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Abstract

This paper studies the long-time behavior of solutions for p-Laplacian equations with a
polynomial growth nonlinearity of arbitrary order and dynamic flux boundary conditions in
d-dimensional bounded smooth domains. We first prove the existence of global attractors in
L2(Ω)×L2(Γ) and Lq(Ω)×Lq(Γ) for the p-Laplacian evolution equations subject to dynamic
nonlinear boundary conditions by using the Sobolev compactness embedding theory, and
then the existence of (L2(Ω) × L2(Γ), L2(q−1)(Ω) × L2(q−1)(Γ))-global attractor is obtained
by asymptotical regularity method. Finally, we prove the existence of global attractor in(
W1,p(Ω) ∩ Lq(Ω)

)
× Lq(Γ) by asymptotic a priori estimate.

1991 Mathematics Subject Classification. 35K60.
Key words. Global attractor, p-Laplacian, norm-to-weak continuous semigroup, asymptotic a priori estimate, nonlinear flux boundary

conditions, asymptotic regularity

1 Introduction

In this paper, we are concerned with the existence of global attractors in
(
W1,p(Ω) ∩ Lq(Ω)

)
×

Lq(Γ) and L2(q−1)(Ω) × L2(q−1)(Γ) for the semigroup associated with solutions of the following p-
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Laplacian equation

ut − Δpu + |u|p−2u + f (u) = g(x), (x, t) ∈ Ω × R+. (1.1)

Equation (1.1) is subject to the dynamic flux boundary condition

ut + |∇u|p−2 ∂u
∂ν
+ f (u) = 0, (x, t) ∈ Γ × R+ (1.2)

and the initial conditions

u(x, 0) = u0(x), x ∈ Ω, (1.3)
u(x, 0) = θ0(x), x ∈ Γ, (1.4)

whereΩ ⊂ Rd(d ≥ 3) is a bounded domain with smooth boundary Γ, ν denotes the outer unit normal
on Γ, d > p ≥ 2.

In addition, we assume that g : Ω→ R is locally Lipschitz continuous, the function f ∈ C1(R,R)
satisfies

f ′(u) ≥ −l (1.5)

for some l ≥ 0 and

c1|u|q − k ≤ f (u)u ≤ c2|u|q + k, (1.6)

where ci > 0, i = 1, 2, q ≥ 2, k > 0 and g ∈ L2(Ω).
Dynamic boundary conditions appear very naturally in many mathematical models such as heat

transfer in a solid in contact with a moving fluid, thermoelasticity, diffusion phenomena, heat transfer
in two medium, problems in fluid dynamics(see [13, 14, 15, 17, 24, 25, 30, 31, 33, 34, 37] etc.).

During the past several decades, many authors have extensively studied the well-posedness, the
blow-up phenomenon and the long-time behavior of solutions for some quasilinear parabolic equa-
tions with many types of different boundary conditions and the multiplicity of solutions for some
quasilinear elliptic equations with many types of different boundary conditions, for example, Dirich-
let conditions, Neumann boundary conditions, nonlinear boundary conditions and dynamic bound-
ary conditions and so on. The authors have studied the existence, the uniqueness and the regularity
of solutions for the heat equations with nonlinear boundary conditions under properly dissipative
assumptions on the nonlinear terms for which the initial data is in Lq(Ω), W1,q(Ω)(1 < q < ∞) or
measure space respectively in [3]. The existence of global attractors for parabolic problems with
nonlinear boundary conditions was established in [4]. The authors have proved the existence of
global attractors for reaction-diffusion equations with dynamic boundary conditions under some as-
sumptions on the nonlinear terms in [13]. The existence of attractors for reaction-diffusions with
many types of different boundary conditions was obtained in [5], [16], [33]-[35], [38], respectively.
The authors have proved the existence of solutions for parabolic equations with generalized Wentzell
boundary conditions in [18, 32]. The eigenvalue problems and the Fuc̆ik spectrum for p-Laplacian
equations have been studied in [19, 22, 23]. The authors were concerned with the existence of
solutions for p- Laplacian elliptic equation in [7, 12, 21]. The existence of global attractors for
p-Laplacian equations was established in [36]. The authors have proved the existence of uniform at-
tractors for the non-autonomous p-Laplacian equations in [11]. The long-time behavior of solutions
for a class of quasi-linear parabolic equations involving weighted p- Laplacian operators in an arbi-
trary domain was considered via the concept of global attractor for multi-valued semi-flows in [2].



Global attractors for p-Laplacian equations 393

The authors have studied the existence of solutions, global in time, for some quasi-linear parabolic
equations in [8]-[10]. The existence of solutions, global in time, for elliptic equations with dynamic
boundary conditions was proved in [37]. The authors have considered the blow-up phenomenon
of solutions for some quasi-linear equations with dynamic boundary conditions of parabolic type
was studied in [30]. The well-posedness of weak solutions and the existence of global attractors for
quasi-linear parabolic equations with nonlinear dynamic boundary conditions for which the nonlin-
earities are subcritical to a given exponent were studied in [15]. The authors have considered the
well-posedness of weak solutions and the existence of global attractors for a class of degenerate
parabolic equations with dynamic boundary conditions and a trajectory attractor of weak solutions
for the associated parabolic equation was constructed under some assumptions on the nonlinear
terms in [14], but the authors impose an additional restriction on the order of the nonlinear terms.

The main purpose of this paper is to study the long-time behavior of solutions for p-Laplacian
evolutionary equation (1.1)-(1.4) under quite general assumptions (1.5)-(1.6) on the nonlinear term,
however, there is no other restriction on the order q (≥ 2) of the nonlinear term. In this paper, we
will extend the results for Laplacian parabolic equations in [13] to the ones for p- (2 < p < d)
Laplacian parabolic equations for which the order of the nonlinear term is arbitrary. We will first
prove the existence and the uniqueness of solutions for the problem (1.1)-(1.6), and then we obtain
the existence of absorbing sets associated with the semigroup {S (t)}t≥0 generated by (1.1)-(1.6) in(
L2(Ω) ∩ W1,p(Ω) ∩ Lq(Ω)

)
×
(
L2(Γ) ∩ Lq(Γ)

)
. Next, we will prove the existence of global attractors

in L2(Ω) × L2(Γ) and Lq(Ω) × Lq(Γ) associated with the semigroup {S (t)}t≥0 generated by (1.1)-(1.6)
by use of the Sobolev compactness embedding theory and interpolation inequality, and the existence
of global attractor in L2(q−1)(Ω) × L2(q−1)(Γ) of the semigroup {S (t)}t≥0 corresponding to (1.1)-(1.6)
will be obtained by the asymptotic regularity method. Finally, we will establish the existence of
global attractor in (W1,p(Ω) ∩ Lq(Ω)) × Lq(Γ) associated with the semigroup {S (t)}t≥0 generated by
(1.1)-(1.6) by the use of asymptotic a priori estimate.

This paper is organized as follows: In section 2, we will give some notations and lemmas used in
the sequel. The existence and the uniqueness of solutions for (1.1)-(1.6) will be obtained in section
3. Section 4 is devoted to prove the existence of absorbing sets and the existence of global attractors
in

(
L2(Ω) ∩ Lq(Ω) ∩ L2(q−1)(Ω) ∩ W1,p(Ω)

)
×

(
L2(Γ) ∩ Lq(Γ) ∩ L2(q−1)(Γ)

)
of the semigroup {S (t)}t≥0

corresponding to (1.1)-(1.6).

Throughout this paper, let X be a Banach space endowed with the norm ‖ · ‖X , (·, ·) be the inner
product in L2(Ω)(or L2(Γ)) and C be a positive constant, which may be different from line to line (
and even in the same line ), the symbol C(s) denote a positive constants dependent of s, we denote
the trace of u by v and let γ be the trace operator.

2 Preliminaries

In order to study the problem (1.1)-(1.6), we will recall the Sobolev space W1,p(Ω) defined as
the closure of C∞(Ω) ∩ W1,p(Ω) with respect to the norm

‖u‖1,p =

(∫
Ω

|∇u|p + |u|p dx
) 1

p

and denote the dual space of Banach space X by X∗.
In the following, for the sake of brevity, we will first introduce some notations used in this paper.
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Denote

p
′
=

p
p − 1

,

ΩT = Ω × (0,T ),
ΓT = Γ × (0,T ),
V =

(
Lp(0,T ; W1,p(Ω)) ∩ L2(ΩT ) ∩ Lq(ΩT )

)
×(

Lp(0,T ; W1− 1
p ,p(Γ)) × L2(ΓT ) ∩ Lq(ΓT )

)
,

V∗ = (Lp
′
(0,T ; (W1,p(Ω))∗) + L2(ΩT ) + Lq

′
(ΩT )) ×(

Lp
′
(0,T ; (W1− 1

p ,p(Γ))∗) + L2(ΓT ) + Lq
′
(ΓT )

)
and define the operator A : Lp(0,T ; W1,p(Ω)) → (Lp(0,T ; W1,p(Ω)))∗ given by

〈A(u), v〉 =
∫
ΩT

|∇u|p−2∇u · ∇v + |u|p−2uv (2.1)

for any u, v ∈ Lp(0,T ; W1,p(Ω)).
Next, we will recall briefly some lemmas used to prove the well-posedness of solutions and the

existence of global attractors of the semigroup {S (t)}t≥0 corresponding to (1.1)-(1.4) under some
assumptions on the nonlinear term f .

Lemma 2.1 ([27]) Let O be a bounded domain in Rd and {gn} ⊂ Lq(O), where 1 < q < ∞ is given.
Assume that there exist a positive constant C independent of n and g ∈ Lq(O) such that ‖gn‖Lq(O) ≤ C
for any natural number n and gn → g almost everywhere in O, as n → ∞. Then gn → g weakly in
Lq(O), as n → ∞.
Lemma 2.2 ([7]) Let x, y ∈ Rd and 〈·, ·〉 be the standard scalar product in Rd. Then for any p ≥ 2,
there exist two positive constants C1, C2 depend only on p such that

〈|x|p−2x − |y|p−2y, x − y〉 ≥ C1|x − y|p,∣∣∣ |x|p−2x − |y|p−2y
∣∣∣ ≤ C2(|x| + |y|)p−2|x − y|.

Lemma 2.3 ([1]) Let Ω be a bounded subset of Rd with smooth boundary Γ and 1 ≤ p < ∞. Then
the following inclusion

W1,p(Ω) ↪→↪→ Lr(Γ)

is compact for any r ∈ [1, p∗), where

p∗ =
⎧⎪⎪⎨⎪⎪⎩ (d−1)p

d−p , p < d;
∞, p = d.

Lemma 2.4 ([19]) Let A be defined by (2.1) and X = Lp(0,T ; W1,p(Ω)). Then for any u, v ∈ X, one
has

〈A(u) − A(v), u − v〉 ≥ (‖u‖p−1
X − ‖v‖p−1

X )(‖u‖X − ‖v‖X).

Furthermore, 〈A(u) − A(v), u − v〉 = 0 if and only if u = v a.e. in ΩT .
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3 The well-posedness of solutions

In the following, we assume that (u0, θ0) ∈ L2(Ω) × L2(Γ) is given and T > 0.

Definition 3.1 A function u(x, t) is called a weak solution of (1.1)-(1.6) on (0,T ), if

(u, v) ∈ V,
(
∂u
∂t
,
∂v
∂t

)
∈ V∗,

u|t=0 = u0, a.e. in Ω,

v|t=0 = θ0, a.e. in Γ

and ∫
ΩT

(
utξ + |∇u|p−2∇u · ∇ξ + |u|p−2uξ + f (u)ξ

)
+

∫
ΓT

(vtξ + f (v)ξ) =
∫
ΩT

g(x)ξ

for all test functions ξ ∈ V.

Theorem 3.1 Let Ω be a bounded domain in Rd(d ≥ 3), f satisfies (1.5)-(1.6), g is locally Lipschitz
continuous and g ∈ L2(Ω). Then for any (u0, θ0) ∈ L2(Ω) × L2(Γ) and any T ≥ 0, there exists a
unique weak solution u(x, t) of (1.1)-(1.4) and the mapping

(u0, θ0) → (u(t), v(t))

is continuous on L2(Ω) × L2(Γ).

Proof. We will first prove the existence of solutions for (1.1)-(1.6) by the Faedo-Galerkin method
(See [29]).

Consider the approximate solution un(t) in the form

un(t) =
n∑

i=1

uni (t)ei,

where {(e j, γe j)}∞j=1 is an orthogonal basis of L2(Ω)×L2(Γ),which is included in (W1,p(Ω)∩Lq(Ω))×
Lq(Γ).We get un from solving the following problem

〈dun

dt
, ek〉 + 〈dvn

dt
, ek〉 + 〈A(un) + |un|p−2un, ek〉 + 〈 f (un), ek〉 + 〈 f (vn), ek〉 = 〈g(x), ek〉, (3.1)

(un(0), ek) = (u0, ek), k = 1, · · · , n, (3.2)
(vn(0), ek) = (θ0, ek), k = 1, · · · , n. (3.3)

Since f is continuous and g is locally Lipschitz continuous, using the Peano theorem, we get the
existence of the solutions (un, vn), local in time, for (3.1)-(3.3). Next, we will establish some a priori
estimates for (un, vn). We have

1
2

d
dt

‖un(t)‖2
L2(Ω) +

1
2

d
dt

‖vn(t)‖2
L2(Γ) + ‖un‖p

1,p +

∫
Ω

f (un)un +

∫
Γ

f (vn)vn

=

∫
Ω

g(x)un.
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Thanks to (1.5)-(1.6), we obtain

1
2

d
dt

‖un(t)‖2
L2(Ω) +

1
2

d
dt

‖vn(t)‖2
L2(Γ) + ‖un‖p

1,p + c1‖un‖q
Lq(Ω) + c1‖vn‖q

Lq(Γ)

≤ 1
2
‖g(x)‖2

L2(Ω) +
1
2
‖un‖2

L2(Ω) + k|Ω| + k|Γ|. (3.4)

By virtue of the following inequality (see Theorem 2.3.1 in [6]):

−μzq + λz2 ≤ Cμ
−2

q−2 λ
q

q−2 (3.5)

for any q ≥ 2, z ≥ 0, μ > 0 and λ ≥ 0.
Let μ = c1 and λ = 1.We deduce from (3.4) and (3.5) that

d
dt

‖un(t)‖2
L2(Ω) +

d
dt

‖vn(t)‖2
L2(Γ) + 2‖un‖p

1,p + c1‖un‖q
Lq(Ω) + 2c1‖vn‖q

Lq(Γ)

≤ ‖g(x)‖2
L2(Ω) +C. (3.6)

Integrating (3.6) from 0 to t, we obtain

‖un(t)‖2
L2(Ω) + ‖vn(t)‖2

L2(Γ) + 2
∫ t

0
‖un‖p

1,p + c1

∫ t

0
‖un‖q

Lq(Ω) + 2c1

∫ t

0
‖vn‖q

Lq(Γ)

≤ CT + ‖un(0)‖2
L2(Ω) + ‖vn(0)‖2

L2(Γ) (3.7)

for any t ∈ (0, T ].
Due to (3.7), we get

{un}∞n=1 is uniformly bounded in L∞(0,T ; L2(Ω)),
{vn}∞n=1 is uniformly bounded in L∞(0, T ; L2(Γ)),
{un}∞n=1 is uniformly bounded in Lp(0,T ; W1,p(Ω)),
{un}∞n=1 is uniformly bounded in Lq(ΩT ),
{vn}∞n=1 is uniformly bounded in Lq(ΓT ),

which imply {un}∞n=1 is uniformly bounded with respect to n in Lp(0,T ; W1,p(Ω)), Lq(ΩT ), respec-
tively, and {vn}∞n=1 is uniformly bounded with respect to n in Lq(ΓT ). Therefore, we can extract a
subsequence {unj }∞j=1 of {un}∞n=1 such that

un j ⇀ u weakly in Lp(0, T ; W1,p(Ω)), as j → ∞,
un j ⇀ u weakly in Lq(ΩT ), as j → ∞,
vn j ⇀ v weakly in Lq(ΓT ), as j → ∞.

Let Pn : V → span{(e j, γe j)}n
j=1 be a projection. For any φ ∈ V, set φn = Pnφ, we have

〈dun

dt
, φn〉 + 〈dvn

dt
, φn〉 + 〈A(un), φn〉 + 〈 f (un), φn〉 + 〈 f (vn), φn〉 = 〈g(x), φn〉. (3.8)

From Hölder inequality and Young inequality, we deduce

|〈A(un), φn〉| =
∣∣∣∣∣∣
∫
ΩT

|∇un|p−2∇un · ∇φn + |un|p−2unφn

∣∣∣∣∣∣
≤ ‖∇un‖p−1

Lp(ΩT )‖∇φn‖Lp(ΩT ) + ‖un‖p−1
Lp(ΩT )‖φn‖Lp(ΩT )

≤ ‖un‖p−1
Lp(0,T ;W1,p(Ω))‖φn‖Lp(0,T ;W1,p(Ω)).
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Using the boundedness of {un}∞n=1 with respect to n in Lp(0,T ; W1,p(Ω)) again, we infer that

{A(un)}∞n=1 is uniformly bounded in Lp′
(0,T ; (W1,p(Ω))∗).

Since g ∈ L2(ΩT ), f (un) ∈ Lq
′
(ΩT ), f (vn) ∈ Lq

′
(ΓT ), we find

(u′
n, v

′
n) ∈ V∗.

Therefore, we can extract a subsequence {unj }∞j=1 of {un}∞n=1 such that

(u′
n j
, v′

n j
)⇀ (u′, v′) weakly in V∗, as j → ∞,

A(unj )⇀ ξ weakly in Lp′
(0,T ; (W1,p(Ω))∗), as j → ∞.

By virtue of the Aubin-Lions compactness theorem, we can extract a further subsequence (still
denote by {unj }∞j=1) such that additionally

un j → u strongly in Lp(ΩT ), as j → ∞, (3.9)
vn j → v strongly in Lp(ΓT ), as j → ∞. (3.10)

Due to the boundedness of {un}∞n=1 in Lq(ΩT ) and (1.6), we obtain that { f (un)}∞n=1 is uniformly
bounded with respect to n in Lq′

(ΩT ) and hence f (un) ⇀ χ in Lq′
(ΩT ). Similarly, f (vn) ⇀ η in

Lq′
(ΓT ), and by virtue of (3.9)-(3.10), we see that unj → u a.e. in ΩT and vnj → v a.e.in ΓT . Then

f (un j ) → f (u) a.e. in ΩT and f (vn j ) → f (v) a.e. in ΓT . Thanks to Lemma 2.1, we know that

χ = f (u), η = f (v).

Therefore, we have

〈u′, φ〉 + 〈v′, φ〉 + 〈ξ, φ〉 + 〈 f (u), φ〉 + 〈 f (v), φ〉 = 〈g(x), φ〉 (3.11)

for any φ ∈ V.
In order to prove that u is a weak solution of (1.1)-(1.4), it remains to show that ξ = A(u).

Noticing that

〈A(un), un〉 =
∫ T

0
‖un‖p

1,p

=
1
2
‖un(0)‖2

L2(Ω) −
1
2
‖un(T )‖2

L2(Ω) +
1
2
‖vn(0)‖2

L2(Γ) −
1
2
‖vn(T )‖2

L2(Γ)

−
∫ T

0

∫
Ω

f (un)un −
∫ T

0

∫
Γ

f (vn)vn +

∫ T

0

∫
Ω

g(x)un. (3.12)

It follows from the formulation of un(0) and vn(0) that un(0) → u0 in L2(Ω) and vn(0) → θ0 in L2(Γ).
Moreover, by the lower semi-continuity of ‖ · ‖L2(Ω) and ‖ · ‖L2(Γ), we obtain

‖u(T )‖2
L2(Ω) ≤ lim inf

n→∞ ‖un(T )‖2
L2(Ω), ‖v(T )‖2

L2(Ω) ≤ lim inf
n→∞ ‖vn(T )‖2

L2(Ω). (3.13)

Meanwhile, by the Lebesgue dominated theorem, one can check that∫ T

0

∫
Ω

f (u)u +
∫ T

0

∫
Γ

f (v)v = lim
n→∞

∫ T

0

∫
Ω

f (un)un + lim
n→∞

∫ T

0

∫
Γ

f (vn)vn.

lim
n→∞

∫ T

0

∫
Ω

g(x)un =

∫ T

0

∫
Ω

g(x)u.
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This fact and (3.12)-(3.13) imply

lim sup
n→∞

〈A(un), un〉

≤ 1
2
‖u(0)‖2

L2(Ω) −
1
2
‖u(T )‖2

L2(Ω) +
1
2
‖v(0)‖2

L2(Γ) −
1
2
‖v(T )‖2

L2(Γ)

−
∫ T

0

∫
Ω

f (u)u −
∫ T

0

∫
Γ

f (v)v +
∫ T

0

∫
Ω

g(x)u. (3.14)

In view of (3.11), we have

〈ξ, u〉 =
1
2
‖u(0)‖2

L2(Ω) −
1
2
‖u(T )‖2

L2(Ω) +
1
2
‖v(0)‖2

L2(Γ) −
1
2
‖v(T )‖2

L2(Γ)

−
∫ T

0

∫
Ω

f (u)u −
∫ T

0

∫
Γ

f (v)v +
∫ T

0

∫
Ω

g(x)u.

From this and (3.14), we deduce

lim sup
n→∞

〈A(un), un〉 ≤ 〈ξ, u〉. (3.15)

On one hand, we observe that

lim
n→∞〈A(un) − A(u), un − u〉

= lim
n→∞(〈A(un), un〉 − 〈A(un), u〉 − 〈A(u), un − u〉)

≤ 〈ξ, u〉 − 〈ξ, u〉 = 0.

On the other hand, it follows from Lemma 2.4 that

〈A(un) − A(u), un − u〉
≥ (‖un‖p−1

Lp(0,T ;W1,p(Ω)) − ‖u‖p−1
Lp(0,T ;W1,p(Ω)))(‖un‖Lp(0,T ;W1,p(Ω))

−‖u‖Lp(0,T ;W1,p(Ω))) ≥ 0.

Hence

‖un‖Lp(0,T ;W1,p(Ω)) → ‖u‖Lp(0,T ;W1,p(Ω)), as n → ∞. (3.16)

Combining (3.16) with un ⇀ u in Lp(0,T ; W1,p(Ω)), we obtain

un → u strongly in Lp(0,T ; W1,p(Ω)), as n → ∞.
Therefore, from Lemma 2.2, Hölder inequality and Young inequality, we deduce that for any φ ∈
Lp(0,T ; W1,p(Ω)),

|〈A(un) − A(u), φ〉|
= |

∫
ΩT

(|∇un|p−2∇un − |∇u|p−2∇u) · ∇φ + (|un|p−2un − |u|p−2u)φ|

≤ C2

∫
ΩT

(|∇un| + |∇u|)p−2|∇un − ∇u||∇φ| +C2

∫
ΩT

(|un| + |u|)p−2|un − u||φ|

≤ C(‖un‖p−2
Lp(0,T ;W1,p(Ω)) + ‖u‖p−2

Lp(0,T ;W1,p(Ω))) ×
‖un − u‖Lp(0,T ;W1,p(Ω))‖φ‖Lp(0,T ;W1,p(Ω)),
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which implies that A(un)⇀ A(u) weakly in (Lp(0,T ; W1,p(Ω)))∗, as n → ∞. Hence ξ = A(u).
Finally, we will prove the uniqueness and the continuous dependence on the initial data of solu-

tions for (1.1)-(1.6).
Let u1, u2 be two solutions of (1.1)-(1.6) with the initial data (u10 , θ10 ), (u20 , θ20 ), respectively.

Denote w = u1 − u2, therefore w satisfies the following equation⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩
wt − Δpu1 + Δpu2 + |u1|p−2u1 − |u2|p−2u2 + f (u1) − f (u2) = 0,
wt + |∇u1|p−2 ∂u1

∂ν
− |∇u2|p−2 ∂u2

∂ν
+ f (u1) − f (u2) = 0,

w(x, 0) = u10 − u20 ,

w(x, 0) = θ10 − θ20 .

(3.17)

Taking the inner product of (3.17) with w, we deduce

1
2

d
dt

‖w(t)‖2
L2(Ω) +

1
2

d
dt

‖w(t)‖2
L2(Γ) +

∫
Ω

(|u1|p−2u1 − |u2|p−2u2, u1 − u2)

+

∫
Ω

(|∇u1|p−2∇u1 − |∇u2|p−2∇u2,∇u1 − ∇u2)

+

∫
Ω

( f (u1) − f (u2), u1 − u2) +
∫
Γ

( f (v1) − f (v2), v1 − v2) = 0. (3.18)

By virtue of (1.5) and Lemma 2.2, we obtain

1
2

d
dt

‖w(t)‖2
L2(Ω) +

1
2

d
dt

‖w(t)‖2
L2(Γ)

≤ l‖w(t)‖2
L2(Ω) + l‖w(t)‖2

L2(Γ),

which implies that

‖w(t)‖2
L2(Ω) + ‖w(t)‖2

L2(Γ)

≤ exp(2lt)(‖w(0)‖2
L2(Ω) + ‖w(0)‖2

L2(Γ)).

Therefore, u1(x, t) = u2(x, t) a.e. in ΩT , if u10 (x) = u20 (x) in Ω and θ10 (x) = θ20 (x) in Γ, and
(u(x, t), v(x, t)) is continuously dependent on the initial datum. This is the end of the proof.

By Theorem 3.1, we can define the operator semigroup {S (t)}t≥0 on L2(Ω) × L2(Γ) as follows

S (.)(., .) : R+ × L2(Ω) × L2(Γ) → L2(Ω) × L2(Γ),

which is continuous in L2(Ω) × L2(Γ).

4 The existence of global attractors

In this section, we will prove the existence of global attractors of the semigroup {S (t)}t≥0 associated
with (1.1)-(1.6).

4.1 The existence of absorbing sets

In this subsection, we will first recall some definitions and lemmas used in the sequel.
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Definition 4.1 ([38]) Let X be a Banach space and {S (t)}t≥0 be a family of operators on X. We say
that {S (t)}t≥0 is a norm-to-weak continuous (or C0) semigroup on X, if {S (t)}t≥0 satisfies

(i) S (0) = Id (the identity),

(ii) S (t)S (s) = S (t + s), ∀t, s ≥ 0,

(iii) S (tn)xn ⇀ S (t)x (or S (tn)xn → S (t)x ), if tn → t and xn → x in X.

Definition 4.2 ([29]) Let X be a Banach space and let {S (t)}t≥0 be a continuous semigroup on X. A
subset A in X is called a global attractor if and only if

(i) A is invariant, i.e., S (t)A = A for all t ≥ 0,

(ii) A is compact in X,

(iii) A attracts all bounded sets of X. That is, for any bounded subset B of X,

dist(S (t)B,A) → 0, as t → ∞,
where dist(A, B) is the Hausdorff semi-distance of two sets A and B defined by

dist(A, B) = sup
x∈A

inf
y∈B

‖x − y‖X .

Definition 4.3 ([29, 36]) Let {S (t)}t≥0 be a semigroup on Banach space X. {S (t)}t≥0 is called (X,Z)-
asymptotically compact, if for any bounded (in X) sequence {xn}∞n=1 ⊂ X and tn ≥ 0 with tn → ∞, as
n → ∞, {S (tn)xn}∞n=1 has a convergent subsequence with respect to the topology of Z.

Definition 4.4 ([6, 20, 27, 29]) Let {S (t)}t≥0 be a C0 semigroup in a complete metric space X. A
subset B0 of X is called an absorbing set in X, if for any bounded subset B of X, there exists some
time T = TB ≥ 0 such that S (t)B ⊂ B0 for any t ≥ T.

Lemma 4.1 ([38]) Let X, Y be two Banach spaces, X∗, Y∗ be the dual spaces of X, Y, respectively,
where X is dense in Y, the injection i : X → Y is continuous and its adjoint i∗ : Y∗ → X∗ is
dense. Let {S (t)}t≥0 be a semigroup on X and Y, respectively, and assume furthermore that {S (t)}t≥0
is continuous or weak continuous on Y. Then {S (t)}t≥0 is a norm-to-weak continuous semigroup on
X if and only if {S (t)}t≥0 maps compact subsets of X × R+ into bounded sets of X.

Definition 4.5 ([29]) Let {S (t)}t≥0 be a semigroup on Banach space X. {S (t)}t≥0 is called (X,Z)-
uniformly compact, if for any bounded (in X) subset B ⊂ X, there exists t0 = t0(B) ≥ 0 such that⋃

t≥t0 S (t)B is relatively compact in Z.

Lemma 4.2 ([29],[38]) Let X be a Banach space and {S (t)}t≥0 be a C0 semigroup on X. Then
{S (t)}t≥0 has a global attractor A in X provided that the following conditions hold true:

(i) {S (t)}t≥0 has a bounded absorbing set B0 in X,

(ii) {S (t)}t≥0 is uniformly compact or asymptotically compact.

Lemma 4.3 ([6], [29]) Let {S (t)}t≥0 be a norm-to-weak continuous semigroup and {S (t)}t≥0 is uni-
formly compact. If there exists an absorbing set B, then {S (t)}t≥0 has a global attractor A and

A =
⋂
s≥0

⋃
t≥s

S (t)B.
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Next, we will prove the existence of absorbing sets for the semigroup {S (t)}t≥0 generated by
(1.1)-(1.6).

Theorem 4.1 Assume that g ∈ L2(Ω) and f satisfies (1.5)-(1.6). Then the semigroup {S (t)}t≥0
generated by (1.1)-(1.4) has

(
L2(Ω) × L2(Γ), (W1,p(Ω) ∩ Lq(Ω)) × Lq(Γ)

)
- bounded absorbing sets.

That is, for any bounded subset B ⊂ L2(Ω) × L2(Γ) and any (u0, θ0) ∈ B, there exists a positive
constant T such that for any t ≥ T,

‖u(t)‖Lq(Ω) + ‖v(t)‖Lq(Γ) + ‖u(t)‖W1,p(Ω) ≤ ρ,
where ρ is a positive constant independent of B, (u(t), v(t)) = S (t)(u0, θ0), and T is dependent on the
L2(Ω) × L2(Γ)-norm of B.

Proof. Taking the inner product of (1.1) with u and integrating by parts, we deduce

1
2

d
dt

‖u(t)‖2
L2(Ω) +

1
2

d
dt

‖v(t)‖2
L2(Γ) + ‖u‖p

1,p +

∫
Ω

f (u)u +
∫
Γ

f (v)v

=

∫
Ω

g(x)u. (4.1)

As a result of (1.6), we obtain

1
2

d
dt

‖u(t)‖2
L2(Ω) +

1
2

d
dt

‖v(t)‖2
L2(Γ) + ‖u‖p

1,p + c1‖u‖q
Lq(Ω) + c1‖v‖q

Lq(Γ)

≤ 1
2
‖g(x)‖2

L2(Ω) +
1
2
‖u‖2

L2(Ω) + k|Ω| + k|Γ|

≤ 1
2
‖g(x)‖2

L2(Ω) +
1
2
‖u‖2

L2(Ω) +
1
2
‖v‖2

L2(Γ) + k|Ω| + k|Γ|. (4.2)

By virtue of the following inequality (see Theorem 2.3.1 in [6]):

−μzq + λz2 ≤ Cμ
−2
q−2 λ

q
q−2 , (4.3)

for any q ≥ 2, z ≥ 0, μ > 0 and λ ≥ 0.
Let μ = 1

2 c1 and λ = 1, we deduce from (4.2) and (4.3) that

d
dt

‖u(t)‖2
L2(Ω) +

d
dt

‖v(t)‖2
L2(Γ) + 2‖u‖p

1,p + c1‖u‖q
Lq(Ω)

+c1‖v‖q
Lq(Γ) + ‖u‖2

L2(Ω) + ‖v‖2
L2(Γ)

≤ ‖g(x)‖2
L2Ω) +C (4.4)

(when q = 2, (4.4) holds). That is,

d
dt

(
‖u(t)‖2

L2(Ω) + ‖v(t)‖2
L2(Γ)

)
+ ‖u(t)‖2

L2(Ω) + ‖v(t)‖2
L2(Γ)

≤ ‖g(x)‖2
L2(Ω) +C.

By the Classical Gronwall Lemma, we obtain

‖u(t)‖2
L2(Ω) + ‖v(t)‖2

L2(Γ)

≤ exp(−t)(‖u0‖2
L2(Ω) + ‖θ0‖2

L2(Γ)) + (‖g(x)‖2
L2(Ω) +C)(1 − exp(−t)),
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which implies

‖u(t)‖2
L2(Ω) + ‖v(t)‖2

L2(Γ) ≤ ρ0 (4.5)

for any (u0, θ0) ∈ B and t ≥ T0, where

ρ0 = 2(‖g(x)‖2
L2(Ω) +C),

T0 = ln

⎧⎪⎪⎨⎪⎪⎩ ‖u0‖2
L2(Ω) + ‖θ0‖2

L2(Γ)

‖g(x)‖2
L2(Ω) +C

⎫⎪⎪⎬⎪⎪⎭ .
Denote F(s) =

∫ s
0 f (τ)dτ. By virtue of (1.6), we deduce

α1|u|q − β ≤ F(u) ≤ α2|u|q + β (4.6)

and

α1‖u‖q
Lq(Ω) − β|Ω| ≤

∫
Ω

F(u) ≤ α2‖u‖q
Lq(Ω) + β|Ω|, (4.7)

α1‖v‖q
Lq(Γ) − β|Γ| ≤

∫
Γ

F(v) ≤ α2‖v‖q
Lq(Γ) + β|Γ|. (4.8)

It follows (4.4), (4.7)-(4.8) that

d
dt

‖u(t)‖2
L2(Ω) +

d
dt

‖v(t)‖2
L2(Γ) + 2‖u‖p

1,p +
c1

α2

∫
Ω

F(u) +
c1

α2

∫
Γ

F(v)

≤ ‖g(x)‖2
L2(Ω) +C. (4.9)

Integrating (4.9) from t to t + 1, we deduce that for any t ≥ T0,

2
∫ t+1

t
‖u‖p

1,p +
c1

α2

∫ t+1

t

∫
Ω

F(u) +
c1

α2

∫ t+1

t

∫
Γ

F(v)

≤ ‖g(x)‖2
L2(Ω) +C + ‖u(t)‖2

L2(Ω) + ‖v(t)‖2
L2(Γ). (4.10)

On the other hand, taking the inner product of (1.1) with ut, we obtain

‖ut‖2
L2(Ω) + ‖vt‖2

L2(Γ) +
d
dt

(
1
p
‖u‖p

1,p +

∫
Ω

F(u) +
∫
Γ

F(v)
)

≤ 1
2
‖g(x)‖2

L2(Ω) +
1
2
‖ut‖2

L2(Ω). (4.11)

It follows from (4.11) that

d
dt

(
1
p
‖u‖p

1,p +

∫
Ω

F(u) +
∫
Γ

F(v)
)

≤ 1
2
‖g(x)‖2

L2(Ω). (4.12)

Using the Uniformly Gronwall Lemma, we deduce from (4.5), (4.10) and (4.12) that

1
p
‖u‖p

1,p +

∫
Ω

F(u) +
∫
Γ

F(v)

≤ 2 max{ 1
2p
,
α2

c1
}ρ0, (4.13)
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which implies that for any (u0, θ0) ∈ B and t ≥ T0 + 1, there exists a positive constant ρ such that

‖u(t)‖Lq(Ω) + ‖v(t)‖Lq(Γ) + ‖u(t)‖W1,p(Ω) ≤ ρ. (4.14)

This is the end of the proof.

Since W1,p(Ω) ↪→↪→ L2(Ω) and W1,p(Ω) ↪→↪→ L2(Γ) is compact, we obtain the following result.

Theorem 4.2 Assume that g ∈ L2(Ω) and f satisfies (1.5)-(1.6). Then the semigroup {S (t)}t≥0
generated by (1.1)-(1.4) has a (L2(Ω)× L2(Γ), L2(Ω)× L2(Γ))-global attractor A2 which is compact,
connected and invariant.

4.2 The existence of (L2Ω) × L2(Γ), Lq(Ω) × Lq(Γ))- global attractor

Since W1,p(Ω) ↪→↪→ L2(Ω) and W1,p(Ω) ↪→↪→ L2(Γ) is compact, it follows from Theorem 4.1 that
the semigroup generated by (1.1)-(1.6) is compact in L2(Ω) × L2(Γ). From Theorem 4.1 and Lemma
4.1, we deduce that the semigroup generated by (1.1)-(1.6)) maps a compact set of Lq(Ω) × Lq(Γ)
into a bounded set of Lq(Ω) × Lq(Γ), i.e.,the semigroup generated by (1.1)-(1.6) is norm-to-weak
continuous in Lq(Ω)×Lq(Γ). In this subsection, we will prove the existence of (L2(Ω)×L2(Γ), Lq(Ω)×
Lq(Γ))-global attractor of the semigroup {S (t)}t≥0 generated by (1.1)-(1.6).

Theorem 4.3 Assume that Ω is a bounded smooth domain in Rd(d ≥ 3), f satisfies (1.5)-(1.6) and
g ∈ L2(Ω). Then for any bounded subset B in L2(Ω) × L2(Γ), there exist two positive constants
T = T (B) and ρ1 such that

‖ut(s)‖2
L2(Ω) + ‖vt(s)‖2

L2(Γ) ≤ ρ1

for any (u0, θ0) ∈ B and s ≥ T, where (ut(s), vt(s)) = d
dt (S (t)(u0, θ0)) |t=s and ρ1 is a positive constant

which is independent of B.

Proof. First of all, we will differentiate (1.1) and (1.2) with respect to t and denote ζ = ut, η = vt, we
get

ζt − div(|∇u|p−2∇ζ) − (p − 2)div
(
|∇u|p−4(∇u · ∇ζ)∇u

)
(4.15)

+(p − 1)|u|p−2ζ + f ′(u)ζ = 0,

ηt + (p − 2)|∇v|p−4(∇v · ∇η)∂v
∂ν
+ |∇v|p−2 ∂η

∂ν
+ f ′(v)η = 0, (4.16)

where ”·” denotes the dot product in Rd.
Multiplying (4.15) by ζ, integrating over Ω and combining (1.5) with (4.16), we obtain

1
2

d
dt

‖ζ‖2
L2(Ω) +

1
2

d
dt

‖η‖2
L2(Γ) +

∫
Ω

|∇u|p−2|∇ζ |2

+(p − 2)
∫
Ω

|∇u|p−4(∇u · ∇ζ)2 + (p − 1)
∫
Ω

|u|p−2|ζ |2

≤ l
(
‖ζ‖2

L2(Ω) + ‖η‖2
L2(Γ)

)
,

which implies that

1
2

d
dt

‖ζ‖2
L2(Ω) +

1
2

d
dt

‖η‖2
L2(Γ)

≤ l
(
‖ζ‖2

L2(Ω) + ‖η‖2
L2(Γ)

)
.
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On the other hand, integrating (4.11) from t to t + 1 and using (4.14), we find∫ t+1

t
‖ζ‖2

L2(Ω) +

∫ t+1

t
‖η‖2

L2(Γ)

≤ C(ρ0, ‖g‖L2(Ω))

as t large enough, where

ρ0 = 2(‖g(x)‖2
L2(Ω) +C).

Therefore, we deduce from the Uniformly Gronwall Inequality that there exists two positive con-
stants T and ρ1 such that

‖ut(s)‖2
L2(Ω) + ‖vt(s)‖2

L2(Γ) ≤ ρ1

for any (u0, θ0) ∈ B and s ≥ T. This is the end of the proof.
Next, we will prove the existence of absorbing sets in L2(q−1)(Ω) × L2(q−1)(Γ) of the semigroup

{S (t)}t≥0 generated by (1.1)-(1.6) by using Theorem 4.3.

Theorem 4.4 Assume that g ∈ L2(Ω) and f satisfies (1.5)-(1.6). Then the semigroup {S (t)}t≥0
generated by (1.1)-(1.4) has a

(
L2(Ω) × L2(Γ), L2(q−1)(Ω) × L2(q−1)(Γ)

)
-positively invariant bounded

absorbing sets. That is, for any bounded subset B ⊂ L2(Ω) × L2(Γ) and any (u0, θ0) ∈ B, there exists
two positive constants T and ρ2 such that for any t ≥ T, we have

‖u(t)‖2(q−1)
L2(q−1)(Ω) + ‖v(t)‖2(q−1)

L2(q−1)(Γ) ≤ ρ2,

where ρ2 is a positive constant independent of B, (u(t), v(t)) = S (t)(u0, θ0), and T is dependent on B.

Proof. Taking the inner product of (1.1) with |u|q−2u and integrating by parts, we get∫
Ω

ut |u|q−2u +
∫
Γ

vt |v|q−2v + (q − 1)
∫
Ω

|∇u|p|u|q−2

+

∫
Ω

|u|p+q−2 +

∫
Ω

f (u)|u|q−2u +
∫
Γ

f (v)|v|q−2v

=

∫
Ω

g|u|q−2u.

From the Hölder inequality and (1.6), we deduce that

c1

∫
Ω

|u|2q−2 + c1

∫
Γ

|v|2q−2 − k
∫
Ω

|u|q−2 − k
∫
Γ

|v|q−2

≤
∫
Ω

g|u|q−2u −
∫
Ω

ut |u|q−2u −
∫
Γ

vt |v|q−2v,

which implies that

c1‖u‖2(q−1)
L2(q−1)(Ω) + c1‖v‖2(q−1)

L2(q−1)(Γ)

≤ C‖g‖2
L2(Ω) +C‖ut‖2

L2(Ω) +C‖vt‖2
L2(Γ) +C.

Thanks to Theorem 4.3, we know that there exists two positive constants ρ2 and T such that for any
t ≥ T,

‖u‖2(q−1)
L2(q−1)(Ω) + ‖v‖2(q−1)

L2(q−1)(Γ) ≤ ρ2 (4.17)
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for any bounded subset B ⊂ L2(Ω) × L2(Γ) and any (u0, θ0) ∈ B. This is the end of the proof.

From Theorem 4.3 and Theorem 4.4, we deduce that −Δpu ∈ L2(Ω). In the case of Dirichlet
or Neumann boundary condition, we can obtain that |∇u|p−2∇u ∈ H1

0(Ω), where H1
0(Ω) = {u ∈

H1(Ω) : u|Γ = 0} or H1
0(Ω) = {u ∈ H1(Ω) : ∂u

∂ν
|Γ = 0}. Thanks to the Sobolev embedding theory

H1
0(Ω) ↪→ L

2d
d−2 (Ω), yield |∇u| ∈ L(p−1) 2d

d−2 (Ω).
Since ‖u‖q

Lq(Ω) ≤ ‖u‖L2(Ω)‖u‖q−1
L2(q−1)(Ω) and ‖u‖q

Lq(Γ) ≤ ‖u‖L2(Γ)‖u‖q−1
L2(q−1)(Γ), the semigroup {S (t)}t≥0

generated by (1.1)-(1.6) is compact in L2(Ω) × L2(Γ) and bounded in L2(q−1)(Ω) × L2(q−1)(Γ). There-
fore, the semigroup {S (t)}t≥0 generated by (1.1)-(1.6) is compact in Lq(Ω)× Lq(Γ). From Lemma 4.2
and Theorem 4.1, we have the following result.

Theorem 4.5 Assume that g ∈ L2(Ω) and f satisfies (1.5)-(1.6). Then the semigroup {S (t)}t≥0
generated by (1.1)-(1.4) possesses a (L2(Ω) × L2(Γ), Lq(Ω) × Lq(Γ))-global attractor Aq, which is
compact, invariant in Lq(Ω)× Lq(Γ) and attracts every bounded subset in L2(Ω)× L2(Γ) with respect
to the topology of Lq(Ω) × Lq(Γ).

4.3 The existence of (L2(Ω) × L2(Γ), L2(q−1)(Ω) × L2(q−1)(Γ))- global attractor

Since the semigroup {S (t)}t≥0 generated by (1.1)-(1.6) is compact in Lq(Ω) × Lq(Γ), from Theorem
4.4 and Lemma 4.1, we deduce that the semigroup {S (t)}t≥0 generated by (1.1)-(1.6) maps a compact
subset of L2(q−1)(Ω) × L2(q−1)(Γ) into a bounded subset of L2(q−1)(Ω) × L2(q−1)(Γ), i.e.,the semigroup
{S (t)}t≥0 generated by (1.1)-(1.6) is norm-to-weak continuous in L2(q−1)(Ω) × L2(q−1)(Γ). In this sub-
section, we will prove the existence of (L2(Ω) × L2(Γ), L2(q−1)(Ω) × L2(q−1)(Γ))-global attractor asso-
ciated with the semigroup {S (t)}t≥0 generated by (1.1)-(1.6). From Theorems 4.1, 4.4, we know that
the semigroup {S (t)}t≥0 has a positively invariant absorbing set in

(
W1,p(Ω) ∩ L2(q−1)(Ω)

)
×L2(q−1)(Γ)

denoted by B0, which satisfies

B0 ⊂
{
(u, v) ∈

(
W1,p(Ω) ∩ L2(q−1)(Ω)

)
× L2(q−1)(Γ) :

‖u‖(W1,p(Ω)∩L2(q−1)(Ω)) + ‖v‖L2(q−1)(Γ) ≤ �
}

for some constant �. Note that here positively invariant means S (t)B0 ⊂ B0 for any t ≥ 0.
Next, we will consider the asymptotic regularity for (1.1)-(1.6), which is similar to the one in

[26, 28]. Consider the following elliptic equation{ −Δpφ + |φ|p−2φ + f (φ) = g(x), x ∈ Ω,
|∇φ|p−2 ∂φ

∂ν
+ f (φ) = 0, x ∈ Γ. (4.18)

Due to the assumptions (1.5)-(1.6), from the classical results about elliptic equation, we know
that (4.18) has at least one solution φ(x) with

(φ, γφ) ∈
(
W1,p(Ω) ∩ L2(q−1)(Ω)

)
× L2(q−1)(Γ). (4.19)

For the solution u(x, t) of (1.1)-(1.6), we now decompose u(x, t) as follows

u(x, t) = φ(x) + w(x, t),

where φ(x) is a fixed solution of (4.18) and w(x, t) satisfies the following equation:⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩
wt − Δpu + Δpφ + |u|p−2u − |φ|p−2φ + f (u) − f (φ) = 0, (x, t) ∈ Ω × R+,
wt + |∇v|p−2 ∂v

∂ν
− |∇φ|p−2 ∂φ

∂ν
+ f (v) − f (φ) = 0, (x, t) ∈ Γ × R+,

w(x, 0) = u0(x) − φ(x), x ∈ Ω,
w(x, 0) = θ0(x) − φ(x), x ∈ Γ.

(4.20)
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Then, (4.20) is also globally well-posed. From Theorem 4.1, Theorem 4.4 and (4.19), we have that

‖w(x, t)‖(W1,p(Ω)∩L2(q−1)(Ω)) + ‖γw(x, t)‖L2(q−1)(Γ) ≤ �1, (4.21)

where �1 is a positive constant. Without loss of generality, hereafter we assume (u0, θ0) ∈ B0 and
(w(x, 0), γw(x, 0)) ∈

(
W1,p(Ω) ∩ L2(q−1)(Ω)

)
× L2(q−1)(Γ).

Multiplying (4.20) by |w|2(q−2)w, integrating over Ω and using Lemma 2.2 and (1.5), we obtain

1
2(q − 1)

d
dt

‖w‖2(q−1)
L2(q−1)(Ω) +

1
2(q − 1)

d
dt

‖w‖2(q−1)
L2(q−1)(Γ)

+C1

∫
Ω

|∇w|p|w|2(q−2) +C1

∫
Ω

|w|2q+p−4

≤ l
(
‖w‖2(q−1)

L2(q−1)(Ω) + ‖w‖2(q−1)
L2(q−1)(Γ)

)
. (4.22)

Integrating (4.22) from t to t + 1, we deduce from (4.21) that∫ t+1

t

∫
Ω

|∇w|p|w|2(q−2) +

∫ t+1

t

∫
Ω

|w|2q+p−4 ≤ C(�, �1, p, q),

which implies that ∫ t+1

t
‖w 2q+p−4

p ‖p
W1,p(Ω) ≤ C(�, �1, p, q) (4.23)

for all t ≥ 0. Therefore, by virtue of the Sobolev embedding theory and the Sobolev trace embedding
theory, we obtain

W1,p(Ω) ⊂ L
pn

n−p (Ω), W1,p(Ω) ⊂ L
p(n−1)

n−p (Γ).

It follows from (4.23) that for any (u0, θ0) ∈ B0,

∃t0 ∈ [0, 1] such that w(x, t0) ∈ L(2q+p−4) n
n−p (Ω) and w(x, t0) ∈ L(2q+p−4) (n−1)

n−p (Γ),
with ‖w(t0)‖L(2q+p−4) n

n−p (Ω) + ‖w(t0)‖
L(2q+p−4) (n−1)

n−p (Γ)
≤ C(�, �1, p, q). (4.24)

Thanks to (4.23)-(4.24), we can perform a bootstrap estimate, which is the completely same as that
in [38], to deduce the following estimates:

For each k = 1, 2, · · · , there exists Ck, depending only on k and � (recall � is the bound of the
bounded absorbing set B0) such that

‖w‖Lpk (Ω) + ‖w‖Lqk (Γ) ≤ Ck

for any (u0, θ0) ∈ B0 and t ≥ 1,where (w(t), γw(t)) = S (t)(u0−φ(x), θ0−γφ(x)), pk = (2q−2)( n
n−p )k+

(p − 2)
∑k

i=1( n
n−p )k, qk = (2q − 2)( n−1

n−p )k + (p − 2)
∑k

i=1( n−1
n−p )k.

Since n−1
n−p > 1 and n

n−p > 1, by taking k large enough, (4.24) implies that for any δ ∈ [0,∞),

‖w(t)‖L2q−2+δ(Ω) + ‖w(t)‖L2q−2+δ(Γ) ≤ C(�, δ, �1, p, q) (4.25)

for all t ≥ 1.
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Theorem 4.6 Assume that Ω is a bounded smooth domain in Rd, g ∈ L2(Ω) and f satisfies (1.5)-
(1.6). Then for any δ ∈ [0,∞), there is a bounded subset Bδ satisfying the following property

Bδ =
{
(u, v) : ‖u‖(W1,p(Ω)∩L2q−2+δ(Ω)) + ‖v‖L2q−2+δ(Γ) ≤ �1 +C(�, δ, �1, p, q)

}
and for any bounded (in L2(Ω) × L2(Γ)) subset B ⊂ L2(Ω) × L2(Γ), there exists a T = T (‖B‖, δ) such
that

S (t)B ⊂ φ + Bδ (4.26)

for all t ≥ T, where φ is a fixed solution of (4.18), the constants �1 and C(�, δ, �1, p, q) are as
specified in (4.21), (4.25) respectively, and all are independent of B.

Using the interpolation inequality and Theorem 4.4, we obtain the following result.

Theorem 4.7 Assume that g ∈ L2(Ω) and f satisfies (1.5)-(1.6). Then for any δ ∈ [0,∞), the
semigroup {S (t)}t≥0 generated by (1.1)-(1.4) possesses a (L2(Ω) × L2(Γ), L2(q−1)(Ω) × L2(q−1)(Γ))-
global attractor A2(q−1), which attracts every bounded subset of L2(Ω) × L2(Γ) with respect to
the topology of L2(q−1)+δ(Ω) × L2(q−1)+δ(Γ). Moreover, A2(q−1) = φ + A0, where A0 is compact in
L2(q−1)(Ω) × L2(q−1)(Γ).

4.4 (L2(Ω) × L2(Γ), (W1,p(Ω) ∩ Lq(Ω)) × Lq(Γ))-global attractor

In this subsection, we will prove the existence of global attractor in (W1,p(Ω) ∩ Lq(Ω)) × Lq(Γ) as-
sociated with the semigroup {S (t)}t≥0 generated by (1.1)-(1.6). First, from Lemma 4.1 and Theorem
4.1, we know that the semigroup {S (t)}t≥0 generated by (1.1)-(1.6) is norm-to-weak continuous in
(W1,p(Ω) ∩ Lq(Ω)) × Lq(Γ). Next, we first prove the semigroup {S (t)}t≥0 generated by (1.1)-(1.6) is
asymptotically compact in (W1,p(Ω) ∩ Lq(Ω)) × Lq(Γ).

Theorem 4.8 Assume that Ω is a bounded smooth domain in Rd(d ≥ 3), f satisfies (1.5)-(1.6) and
g ∈ L2(Ω). Then the semigroup {S (t)}t≥0 generated by (1.1)-(1.4) is (L2(Ω) × L2(Γ), (W1,p(Ω) ∩
Lq(Ω)) × Lq(Γ))- asymptotically compact.

Proof. Let B0 be a (L2(Ω)×L2(Γ), (W1,p(Ω)∩Lq(Ω))×Lq(Γ))-bounded absorbing set obtained in The-
orem 4.1. Then we need only to show that for any {(u0n, v0n)} ⊂ B0 and tn → ∞, {(un(tn), vn(tn))}∞n=0
is precompact in (W1,p(Ω) ∩ Lq(Ω)) × Lq(Γ), where (un(tn), vn(tn)) = S (tn)(u0n, v0n).

In view of Theorem 4.5, it remains to prove that for any {(u0n, v0n)} ⊂ B0 and tn → ∞, {un(tn)}∞n=0
is precompact in W1,p(Ω).

In fact, from Theorem 4.2 and Theorem 4.5, we know that {(un(tn), vn(tn))}∞n=0 is precompact in
L2(Ω) × L2(Γ) and Lq(Ω) × Lq(Γ). Without loss of generality, we assume that {(un(tn), vn(tn))}∞n=0 is a
Cauchy sequence in L2(Ω) × L2(Γ) and Lq(Ω) × Lq(Γ).

In the following, we will prove that {un(tn)}∞n=0 is a Cauchy sequence in W1,p(Ω). Then, by simply
calculations, we deduce from Lemma 2.2 that

C1‖unk (tnk ) − un j (tn j )‖p
W1,p(Ω)

≤ (− d
dt

unk (tnk ) − f (unk (tnk )) +
d
dt

unj (tn j ) + f (un j (tn j )), unk (tnk ) − unj (tn j ))

+(− d
dt

vnk (tnk ) − f (vnk (tnk )) +
d
dt

vnj (tn j ) + f (vnj (tn j )), vnk (tnk ) − vnj (tn j ))

= I1 + I2. (4.27)



408 B. You, C.K. Zhong

Now, we estimate separately the two terms I1 and I2. By simple calculations and Hölder inequal-
ity, we deduce that

I1 ≤ ‖ d
dt

unk (tnk ) − d
dt

un j (tn j )‖L2(Ω)‖unk (tnk ) − un j (tn j )‖L2(Ω) +C(1 +

‖unk (tnk )‖q−1
Lq(Ω) + ‖unj (tn j )‖q−1

Lq(Ω))‖unk (tnk ) − unj (tn j )‖Lq(Ω) (4.28)

and

I2 ≤ ‖ d
dt

unk (tnk ) − d
dt

unj (tn j )‖L2(Γ)‖unk (tnk ) − un j (tn j )‖L2(Γ) +C(1 +

‖unk (tnk )‖q−1
Lq(Γ) + ‖unj (tn j )‖q−1

Lq(Γ))‖unk (tnk ) − un j (tn j )‖Lq(Γ), (4.29)

which combines with Theorems 4.2-4.3, 4.5, yields Theorem 4.8 immediately. This is the end of the
proof.

Combining Lemma 4.3 with Theorems 4.1, 4.8, we immediately obtain the following result:

Theorem 4.9 Assume that Ω is a bounded smooth domain in Rd(d ≥ 3), f satisfies (1.5)-(1.6) and
g ∈ L2(Ω). Then the semigroup {S (t)}t≥0 generated by (1.1)-(1.4) has a (L2(Ω) × L2(Γ), (W1,p(Ω) ∩
Lq(Ω)) × Lq(Γ))-global attractor A.
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