general theorem than Theorem 1.2 will be stated in Section 3.
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Assume a ≥ 0 and let u1 and u2 be two solutions of the equation

−u′′ − N − 1

r
u′ + µ

u
r2
= |u|p−2u, a < r < +∞.

If there exists α > 1 such that u2(r) = α2/(p−2)u1(αr) for all a < r < +∞ then u1 and u2 are said to be

equivalent, otherwise they are said to be nonequivalent. We now turn to consider exterior domains,

that is, we consider the case where 0 < a < b = +∞. Set

β =
2

p − 2
(N − 2 − 2

p − 2
) + µ.

For µ ≥ − (N−2)2

4
, denote

λ± =
−(N − 2) ±

√
(N − 2)2 + 4µ

2
.

Let u(r) be a function defined for large r (small r, respectively) and λ be a real number. We say

that u(r) has order rλ near r = +∞ (r = 0, respectively) if the limit limr→+∞ u(r)/rλ (limr→0 u(r)/rλ,
respectively) exists and is a nonzero real number.

Theorem 1.3 Assume 0 < a < b = +∞. (i) If µ < − (N−2)2

4
, then any solution of (1.2) changes sign

infinitely many times.
(ii) If µ ≥ − (N−2)2

4
, then any solution of (1.2) has only a finite number of zeroes in (a,+∞),

and, for any nonnegative integer n, (1.2) has infinitely many nonequivalent solutions with exactly n
zeros in (a,+∞), among which only one pair, denoted by ±un, have order rλ

−
near +∞. Moreover,

u0, u1, · · · , un, · · · are equivalent if we specify un so that (−1)nu′n(a) > 0.

Remark 1.3 a) In the case µ = 0, the results concerning positive solutions in Theorem 1.3 are due to

[21, 23], see [21, Theorem 2] and the remark following it. Theorem 1.3 extend the related results in

[21, 23] to all µ ∈ R and to sign-changing solutions. For p � pi, where {pi} is an increasing sequence

tending to infinity, non-degeneracy of the unique positive solution with fast decay rate r−(N−2) was

proved in [12] and non-degeneracy of the unique pair of solutions with n zeros and with fast decay

rate r−(N−2) was proved in [9]. These solutions were used in [9, 12] as building blocks to construct

solutions of elliptic equations with supercritical exponent on a bounded domain with a very small

hole.

b) Theorem 1.3 also improves obviously a result in [20]. It was proved in [20] that if µ = 0,

a > 0 and b = +∞ then (1.2) has a radially symmetric solution which satisfies |∇u| ∈ L2(RN �Ba(0))

and u ∈ Lp(RN � Ba(0)). This is just the positive solution with order rλ
−

near +∞ stated in Theorem

1.3(ii). Theorem 1.3 gives not only existence but also uniqueness of the positive solution, and, in

addition, it asserts existence and uniqueness of the pair of solutions with arbitrary prescribed number

of zeros in the class of functions which satisfy |∇u| ∈ L2(RN � Ba(0)) and u ∈ Lp(RN � Ba(0)).

Our last result is for the case of entire RN .

Theorem 1.4 Assume a = 0 and b = +∞.
(i) If µ < − (N−2)2

4
, then each solution u(r) of (1.2) changes sign infinitely many times near 0 and

also near +∞.
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(ii) If − (N−2)2

4
≤ µ ≤ − 2

p−2
(N − 2− 2

p−2
), then each solution of (1.2) changes sign infinitely many

times near 0, and does not change sign and satisfies u(r) = O((r2 ln r)−1/(p−2)) near +∞. Among all
the solutions, only one pair have order rλ

−
near +∞.

(iii) If µ > − 2
p−2

(N − 2 − 2
p−2

), then (1.2) has two pairs of solutions ±u1,±u2 which do not
change sign and all the other solutions change sign infinitely many times near 0 and do not change
sign near +∞. Moreover, u1(r) = β

1
p−2 r−

2
p−2 , u2(r) = β

1
p−2 r−

2
p−2 (1 + o(1)) near +∞, u2 has order rλ

+

near 0, (1.2) has one pair of sign changing solutions with order rλ
−

near +∞, and all the other sign
changing solutions satisfy |u(r)| = β

1
p−2 r−

2
p−2 (1 + o(1)) near +∞.

The pair of solutions with order rλ
−

near +∞ in Theorem 1.3 or in Theorem 1.4 are called the fast

decay solutions. The paper is organized as follows. In Section 2 we prove Theorem 1.1 and prove

at the end of this section two lemmas as byproduct which will be used at a later stage. We prove

Theorem 1.2 and state a more general result in Section 3. Section 4 is devoted to the study of the fast

decay solutions. In Section 5 we complete the proofs of Theorems 1.3 and 1.4, using phase plane

analysis.

2 Ω being a ball
We denote φ(s) = |s|m−2s for s ∈ (−∞,+∞). The inverse function of φ is given by φ−1(s) =

|s| 1
m−1
−1s. Using φ, we write (1.4) as⎧⎪⎪⎨⎪⎪⎩−(rN−1φ(u′))′ + µrN−1−mφ(u) = rN−1|u|p−2u, r ∈ (0,R),

u(R) = 0.
(2.1)

The following lemma is Pohozaev’s identity [26], whose proof is standard and thus is omitted.

Lemma 2.1 If u is a solution of (2.1), then for any 0 < ε < r < R,

(
N
p
− N − m

m
)

∫ r

ε

sN−1|u|p = sN |u|p
p

∣∣∣∣r
ε
+

m − 1

m
sN |u′|m

∣∣∣∣r
ε
− µ

m
sN−m|u|m

∣∣∣∣r
ε

+
N − m

m
sN−1|u′|m−2u′u

∣∣∣∣r
ε
.

(2.2)

The following lemma is proved following the arguments in [24]. In the sequel, we shall use C as a

positive constant which may be variant in the context if not specified.

Lemma 2.2 Assume µ ≤ 0. Then there exists a positive constant C = C(m,N, p) such that, for any
positive solution u(r) of (2.1),

u(r) ≤ Cr−
m

p−m , 0 < r < R.

Proof. We first claim that u′ < 0 in (0,R). In fact, since u(r) is a positive solution of (2.1) and µ ≤ 0,

from (2.1) we see that −(rN−1φ(u′))′ > 0 which implies that rN−1φ(u′) is strictly decreasing in (0,R).

If u′(r0) ≥ 0 for some r0 ∈ (0,R) then there would exist a constant C > 0 such that rN−1φ(u′(r)) ≥ C
for r ∈ (0, r0/2). As a consequence, for 0 < r1 < r2 < r0/2, we have

u(r2) ≥
∫ r2

r1

u′(r)dr ≥ C(m − 1)

N − m
(r
− N−m

m−1

1
− r
− N−m

m−1

2
).
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For fixed r2, letting r1 → 0, we obtain u(r2) = +∞, a contradiction. Therefore, u′(r) < 0 for

0 < r < R. For 0 < ε < r < R, integrating (2.1) from ε to r, since u′(r) < 0 for 0 < r < R, we have

−rN−1φ(u′(r)) ≥ −sN−1φ(u′(s))
∣∣∣∣r
ε
≥

∫ r

ε

sN−1|u|p−2u ≥ up−1(r)
rN − εN

N
.

Sending ε to 0, we obtain

−rN−1φ(u′(r)) ≥ rN

N
up−1(r), 0 < r < R,

which can be rewritten as

−u′(r)u−
p−1

m−1 (r) ≥ N−
1

m−1 r
1

m−1 , 0 < r < R.

Integrating the last inequality from ε to r, we see that

m − 1

p − m
u−

p−m
m−1 (r) ≥ m − 1

m
N−

1
m−1 (r

m
m−1 − ε m

m−1 ).

Letting ε→ 0, we arrive at

u−
p−m
m−1 (r) ≥ p − m

m
N−

1
m−1 r

m
m−1 , 0 < r < R,

which implies the result. This is the end of the proof.

In order to estimate u′(r), we need the following lemma.

Lemma 2.3 Assume µ ≤ 0. If u(r) is a positive solution of (2.1) then

lim
ε→0
εN−1φ(u′(ε)) = 0.

Proof. According to the proof of Lemma 2.2, u′(r) < 0 and (rN−1φ(u′(r)))′ < 0 for 0 < r < R,

and therefore the limit limε→0 ε
N−1φ(u′(ε)) exists and is nonpositive. Assume by contradiction that

limε→0 ε
N−1φ(u′(ε)) := −a0 < 0, then

rN−1φ(u′(r)) ≤ −a0, 0 < r < R.

That is

u′(r) ≤ φ−1(−a0r−(N−1)), 0 < r < R.

For any 0 < r < R/2, integrating the last inequality from r to 2r, we see that

u(2r) − u(r) ≤ − m − 1

N − m
a

1
m−1

0
(1 − 2−

N−m
m−1 )r−

N−m
m−1 .

As a consequence, we obtain

u(r) ≥ m − 1

N − m
a

1
m−1

0
(1 − 2−

N−m
m−1 )r

m−N
m−1 ,

which combined with Lemma 2.2 yields, for some positive constant C1 and for all 0 < r < R/2,

r−
N−m
m−1 ≤ C1r−

m
p−m .

Note that − m
p−m > −

N−m
m−1

since p is supercritical. We obtain a contradiction by letting r → 0. This is

the end of the proof.
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Lemma 2.4 Assume µ ≤ 0. If u(r) is a positive solution of (2.1) then

0 < −u′(r) ≤ Cr−
p

p−m , 0 < r < R,

where C = C(µ,m,N, p) is a positive constant.

Proof. Integrating (2.1) from ε to r , we have

−sN−1φ(u′(s))
∣∣∣∣r
ε
=

∫ r

ε

−µsN−1−mφ(u) + sN−1|u|p−2u.

Letting ε → 0 and using Lemma 2.3, we obtain

−rN−1φ(u′(r)) =

∫ r

0

(−µsN−1−mφ(u) + sN−1|u|p−2u).

Then Lemma 2.2 can be used to deduce that

−rN−1φ(u′(r)) ≤ C
∫ r

0

sN−1− m(p−1)

p−m ,

from which we easily obtain the result. This is the end of the proof.

Now we are ready to prove Theorem 1.1.

Proof of Theorem 1.1. Assume by contradiction that (2.1) has a solution u which changes sign only

finitely many times. Then, choosing a smaller ball if necessary, we may assume that u is a positive

solution of (2.1). To come to a contradiction, we first consider the case µ ≤ 0. In Pohozaev’s identity

(2.2), letting ε → 0 and r → R and using the estimates obtained in Lemmas 2.2 and 2.4, we see that

(
N
p
− N − m

m
)

∫ R

0

sN−1|u|p = m − 1

m
RN |u′(R)|m.

But this is a contradiction since the left side is negative and the right side is positive. Now we assume

µ > 0, and divide the remaining of the proof into three cases.

Case I: There exists r0 ∈ (0,R) such that u(r) ≥ (2µ)
1

p−m r−
m

p−m for 0 < r < r0. Then we have

−(rN−1φ(u′))′ = rN−1up−1 − µrN−m−1um−1 ≥ 1

2
rN−1up−1.

Repeating the arguments in Lemmas 2.2-2.4, we see that, for some positive constant C and for

0 < r < r0,

u(r) ≤ Cr−
m

p−m , 0 < −u′(r) ≤ Cr−
p

p−m .

This yields a contradiction as above.

Case II: There exists r0 ∈ (0,R) such that u(r) ≤ (2µ)
1

p−m r−
m

p−m for 0 < r < r0. Let {rn} be

a decreasing sequence such that r1 ≤ r0/2 and rn → 0. Set f (r) = r
m

p−m u(r) and then choose

r∗n ∈ (rn, 2rn) such that f (2rn) − f (rn) = f ′(r∗n)rn for n ∈ N . Then it is easy to see that, for some

positive constant C1 and for all n,

|u′(r∗n)| ≤ C1(r∗n)−
p

p−m .
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In Pohozaev’s identity (2.2), letting ε = r∗n → 0 and r → R, we come to a contradiction.

Case III: There exist sequences {rn} and {r̃n} satisfying 0 < rn < r̃n and r̃n → 0 such that

u(rn) = (2µ)
1

p−m (rn)−
m

p−m , u(r̃n) = (2µ)
1

p−m (r̃n)−
m

p−m ,

u(r) < (2µ)
1

p−m r−
m

p−m , for rn < r < r̃n.

Choose r∗n ∈ (rn, r̃n) such that f ′(r∗n) = 0. Then, for some positive constant C2 and for all n,

u(r∗n) < (2µ)
1

p−m (r∗n)−
m

p−m , |u′(r∗n)| ≤ C2(r∗n)−
p

p−m .

We then arrive at a contradiction as in Case II. This is the end of the proof.

The argument for proving Theorem 1.1 can be used to prove the following lemma, which pro-

vides the order at r = 0 of the solution of (1.2) which corresponds to the heteroclinic orbit of (5.3).

Lemma 2.5 Assume a = 0, b = +∞ and µ > − 2
p−2

(N − 2 − 2
p−2

). Then the equation (1.2) has a
positive solution u with order rλ

+

near r = 0.

Proof. Recall that λ+ = −(N−2)+
√
∆

2
, where ∆ = (N−2)2+4µ. Set w(r) = r−λ

+

u(r). Then u is a positive

solution of (1.2) if and only if w is a positive solution of the equation

−(rN−1+2λ+w′)′ = rpλ++N−1|w|p−2w, r ∈ (0,+∞). (2.3)

Let θ+ = pλ+−2λ+. Then θ+ > −2 since µ > − 2
p−2

(N−2− 2
p−2

). As in [8, 18], we take the coordinate

transformation

t =
2

2 + θ+
r
θ++2

2 , v(t) = w(r).

Then w is a positive solution of (2.3) if and only if v is a positive solution of the equation

−v′′ − Ñ − 1

t
v′ = |v|p−2v, t ∈ (0,+∞),

where Ñ = 2
2+θ+

√
∆ + 2. Consider the initial value problem⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

−v′′ − Ñ − 1

t
v′ = |v|p−2v, t > 0,

v(0) = 1,

v′(0) = 0,

(2.4)

which is equivalent to the integral equation

v(t) = −
∫ t

0

∫ s

0

τÑ−1

sÑ−1
|v(τ)|p−2v(τ)dτds + 1.

By the Banach fixed point theorem, the integral equation and therefore (2.4) has a unique continuous

solution v near t = 0. Since the Hamiltonian function H(t) := 1
2
|v′(t)|2 + 1

p |v(t)|p satisfies

dH
dt
= − Ñ − 1

t
|v′|2 ≤ 0,
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v exists for all t > 0. We claim that v(t) must be positive for all t > 0. Otherwise, v(T ) = 0 for

some T > 0 and we may assume T to be the smallest such number. As in Lemma 2.1, for any

0 < ε < t < T , we have

(
Ñ
p
− Ñ − 2

2
)

∫ t

ε

sÑ−1|v|p = sÑ |v|p
p

∣∣∣∣t
ε
+

1

2
sÑ |v′|2

∣∣∣∣t
ε
+

Ñ − 2

2
sÑ−1v′v

∣∣∣∣t
ε
, (2.5)

Also, as in Lemmas 2.2 and 2.4, we have, for 0 < t < T ,

v(t) ≤ Ct−
2

p−2 , 0 < −v′(t) ≤ Ct−
p

p−2 , (2.6)

where C = C(µ,m,N, p) is a positive constant. Since

p >
2N

N − 2
,

we see that

√
∆ > −(N − 2) +

√
∆ +

4

p − 2
=

2

p − 2
((p − 2)λ+ + 2) =

2

p − 2
(θ+ + 2).

Therefore,

p >
2(θ+ + 2)
√
∆

+ 2 =
2Ñ

Ñ − 2
.

Letting ε → 0 and t → T in (2.5), we obtain

0 > (
Ñ
p
− Ñ − 2

2
)

∫ T

0

sÑ−1|v|p = 1

2
T Ñ |v′(T )|2 > 0,

a contradiction. As a consequence, v is positive in (0,+∞). Setting u(r) = rλ
+

v( 2
θ++2

r
θ++2

2 ), then u is

a positive solution of equation (1.2) with order rλ
+

near r = 0. This is the end of the proof.

Remark 2.1 It is clear that Lemmas 2.1-2.4 are valid if the ball BR(0) is replaced with the entire

RN . More precisely, if µ ≤ 0 and u is a positive solution of

−(rN−1φ(u′))′ + µrN−1−mφ(u) = rN−1|u|p−2u, r ∈ (0,+∞),

then, for 0 < r < +∞,

u(r) ≤ Cr−
m

p−m , 0 < −u′(r) ≤ Cr−
p

p−m ,

where C = C(µ,m,N, p) is a positive constant. The same argument also leads to the following

lemma.

Lemma 2.6 For any µ ∈ R, if u is a positive solution of the equation

−u′′ − N − 1

r
u′ + µ

u
r2
= |u|p−2u, 0 < r < r0,

then
u(r) ≤ Cr−

2
p−2 , |u′(r)| ≤ Cr−

p
p−2 , 0 < r < r0.

Proof. If µ ≤ 0 then the result follows from Lemmas 2.1-2.4. If µ > 0, then the result is a conse-

quence of (2.6). This is the end of the proof.
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3 Ω being an annulus
Let 0 < a < b < +∞, p > 2, and µ, l ∈ R. Consider the boundary value problem⎧⎪⎪⎪⎨⎪⎪⎪⎩ − u′′ − N − 1

r
u′ + µ

u
r2
= rl|u|p−2u, r ∈ (a, b),

u(a) = u(b) = 0.
(3.1)

We shall prove the following theorem which generalizes Theorem 1.2.

Theorem 3.1 Assume 0 < a < b < +∞, p > 2, and l ∈ R. Denote

µn = −
(N − 2)2

4
−

( nπ
ln b − ln a

)2

, n = 1, 2, 3, · · · .

(i) If µ > µ1 then, for any nonnegative integer n, (1.2) has a unique solution u, u′(a) > 0, which
has exactly n zeros in (a, b).

(ii) If µ ≤ µk, k ≥ 1, then any solution of (1.2) has at least k zeros in (a, b).

(iii) If µk+1 < µ ≤ µk, k ≥ 1, then for any integer n ≥ k, (1.2) has a unique solution u, u′(a) > 0,
which has exactly n zeros in (a, b).

Proof. Set u(r) = rεv(s), s = ln r. Then (3.1) is transformed into⎧⎪⎪⎨⎪⎪⎩ − v′′ − (N + 2ε − 2)v′ − [ε(N + ε − 2) − µ]v = eτs|v|p−2v, s ∈ (α, β),

v(α) = v(β) = 0,
(3.2)

where τ = l + 2 + (p − 2)ε, α = ln a and β = ln b. According to [23, Theorem 3.1] and the proof

therein, for any µ ∈ R and any nonnegative integer n, (1.2) has at most one solution u, u′(a) > 0,

which has exactly n zeros in (a, b). Therefore, the uniqueness part of (i) and (iii) holds. We choose

ε = −N−2
2

and rewrite (3.2) as⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
− v′′ +

[ (N − 2)2

4
+ µ

]
v = e(l+2− (N−2)(p−2)

2
)s|v|p−2v, s ∈ (α, β),

v(α) = v(β) = 0.

(3.3)

Since λk =
(

kπ
β−α

)2
is the kth eigenvalue of

⎧⎪⎨⎪⎩ − v′′ = λv, s ∈ (α, β),

v(α) = v(β) = 0,

and the associated eigenfunctions have exactly k − 1 zeros in (α, β), the Sturm comparison theorem

implies that if µ ≤ µk for some k ≥ 1 then any solution of (3.3) has at least k zeros in (α, β). This

proves (ii). For existence part of (i) and (iii), we apply Rabinowitz’ global bifurcation theorem from

[28, 29]. Let E = {u ∈ C1[α, β] | u(α) = u(β) = 0} and S +k denote the set of u ∈ E such that u has

exactly k − 1 simple zeros in (α, β), u > 0 near s = β, and all zeros of u in [α, β] are simple. Set

S −k = −S +k and S k = S +k ∪ S −k . Let S denote the closure of the set {(µ, v) | v � 0, (µ, v) satisfies (3.3)}
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in R×E. According to [28, 29], S has an unbounded connected component Ck such that Ck ⊂ R×S k

and Ck ∩ {(µ, 0) | µ ∈ R} = {(µk, 0)}. From (ii) we see that Ck \ {(µk, 0)} ⊂ (µk,+∞) × S k. The same

argument as the proof of [29, Lemma 2.22] shows that for any bounded interval I, Ck ∩ (I × E) is

bounded in R×E. Therefore, the image of the projection of Ck onto the parameter space is [µk,+∞).

The existence part of (i) and (iii) follows. This is the end of the proof.

4 The fast decay solution
Hereafter, we always assume b = +∞ in (1.2). We assume µ ≥ −(N − 2)2/4 in this section. To

study the fast decay solution, we take the transformation

w(s) = r−λ
−
u(r), s = r−1,

where λ− = −(N−2)−
√
∆

2
and ∆ = (N − 2)2 + 4µ. Then this transformation converts (1.2) into⎧⎪⎪⎪⎨⎪⎪⎪⎩ − w′′ − 3 − N − 2λ−

s
w′ = s−pλ−+2λ−−4|w|p−2w, 0 < s < a−1

w(a−1) = 0 if a > 0.

(4.1)

Here a−1 = +∞ if a = 0 and there is no boundary condition in this case. Let θ− = −pλ− + 2λ− − 4.

Then θ− > −2. Using the coordinate transformation (see for instance [8, 18])

t =
2

2 + θ−
s
θ−+2

2 , v(t) = w(s)

again, we see that w is a solution of (4.1) if and only if v is a solution of the equation⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
− v′′ − Ñ − 1

t
v′ = |v|p−2v, t ∈ (0,T ),

v(T ) = 0 if T < +∞,

where Ñ = 2
2+θ−

√
∆ + 2, and

T =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
2

2 + θ−
a−

θ−+2
2 if a > 0,

+∞ if a = 0.

Now we consider the initial value problem⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
−(tÑ−1v′)′ = tÑ−1|v|p−2v, t ≥ 0,

v(0) = 1,

v′(0) = 0.

(4.2)

The same argument of the proof of Lemma 2.5 show that the equation (4.2) has a unique solution ṽ
which exists globally. For 0 < r < +∞, define

t =
2

2 + θ−
r−
θ−+2

2 , ṽ(t) = r−λ
−
ũ(r).

Then ũ is a solution of (1.2) with a = 0 and b = +∞, and ũ(r) = rλ
−
(1 + o(1)) for r large.
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Lemma 4.1 ũ changes sign infinitely many times near r = 0.

Proof. Assume the result were false. That is, ũ has only a finite number of zeros in (0,+∞). Then

ṽ has only a finite number of zeros in (0,+∞). Without loss of generality, we assume that t∗ > 0 is

the largest zero of ṽ and ṽ(t) > 0 for t∗ < t < +∞. Define r∗ := ( 2+θ−

2
t∗)−

2
2+θ− . Then ũ(r) is a positive

solution of

−u′′ − N − 1

r
u′ + µ

u
r2
= |u|p−2u, 0 < r < r∗.

According to Lemma 2.6, we have

ũ(r) ≤ Cr−
2

p−2 , |ũ′(r)| ≤ Cr−
p

p−2 , 0 < r < r∗.

This implies

ṽ(t) ≤ Ct−
2

p−2 , |ṽ′(t)| ≤ Ct−
p

p−2 , t∗ < t < +∞. (4.3)

In the Pohozaev’s identity

(
Ñ
p
− Ñ − 2

2
)

∫ τ

t∗
tÑ−1|ṽ′|2 = Ñ

p
tÑ−1ṽ′ṽ

∣∣∣∣τ
t∗
+

tÑ |ṽ|p
p

∣∣∣∣τ
t∗
+

1

2
tÑ |ṽ′|2

∣∣∣∣τ
t∗
,

letting τ→ +∞ and using (4.3), we obtain

(
Ñ
p
− Ñ − 2

2
)

∫ +∞

t∗
tÑ−1|ṽ′|2 = −1

2
tÑ |ṽ′(t∗)|2. (4.4)

It is easy to see that Ñ = 2 if ∆ = 0 and

2Ñ

Ñ − 2
= p +

p(N − 2) − 2N
√
∆

> p

if ∆ > 0. Therefore, the left side of (4.4) is positive while the right side is negative, which is a

contradiction. This is the end of the proof.

Lemma 4.2 Assume µ ≥ − (N−2)2

4
.

If a > 0 then for any nonnegative integer n, (1.2) has exactly one pair of solutions ±un with
exactly n zeros in (a,+∞) and having order rλ

−
near +∞, and all u0, u1, u2, · · · are equivalent.

If a = 0 then (1.2) has exactly one pair of solutions having order rλ
−

near +∞ and these solutions
have infinitely many zeros in (0,+∞).

Proof. If u is a solution of (1.2) having order rλ
−

near +∞ then u is equivalent to ũ. Therefore, if

a = 0 then, up to equivalence, (1.2) has exactly one pair of solutions ±ũ having order rλ
−

near +∞
and these solutions have infinitely many zeros in (0,+∞), according to Lemma 4.1. We arrange the

zeros of ũ in the decreasing sequence

r0 > r1 > r2 > · · · > rn > · · · .

In the case a > 0, define for any nonnegative integer n and r ≥ a,

un(r) =
( rn

a
) 2

p−2 ũ
( rn

a
r
)
.

Then ±un are the only solutions of (1.2) with order rλ
−

near +∞ which have exactly n zeros in

(a,+∞). These solutions are equivalent. This is the end of the proof.
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5 Phase plane analysis
Taking the coordinate transformation introduced by Fowler [15]

v(s) = r
2

p−2 u(r), r = es, (5.1)

we transform (1.2) with a = 0 into the equation

−v̈ − αv̇ + βv = |v|p−2v, s ∈ (−∞,+∞), (5.2)

where α = N − 2 − 4
p−2
> 0, β = 2

p−2
(N − 2 − 2

p−2
) + µ. Translation invariance of the solutions of

(5.2) corresponds to equivalence of the solutions of (1.2). Setting x = v and y = v′, then (5.2) can

be written as the 2-dimensional dynamical system⎧⎪⎪⎨⎪⎪⎩ x′ = y,

y′ = βx − |x|p−2x − αy.
(5.3)

Consider the Hamiltonian function

H(s) =
1

2
y2(s) +

1

p
|x(s)|p − β

2
x2(s). (5.4)

Clearly, we have
dH
ds
= −αy2(s) ≤ 0, (5.5)

which implies that (x(s), y(s)) exists for all positive s and that (5.3) has no homoclinic orbit. To see

that (x(s), y(s)) exists for all negative s and to study the picture of the phase flow, we also consider⎧⎪⎪⎨⎪⎪⎩ ξ
′ = −η,
η′ = −βξ + |ξ|p−2ξ + αη.

(5.6)

Lemma 5.1 (a) If µ ≤ − 2
p−2

(N − 2− 2
p−2

) then for any ξ0 > 0 the phase curve of (5.6) starting from
(ξ0, 0) will turn counterclockwise around (0, 0) and reach some point (ξ1, 0) with ξ1 > ξ0 in finite
time.

(b) If µ > − 2
p−2

(N − 2 − 2
p−2

) then the result in (a) also holds provided that ξ0 is large enough.

Proof. (a) We first assume µ ≤ − 2
p−2

(N−2− 2
p−2

). Then β ≤ 0. Suppose (ξ(t), η(t)) is the phase curve

of (5.6) such that (ξ(0), η(0)) = (ξ0, 0). Since η′(0) = −βξ0 + ξp−1

0
> 0, the phase curve enters the

first quadrant at t = 0. From (5.6) it is easy to see that ξ(t) is strictly decreasing and η(t) is strictly

increasing as long as (ξ(t), η(t)) is in the first quadrant. Let t0 > 0 be such that (ξ(t), η(t)) is in the

first quadrant for 0 < t ≤ t0. Then ξ′(t) ≤ −η(t0) < 0 and η′(t) ≤ −βξ0 + ξp−1

0
+ αη for t ≥ t0 before

(ξ(t), η(t)) leaves the first quadrant. As a consequence, there is t1 > t0 such that (ξ(t1), η(t1)) is on

the positive η-axis, that is,

ξ(t1) = 0, η(t1) > 0

and (ξ(t), η(t)) stays in the first quadrant for 0 < t < t1. Now since

ξ′(t1) = −η(t1) < 0, η′(t1) = αη(t1) > 0,
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there exists t̄1 > t1 such that (ξ(t), η(t)) lies in the second quadrant and η′(t) > 0 for t1 < t ≤ t̄1.

We claim that there exists t̃1 > t̄1 such that (ξ(t), η(t)) lies in the second quadrant for t1 < t ≤ t̃1
and η′(t̃1) < 0. If this is not the case then in the maximal existence interval [t1,T ) of (ξ(t), η(t)), we

have ξ′(t) < 0 and η′(t) ≥ 0. Hence ξ(t) is strictly decreasing and η(t) is increasing in t ∈ [t1,T ).

Therefore, for t1 ≤ t < T ,

−βξ(t) + |ξ(t)|p−2ξ(t) + αη(t) ≥ 0, (5.7)

which implies

ξ′(t) = −η(t) ≤ − β
α
ξ(t) +

1

α
|ξ(t)|p−2ξ(t) ≤ 1

α
|ξ(t)|p−2ξ(t). (5.8)

For t ∈ (t̄1,T ), integrating this inequality from t̄1 to t, we obtain∫ ξ(t)

ξ(t̄1)

dξ
|ξ|p−2ξ

≥ 1

α
(t − t̄1),

which implies

ξ(t) ≤ −(C1 −C2t)−
1

p−2 , (5.9)

where C1 = |ξ(t̄1)|−(p−2) + (p − 2)α−1 t̄1 and C2 = (p − 2)α−1 are positive. Therefore, T < +∞
and limt→T−0 ξ(t) = −∞. For t ∈ (t̄1,T ), we also have η′(t) ≤ αη(t) and thus η(t) ≤ η(t̄1)eα(t−t̄1).

Therefore,

lim
t→T−0

(−βξ(t) + |ξ(t)|p−2ξ(t) + αη(t)) = −∞,

which contradicts (5.7) and shows the claim. From (5.6), we observe that ξ′(t) ≥ −η(t̃1) and η′(t) ≤
η′(t̃1) < 0 as long as (ξ(t), η(t)) stays in the second quadrant for t ≥ t̃1. This implies there exists

t2 > t̃1 such that (ξ(t), η(t)) stays in the second quadrant for t1 < t < t2 and (ξ(t2), η(t2)) is on the

negative ξ-axis. Repeating the above discussions, we obtain t4 > t3 > t2 such that (ξ(t), η(t)) stays in

the third quadrant for t2 < t < t3, (ξ(t3), η(t3)) is on the negative η-axis, (ξ(t), η(t)) stays in the fourth

quadrant for t3 < t < t4, and (ξ(t4), η(t4)) is on the positive ξ-axis. Then ξ(t4) > 0 and η(t4) = 0.

Denote ξ1 = ξ(t4). Then ξ1 > ξ0 since 1
2
η2(t) + 1

p |ξ(t)|p −
β
2
ξ2(t) is strictly increasing when η(t) � 0.

(b) If µ > − 2
p−2

(N − 2 − 2
p−2

) then β > 0. In this case the argument is similar and we only

indicate the main differences. Assume ξ0 ≥ (
pβ
2

)1/(p−2) and consider the the phase curve (ξ(t), η(t))
of (5.6) such that (ξ(0), η(0)) = (ξ0, 0). Noting that the energy function takes its maximal value 0

in the interval [0, β1/(p−2)] on ξ-axis, that it takes nonnegative value at (ξ0, 0), and that it is strictly

increasing along phase curve when η � 0, we see that (ξ(t), η(t)) can not reach the ξ-axis before

it reaches the positive η-axis. Therefore, similar to the first paragraph, there is t1 > 0 such that

(ξ(t1), η(t1)) is on the positive η-axis, and (ξ(t), η(t)) stays in the first quadrant for 0 < t < t1. To

study the behavior of the phase curve in the second quadrant, we first observe that the curve must

cross the line ξ = −β1/(p−2) from the right to the left. Therefore, we can assume that the time t̄1
selected above also satisfies ξ(t̄1) < −β1/(p−2). To prove the claim in the second paragraph, instead

of (5.8), we have, for some c > 0,

ξ′(t) ≤ c|ξ(t)|p−2ξ(t), t̄1 ≤ t < T,

which also leads to a contradiction. The rest of the argument is the same as above. This is the end

of the proof.
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Remark 5.1 a) According to Lemma 5.1, any orbit of (5.3) exists for all s ∈ R1. b) If a = 0,

b = +∞ and µ ≤ − 2
p−2

(N − 2 − 2
p−2

) then the equation (1.2) has no positive solution.

Lemma 5.2 Assume µ < − (N−2)2

4
. Then any solution u of (1.2) changes sign infinitely many times

near r = +∞.

Proof. We note that µ < − (N−2)2

4
implies β < 0. Therefore (5.3) only has one equilibrium point

O(0, 0). The linearized matrix at O(0, 0) is

L =
(

0 1

β −α

)
.

It is easy to see that tr(L) = −α < 0, det(L) = −β > 0 and

∆ = α2 + 4β = (N − 2)2 + 4µ < 0.

Thus O(0, 0) is a spiral point of the linearization system of (5.3). By classical perturbation theory

(see, for instance, [4]), O(0, 0) is also a spiral point of the nonlinear system (5.3). Therefore, along

any trajectory, x changes sign infinitely many times near s = +∞. Then any solution u of (1.2) also

changes sign infinitely many times near r = +∞. This is the end of the proof.

Lemma 5.3 If µ ≥ − (N−2)2

4
, then any solution u of (1.2) does not change sign near +∞. If − (N−2)2

4
≤

µ ≤ − 2
p−2

(N − 2 − 2
p−2

), then any solution u of (1.2) satisfies u(r) = O((r2 ln r)−1/(p−2)) as r → +∞.

Proof. Assume µ ≥ − (N−2)2

4
and let ṽ be the solution of (4.2) obtained in section 4 which is positive

near t = 0. Then the solution ũ of (1.2) defined by

t =
2

2 + θ−
r−
θ−+2

2 , ṽ(t) = r−λ
−
ũ(r).

is positive near r = +∞, and along the trajectory of (5.3) corresponding to ũ, x(s) is positive near s =
+∞. Therefore, along any trajectory of (5.3), x(s) does not change sign near s = +∞. Consequently,

any solution of (1.2) does not change sign near r = +∞. Assume − (N−2)2

4
≤ µ ≤ − 2

p−2
(N − 2 − 2

p−2
)

and let u be any solution of (1.2). Since v(s) defined as in (5.1) does not change sign near s = +∞,

we may assume that v(s) is positive for s large enough. From (5.2) we see that if v(s) > 0 and

v′(s) = 0 then v′′(s) < 0. Therefore, there exists s0 > 0 such that if s ≥ s0 then v(s) > 0 and

v′(s) < 0. For s ≥ s0, we have

−v′′ − αv′ ≥ vp−1,

which implies

−eαsv′(s) > −eατv′(τ)|τ=s
τ=s0
≥

∫ s

s0

eατvp−1(τ)dτ >
1

α
vp−1(s)(eαs − eαs0 ).

Therefore, there exists s1 > s0 such that for s ≥ s1,

−v′v1−p ≥ 1

α
(1 − eα(s0−s)) ≥ 1

2α
.



64 Z. Guo, Z. Liu

For s > s1, integrating the last inequality from s1 to s, we obtain v(s) = O(s−
1

p−2 ) as s → +∞.

According to the transformation (5.1), u satisfies

u(r) = O((r2 ln r)−1/(p−2)), as r → +∞,
which finishes the proof. This is the end of the proof.

If µ > − 2
p−2

(N − 2 − 2
p−2

), then β > 0 and (5.3) has three equilibrium points, O(0, 0), P+(β
1

p−2 , 0)

and P−(−β
1

p−2 , 0). It is easy to see that O(0, 0) is a saddle point of the linearization system of (5.3)

at O(0, 0). By classical perturbation theory (see [4]), O(0, 0) is a saddle point of (5.3). P± are the

global minimizers of the energy function H in the phase plane.

Lemma 5.4 Assume µ > − 2
p−2

(N − 2 − 2
p−2

), a = 0 and b = +∞. Then (1.2) has exactly two

positive solutions u1 and u2 and two negative solutions −u1 and −u2. Moreover, u1(r) = β
1

p−2 r−
2

p−2 ,
u2(r) = β

1
p−2 r−

2
p−2 (1+o(1)) near r = +∞, and u2 has order rλ

+

near r = 0. Here u2 stands for a class
of solutions which are equivalent.

Proof. Since O(0, 0) is a saddle point of (5.3) and P± are the only global minimizers of the energy

function H in the phase plane, there is a unique heteroclinic orbit connecting O(0, 0) and P+(β
1

p−2 , 0).

This heteroclinic orbit lies in the half plane {(x, y) ∈ R2|x > 0} since the energy function is decreasing

along the orbit and is nonnegative on the y-axis. Therefore, this heteroclinic orbit defines a family

of positive solutions to problem (1.2), which, by the uniqueness of the heteroclinic, are equivalent to

the solution u obtained in Lemma 2.5. Accordingly, (1.2) has exactly two positive solutions u1 and

u2 and two negative solutions −u1 and −u2, u1 corresponding to the equilibrium point P+(β
1

p−2 , 0)

and u2 corresponding to the unique heteroclinic orbit connecting O(0, 0) and P+(β
1

p−2 , 0). Thus,

u1(r) = β
1

p−2 r−
2

p−2 , u2(r) = β
1

p−2 r−
2

p−2 (1 + o(1)) as r → +∞, and u2(r) has order rλ
+

near r = 0. This

is the end of the proof.

Now we are ready to prove Theorem 1.3 and Theorem 1.4.

Proof of Theorem 1.3. In the case µ < − (N−2)2

4
, the result has been proved in Lemma 5.2. Now

we assume µ ≥ − (N−2)2

4
. Then according to Lemma 5.3, any solution of (1.2) changes sign only

finitely many times. Let ũ be the solution of (1.2) with a = 0 and b = +∞ obtained in Section 4

and un be the solution of (1.2) with a > 0 and b = +∞ defined in the proof of Lemma 4.2. For

any n, according to the discussion in Section 4, ±un are the only solutions with exactly n zeros in

(a,+∞) and with order rλ
−

near +∞. Also, (−1)nu′n(a) > 0 and u0, u1, · · · , un, · · · are equivalent.

Denote by (x̃(s), ỹ(s)) the orbit of (5.3) corresponding to ũ. This orbit lies in the right half plane

for s large enough and there exists a decreasing sequence {sn} with limn→+∞ sn = −∞ such that

{(x̃(sn), ỹ(sn))} are all the intersection points of this orbit with the y-axis. Denote y0 = 0 and yn =

(−1)n−1y(sn). Observe that {yn} is a strictly increasing sequence and any orbit (x(s), y(s)) of (5.3)

with y(0) ∈ [−yn+1,−yn) ∪ (yn, yn+1] intersects with the y-axis exactly n times in s ∈ (0,+∞). Then

u(r) = r−
2

p−2 x(ln r) corresponding to (x(s), y(s)) with y(0) ∈ [−yn+1,−yn) ∪ (yn, yn+1] is a solution of

(1.2) with a = 1 and b = +∞. Therefore, using the transformation u1(r) = a−
2

p−2 u( r
a ) one sees that

(1.2) with a > 0 and b = +∞ has infinitely many solutions with exactly n zeros in (a,+∞). This is

the end of the proof.

Proof of Theorem 1.4. In the case µ < − (N−2)2

4
, the result is a consequence of combination of Lemmas

5.1 and 5.2. If − (N−2)2

4
≤ µ ≤ − 2

p−2
(N − 2 − 2

p−2
), then according to Lemmas 5.1 and 5.3, the set of
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zeros of any solution of (1.2) is a decreasing sequence {rn}+∞1
which satisfies limn→+∞ rn = 0, and

any solution of (1.2) satisfies u(r) = O((r2 ln r)−1/(p−2)) near +∞. That (1.2) has exactly one pair

of solutions with order rλ
−

near +∞ has been obtained in Lemma 4.2. If µ > − 2
p−2

(N − 2 − 2
p−2

),

then, thanks to Lemma 5.4, (1.2) has exactly two positive solutions u1, u2 and two negative solutions

−u1,−u2, u1(r) = β
1

p−2 r−
2

p−2 , u2(r) = β
1

p−2 r−
2

p−2 (1 + o(1)) near r = +∞, and u2 has order rλ
+

near

r = 0. By lemmas 5.1 and 5.3, the set of zeros of any sign changing solution of (1.2) is a decreasing

sequence {rn}+∞1
which satisfies limn→+∞ rn = 0. According to the discussions in Section 4, (1.2)

has exactly one pair of sign changing solutions with order rλ
−

near +∞ which corresponds to the

unique pair of orbits of (x(s), y(s)) of (5.3) satisfying lims→+∞(x(s), y(s)) = (0, 0). Any other orbit of

(5.3) satisfies either lims→+∞(x(s), y(s)) = P+ or lims→+∞(x(s), y(s)) = P−. Therefore, any other sign

changing solution of (1.2) satisfies either u(r) = β
1

p−2 r−
2

p−2 (1 + o(1)) or u(r) = −β
1

p−2 r−
2

p−2 (1 + o(1))

near r = +∞. This is the end of the proof.

References
[1] A. Ambrosetti and P. H. Rabinowitz, Dual variational methods in critical point theory and applications,

J. Functional Analysis, 14 (1973), 349–381.

[2] A. Bahri and J.M. Coron, On a nonlinear elliptic equation involving the critical Sobolev exponent: the
effect of the topology of the domain, Comm. Pure Appl. Math., 41 (1988), 255-294.

[3] T. Bartsch and M. Willem, Infinitely many radial solutions of a semilinear elliptic problem on RN , Arch.

Rational Mech. Anal., 124 (1993), 261–276.

[4] W. E. Boyce and R. C. DiPrima, Elementary Differential Equations, 7th ed., John Wiley & Sons, Inc.,

2001.

[5] H. Brezis and L. Nirenberg, Positive solutions of nonlinear elliptic equations involving critical Sobolev
exponents, Comm. Pure Appl. Math., 36 (1983), 437–477.

[6] D. Cao and S. Peng, A note on the sign-changing solutions to elliptic problems with critical Sobolev and
Hardy terms, J. Differential Equations, 193 (2003), 424–434.

[7] D. Cao and S. Peng, A global compactness result for singular elliptic problems involving critical Sobolev
exponent, Proc. Amer. Math. Soc., 131 (2003), 1857–1866.
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