
Advanced Nonlinear Studies 10 (2010), 729–739

Microglobal Analysis

Leon Ehrenpreis

Department of Mathematics

Temple University Philadelphia, PA 19122

e-mail: leon.ehrenpreis@temple.edu

Received 01 October 2009

Communicated by Abbas Bahri

Abstract

We study some Phragmén-Lindelöf type results, which were considered as exten-

sions of maximal modulus theorem. We shall consider them from the viewpoint

of Fourier analysis. Our analysis shows that the Phragmén-Lindelöf theorems

can be regarded as the convexity of microglobal wave front sets. We prove such

theorems for elliptic systems of equations with constant coefficients.
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1 Introduction

Perhaps the simplest example of the use of microglobal analysis is the reflection
theorem for holomorphic functions. This states that if f± are functions which are
holomorphic in the complex z-plane near 0 in the respective half plane y > 0 (y < 0)
with continuous boundary values on y = 0 which are equal, then they form a single
holomorphic function f near 0. ( The continuity condition can be considerably
modified.)

If f± were holomorphic in the whole respective half planes then f would be
entire. But this is not what is meant by microglobal analysis.

Suppose that f± are holomorphic in the respective half planes y > 0 (y < 0)
with continuous boundary values which are equal, say to f0. Microglobal analysis
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730 L. Ehrenpreis

deals with connecting the growth of f± on the lines y = ±1 with the growth of f
in the strip.

Such results are founded in the works of Phragmén and Lindelöf who regarded
them as extensions of the maximal modulus theorem. We shall examine them from
the viewpoint of Fourier analysis. Our analysis will show that Phragmén-Lindelöf
theorems can be regarded as the convexity of microglobal wave front sets.

In his lecture [5] Kenig proposed the idea of extending the Phragmén-Lindelöf
theorems from holomorphic functions to partial differential equations. In this work
we shall show how to prove such theorems for elliptic systems of equations with
constant coefficients.

Call f± the respective restrictions of f± to {y = ±1}. For our general theory
we think of f± as the Cauchy Data (CD) of f±.

We shall posit two growth conditions.

(a) Growth of f±1:

|f±(x)| ≤ c(1 + |x|)−cM1(x) (1)

(b) Growth of f±:
|f±(x)| ≤ c(1 + |x|)−cM(x) (2)

for functions M , M1 which will be prescribed later. We assume similar conditions
on ”enough” derivative of f±1, f

±.
We want to find conditions on M1,M that force M = M1. We shall treat

fairly general systems of constant coefficient equations. In particular, we shall give
microglobal analogs of the general edge-of-the-wedge theorems which were devel-
oped in Chapter IX of [3]1. These results can be considered as Phragmén-Lindelöf
theorems for partial differential equations.

We shall present two methods of solution. The first is an outgrowth of nonlinear
Fourier methods used in RT for microglobal analysis. This method has certain
serious limitations; so we shall present another approach which works for general
equations with constant coefficients.

We shall also treat a sort of uniqueness theorem which is a take-off on what is
often called ” Heisenberg relations”. The standard Heisenberg relations assert that
a holomorphic function of one complex variable cannot be ”very small” at infinity
on the real axis and of ”small” growth in the entire complex plane. Kenig [5] showed
that solutions of the heat equation cannot be very small, in a precise sense, on two
lines {t = a}, {t = b}. We shall put this result in the general setting of parabolic
equations and parabolic systems.

2 Holomorphic functions

We now illustrate our first technique in the case of holomorphic functions. Our
methods employ the nonlinear Fourier transform developed in Chapter V of RT as
well as the Fundamental Principle and the theory of Analytic Uniform (AU) spaces

1This work will be referred to as RT.
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developed in [2]2. For the first example, suppose that

M1(x) = 1 (3)

M(x) = e|x|. (4)

We form the nonlinear Fourier transform

F (x̂, β) =

∫
y=0

f0(z)e
izx̂− βz2dz. (5)

F is a solution of the heat equation (β > 0)( ∂

∂β
− ∂2

∂x̂2

)
F = 0. (6)

Moreover, F is holomorphic in x̂, and is real analytic in β for β > 0.
Since f is holomorphic and f0 = f+ on y = 0, we can shift the contour of

integration to the line y = 1. On this line, f1 is polynomially decreasing ; so we can
extend the integral to β = 0. At this point, we have

F (x̂, 0) = e−x̂
∫

f1(x)e
ixx̂dx (7)

= e−x̂f̂1(x̂).

Here f̂1 is the ordinary Fourier transform of f1.
We should like to conclude that F (x̂, 0) is the Fourier transform f̂0 of f0. For

then (7) would provide an exponential decrease for f̂0 when x̂ → +∞
Definition 1When f̂0 has exponential decrease as x̂ → +∞, we say that codirection
defined by the positive real axis does not belong to the analytic microglobal wave front
of f0 (defined by (M1, M)).

Similarly, we could show that f̂0 → 0 exponentially as x̂ → −∞, which would
verify that f± are bounded in the strip. This is the convexity of the analytic
microglobal wave front set.

The difficulty is that f0 does not have a Fourier transform in the usual sense
since a priori it might be exponentially increasing. To overcome this problem, we
do not set β = 0 but rather consider what happens when β → 0.

Since f+ is small at infinity compared to e−βz2

, we can modify (7) as

F (x̂, β) = e−x̂
∫

f1(x)e
ixx̂− βx2

dx. (8)

2This work will be referred to as FA.
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F (x̂, β) is the Fourier transform of f0(x)e
−βx2

. Since F (x̂, β) is exponentially de-
creasing as x̂ → +∞, and similarly as x̂ → −∞, we can invert the Fourier transform
and write f0(x)e

−βx2

as the inverse Fourier transform of F (x̂, β) for β > 0.
We now let β → 0. Because of(7) and the analogous expression at y = −1, the

limit exists and expresses f0 as the Fourier transform of the exponentially decreasing
function F (x̂, 0).

This verifies the boundedness of f0. The same argument shows that f is bounded
and, together with its derivatives, polynomially decreasing in the strip.

Next, we modify the growth conditions (3), (4) to

M1 = e|x| (9)

M(x) = e|x|
a

, a < 2. (10)

We form the nonlinear Fourier transform of f as in (5). F (x̂, β) is a solution of
the heat equation and is holomorphic in x̂, β as before.

We can shift the contour of integration to y = ±1 but we cannot let β →
0 because the integrals in (5) do not converge; in particular, f±1 do not have
Fourier transforms in the usual sense since they may be exponentially increasing.
To overcome this problem, we use the ideas of analytically uniform (AU) spaces.
This means that we regard f0 as an element of the space W of functions which
increase no faster than exp(|x|α) for some α < 1 (and similarly for derivatives). We
can certainly define the Fourier transform on the dual space W ′ because W contains
all complex exponentials. For S ∈ W ′, we set

Ŝ(x̂) = S . eix̂x. (11)

By duality we can write

f0(x) =

∫
e−ixx̂dμ̂(x̂). (12)

Here μ̂ is a measure on the complex plane of bounded variation and is small enough
so that the integral converges in the topology of the space W containing f0. The
measure μ̂ is not unique.

In a formal sense, we can regard μ̂ as the initial value for the Schroedinger
equation.

We shift the contour of the integration (5) to y = +1 as before. We cannot set
β = 0, but we can still let β → 0. Precisely, we can form Equation (8) as before.
In writing (12) for f0 or the analog for f1 (we replace μ̂ by μ̂1) we can use various
approximation procedures to produce μ̂1 (one method of producing μ̂1 is to cut
f1 into compact pieces and write them as complex Fourier transforms, using large
Im x̂ to compensate for for their growth.)

Nevertheless, the difficulty remains because of the non-uniqueness of μ̂±1. Unlike
the case of the bounded f1, f−1, we can cannot assert the equality e−x̂μ̂1 = e+x̂μ̂−1.

We can overcome this difficulty as follows: We assume that f± are bounded by
a linear exponential, say

fj(z) = O(e7|x|). (13)
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Then the theory of (AU) spaces says that we can choose μ̂j to have their supports,
e.g., on the lines ŷ = ±7.

We proceed as in the case of bounded f±1 to shift the contour defining the

Fourier transform of f(z)e−βz2

from y = 0 to y = ±1. As β → 0, we interpret the
analog of (7) as

F (x̂, 0) = e∓x̂μ̂j(ẑ) (14)

where j = 1 for the − sign and j = −1 for the + sign. Both μ̂1 and μ̂2 have their
supports on y = ±7.

Since μ̂± are both defined as the limit function F (x̂, 0), we can choose them so
that

e−x̂μ̂1 = ex̂μ̂−1. (15)

We regard (15) as a strong form of the uniqueness for the heat equation. Once
we have (15), we can assert the proper growth condition on f(z) in the strip.

The bounds presented so far can be greatly modified. What is needed is a cut-off
function which plays the role of e−z2

. The best that can be done is exp(−coshαz)
for α < π

2 . Of course, such Phragmén-Lindelöf results are known, using the ideas of
harmonic majorant; we wanted to show how they can be derived by Fourier analysis,
as this is a method that can be extended to partial differential equations, as we now
explain.

3 General equations

The method so far presented used the idea of shifting the contour in the integral
defining F to the contours where we have better bounds on f . Suppose that f
satisfies a partial equation of the form

P (z,D)f(z) = 0. (16)

Our ability to shift the contour in the integral (15) defining the Fourier transform
depended on the fact that the kernel exp (ixx̂ − βz2) and the function f are holo-

morphic; more generally, that the product is a solution of the adjoint operator ∂̂.
For, shifting contours is a form of Green’s theorem, that is, integration by parts.

We shall now introduce a new approach, one that applies to more general oper-
ators. Let P (D) be a constant coefficient operator in the variables x, t, of degree
m. Here x = (x1, ..., xn) and t is a single variable. The Phragmén-Lindelöf theorem
that we study involves bounds on the CD of a solution of Pf = 0 on the planes
t = ±1 and y = 0 of a solution f in −1 ≤ t ≤ 1. We also assume certain bounds on
f in the region between t = ±1 which we shall make precise later.

In order to develop our results, we need to appeal to the Fundamental Principle
of FA. We assume that t is not a characteristic direction for P . We can, therefore,
write f in the form

f(t, x) =

∫ ∑
eix.x̂+ itt̂j(x̂)f̂(t̂j(x̂), x̂)dx̂. (17)
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The expression (17) is only formal. f̂dx̂ should be interpreted as a (non-unique)
measure on the complex x̂ space which has a suitable decrease at infinity, depending
on the space to which f belongs. The points{t̂j(x̂), x̂} make up the algebraic variety

V = {t̂, x̂|P (it̂, ix̂) = 0}. (18)

In order to develop our results, we need to appeal to the Fundamental Principle of
FA.

For each x̂ we denote by Vx̂ the finite set of points above x̂. We have two natural
bases for functions on Vx̂; namely,

{δ
t̂j(x̂)

} (19a)

{t̂ l}l=0,1,...,m−1. (19b).

The passage between(19a) and (19b) is given by the Lagrange interpolation formula.
(There may be multiple roots {t̂j(x̂)}. They present no special difficulties and are
dealt with in (FA), so we shall ignore them).

The CP is naturally related to the basis (19b). Precisely,

−→
f (t, x̂) =

∫ ∑
j

eix.x̂+ itt̂j(x̂)
[
it̂j(x̂)

]l
f̂(tj(x̂), x̂)dx̂. (20)

Here {l} represent the components of
−→
f (t, x) which is the vector of CD on the plane

defined by t.
Suppose that the CD of f at t = 1 belongs to the Schwartz space S . Then

we can assume that the variable x̂ in (20) is real. Moreover, the coefficient of the

Fourier kernel eix.x̂ also belongs to S for each l . For a fixed x̂ this coefficient is∑
j

eit̂j(x̂)
[
it̂j(x̂)

]l
f̂(tj(x̂), x̂) (21)

which must be bounded, together with its x̂ derivatives and products with polyno-
mials.

We have remarked that {t̂(x̂)l}l form a basis for functions on Vx̂. We can regard

(21) as the expansion of
−→̂
f (1, x̂) on Vx̂ in terms of the basis {t̂j(x̂)}l . It is shown

in FA and in RT that this means that the function

eit̂(x̂)f̂(t̂(x̂), x̂) (22)

is bounded on Vx̂ and, in fact, is polynomially decreasing in x̂. (This follows from
our above remark relating the δ function expansion to the Lagrange interpolation
formula.)

We now introduce the hypothesis that P is elliptic. This means that the imagi-
nary parts of the t̂j(x̂) are large. Precisely,

|Im t̂j(x̂)| ≥ c|x̂| (23)
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for x̂ large.
We divide the (real) x̂ plane and the indices J = {j} into the sectors

R+ = {x̂|Im t̂j(x̂) > c|x̂|, j ∈ J+} (24)

R− = {x̂|Im t̂j(x̂) < −c|x̂|, j ∈ J−}.
It is clear that the regions R+ and R− are disjoint for large x̂.

As in our previous discussion, using cut-off functions, the term eit̂(x̂) in (22)

is exponentially increasing in R−. This implies that f̂(t̂(x̂), x̂) is exponentially
decreasing there, since its product with the exponential is bounded. Then we say
that the analytic microglobal wave front set of f omits R−.

Theorem 1 Suppose f ∈ W , where W is LAU space of functions on t ∈ [−1, 1],
x ∈ Rn. Let P be an elliptic operator for which uniqueness holds for the CP with
data at t = +1 and t = −1. If the CD of a solution of f ∈ W of P (D)f = 0
belongs to the Scwartz space S at t = ±1, then f is bounded in the strip t ∈ [−1, 1].
Moreover, the analytic microglobal wave front set of f is empty.

Remark We can regard Theorem 1 as the Phragmén-Lindelöf theorem for the
Cauchy Problem for elliptic equations, or the convexity of the microglobal wave
front set.

Let us pass to overdetermined elliptic systems and their Cauchy Problem as
detailed in Chapter 9 of RT . In RT we prescribed the CD at t = 0. (We change
the notation of RT and call t what is called y there.) The CD of a function h
consists of the values of h and the values of certain differential operators applied to
h on the Cauchy surface. Such operators should not be operators on the orthogonal
of the t axis.

The Phragmén-Lindelöf theorem relates bounds of the CD of a solution f of−→
P f = 0 on various planes of the form t = constant with bounds at t = 0. In the
case dim{t} = 1, bounds were given on t = ±1. If dim{t} = r, then we must give
bounds on the CD on the 2r ”edges” which are defined by tk = ±1 for all k.

Suppose that
−→
P (D) is elliptic and that the CD on each of these edges belongs

to the Schwartz space S . Suppose, moreover, that f belongs to an LAU space of
functions on a convex set that contains all the edges. Then we can proceed exactly
as in the case of a single operator P (D). The only essential point we needed was
the Lagrange interpolation formula and such exists for overdetermined systems with
the same properties (see FA or RT ).

We have proven

Theorem 2 If
−→
P (D) is an elliptic system, then the Phragmén-Lindelöf theorem is

valid as in the case of single equations.

Remark Theorem 2 can be thought of as an ”edge of the wedge” theorem.

We have used very specific bounds on CD(F ), namely that it belongs to the
space S . We also assumed that f belongs to an LAU space. The latter assumption
cannot be ameliorated without changing the structure of our proofs.
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However, we can weaken the hypothesis that CD(f) ∈ S . What is important
about S is that the Fourier transforms of functions h ∈ S have support on the real

axis and are O(eε|x̂|) for any ε > 0. As for the growth of of ĥ(x̂), this corresponds,
roughly to the property that h belongs to the dual of a space of non-quasianalytic
functions.

We can go still further.

We used the realty of support
−→
f (±1, x) in conjunction with (23), (24) to es-

tablish the exponential decrease of
−→̂
f (±1, x̂) in the regions R±. However, we can

do somewhat better. For, the ellipticity of P (or
−→
P ) means that the real points

at infinity do not belong to the infinite part of V . Since the projective space is
compact, this means that there is an ”angle” λ between the real space and V at
infinity. This allows us to establish the analog of (24) for a sufficiently small c.

We can now revise our conditions on the growth of
−→
f (±1, x). (We will need

some regularity which can take various forms.) By the theory, all AU spaces we
know with growth of the form

−→
f (±1, x) = O(eα|x|) (25)

correspond to

support
−→̂
f (±1, x̂) ⊂ {|Im x̂| ≤ α}. (26)

According to our above remarks on the angle between the real axis and V , we can
again establish Theorem 1 for any α.

We get into trouble when the support of
−→̂
f (±1, x̂) meets the complement of an

angle of opening = λ around the real axis in a non-compact set.

Suppose that
−→̂
f (±1, x) = O(ec|x|p). (27)

Then the dual space consists of functions which fall off at infinity faster than
exp (−c|x̂|p). By the standard theory of functions which are conjugate in the sense
of Young, as presented in FA, this means that the Fourier transform of the dual
consists of functions which are entire of order p′, where p′ is the conjugate of p.
The theory of sufficient sets in AU spaces then shows that we can choose a repre-

sentation measure for
−→̂
f (±a, x̂) with support in an angle around the real space of

opening

π/2p′... (28)

Caution. We must increase the set in (28) by certain neighborhoods of bounded
width. They depend, to certain extent, on the constant c in (27). We shall, however,
not enter into this matter as it does not effect our results except for epsilonics.

To obtain the limiting result in this direction, we have to know that

π/2p′ < λ. (29)
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Theorem 3 The Phragmén-Lindelöf theorem is valid for growth ec|x|
p

provided that

π/2p′ < λ. (30)

Remark Theorem 3 is not optimal as is evidenced by the Cauchy-Riemann op-
erator treated above and the usual Phragmén-Lindelöf arguments using harmonic
majorant.

Problem Improve Theorem 3 for general equations and systems, or show that it
is optimal in general.

It may happen that the variety V stays away from the real plane R for large
x̂, though V has real points at infinity. The interesting case is when the distance
between V and R is greater than c|x̂|α for some α < 1. If this happens then the

solutions of Pf = 0 (or
−→
P f = 0) belong to the Gevrey spaces G(α′) where

α′ =
1

α
. (31)

(This result was first discovered independently by the author [1] and by Hörmander
[4].)

We can extend the above results on the Phragmén-Lindelöf theorem to the
present case. This amounts to finding the correct growth condition.

Problem Find growth condition for the Phragmén-Lindelöf theorem for such re-
gions.

4 Heisenberg-like results

The usual theorems called ”Heisenberg-like theorems” involve the question of how
the smallness at infinity and the regularity of a function force it to vanish. the
simplest example of this is the fact that an entire function of exponential type
cannot vanish exponentially at ±∞ on any line.

In his lecture at Fefferman’s 60th birthday conference, Carlos Kenig [5] showed
that a solution of the heat equation cannot be ”too small” for two values of t. Our
work puts Kenig’s theorem in a general setting.

To see how this works, let us give a formulation and proof of Kenig’s result in
the spirit of Fourier analysis.

Suppose f(t, x) satisfies the heat equation( ∂

∂t
− ∂2

∂x2

)
f = 0. (32)

We assume that f belongs to a uniqueness space for the heat equation. Such spaces
were characterized by Taeklind and put in a general framework in Chapter IX of
FA. For this exposition we may assume that

f(t, x) ≤ aecx
2

, t ∈ [−1, 1]. (33).
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Suppose that

f(0, x) = O(e−cx2

) (34)

f(t0, x) = O(e−c′xα

) (35)

for some t0 > 0, which will be described below. We shall show that this implies
that f ≡ 0.

From (34) we conclude that (f̂(0, x̂), which is the Fourier transform of f(0, x)
is an entire function of order ≤ 2. Since f is the CD for a solution of the heat
equation in a suitable uniqueness space, it follows that

f̂(t, x̂) = f̂(0, x̂)e−tx̂2

, t ≥ 0 (36)

since the inverse of Fourier transform of the right side of (36) is∫
e−ixx̂− tx̂2

f̂(0, x̂) (37)

which satisfies the heat equation and takes the value f(0, x) at t = 0.

f̂(0, x̂) is an entire function of order 2; hence by (36), the same is true of f̂(t, x̂).
When t is large enough, it follows from equation(36) that

|f̂(t0, x̂)| = O(e−αx2) (38)

for a suitable α > 0. The size t0 of t that is necessary for inequality (38) depends

on the constant c in (34) since that determines the size of f̂(0, x̂).
(38) contradicts (35) unless f ≡ 0, since the Fourier transform of f(t0, x) in x

is an entire function of order α′, where

1

α
+

1

α′ = 1. (39)

In particular, α′ < 2, so (38) cannot hold for f̂ �≡ 0 by standard Heisenberg, or
minimum modules, results.

Let us put this result in a general framework. we start with a parabolic operator
P (D) with constant coefficients. By this we mean we can divide the variables into
t, x. Hence x is multivariable and t is single variable. Unfortunately, we must
restrict our considerations to the case when t occurs only to the first power. The
assumption that P is parabolic means that we can write it in the form

P (it, ix) = it+ P ∗(x, 0)− (−i)rQ2r(x). (40)

Here P ∗ is a polynomial of degree < 2r and Q2r is a positive definite form of degree
2r.

We can repeat the previous argument to show
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Theorem 4. Let P ( ∂
∂t ,

∂
∂x ) be a parabolic operator. Suppose P ( ∂

∂t ,
∂
∂x )f = 0 and

f belongs to the uniqueness space for the CP for P . Suppose that

f(0, x)−O(e−
2r

2r−1 ) (41a)

f(t0, x) = O(e−c′xα

) (41b)

for some α > 2r
2r−1 . If t0 is sufficiently large, then f ≡ 0. Here t0 depends on the

constants in (41)a, (41)b).
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