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Abstract

This paper studies the long-time behavior of solutions for p-Laplacian equations with a
polynomial growth nonlinearity of arbitrary order and dynamic flux boundary conditions in
d-dimensional bounded smooth domains. We first prove the existence of global attractors in
LX(Q)x LX) and LY(Q) x LI(T") for the p-Laplacian evolution equations subject to dynamic
nonlinear boundary conditions by using the Sobolev compactness embedding theory, and
then the existence of (L*(Q) x L*(I'), L*¢~Y(Q) x L*4~D(T'))-global attractor is obtained
by asymptotical regularity method. Finally, we prove the existence of global attractor in
(W"” Q)N L1 (Q)) x L4(I') by asymptotic a priori estimate.
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1 Introduction

In this paper, we are concerned with the existence of global attractors in (WLP «@n L‘f(Q)) X
LI(T) and L29~D(Q) x L*9~)(T") for the semigroup associated with solutions of the following p-
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Laplacian equation
u— Apu+ lulPu + fu) = g(x),  (x,1) € QX R*. (1.1)

Equation (1.1) is subject to the dynamic flux boundary condition
_,0u .
u; + |Vul? a—+f(u):0, (x,HelxR (1.2)
v

and the initial conditions

u(x,0) = up(x), x € Q, (1.3)
u(x,0) = 6y(x), x €T, (1.4)

where Q c R4(d > 3) is a bounded domain with smooth boundary I', v denotes the outer unit normal
onl,d>pz=2.

In addition, we assume that g : Q — R is locally Lipschitz continuous, the function f € C'(R,R)
satisfies

f(w) = -1 (1.5)
for some [ > 0 and
cilul! —k < f(wu < crlul? + k, (1.6)

where ¢; > 0,i=1,2,¢g>2,k>0and g € L*(Q).

Dynamic boundary conditions appear very naturally in many mathematical models such as heat
transfer in a solid in contact with a moving fluid, thermoelasticity, diffusion phenomena, heat transfer
in two medium, problems in fluid dynamics(see [13, 14, 15, 17, 24, 25, 30, 31, 33, 34, 37] etc.).

During the past several decades, many authors have extensively studied the well-posedness, the
blow-up phenomenon and the long-time behavior of solutions for some quasilinear parabolic equa-
tions with many types of different boundary conditions and the multiplicity of solutions for some
quasilinear elliptic equations with many types of different boundary conditions, for example, Dirich-
let conditions, Neumann boundary conditions, nonlinear boundary conditions and dynamic bound-
ary conditions and so on. The authors have studied the existence, the uniqueness and the regularity
of solutions for the heat equations with nonlinear boundary conditions under properly dissipative
assumptions on the nonlinear terms for which the initial data is in LI(Q), W"4(Q)(1 < g < ) or
measure space respectively in [3]. The existence of global attractors for parabolic problems with
nonlinear boundary conditions was established in [4]. The authors have proved the existence of
global attractors for reaction-diffusion equations with dynamic boundary conditions under some as-
sumptions on the nonlinear terms in [13]. The existence of attractors for reaction-diffusions with
many types of different boundary conditions was obtained in [5], [16], [33]-[35], [38], respectively.
The authors have proved the existence of solutions for parabolic equations with generalized Wentzell
boundary conditions in [18, 32]. The eigenvalue problems and the Fucik spectrum for p-Laplacian
equations have been studied in [19, 22, 23]. The authors were concerned with the existence of
solutions for p- Laplacian elliptic equation in [7, 12, 21]. The existence of global attractors for
p-Laplacian equations was established in [36]. The authors have proved the existence of uniform at-
tractors for the non-autonomous p-Laplacian equations in [11]. The long-time behavior of solutions
for a class of quasi-linear parabolic equations involving weighted p- Laplacian operators in an arbi-
trary domain was considered via the concept of global attractor for multi-valued semi-flows in [2].
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The authors have studied the existence of solutions, global in time, for some quasi-linear parabolic
equations in [8]-[10]. The existence of solutions, global in time, for elliptic equations with dynamic
boundary conditions was proved in [37]. The authors have considered the blow-up phenomenon
of solutions for some quasi-linear equations with dynamic boundary conditions of parabolic type
was studied in [30]. The well-posedness of weak solutions and the existence of global attractors for
quasi-linear parabolic equations with nonlinear dynamic boundary conditions for which the nonlin-
earities are subcritical to a given exponent were studied in [15]. The authors have considered the
well-posedness of weak solutions and the existence of global attractors for a class of degenerate
parabolic equations with dynamic boundary conditions and a trajectory attractor of weak solutions
for the associated parabolic equation was constructed under some assumptions on the nonlinear
terms in [14], but the authors impose an additional restriction on the order of the nonlinear terms.

The main purpose of this paper is to study the long-time behavior of solutions for p-Laplacian
evolutionary equation (1.1)-(1.4) under quite general assumptions (1.5)-(1.6) on the nonlinear term,
however, there is no other restriction on the order g (> 2) of the nonlinear term. In this paper, we
will extend the results for Laplacian parabolic equations in [13] to the ones for p- (2 < p < d)
Laplacian parabolic equations for which the order of the nonlinear term is arbitrary. We will first
prove the existence and the uniqueness of solutions for the problem (1.1)-(1.6), and then we obtain
the existence of absorbing sets associated with the semigroup {S (¥)};»0 generated by (1.1)-(1.6) in
(LZ(Q) NWr@)n Lq(Q)) X (LZ(F) N L1 (F)) . Next, we will prove the existence of global attractors
in L*(Q) x L*(T') and L4(Q) x L1(T) associated with the semigroup {S (t)};>0 generated by (1.1)-(1.6)
by use of the Sobolev compactness embedding theory and interpolation inequality, and the existence
of global attractor in L>@~D(Q) x L>@~)(T") of the semigroup {S (¢)};>o corresponding to (1.1)-(1.6)
will be obtained by the asymptotic regularity method. Finally, we will establish the existence of
global attractor in (W!?(Q) N LY(Q)) x L4(T) associated with the semigroup {S (¢)},»o generated by
(1.1)-(1.6) by the use of asymptotic a priori estimate.

This paper is organized as follows: In section 2, we will give some notations and lemmas used in
the sequel. The existence and the uniqueness of solutions for (1.1)-(1.6) will be obtained in section
3. Section 4 is devoted to prove the existence of absorbing sets and the existence of global attractors
in (L2(Q) N L9Q) N L~ D(Q) 0 WP(Q) x (L) 1 LI(T) N L24~D(T)) of the semigroup {S (1)};zo
corresponding to (1.1)-(1.6).

Throughout this paper, let X be a Banach space endowed with the norm || - ||y, (-, -) be the inner
product in L2(Q)(or L*(N)) and C be a positive constant, which may be different from line to line (
and even in the same line ), the symbol C(s) denote a positive constants dependent of s, we denote
the trace of u by v and let y be the trace operator.

2 Preliminaries

In order to study the problem (1.1)-(1.6), we will recall the Sobolev space W'?(Q) defined as
the closure of C*(Q) N W'7(Q) with respect to the norm

1
il = ( f Vul? + ul? dx)
Q

and denote the dual space of Banach space X by X*.

In the following, for the sake of brevity, we will first introduce some notations used in this paper.
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Denote
R
p-1
Qr =Qx(0,7),
I'r =T'x(0,T),

V = (LP(0.T: W'P(Q) 0 LAQr) N L(Qr)) X
(L7 73w =H2) x 1200y 0 L1,

V= (L 0, T; (WP(Q))) + LAQ7) + L (Q7)) %
(LP' (0, T; (W'"5P(I)") + LX(Ty) + LY (rn)

and define the operator A : LP(0, T; WhP(Q)) — (LP(0, T; WP (Q)))* given by

(A@w),v) = | IVul"Vu- Vv + [uluv @2.1)
Qr
for any u,v € LP(0, T; W'"P(Q)).
Next, we will recall briefly some lemmas used to prove the well-posedness of solutions and the

existence of global attractors of the semigroup {S(¢)};>0 corresponding to (1.1)-(1.4) under some
assumptions on the nonlinear term f.

Lemma 2.1 (/27]) Let O be a bounded domain in R? and {g,} ¢ LY(0), where 1 < g < oo is given.
Assume that there exist a positive constant C independent of n and g € L(O) such that ||g,|l.s0) < C
for any natural number n and g, — g almost everywhere in O, as n — oo. Then g, — g weakly in
L1(0), as n — .

Lemma 2.2 ([7]) Let x,y € R? and (-, -) be the standard scalar product in R?. Then for any p > 2,
there exist two positive constants C1, C, depend only on p such that

(dP=2x = ylP=2y, x = y) > Cilx — ylP,
| 1xlP=2x = [y1P=2y| < Callx] + [P~ = yl.

Lemma 2.3 ([1]) Let Q be a bounded subset of R with smooth boundary T and 1 < p < co. Then
the following inclusion

WP (Q) s L'(T)

is compact for any r € [1, px), where

@-bp .
p* = P a
oo, p = d

Lemma 2.4 ([19]) Let A be defined by (2.1) and X = L(0, T; W"P(Q)). Then for any u, v € X, one
has

(A) = AW), 1 =v) = (" = VIl = Ivil).

Furthermore, (A(u) — A(v),u —v) = 0 ifand only ifu = v a.e. in Q.
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3 The well-posedness of solutions
In the following, we assume that (i, 6y) € L*(Q) x LX) is given and T > 0.

Definition 3.1 A function u(x,t) is called a weak solution of (1.1)-(1.6) on (0,T), if
ou v y
(u,v) €V, (E’E)E Ve,
Uli=o = ug, a.e. in Q,

V|0 = 60y, a.e. inT

and
| o+ 9Vl + )+ | i [0 = | g
for all test functions € € V.
Theorem 3.1 Let Q be a bounded domain in R4(d > 3), f satisfies (1.5)-(1.6), g is locally Lipschitz

continuous and g € L*(Q). Then for any (uy,0y) € L*(Q) x L*(T') and any T > 0, there exists a
unique weak solution u(x,t) of (1.1)-(1.4) and the mapping

(uo, 60) — (u(1), V(1))
is continuous on L*(Q) x L*(T).

Proof. We will first prove the existence of solutions for (1.1)-(1.6) by the Faedo-Galerkin method
(See [29)).
Consider the approximate solution u,(f) in the form

n

(1) = ) (e,

i=1

where {(e;, ye,)}% is an orthogonal basis of L*(Q)x L*(T'), which is included in (WH?(Q) N LI(Q)) x
L9(T). We get u,, from solving the following problem

du, dv, _
<d—”t, e + <%, e} + (A + 1P 21ty ) + (Fu)s ex) + (Fn)s ex) = (g(x), e, (3.1)
(un(o)v ek) = (MO, ek)s k = 17 LN, (32)
a(0), €) = (Borex). k=1, .n. (3.3)

Since f is continuous and g is locally Lipschitz continuous, using the Peano theorem, we get the
existence of the solutions (u,, v,), local in time, for (3.1)-(3.3). Next, we will establish some a priori
estimates for (i, v,). We have

1d 1d
5 O + 5 2Ol + ], + fﬂ Ftuy + fr F@uv

= f g(u,.
Q
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Thanks to (1.5)-(1.6), we obtain

1d 5 1d )
5 O, + 5 IO, + il + 1l gy + 1l

1 1
< I8 + 5 uall g + QA + I (3.4)
By virtue of the following inequality (see Theorem 2.3.1 in [6]):
—uZd + A2 < Cur ATe (3.5)
forany g >2,z>0,u>0and A > 0.
Let u = ¢; and A = 1. We deduce from (3.4) and (3.5) that
d 2 d 2 2 P q 2 q
d_l||un(t)||L2(Q) + E”Vn(t)” 2(T) + ”un”l’[, + C]”Mn”Lq(Q) + CIHVn”Lq(r)
2

Integrating (3.6) from O to ¢, we obtain

! ! !
2 2
it (O gy + a0y +2 fo el + 1 fo il ) + 261 fo Wl
2 2
< CT + (Ol + a OB (3.7)

for any r € (0, T].
Due to (3.7), we get

{un)e, is uniformly bounded in L= (0, T} LX(Q)),
{(Va)oe; is uniformly bounded in L*(0,T; Lz(r)),
{un)iry is uniformly bounded in LP(0, T WP (Q)),
{u, ), is uniformly bounded in L(Qr),
{Vuloey is uniformly bounded in L/(I'r),

which imply {u,}’, is uniformly bounded with respect to n in L”(0,T’; WhP(Q)), LI(Qr), respec-

tively, and {v,};" | is uniformly bounded with respect to n in LI(I'r). Therefore, we can extract a

subsequence {uy, };‘;1 of {u,}, | such that

Uy, — u weakly in L (0, T} WhP(Q)), as j — oo,
Uy, — u weakly in LY(Qr), as j — oo,

Vn, = v weakly in LY(T'7), as j — oo.

LetP,:V — span{(ej,yej)};?:l be a projection. For any ¢ € V, set ¢, = P, ¢, we have
du, dv,
<?’¢n> + <E9¢n> + (Aun), @n) + {f(Un), @n) + {f(Vn), @) = (8(x), ). (3.8)

From Holder inequality and Young inequality, we deduce

2 )
KA. 6 = f Va2Vt - V6, + a1,
Qr
—1 -1
< IVl Il + il Illisan
< p-l

el o .10 oy 1 Enll L 0.7 w (20 -
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Using the boundedness of {u,},’ ; with respect to n in L?(0, T} W'P(Q)) again, we infer that
{A(up)},, is uniformly bounded in LY (0, T; (WhP(Q))").
Since g € LX(Q7), f(uy) € LY (Qr), f(v,) € LY (Tr), we find
(u,,v;) € V™.
Therefore, we can extract a subsequence {u,,/.};‘;1 of {u,} >, such that
(U vy,) = W'V') weakly in V", asj — oo,
A(un,) — & weakly in L7 (0, T; (WHP(Q))"), asj — oo.

By virtue of the Aubin-Lions compactness theorem, we can extract a further subsequence (still
denote by {uy, };‘;1) such that additionally

up; — u strongly in LP(Qr), asj — oo, 3.9)
v, = v strongly in LP(I'r), asj — oo. (3.10)

Due to the boundedness of {u,}” | in LY(Qr) and (1.6), we obtain that {f(u,)};. | is uniformly

n=1

bounded with respect to n in L7 (Q7) and hence f(u,) — x in L7 (Qp). Similarly, f(v,) — nin
L7 (r), and by virtue of (3.9)-(3.10), we see that u,, — u a.e. in Qr and v,; — v a.e.in I'7. Then
f(u;) = f(u) a.e.in Qr and f(v,;) — f(v) a.e. in I'r. Thanks to Lemma 2.1, we know that

X = fw, n=f).

Therefore, we have

W)+, ) + (£, 0) + (f(w), §) + (f(v), ¢) = (g(x), $) (3.1

for any ¢ € V.
In order to prove that u is a weak solution of (1.1)-(1.4), it remains to show that & = A(u).
Noticing that

T
) = [,
1 1 1 1
= S lunOlIE2 0 = S (M2 gy + 5 I (Ozary = Sn (TN

T T T
- f f FCuu, — f f FOvy + f f 8(X)iy. (3.12)
0 Q 0 r 0 Q

It follows from the formulation of u,(0) and v,(0) that u,(0) — ug in L>(Q) and v,(0) — 6y in L*(T).
Moreover, by the lower semi-continuity of || - [|;2(q) and || - ||;2(r), We obtain

(T2 gy < T (T2 g V(DI ) < im0 [ (T2 - (3.13)

Meanwhile, by the Lebesgue dominated theorem, one can check that

T T T T
f ff(u)u+f ff(v)vz lirnf ff(un)u,,+limf ff(v,,)vn.
0o Ja 0o Jr = Jo Jo n—e Jo Jr
T T
limf fg(x)u,,:f fg(x)u.
= Jo o Jo 0 Ja
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This fact and (3.12)-(3.13) imply

lim sup{A(u,), u,)

n—oo

IA

1 1 1 1
Oz ) = T2 g, + S IOy = S DIz,

_fonQf(u)u—fonrf(v)HfoTfgg(x)u-

In view of (3.11), we have

1 1 1 1

T T T
- f f Swu - f f fOyw+ f f g(xu.
0 Q 0 T 0 Q

From this and (3.14), we deduce

lim sup(A(u,), u,) < (&, u).

On one hand, we observe that

,}il?o (A(u,) — A(u), u, — u)

’}Lngo (AW, up) — (A(un), uy — (A(w), u, — uy)
& uy =&, u) = 0.

On the other hand, it follows from Lemma 2.4 that

IA

(Au,) — A(w), u, — u)

—-1
> (llually

- p-1
Lr(0,T;W'r(Q))

1l 07wy (nllro.swir )
_”u”LP(O,T;W”’(Q))) 2 0.

Hence

||un||Ll’(O,T;W"l’(Q)) - ||u||LP(0,T;W1~ﬂ(Q)), as n — oo.
Combining (3.16) with u, — u in LP(0, T; W"?(Q)), we obtain

u, — u strongly in LP(0, T; W'"P(Q)), as n — oo.

C.K. Zhong

(3.14)

(3.15)

(3.16)

Therefore, from Lemma 2.2, Holder inequality and Young inequality, we deduce that for any ¢ €

LP(0, T; W'P(Q)),

KA (un) — A(w), ¢)|

= || (Vual” 2V, = [VulP>Vu) - Vo + (unl”>u, — lul?>u)gl
o

o f (Vits| + V)Vt = Vul[ V| + C f el + i)l =l
Qr Qr

IA

p-2 p-2
C(”un||Ll’(0,T;Wl"’(Q)) + ”u”Ll’(O,T;WLP(Q))) X

IA

et = ull oo, wre @Bl 0,73 w1 0 (2))»
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which implies that A(u,) — A(u) weakly in (LP(0, T; W'P(Q)))*, as n — co. Hence & = A(u).
Finally, we will prove the uniqueness and the continuous dependence on the initial data of solu-
tions for (1.1)-(1.6).
Let uy, up be two solutions of (1.1)-(1.6) with the initial data (uy,, 6;,), (u2,,62,), respectively.
Denote w = u; — uy, therefore w satisfies the following equation

wi = Apuy + Apuz + [ug [P2uy — |ualPun + f(ur) — f(ua) = 0,
8 vy
Wi+ Vg P2 5L — [Vup|P2 52 + f(uy) — f(uz) = 0,

(3.17)
w(x,0) = uy, — u,,
w(x, 0) = 910 - 920.
Taking the inner product of (3.17) with w, we deduce
d 1d _ -
3 WOl + 5 IOl + fQ(ImI” 2uy = ual"2uz, uy = )
+ f (IVur|P2Vuy = [VuolP >V, Vuy — Vup)
Q
+f(f(u1) — fu), uy —uz) + f(f(w) = f(v2),v1 =v2) =0. (3.18)
Q r

By virtue of (1.5) and Lemma 2.2, we obtain

1d 2 1d 2
EE”W(Z)”LZ(Q) + EE”W([)”LZ(F)

< WOl g + MWOI
which implies that

< expQINIWO)IT g, + WO r)-

Therefore, u;(x,t) = ux(x,t) a.e. in Q_T, if uy,(x) = up,(x) in Q and 60;,(x) = 6,,(x) in I', and
(u(x, 1), v(x, 1)) is continuously dependent on the initial datum. This is the end of the proof.

By Theorem 3.1, we can define the operator semigroup {S (£)};50 on L*(Q) x L*(I') as follows
S, RY X L2(Q) x LX) - L*(Q) x L*(),

which is continuous in L2(Q) x L*(I).

4 The existence of global attractors

In this section, we will prove the existence of global attractors of the semigroup {S (#)},>0 associated
with (1.1)-(1.6).

4.1 The existence of absorbing sets

In this subsection, we will first recall some definitions and lemmas used in the sequel.
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Definition 4.1 (/38]) Let X be a Banach space and {S (t)};>0 be a family of operators on X. We say
that {S ()}s0 is a norm-to-weak continuous (or C°) semigroup on X, if {S (t)};s0 satisfies

(i) S(0) = Id (the identity),
(ii) S@®S(s)=S(t+s),Vt,s >0,
(iii) S(t)x, = S@)x (or S(ty)x, = S()x ), ift, = tand x, - xin X.

Definition 4.2 ([29]) Let X be a Banach space and let {S (t)}1>0 be a continuous semigroup on X. A
subset A in X is called a global attractor if and only if

(i) Aisinvariant, i.e., S()A = Aforallt > 0,
(ii) Ais compact in X,
(iii) A attracts all bounded sets of X. That is, for any bounded subset B of X,
dist(S()B, A) — 0, as t — oo,
where dist(A, B) is the Hausdor{f semi-distance of two sets A and B defined by

dist(A, B) = supinf ||x — y|lx.
xeA YEB

Definition 4.3 (/29, 36]) Let {S (t)},»0 be a semigroup on Banach space X. {S (t)};>0 is called (X, Z)-
asymptotically compact, if for any bounded (in X) sequence {x,},.  C X and t, > 0 with t, — oo, as
n — oo, {S(t,)x,},7, has a convergent subsequence with respect to the topology of Z.

Definition 4.4 ([6, 20, 27, 29]) Let {S (t)}=0 be a C° semigroup in a complete metric space X. A
subset By of X is called an absorbing set in X, if for any bounded subset B of X, there exists some
time T = Tg > 0 such that S(t)B C By foranyt > T.

Lemma 4.1 ([38]) Let X, Y be two Banach spaces, X*, Y* be the dual spaces of X, Y, respectively,
where X is dense in Y, the injection i : X — Y is continuous and its adjoint i* : Y* — X* is
dense. Let {S (t)}>0 be a semigroup on X and Y, respectively, and assume furthermore that {S (¢)}s0
is continuous or weak continuous on Y. Then {S (¢)};>0 is a norm-to-weak continuous semigroup on
X if and only if {S (t)};=0 maps compact subsets of X X R* into bounded sets of X.

Definition 4.5 ([29]) Let {S(t)};>0 be a semigroup on Banach space X. {S ()}>0 is called (X, Z)-
uniformly compact, if for any bounded (in X) subset B C X, there exists ty = to(B) > 0 such that
Ursr, S (B is relatively compact in Z.

Lemma 4.2 ([29],/38]) Let X be a Banach space and (S (t)}s0 be a C° semigroup on X. Then
{S(®)}r=0 has a global attractor A in X provided that the following conditions hold true:

(i) {S(®)}0 has a bounded absorbing set By in X,
(ii) {S (O)}s=0 is uniformly compact or asymptotically compact.

Lemma 4.3 ([6], [29]) Let {S (t)}1>0 be a norm-to-weak continuous semigroup and {S (¢)};>0 is uni-
formly compact. If there exists an absorbing set B, then {S (¢)}>0 has a global attractor A and

A= ﬂ US(t)B.

s>0 1=s
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Next, we will prove the existence of absorbing sets for the semigroup {S(#)},>o generated by

(1.1)-(1.6).

Theorem 4.1 Assume that g € L*(Q) and f satisfies (1.5)-(1.6). Then the semigroup {S (t)}>0
generated by (1.1)-(1.4) has (Lz(Q) x LX), (WhP(Q) N LI(Q)) X Lq(r))- bounded absorbing sets.
That is, for any bounded subset B C LX(Q) x L*(T) and any (up,6p) € B, there exists a positive
constant T such that for any t > T,

llellzac) + IVOllzeay + NuOllwrr) < o,

where p is a positive constant independent of B, (u(t), v(t)) = S (t)(uo, 6y), and T is dependent on the
L*(Q) x LX(I')-norm of B.

Proof. Taking the inner product of (1.1) with u and integrating by parts, we deduce
nmmww wmmwﬁww@+]7ww+j}ww
Q r

= fQ g(0u. A.1)

As aresult of (1.6), we obtain

”u(t)”LZ(Q) ”v(t)”LZ(r) + ||M|| + Cl”u”Lq(Q) + CIHV”Zq(]")
1
< ||g(x)||Lz(Q) ||u||L2(Q) + KIQ| + KT
< ||g(x)||Lz(Q) ||u||L2(Q) ||v||m) + KIQ| + K. 42)
By virtue of the following inequality (see Theorem 2.3.1 in [6]):
2 =2 49
—uz? + 177 < Cua2 a2, (4.3)
foranyg >2,z>0,u>0and A > 0.
Letu = %cl and A = 1, we deduce from (4.2) and (4.3) that
||u(t)||L2(Q) ”V(t)”Lz(r) + 2””” + Cl””lqu(Q)

+C1||v”Lq(r) + ”u”LZ(Q) + ||v||L2(1")

< Nlg@llag, +C (4.4)

(when g = 2, (4.4) holds). That is,

(||u<r)||Lz(Q) + IVOIE2 ) + 1O ) + IO 2,
S ||g(-x)”L2(Q) + C
By the Classical Gronwall Lemma, we obtain

()1 gy + IV

< exp(=0) (ol ) + 10012 1) + (IgDIE ) + CX(T — exp(=1),
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which implies
ll(®)l172q) + IVOIF2 < p0 (4.5)
for any (ug, 6p) € B and ¢ > T, where

Lo = 2(||g(x)”L7(Q) +O),

lluoll72 ) + 160l

Denote F(s) = fos f(r)dt. By virtue of (1.6), we deduce

alul? =B < F(u) < aslul? + (4.6)

and
mM@Q—mmsijo<wa@+mm, 4.7)
mMMDﬂMSIHw«mmm+M1 (4.8)

It follows (4.4), (4.7)-(4.8) that

d 2 d 2 P C1 C1
2Ol + WOy + 2ty + = | Fa+ = | FO)
< gz, + C. 4.9)

Integrating (4.9) from ¢ to 7 + 1, we deduce that for any t > T,

r+1 r+1 t+1
2f lll?, +ﬂf fF(u)+C—1f fF(v)
t t T

On the other hand, taking the inner product of (1.1) with u,, we obtain

mM@+mM® (M|+wa+fnﬂ
Q r

1
< |mmm@ LS (4.11)
It follows from (4.11) that
—tMI wa+fHﬂ
2
< Ellg(x)lle(Q). (4.12)

Using the Uniformly Gronwall Lemma, we deduce from (4.5), (4.10) and (4.12) that

nw wa+jfm

< Zmax{ }po, (4.13)
2p’ c
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which implies that for any (up,6p) € B and ¢t > T, + 1, there exists a positive constant p such that

@l + IVOllza) + lu@llwrr) < p- (4.14)

This is the end of the proof.

Since W'P(Q) << L?(Q) and W'P(Q) << L*(I') is compact, we obtain the following result.

Theorem 4.2 Assume that g € L2(Q) and f satisfies (1.5)-(1.6). Then the semigroup {S (t)}0
generated by (1.1)-(1.4) has a (LHQ) x L2, L*(Q) x LZ(F))—global attractor Ay which is compact,
connected and invariant.

4.2 The existence of (L>Q) x L*(T"), LY(Q) x L4(I"))- global attractor

Since W'"P(Q) > L*(Q) and W'P(Q) << L*(I) is compact, it follows from Theorem 4.1 that
the semigroup generated by (1.1)-(1.6) is compact in L2(Q) x L*(T'). From Theorem 4.1 and Lemma
4.1, we deduce that the semigroup generated by (1.1)-(1.6)) maps a compact set of L4(Q) x LI(T)
into a bounded set of L(Q) x L4(I), i.e.,the semigroup generated by (1.1)-(1.6) is norm-to-weak
continuous in L4(Q)x L4(I'). In this subsection, we will prove the existence of (L?(Q)x L*(I"), L1(Q)x
L1(T))-global attractor of the semigroup {S (t)};>0 generated by (1.1)-(1.6).

Theorem 4.3 Assume that Q is a bounded smooth domain in R(d > 3), f satisfies (1.5)-(1.6) and
g € L*(Q). Then for any bounded subset B in LX(Q) x LX), there exist two positive constants
T = T(B) and p such that

||Mz(S)||iz(Q) + ||vt(s)||i2® <p

for any (ug,00) € Band s > T, where (u,(s), vi(s)) = % S (O (uo, 60)) |;=5 and p1 is a positive constant
which is independent of B.

Proof. First of all, we will differentiate (1.1) and (1.2) with respect to ¢ and denote { = u;, n = v;, we
get

4 = div(\Vul” V) = (p = 2)div (IVul”™(Vu - V£)Vu) (4.15)

+(p = DIl + f'w) =0,

e+ (p = 2) VP (Vy - Vm@ + WH@ + 'y =0, (4.16)
ov dv

where - denotes the dot product in R,
Multiplying (4.15) by ¢, integrating over Q and combining (1.5) with (4.16), we obtain

1d 1d "
5 7l + 5 7l + fg VulP~2v¢)

Hp-2) f VUl (Vi -V + (p - 1) f 2P
Q Q

(12172 ) + 112 )

IA

which implies that

1d _, 1d .,
55”4”1‘2(9) + EE‘HT]”LZ(F)

< (21 2 + 2 ) -
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On the other hand, integrating (4.11) from 7 to 7 + 1 and using (4.14), we find

1+1 1+1
2 2
[ W+ [ ol

< C(po, llgl2@))
as ¢ large enough, where
po = 2(lg@lI72 g, + O)-

Therefore, we deduce from the Uniformly Gronwall Inequality that there exists two positive con-
stants T and p; such that

2
”ut(s)”LZ(Q) + ”Vt(s)”LZ(r) < P1

for any (up,6p) € B and s > T. This is the end of the proof.
Next, we will prove the existence of absorbing sets in L*¢~D(Q) x L29-D(T") of the semigroup
{S(t)}>0 generated by (1.1)-(1.6) by using Theorem 4.3.

Theorem 4.4 Assume that g € L*(Q) and f satisfies (1.5)-(1.6). Then the semigroup {S(t)}i0
generated by (1.1)-(1.4) has a (LZ(Q) x L*(), L*4~D(Q) x Lz("‘l)(l"))-positively invariant bounded
absorbing sets. That is, for any bounded subset B ¢ L*>(Q) x L*(T') and any (ug, 6y) € B, there exists
two positive constants T and p, such that for any t > T, we have

2(g-1) 2(g-1)
”u(t)”LZ(q—l)(Q) + ”v(t)”LZ(q—l)(l") < p2,
where p; is a positive constant independent of B, (u(t), v(t)) = S (t)(uo, 6y), and T is dependent on B.

Proof. Taking the inner product of (1.1) with |u|?"?u and integrating by parts, we get

f il + f VT2 4 (g - 1) f VPl
f JufP e f F@)ulu + f FOMIE2y
= fglul"‘zu-
Q

From the Holder inequality and (1.6), we deduce that

2qg-2 2q-2 -2 -2
clfW +c1f|v|‘f —kf|u|‘f —kfw
Q T Q I
< fglul"‘zu—fuzlul"‘zu—fvflvr"zv,
Q Q r

2(g-1)
L2a-D(Q)

which implies that

2(g-1)

+ Cl ”v”LZ(q—l)(I‘)

clfull
2
< C”g”LZ(Q) + C”ut”LZ(Q) + C”VIHLZ(]“) + C

Thanks to Theorem 4.3, we know that there exists two positive constants p, and 7" such that for any
t>T,

2(g-1) 2(g-1)
el iy + IVt iy < 2 (4.17)
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for any bounded subset B ¢ L?>(Q) x L*(I) and any (u0, 6p) € B. This is the end of the proof.

From Theorem 4.3 and Theorem 4.4, we deduce that —A,u € L*(Q). In the case of Dirichlet
or Neumann boundary condition, we can obtain that [VulP~2Vu € H(l)(Q), where Hé(Q) ={u €
H'(Q) : ulr = 0} or H(l)(Q) ={ue H(QQ) : %k = 0}. Thanks to the Sobolev embedding theory
HL(Q) = L#5(Q), yield [Vu| € L<ﬂ—1>%(g)

since [lullf, g < ltllczlel 1 and iy < Izl > the semigroup (S (1)hizo
generated by (1.1)-(1.6) is compact in L*(Q) x L*(I') and bounded in L*¢~D(Q) x L>@=Y(T"). There-
fore, the semigroup {S (¢)}:>0 generated by (1.1)-(1.6) is compact in L9(Q) x LY(T"). From Lemma 4.2
and Theorem 4.1, we have the following result.

Theorem 4.5 Assume that g € L*(Q) and f satisfies (1.5)-(1.6). Then the semigroup {S(t)}i0
generated by (1.1)-(1.4) possesses a (L*(Q) x L>(I"), L4(Q) x LY(T))-global attractor Ay, which is
compact, invariant in L1(Q) x LY(I") and attracts every bounded subset in L2(Q) x LX) with respect
to the topology of L1(QQ) x L1(T').

4.3 The existence of (L>(Q) x L*(I'), L*9=Y(Q) x L*4-D(I"))- global attractor

Since the semigroup {S (t)};>0 generated by (1.1)-(1.6) is compact in L7(Q) x L4(I"), from Theorem
4.4 and Lemma 4.1, we deduce that the semigroup {S (¥)};»0 generated by (1.1)-(1.6) maps a compact
subset of L24-D(Q) x L*9~D(T) into a bounded subset of L>9~D(Q) x L*@~(T), i.e.,the semigroup
{S (t)}=0 generated by (1.1)-(1.6) is norm-to-weak continuous in L>¢~1(Q) x L*@~D(I"). In this sub-
section, we will prove the existence of (L2(Q) x L*(I), L*4~1(Q) x L*4~1)(T'))-global attractor asso-
ciated with the semigroup {S (¢)};>0 generated by (1.1)-(1.6). From Theorems 4.1, 4.4, we know that
the semigroup {S (#)};>0 has a positively invariant absorbing set in (Wl’p «@n Lz(q‘l)(Q)) x L2@=D([T)
denoted by By, which satisfies

By C {(u, V)€ (W"”(Q) N LZ("")(Q)) x L2@)(T) :

el (o @uniza-vieny + Moy < o

for some constant p. Note that here positively invariant means S (t)By C By for any ¢t > 0.
Next, we will consider the asymptotic regularity for (1.1)-(1.6), which is similar to the one in
[26, 28]. Consider the following elliptic equation

{ ~Ap¢ + 101" + f(¢) =g(x), xeQ,

V22 4 f(g) = xel. (+-18)

Due to the assumptions (1.5)-(1.6), from the classical results about elliptic equation, we know
that (4.18) has at least one solution ¢(x) with
(¢.y9) € (W'P(Q) n L7V (@) x L2@D(D). (4.19)
For the solution u(x, r) of (1.1)-(1.6), we now decompose u(x, ) as follows
u(x,t) = ¢(x) + wx, 1),
where ¢(x) is a fixed solution of (4.18) and w(x, ) satisfies the following equation:

—Aju+App+ [ulP2u — ¢ 2 + f(u) — f(¢) =0, (x,1) € QX R*,
wy + [VoP288 — |Vg|P25 + (1) - f(9) = 0, (x.0) e[ xR*,
w(x,0) = uo(x) d(x), x e,
w(x, 0) = 0p(x) — d(x), xel.

(4.20)
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Then, (4.20) is also globally well-posed. From Theorem 4.1, Theorem 4.4 and (4.19), we have that

e, ooz ) + W Dllzzeve < o, @.21)

where o) is a positive constant. Without loss of generality, hereafter we assume (g, 6p) € By and
(w(x, 0), yw(x, 0)) € (Whr(Q) n L2aD(Q)) x L2a-D(T).
Multiplying (4.20) by |w|*@~?w, integrating over Q and using Lemma 2.2 and (1.5), we obtain

L d o1 d -1
2g- D" ee * oG a Mo

+C) f IVwlP w4 + C f w[?atp=4
Q Q

2(q-1) 2(q-1)
< LW g + MRS ) - (4.22)

Integrating (4.22) from ¢ to t + 1, we deduce from (4.21) that

f+1 t+1
f f Vw2 f f WPTP < Clo, 01, p. ),
t Q t Q

which implies that

7+1 2q+p—4 P
f, w500 ) < Clos 01, poq) (4.23)

for all ¢ > 0. Therefore, by virtue of the Sobolev embedding theory and the Sobolev trace embedding
theory, we obtain

WLP(Q) C L%(Q)’ Wl’p(Q) c Lpf%—p]) (1")
It follows from (4.23) that for any (ug, 6y) € By,

Aty € [0, 1] such that w(x, tp) € L2975 (Q) and w(x, o) € L2755 (),

with WG| -2 g + WG oyt | = Clos 01, P ). (4.24)

n=p

Thanks to (4.23)-(4.24), we can perform a bootstrap estimate, which is the completely same as that
in [38], to deduce the following estimates:

For each k = 1,2, -, there exists Cy, depending only on k and p (recall o is the bound of the
bounded absorbing set By) such that

[Wllzrecy + IWllza )y < Ck

for any (o, 6) € By and 1 > 1, where (w(t), yw(1)) = S (1)(ug ~ $(x), 60~ y$(x)), pr = 2q=2)G;,)" +
(P =D TGS ae = 2 - D) + (0 - 2) I, G-
Since % > 1 and fp > 1, by taking k large enough, (4.24) implies that for any ¢ € [0, c0),

WOl 2a-2000) + WOl 202000y < C(0, 6,01, P> ) (4.25)

forallt > 1.
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Theorem 4.6 Assume that Q is a bounded smooth domain in R?, g € L*(Q) and f satisfies (1.5)-
(1.6). Then for any 6 € [0, 00), there is a bounded subset By satisfying the following property

Bs = {(U, V) : ||u||(W1»p(g)nL2trZ+6(Q)) + ||V||L24*2+5(1") <01 +C(0,9,01, p, CI)}

and for any bounded (in LX(Q) x LX) subset B ¢ L*(Q) x LX), there exists a T = T(||B||, 8) such
that

S(#BC ¢+ Bs (4.26)

for all t > T, where ¢ is a fixed solution of (4.18), the constants o and C(p, 9,01, p,q) are as
specified in (4.21), (4.25) respectively, and all are independent of B.

Using the interpolation inequality and Theorem 4.4, we obtain the following result.

Theorem 4.7 Assume that g € L*(Q) and f satisfies (1.5)-(1.6). Then for any § € [0, ), the
semigroup {S (t)}s0 generated by (1.1)-(1.4) possesses a (L*(Q) x L*(T"), L*9-D(Q) x L2¢~D(T))-
global attractor Ay_1), which attracts every bounded subset of L*(Q) x LX(T') with respect to
the topology of L*@~V+(Q) x L*4~V*(T). Moreover, Ax-1y = ¢ + Ay, where Ay is compact in
LZ(qfl)(Q) X L2(q71)(r).

4.4 (L*(Q)x LX), (W'P(Q) N L1(Q)) x L1(T'))-global attractor

In this subsection, we will prove the existence of global attractor in (W!?(Q) N LI(Q)) x LI(T) as-
sociated with the semigroup {S (¢)};>0 generated by (1.1)-(1.6). First, from Lemma 4.1 and Theorem
4.1, we know that the semigroup {S (f)},»9 generated by (1.1)-(1.6) is norm-to-weak continuous in
(WhP(Q) N L4(Q)) x LI(I). Next, we first prove the semigroup {S (1)};s0 generated by (1.1)-(1.6) is
asymptotically compact in (W'P(Q) N LI(Q)) x LI(I).

Theorem 4.8 Assume that Q is a bounded smooth domain in R%(d > 3), f satisfies (1.5)-(1.6) and
g € L2(Q). Then the semigroup {S(f)}s0 generated by (1.1)-(1.4) is (L*2(Q) x L2(I), (WHP(Q) N
L1(Q)) x LY(I"))- asymptotically compact.

Proof. Let By be a (L2(Q)x L*(), (W'P(Q)NLI(Q)) x L4(T'))-bounded absorbing set obtained in The-
orem 4.1. Then we need only to show that for any {(uo,, vo.)} C Bo and #, — o0, {(u(t), va(t))}2,
is precompact in (W'P(Q) N L1(Q)) x LI(T), where (u,(t,), v,(t,)) = S (t,)(ton, Vor)-

In view of Theorem 4.5, it remains to prove that for any {(uo,, vo,)} C Bo and £, — oo, {u,(t,)}7
is precompact in W'7(Q).

In fact, from Theorem 4.2 and Theorem 4.5, we know that {(u,(2,), va (1))}, is precompact in
L2(Q) x LA(I') and L(Q) x LY(I'). Without loss of generality, we assume that {(11,(1,), va(12))}32, is a
Cauchy sequence in L>(Q) x L*(I') and L4(Q) x LI(I").

In the following, we will prove that {u,(z,)}," , is a Cauchy sequence in WHP(Q). Then, by simply
calculations, we deduce from Lemma 2.2 that

C “um (tnk) - Mn,-(tn,-)“(;)‘/l,p(g)

IA

d d
(_Eunk (tn) = S (i (8,)) + E”n_;(tnj) + f(“n,-(tn,-))’ Up, () — un_,-(tn_,-))
d

d
+(_Evnk (tn) = [, () + dtv”.f(t”.f) + f(Vn,-(tn,-)), Vg () — Vn,v(tn‘,v))
L + 1. (427)
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Now, we estimate separately the two terms /; and I,. By simple calculations and Holder inequal-
ity, we deduce that

I < ”%unk(tnk) - d_unj(tnj)”Lz(Q)”unk(tnk) = (a2 + C(1 +
IIMnk(tnk)Iqu(g) + ”unj(tn,)”Lq(Q))”unk(tnk) U, (tn )l 3(02) (4.28)
and
d d
L < ”d Uy, (ty,) — Mn,(tn,)”Lz(F)”unk(tnk) tp (ta 2y + C(1 +
[N Lq(r) + [letn; @)l Lq(r))”"tnk(tm) U (tn )l Loqry, (4.29)

which combines with Theorems 4.2-4.3, 4.5, yields Theorem 4.8 immediately. This is the end of the
proof.

Combining Lemma 4.3 with Theorems 4.1, 4.8, we immediately obtain the following result:

Theorem 4.9 Assume that Q is a bounded smooth domain in R%(d > 3), f satisfies (1.5)-(1.6) and
g € L*(Q). Then the semigroup {S(t)}is0 generated by (1.1)-(1.4) has a (L*(Q) x L), (W'"P(©) n
L1(Q)) x L1(I"))-global attractor A.
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