
Advanced Nonlinear Studies 12 (2012), 149–171

Nonexistence Results of Sign-changing solutions for a
Supercritical Problem of the Scalar Curvature Type

Kamal OULD BOUH∗

Mathematisches Institut der Justus-Liebieg-Universität Giessen,

Arndtstrasse 2, D- 35392 Giessen, Germany

Kamal.Ould-Bouh@math.uni-giessen.de

Received in revised form 11 May 2011

Communicated by Norman Dancer

Abstract

This paper is devoted to the study of the nonlinear elliptic problem with supercritical critical

exponent (Pε) : −∆u = K|u|4/(n−2)+εu in Ω, u = 0 on ∂Ω, where Ω is a smooth bounded

domain in Rn, n ≥ 3, K is a C3 positive function and ε is a positive real parameter. We

show first that in dimension 3, for ε small, (Pε) has no sign-changing solutions with low

energy which blow up at two points. For n ≥ 4, we prove that there are no sign-changing

solutions which blow up at two nearby points. We also show that (Pε) has no bubble-tower

sign-changing solutions.
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1 Introduction
LetΩ be a smooth bounded domain in Rn, n ≥ 3 and p+1 = 2n

n−2
be the critical Sobolev exponent for

the embedding of H1
0
(Ω) into Lp+1(Ω). We consider the following elliptic problem with supercritical

nonlinearity :

(Pε)
{
−∆u = K|u|p−1+εu in Ω,

u = 0 on ∂Ω,
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where K is a C3 positive function and ε is a positive real parameter.

Problem (Pε) is in some sense related to the limiting problem (when ε = 0) and the interest to it

comes from its resemblance to the scalar curvature problem in differential geometry, which consists

of finding suitable conditions on a given function K, defined on M, such that K is the scalar curvature

for a metric g conformally equivalent to g, where (M, g) is a n-dimensional Riemannian manifold

without boundary.

Note that the limiting problem has been widely studied in various works, see for example [2],

[9], [11], [15] and [18] for the case when K is a constant and [6] for the case when K is a nonconstant

function.

From another view point, it is interesting to study the problem (Pε) with ε < 0 and ε > 0 and to

understand what happens to the solutions of (Pε) (if they exist) as ε→ 0.

When ε ∈ (1 − p, 0), the mountain pass lemma proves the existence of solutions of (Pε) (see

[3], [4] and [8]). Note that, many works have been devoted to the study of positive solutions of (Pε)
with ε < 0. In sharp contrast to this, very little study has been made concerning the sign-changing

solutions of (Pε) with ε < 0 and even less for ε > 0.

When ε > 0, problem (Pε) becomes more delicate since we lose the Sobolev embedding which

is an important difficulty to overcome.

Concerning the supercritical case, ε > 0 and K a constant, it was proved in [5] that (Pε) has no

positive solution which blows up at a single point. This result shows that the situation is different

from the subcritical one. However, del Pino et al [14] gave an existence result for two blow up

points, provided that Ω satisfies some geometrical conditions. In [7], we show that, for ε small, (Pε)
has no sign-changing solutions which blow up at k points (k = 2, 3).

In this paper, we consider the case when K is a nonconstant function and we attempt to under-

stand the influence of the function K in the study of the sign-changing solutions of (Pε).
It is well known that problem (Pε) has a variational structure. Setting

J(u) :=

∫
Ω
|∇u|2(∫

Ω
K|u|p+1+ε

)2/(p+1+ε)
u ∈ H1

0(Ω), u � 0.

J satisfies the Palais-Smale condition in the subcritical case, while this condition fails in the critical

case. Such a failure is due to the functions

δ(a,λ)(x) = c0

λ(n−2)/2

(1 + λ2|x − a|2)(n−2)/2
, c0 = (n(n − 2))(n−2)/4, λ > 0, a ∈ Rn, (1.1)

which are the only solutions of

−∆u = u(n+2)/(n−2), u > 0 in Rn. (1.2)

Removing the assumption of the positivity of the solutions, the study of the asymptotic behavior be-

comes difficult. The main difficulty is that the limit problem (1.2), has many sign-changing unknown

solutions.

When we study problem (1.2) in a bounded smooth domainΩ, we need to introduce the function

Pδ(a,λ) which is the projection of δ(a,λ) on H1
0
(Ω). It satisfies

−∆Pδ(a,λ) = −∆δ(a,λ) in Ω; Pδ(a,λ) = 0 on ∂Ω.
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These functions are almost positive solutions of (Pε).
We denote by G the Green’s function of Laplace operator defined by :

∀x ∈ Ω, −∆G(x, .) = cnδx in Ω, G(x, .) = 0 on ∂Ω,

where δx is the Dirac mass at x and cn = (n − 2)wn, with wn is the area of the unit sphere of Rn. We

denote by H the regular part of G, that is,

H(x1, x2) = |x1 − x2|2−n −G(x1, x2) for (x1, x2) ∈ Ω2.

The space H1
0
(Ω) is equipped with the norm ‖.‖ and its corresponding inner product 〈., .〉 defined by

‖u‖ =
(∫
Ω

|∇u|2
)1/2

and 〈u, v〉 =
∫
Ω

∇u∇v, u, v ∈ H1
0(Ω). (1.3)

Our first result deals with the low energy sign-changing solution of (Pε), in dimension 3. We prove

that there is no solution which blows up at two points.

Theorem 1.1 Let Ω be a smooth bounded domain in R3. Then, there exists ε0 > 0, such that, for
each ε ∈ (0, ε0) problem (Pε) has no sign-changing solutions uε which satisfy

uε = Pδ(aε,1,λε,1) − Pδ(aε,2,λε,2) + vε, (1.4)

with |uε|ε∞ is bounded and{
aε,i ∈ Ω, λε,id(aε,i, ∂Ω)→ ∞ for i = 1, 2,

〈Pδ(aε,1,λε,1), Pδ(aε,2,λε,2)〉 → 0 and ||vε|| → 0 as ε→ 0.
(1.5)

Remark 1.1 We notice that Theorems 1.3, 1.4 of [7] which are proved in the case K ≡ 1 are also

true for all C3 function K in dimension 3.

In order to state our results in the case n ≥ 4, we need to introduce some assumptions that we

are using

(H1) For each critical point y of K, we have

c1H(y, y) − c3∆K(y)

16K(y)
� 0 if n = 4 and ∆K(y) � 0 if n ≥ 5,

where c1, c3 are positive constants which are defined in Proposition 2.1.

(H2) All the critical points of K are in Ω i.e. there exists positive constant c so that |∇K(y)| ≥ c, for

each y ∈ ∂Ω.

In the second result, we prove that there are no sign-changing solutions of (Pε) with ε > 0, which

have two peaks concentrated at the same point. More precisely, we have

Theorem 1.2 Let Ω be a smooth bounded domain in Rn, n ≥ 4 and the assumptions (H1 − H2)
hold. Then, there exists ε0 > 0, such that, for each ε ∈ (0, ε0), problem (Pε) has no sign-changing
solutions uε which satisfy (1.4), (1.5) and |aε,1 − aε,2| < σ where σ is a positive constant such that
σ < (1/2) inf{|yi − y j|, i � j, ∇K(yl) = 0, l = i, j}.
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In the following result, we give a sufficient condition on the function K to ensure the nonexis-

tence of sign-changing solutions of (Pε) with ε > 0.

Theorem 1.3 Let Ω be a smooth bounded domain in Rn, n ≥ 4 and the assumptions (H1 −H2) hold.
Assume that there exits at most one critical point y of K satisfying

c1H(y, y) − c3∆K(y)

16K(y)
< 0 if n = 4, and ∆K(y) > 0 if n ≥ 5. (1.6)

Then, there exists ε0 > 0, such that, for each ε ∈ (0, ε0), problem (Pε) has no sign-changing solutions
uε which satisfy (1.4) and (1.5).

Remark 1.2 The assumption that |uε|ε∞ is bounded allows us to recover the Sobolev embedding. It is

used to obtain useful estimates in the technical framework (for example Lemma 2.2 and Proposition

2.1). Note that this assumption is always satisfied in the subcritical case ((Pε) with ε > 0). We think

that it is still satisfied in the supercritical case but it is too technical to discuss this problem in this

paper.

When we study the sign-changing solutions, it is possible to find solutions having bubble over

bubble ”bubble-tower solutions” (λi/λ j → ∞ or 0), which cannot appear in the case of the positive

solutions (by using the Harnack inequalities). The first example of solutions with the shape of tower

of bubbles in semi-linear elliptic problems involving the critical Sobolev exponent was established

in [12], [13] and [16] where the slightly super critical Brezis-Nirenberg problem was studied. For

(Pε) with (ε < 0 and K ≡ 1), this phenomenon was proved by [10] and [17]. In [7], we proved that,

in the case K ≡ 1, this phenomenon cannot appear when ε > 0.

In the following theorems, we deal with some results like the result of [7], but under more general

assumptions. More precisely, if we let σ be the positive constant defined in Theorem 1.2, we have

the following results

Theorem 1.4 Let Ω be a smooth bounded domain in Rn, n ≥ 4 and the assumptions (H1 − H2)
hold. Then, there exists ε0 > 0, such that, for each ε ∈ (0, ε0), problem (Pε) has no sign-changing
solutions uε of the form

uε =
∑p

i=1
γiPδ(aε,i,λε,i) + vε, with γi ∈ {1,−1}, |uε|ε∞ is bounded, (1.7){

p ≥ 2, λε,i/λε,i+1 → 0, aε,i ∈ Ω, λε,id(aε,i, ∂Ω)→ ∞ for 1 ≤ i ≤ p,
|aε,i − aε, j| < σ, 〈Pδ(aε,i,λε,i), Pδ(aε, j,λε, j)〉 → 0, i � j, ||vε|| → 0 as ε→ 0,

(1.8)

q1 < q2, λε,q1
|aε,q1

− aε,q2
| bounded , γi � γp for q1 ≤ i < p.

Theorem 1.5 Let Ω be a smooth bounded domain in Rn, n ≥ 4 and the assumptions (H1 − H2)
hold. Then, there exists ε0 > 0, such that, for each ε ∈ (0, ε0), problem (Pε) has no sign-changing
solutions uε which satisfy (1.7), (1.8) and there exists q, λε,q|aε,q − aε,q+1| bounded, γq � γq+1 and
λε,q|aε,q − aε,i| → +∞ for i > q + 1.

We notice that if λε,i|aε,i − aε, j| is bounded for i < j, then q in the previous theorem is equal to

p− 1 and the set {i > q+ 1} is empty in this case. Furthermore, if γp−1 = γp, Theorem 1.5 also holds

in this case by adding the following assumption : λε,l|aε,l − aε,l+1| is very small if l � p − 2 where

l = min{r : γr = ... = γp}
Note that the speed λε,i can be very large with respect to the distances |aε,i − aε, j|. To cover this

case, we prove :
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Theorem 1.6 Let Ω be a smooth bounded domain in Rn, n ≥ 4 and the assumptions (H1 −H2) hold.
Then, there exists ε0 > 0, such that, for each ε ∈ (0, ε0), problem (Pε) has no sign-changing solutions
uε which satisfy (1.7) and (1.8) such that λε,i|aε,i − aε, j| → ∞ for 1 ≤ i ≤ p and �({i : γi = −γ1}) is
odd.

Remark 1.3 (i) If all the critical points yi’s of the function K satisfy ∆K(yi) < 0, then Theorem 1.6

holds with �({i : γi = −γ1}) even and �({i : γi = γ1}) odd.

(ii) If there exists a solution of (Pε) of the form (1.7), then the concentration points have to

converge to a critical point of K with ∆K(y) > 0 and �({i : γi = −γ1}) even.

The remainder of the present paper is organized as follows. In Section 2, we assume that there

exist solutions uε of (Pε) which satisfy (1.4) and (1.5). Using some information about these solu-

tions, we derive some useful estimates. In Section 3, Combining the estimates obtained in the last

section, we prove sign-changing solutions results by contradiction. In Section 4, we prove bubble-

tower solutions results (Theorems 1.4, 1.5). Section 5 is devoted to the proof of Theorem 1.6.

2 The technical framework
In this section, we assume that there exist solutions (uε) of (Pε) which satisfy

uε = Pδ(aε,1,λε,1) − Pδ(aε,2,λε,2) + vε, (2.1)

with |uε|ε∞ bounded, aε,i ∈ Ω, for i = 1, 2, and 〈Pδ(aε,1,λε,1), Pδ(aε,2,λε,2)〉 → 0, ‖vε‖ → 0, λε,id(aε,i, ∂Ω)→
+∞ as ε→ 0.

First, arguing as in [2] and [19], we see that for uε satisfying (2.1), there is a unique way to

choose αi, ai, λi and v such that

uε = α1Pδ(a1,λ1) − α2P(a2,λ2) + v, (2.2)

as ε→ 0 ⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
αi ∈ R,

α4/(n−2)
i K(ai)

α4/(n−2)
j K(a j)

→ 1,

ai ∈ Ω, λi ∈ R∗+, λid(ai, ∂Ω)→ +∞,
v→ 0 in H1

0
(Ω), v ∈ E,

(2.3)

where E denotes the subspace of H1
0
(Ω) defined by

E :=
{
w : 〈w, ϕ〉 = 0 ∀ϕ ∈ {Pδi, ∂Pδi/∂λi, ∂Pδi/∂a

j
i , i ≤ 2; j ≤ n}

}
. (2.4)

Here, a j
i denotes the j-th component of ai and in the sequel, in order to simplify the notations, we

set

δ(ai,λi) = δi, and Pδ(ai,λi) = Pδi.

In the following, we always assume that uε (which satisfies (2.1)) is written as in (2.2) and (2.3)

holds.
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Lemma 2.1 Let uε satisfy the assumption of the theorem, λi occurring in (2.2),

λεi → 1 as ε→ 0, for each i = 1, 2.

Proof. The proof is the same as that of Lemma 2.2 of [7], so we omit it.

Remark 2.1 From Lemma 2.1, we remark that :

(i) Since Ω is bounded and λεi → 1 as ε→ 0 it is easy to derive that ε log(1 + λ2
i |x − ai|2) tends to 0

as ε→ 0 and therefore we get :

δεi (x) − cε0λ
ε(n−2)/2
i = O

(
ε log(1 + λ2

i |x − ai|2)
)

in Ω.

(ii) We also point out that it follows from the assumption that |uε|ε∞ is bounded and λεi → 1 as ε→ 0

and that |vε|ε∞ is bounded– a fact which is used in the proof of Lemma 2.2 and Proposition 2.1 below.

As usual in these types of problems, we first deal with the v-part of u, in order to show that it is

negligible with respect to the concentration phenomenon. Namely, we have the following estimate

Lemma 2.2 The function v defined in (2.2), satisfies the following estimate

||v|| ≤ cε + c

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
∑

i

( |∇K(ai)|
λi
+ 1
λ2

i
+ 1

(λidi)n−2

)
+ ε12(log ε−1

12
)

n−2
n ( if n < 6),∑

i

( |∇K(ai)|
λi
+ 1
λ2

i
+ 1

(λidi)
n+2

2
−ε(n−2)

)
+ ε

n+2
2(n−2)

12
(log ε−1

12
)

n+2
2n ,

where di := d(ai, ∂Ω) and ε12 is defined by

ε12 =

(
λ1

λ2

+
λ2

λ1

+ λ1λ2|a1 − a2|2
)(2−n)/2

. (2.5)

Proof. Since uε = α1Pδ1 − α2Pδ2 + v is a solution of (Pε) and v ∈ E (see (2.4)), we obtain∫
Ω
−∆uεv = ‖v‖2 =

∫
Ω

K|uε|p−1+εuεv

=
∫
Ω

K|α1Pδ1 − α2Pδ2|p−1+ε(α1Pδ1 − α2Pδ2)v

+p
∫
Ω

K|α1Pδ1 − α2Pδ2|p−1+εv2 + o(‖v‖2).

Hence, we have

Q(v, v) = f (v) + o(‖v‖2), (2.6)

where

Q(v, v) = ‖v‖2 − p
∫
Ω

K|α1Pδ1 − α2Pδ2|p−1+εv2,

f (v) =
∫
Ω

K|α1Pδ1 − α2Pδ2|p−1+ε(α1Pδ1 − α2Pδ2)v.

Using Remark 2.1 and according to [1], it is easy to see that

Q(v, v) = ‖v‖2 − p
∑
i=1,2

α
p−1+ε
i K(ai)

∫
Ω

(Pδi)p−1+εv2 + o(‖v‖2)
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is positive definite, that is, there exists c > 0 independent of ε, satisfying Q(v, v) ≥ c‖v‖2, for each

v ∈ E. Then, from (2.6) we get

‖v‖2 = O(‖ f (v)‖).
Now, using Lemma 2.1, we obtain

f (v) =

∫
Ω

K((α1Pδ1)p+ε − (α2Pδ2)p+ε)v + O
( ∫
Ω

(δiδ j)
p
2 |v|

+
∑
i� j

∫
Ω

δ
p−1

i δ j|v|(if n < 6)
)
. (2.7)

Using Remark 2.1 and the fact that v ∈ E, we get

|
∫
Ω

KPδp+ε
i v| = |

∫
Kδp+ε

i v| + O
( ∫
δ

p−1+ε
i θi|v|

)
≤

∫
K
(
cε

0
λεi + O(ε log(1 + λ2

i |x − ai|2))
)
δ

p
i |v| + c|θi|L∞

∫
δ

p−1+ε
i |v| (2.8)

≤ c‖v‖
(
ε + |∇K(ai)|

λi
+ 1
λ2

i
+ 1

(λidi)n−2 (if n < 6) + 1

(λidi)
n+2

2
+ε(n−2)

(if n ≥ 6)
)
,

where θi := θai,λi := δi − Pδi.
For the other integrals of (2.7), we use Holder’s inequality and we obtain for i � j∫

Ω

(δiδ j)
p/2 | v |≤ c‖v‖

(∫
Ω

(δiδ j)
n/(n−2)

) n+2
2n

≤ c‖v‖ε
n+2

2(n−2)

i j (log ε−1
i j )

n+2
2n (2.9)

and if n < 6, we have p − 1 = 4/(n − 2) > 1, and therefore∫
Ω

δ
p−1

i δ j | v |≤ c‖v‖
(∫
Ω

(δiδ j)
n/(n−2)

)(n−2)/n
≤ c‖v‖εi j(log ε−1

i j )(n−2)/n. (2.10)

Combining (2.7), ..., (2.10), the proof follows.

Now, we are able to obtain the following result which is a crucial point in the proof of our

theorems.

Proposition 2.1 Assume that n ≥ 3 and let αi, ai and λi be the variables defined in (2.2). We have

1 − α4/(n−2)+ε
i K(ai) = O

(
ε log λi +

∑
i

1
(λidi)n−2 + ε12 + ‖v‖2

)
, (2.11)∣∣∣∣∣αic1

H(ai,ai)

λn−2
i
− αi

c3

n2

∆K(ai)

K(ai)λ
2
i
− α jc1

(
2λi
n−2
∂ε12

∂λi
+

H(a1,a2)

(λ1λ2)(n−2)/2

)
+ αic2ε

∣∣∣∣∣
≤ c

(
ε2 + 1

λ3
i
+ ‖v‖2

)
+ c

⎧⎪⎪⎨⎪⎪⎩
∑

k
log(λkdk)

(λkdk)n + ε
n

n−2

12
log ε−1

12
(if n ≥ 4),∑

k
1

(λkdk)2 + ε
2
12

(log ε−1
12

)
2
3 (if n = 3),

(2.12)

where i, j ∈ {1, 2} with i � j and c1, c2, c3 are positive constants defined by

c1 = c
2n

n−2

0

∫
Rn

dx
(1+|x|2)(n+2)/2 , c2 =

n−2
2

c
2n

n−2

0

∫
Rn log(1 + |x|2) |x|2−1

(1+|x|2)n+1 dx

and c3 = c
2n

n−2

0

∫
Rn

|x|2
(1+|x|2)n dx.
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Proof. It suffices to prove the proposition for i = 1. Multiplying (Pε) by λ1∂Pδ1/∂λ1 and integrating

on Ω, we obtain

α1

∫
Ω

δ
p
1
λ1

∂Pδ1
∂λ1

− α2

∫
Ω

δ
p
2
λ1

∂Pδ2
∂λ2

=

∫
Ω

K|uε|p−1+εuελ1

∂Pδ1
∂λ1

. (2.13)

From [1], we know that ∫
Ω

δ
p
1
λ1

∂Pδ1
∂λ1

= n−2
2

c1
H(a1,a1)

λn−2
1

+ O
(

log(λ1d1)

(λ1d1)n

)
, (2.14)∫

Ω

δ
p
2
λ1

∂Pδ1
∂λ1

= c1

(
λ1
∂ε12

∂λ1
+ n−2

2
H(a1,a2)

(λ1λ2)(n−2)/2

)
+ R, (2.15)

where R satisfies

R = O
(∑

k=1,2

log(λkdk)

(λkdk)n + ε
n

n−2

12
log ε−1

12

)
. (2.16)

For the other term of (2.13), we have∫
Ω

K|uε|p−1+εuελ1
∂Pδ1
∂λ1
=

∫
Ω

K|α1Pδ1 − α2Pδ2|p−1+ε(α1Pδ1 − α2Pδ2)λ1
∂Pδ1
∂λ1

+(p + ε)
∫
Ω

K|α1Pδ1 − α2Pδ2|p−1+εvλ1
∂Pδ1
∂λ1
+ O

(‖v‖2 + ε n
n−2

12
log ε−1

12

)
(2.17)

Concerning the last integral, it can be written as∫
Ω

K|α1Pδ1 − α2Pδ2|p−1+εvλ1

∂Pδ1
∂λ1

=

∫
Ω

K(α1Pδ1)p−1+εvλ1

∂Pδ1
∂λ1

+O
(∫
Ω\A

Pδp−1

2
Pδ1|v| +

∫
A

Pδp−1

1
Pδ2|v|

)
, (2.18)

where A = {x : 2α2Pδ2 ≤ α1Pδ1}.
Observe that, for n ≥ 6, we have p − 1 = 4/(n − 2) ≤ 1, thus∫

Ω\A
Pδp−1

2
Pδ1|v| +

∫
A

Pδp−1

1
Pδ2|v| ≤ c

∫
Ω
|v|(δ1δ2)(n+2)/2(n−2)

≤ c‖v‖ε
n+2

2(n−2)

12
(log ε−1

12
)

n+2
2n . (2.19)

But for n ≤ 5, we have∫
Ω\A

Pδp−1

2
Pδ1|v| +

∫
A

Pδp−1

1
Pδ2|v| ≤ cε12(log ε−1

12 )(n−2)/n||v||. (2.20)

For the other integral in (2.18), using [1], [19] and Remark 2.1, we get∫
Ω

KPδp−1+ε
1

vλ1
∂Pδ1
∂λ1

= O
(
‖v‖

[
ε +

(
1

(λ1d1)inf(n−2,(n+2)/2) (i f n � 6) +
log(λ1d1)

(λ1d1)4 (i f n = 6)
)])
. (2.21)
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It remains to estimate the second integral of (2.17). We have∫
Ω

K|α1Pδ1 − α2Pδ2|p−1+ε(α1Pδ1 − α2Pδ2)λ1
∂Pδ1
∂λ1

=
∫
Ω

K(α1Pδ1)p+ελ1
∂Pδ1
∂λ1
−

∫
Ω

K(α2Pδ2)p+ελ1
∂Pδ1
∂λ1

(2.22)

−(p + ε)
∫
Ω

Kα2Pδ2(α1Pδ1)p−1+ελ1
∂Pδ1
∂λ1
+ O

(
ε

n
n−2

12
log ε−1

12

)
.

Now, using Remark 2.1 and [1], we have∫
Ω

KPδp+ε
1
λ1

∂Pδ1
∂λ1

= n−2
2

(
K(a1)c2ε − c3

∆K(a1)

n2λ2
1

+ 2c1K(a1)
H(a1,a1)

λn−2
1

)
+O

(
ε2 + 1

λ3
1

+
log(λ1d1)

(λ1d1)n +
1

(λ1d1)2 (if n = 3)

)
, (2.23)

∫
Ω

KPδp+ε
2
λ1

∂Pδ1
∂λ1

= c1K(a2)
(
λ1
∂ε12

∂λ1
+ n−2

2
H(a1,a2)

(λ1λ2)(n−2)/2

)
+ R1, (2.24)

p
∫
Ω

KPδ2Pδp−1+ε
1

λ1

∂Pδ1
∂λ1

= c1K(a1)
(
λ1
∂ε12

∂λ1
+ n−2

2
H(a1,a2)

(λ1λ2)(n−2)/2

)
+ R1, (2.25)

where R1 = R + O
(
εε12(log ε−1

12
)(n−2)/n

)
, and R is defined by (2.16). Therefore, combining (2.13), ...,

(2.25), and Lemma 2.2, the proof of Proposition 2.1 follows.

Proposition 2.2 Let αi, ai and λi be the variables defined in (2.2). Then, for n ≥ 4, we have

c1αi
1

λn−1
i

∂H(ai, ai)

∂ai
− c4αi

∇K(ai)

λi
+ 2c1

α j

λi

(∂ε12

∂ai
− ∂H
∂ai

(a1, a2)
1

(λ1λ2)(n−2)/2

)
= O

(∑
k=1,2

1

(λkdk)n + ε
n

n−2

12
log ε−1

12 + εε12(log ε−1
12 )

n−2
n +

ε

(λidi)n−1
+

1

λ3
i

+ ‖v‖2
)
,

where i, j ∈ {1, 2}, j � i.

Proof. The proof is similar to the proof of Proposition 2.1. But there exist some integrals which

have different estimates. In fact, the equations (2.13), (2.17), ..., (2.22) are also true if we change

λ1∂δ1/∂λ1 by λ−1
1
∂δ1/∂a1. For the other integrals, we use Remark 2.1 and [1] and Proposition 2.2

follows.

3 Proof of sign-changing solution results
We remark that, if we suppose that the problem (Pε) has a solution uε as stated in (1.4) and (1.5),

then, this solution has to satisfy (2.2) and from Proposition 2.1, we have

(Ei) c1
H(ai,ai)

λn−2
i
− c3

n2

∆K(ai)

K(ai)λ
2
i
− c1

(
2λi
n−2
∂ε12

∂λi
+

H(a1,a2)

(λ1λ2)(n−2)/2

)
+ c2ε

= O
( |∇K(ai)|2

λ2
i

)
+ o

(
ε + 1

λ2
i
+

∑
k=1,2

1
(λkdk)n−2 + ε12

)
, for i = 1, 2.
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From Proposition 2.2, we get

c1

1

λn−1
i

∂H(ai, ai)

∂ai
−c4

∇K(ai)
λi
+ 2c1

1
λi

(
∂ε12

∂ai
− ∂H
∂ai

(a1, a2) 1
(λ1λ2)(n−2)/2

)

= o
(∑

k=1,2
1

(λkdk)n−1 + ε
n−1
n−2

12
+ ε

n−1
n−2 + 1

λi

)
.

Thus

(Fi) c4

|∇K(ai)|
λi

+ O
( 1

(λidi)n−1
+ ε12

)
= o

( ∑
k=1,2

1

(λkdk)n−1
+ ε

n−1
n−2

12
+ ε

n−1
n−2 +

1

λi

)
Furthermore, an easy computation shows that

λi
∂ε12

∂λi
= −n − 2

2
ε12

(
1 − 2

λ j

λi
ε2/n−2

12

)
, for i, j = 1, 2, j � i. (3.1)

Proof of Theorem 1.1. Let us suppose that the problem (Pε) has a solution uε as stated in Theorem

1.1. It is easy to see that, for i = 1, 2

| ∆K(ai)

K(ai)λ
2
i

| + |∇K(ai)|2
λ2

i

= o
(H(ai, ai)

λi

)
.

This implies that, there is no influence of the function K, and in this case, we can use the same

argument of [7].

Before starting the proof of the other results, we give the following crucial proposition which is

a key point on the proof of Theorems 1.2 and 1.3.

Proposition 3.1 Let n ≥ 4 and the assumptions (H1−H2) hold. Let (uε) be a family of sign-changing
solutions of (Pε) which satisfy (1.4), (1.5). Then, for i = 1, 2, we have aε,i → y ji as ε→ 0, such that
y ji is a critical point of K. Moreover, (1.6) is satisfied for i = 1, 2.

Proof. Let (uε) be a family of sign-changing solutions of (Pε) as stated in Proposition 3.1. Without

loss of generality, we can assume that λ1 ≤ λ2. We distinguish two cases

Case 1. Mλ1 < λ2, where M is a large positive constant.

Since H(a1, a2) ≤ cd2−n
1

, then
H(a1, a2)

(λ1λ2)(n−2)/2
= o

( 1

(λ1d1)n−2

)
. (3.2)

Furthermore, using (3.1) and the fact that λ2 ≥ λ1, an easy computation shows that

±λ1

∂ε12

∂λ1

− 2λ2

∂ε12

∂λ2

≥ n − 2

2
ε12. (3.3)

Arguing by contradiction, first, we suppose that |∇K(a1)| ≥ c > 0. Multiplying (Fi) for i = 1 by a

small positive constant m and adding to (E1) and (E2): (mF1 + E1 + 2E2), using (3.2) and (3.3), we

get

c1

(H(a1, a1)

λn−2
1

+ 2
H(a2, a2)

λn−2
2

)
+ c′1ε12 + 3c2ε + c′4

|∇K(a1)|
λ1

= o
(
ε +

∑
k=1,2

1

(λkdk)n−2
+ ε12 +

1

λ1

)
.
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Then we derive a contradiction. Hence, a1 → y j1 , where y j1 is a critical point of K and therefore

d1 = d(a1, ∂Ω) ≥ c > 0. Now, if |∇K(a2)| ≥ c > 0. Multiplying (F2) by a small positive constant m
and adding to (E2), using (3.1) and (3.2), we obtain

c1

H(a2, a2)

λn−2
2

+ c′1ε12 + c2ε + c′4
|∇K(a2)|
λ2

= o
(
ε +

∑
k=1,2

1

(λkdk)n−2
+ ε12 +

1

λ2

)
.

Thus

ε = o
(
(λ1d1)2−n

)
and ε12 = o

(
(λ1d1)2−n

)
. (3.4)

Using (E1), we derive

c1

H(a1, a1)

λn−2
1

− c3

n2

∆K(a1)

K(a1)λ2
1

= o
( 1

λ2
1

+
1

(λ1d1)n−2

)
,

which is a contradiction with the assumption (H1). Then, a2 → y j2 , where y j2 is a critical point of

K and therefore d2 = d(a2, ∂Ω) ≥ c > 0.

For the other part of the Claim, let us suppose that y j2 does not satisfy (1.6). From (E2), it is easy

to obtain (3.4), which gives a contradiction in (E1).

Finally, assume that y j1 does not satisfy (1.6). Using (H1) and the fact that ai → y ji , we get⎧⎪⎪⎪⎨⎪⎪⎪⎩
∆K(a2)

λ2
2

= o
(
| c1H(a1,a1)

λ2
1

− c3∆K(a1)

16K(a1)λ2
1

|
)

if n = 4

∆K(a2)

λ2
2

= o
( |∆K(a1)|
λ2

1

)
if n > 4.

(3.5)

Now, using (3.2), (3.3) and adding (E1) to 2(E2), we obtain

2c1

H(a2, a2)

λn−2
2

+

(
c1

H(a1,a1)

λn−2
1

− c3

n2

∆K(a1)

K(a1)λ2
1

)
+ c1ε12 + 3c2ε

= o
(
ε + 1

λ2
1

+
∑

k=1,2
1

(λkdk)n−2 + ε12

)
.

Hence, we get a contradiction. Thus, case 1 cannot occur.

Case 2. λ2 < Mλ1. In this case, it is easy to show that

ε12 =
1

(λ1λ2|a1 − a2|2)(n−2)/2
+ o(ε12), (3.6)

which implies that

λi
∂ε12

∂λi
= −n − 2

2

1

(λ1λ2|a1 − a2|2)(n−2)/2
+ o(ε12) for i = 1, 2. (3.7)

Then, (Ei) becomes

c1

H(ai, ai)

λn−2
i

− c3

n2

∆K(ai)

K(ai)λ
2
i
+ c2ε + c1

(
ε12 − H(a1,a2)

(λ1λ2)
n−2

2

)
= o

(
ε + 1

λ2
i
+

∑
k=1,2

1
(λkdk)n−2 + ε12

)
. (3.8)
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If |∇K(ai)| ≥ c > 0, multiplying (Fi) by a small positive constant m and adding to (Ei) for i = 1, 2:

(mFi + E1 + E2), we have

c1

(H(a1, a1)

λn−2
1

+
H(a2, a2)

λn−2
2

)
+ c′1

G(a1, a2)

(λ1λ2)
n−2

2

+ 2c2ε + c′4
|∇K(ai)|
λi

= o
(
ε +

∑
k=1,2

1

(λkdk)n−2
+ ε12 +

1

λi

)
. (3.9)

Using the fact that G(a1, a2) := |a1 − a2|2−n − H(a1, a2) > 0 and

ε12 = O
( H(a1, a2)

(λ1λ2)(n−2)/2
+

G(a1, a2)

(λ1λ2)(n−2)/2

)
, (3.10)

(3.9) gives a contradiction. Hence, each concentration point converges to a critical point.

For the other part of the Claim, let us suppose that there exists i which does not satisfy (1.6).

From (Ei), we have

ε = o
( 1

(λidi)n−2

)
and

G(a1, a2)

(λ1λ2)(n−2)/2
= o

( 1

(λidi)n−2

)
,

then using (E j), we also derive a contradiction with the assumption (H1). This is the end of the proof.

Proof of Theorem 1.2. Arguing by contradiction, let us suppose that the problem (Pε) has a solution

uε as stated in Theorem 1.2. From Proposition 3.1, we deduce that, for i = 1, 2, we have ai → y ji
such that y ji is a critical point of K which satisfies (1.6). From the definition of σ the points ai’s

have to converge to the same critical point. Without loss of generality, we can assume that λ2 ≥ λ1.

Two cases may occur.

Case 1. Mλ1 < λ2, where M is a large positive constant.

Multiplying (E2) by 2 and adding to (−E1) : (2E2 − E1), we obtain :

2
(
c1

H(a2,a2)

λn−2
2

− c3

n2

∆K(a2)

K(a2)λ2
2

)
−

(
c1

H(a1,a1)

λn−2
1

− c3

n2

∆K(a1)

K(a1)λ2
1

)
+ 2c1

n−2

(
λ1
∂ε12

∂λ1
− 2λ2

∂ε12

∂λ2

)
− c1H(a1,a2)

(λ1λ2)(n−2)/2 + c2ε

= o
(
ε +

∑
k=1,2

1
λ2

k
+

∑
k=1,2

1
(λkdk)n−2 + ε12

)
. (3.11)

Now, combining (3.2), (3.3), (3.5) and (3.11), we derive a contradiction.

Case 2. Mλ1 ≥ λ2. In this case, we see that ε12 is written as (3.6) and therefore (Ei) becomes

c1
H(ai,ai)

λn−2
i
− c3

n2

∆K(ai)

K(ai)λ
2
i
+ c2ε + c1

(
ε12 − H(a1,a2)

(λ1λ2)(n−2)/2

)
= o

(
ε + 1

λ2
i
+

∑
k=1,2

1
(λkdk)n−2 + ε12

)
. (3.12)

Since, λi|a1 − a2| → ∞ for i = 1, 2 and |a1 − a2| < σ, it is easy to show that, there is at least i such

that λ−2
i = o(|∇K(ai)|/λi). Multiplying (Fi) for i = 1, 2 by a small positive constant m and adding to

(Ei) for i = 1, 2 : (m(F1 + F2) + E1 + E2), we get

c1

2

(
H(ai,ai)

λn−2
i
+

H(ai,ai)

λn−2
i

)
+

c′
1

(λ1λ2)(n−2)/2

(
1

|a1−a2 |(n−2)/2 − H(a1, a2)

)
+ c2ε

+c′
4

∑
k=1,2

|∇K(ai)|
λi
= o

(
ε +

∑
k=1,2

1
(λkdk)n−2 + ε12 +

∑
k=1,2

1
λi

)
.
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Finally, using the fact that G(a1, a2) > 0 and (3.10), we derive a contradiction in this case. Our proof

is thereby completed.

Proof Theorem 1.3. Arguing by contradiction, let us assume that problem (Pε) has solutions (uε) as

stated in Theorem 1.3. By Theorem 1.2, we deduce that |a1 − a2| > σ. Proposition 3.1 implies that

(1.6) holds for i = 1, 2, which is a contradiction with the assumption of Theorem 1.3.

4 Proof of bubble-tower solution results
In this section, we assume that problem (Pε) has solutions (uε) which satisfy (1.7) and (1.8). That

means that uε is written as

uε =
p∑

i=1

γiPδ(aε,i,λε,i) + vε, with γi ∈ {−1, 1}.

For simplicity, we will write λi := λε,i and ai := aε,i.
Observe that, as in Section 2, there is a unique way to choose ai and λi such that vε is orthog-

onal to each Pδ(ai,λi) and their derivatives with respect to λi and (ai) j, where (ai) j denotes the j-th
component of ai. As in Lemma 2.1, we get λεi → 1 as ε→ 0 for each i = 1, . . . , p.

Arguing also as in the proof of Propositions 2.1 and 2.2, we have, for each i = 1, ..., p

(Ei) c1
H(ai,ai)

λn−2
i
− c3

n2

∆K(ai)

K(ai)λ
2
i
+ c1

∑
j�i γiγ j

(
2λi
n−2

∂εi j

∂λi
+

H(ai,a j)

(λiλ j)(n−2)/2

)
+ c2ε

= O
( |∇K(ai)|2

λ2
i

)
+ o

(
ε + 1

λ2
i
+

∑p
j=1

1
(λ jd j)n−2 +

∑
r� j εr j

)
,

and

(Fi) c1
1
λn−1

i

∂H(ai,ai)
∂ai

− c4
∇K(ai)
λi
− 2c1

∑
j�i γiγ j

1
λi

(
∂εi j

∂ai
− ∂H
∂ai

(ai, a j)
1

(λiλ j)
n−2

2

)
= O

(∑p
k=1

1
(λkdk)n +

∑
r� j ε

n
n−2

r j log ε−1
r j + ε

∑
r� j εr j(log ε−1

r j )
n−2

2 + 1
λ3

i

)
.

Observe that, ⎧⎪⎪⎪⎨⎪⎪⎪⎩
|∆K(ai)

λ2
i
| + |∇K(ai)|2

λ2
i
= o

( 1
λ2

1

)∀i > 1
H(ai,a j)

(λiλ j)(n−2)/2 = o
(

1
(λidi)n−2

)
∀ i < j.

(3.1)

First we start by proving the following lemma and a crucial proposition which is a key point on the

proof of Theorems 1.4, 1.5 and 1.6.

Lemma 4.1 Let i < j < k such that λi|ar−al| → +∞ for r, l = i, j, k. Then εik = o(εi j) or ε jk = o(εi j).

Proof. Assume that there exists c > 0 such that εik ≥ cεi j and ε jk ≥ cεi j. Thus, we derive that

λ j|ai − a j|2 ≥ cλk |ai − ak |2 and λi|ai − a j|2 ≥ cλk |a j − ak |2. Hence, we get |ai − ak |2/|ai − a j|2 ≤
c−1(λ j/λk) → 0 and |a j − ak |2/|ai − a j|2 ≤ c−1(λi/λk) → 0, which is a contradiction and our lemma

follows.
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Proposition 4.1 Let Ω be a smooth bounded domain in Rn, n ≥ 4 and the assumptions (H1 − H2)
hold. If ε = o(

∑
i� j εi j +

∑
(λidi)

2−n + λ−2
1

). Then, there exists ε0 > 0, such that, for each ε ∈ (0, ε0),
problem (Pε) has no sign-changing solutions uε which satisfies (1.7) and (1.8).

Proof. The proof is based on the estimate (Ei). First, using (Ep) we prove that all the terms containing

the index p are small with respect to the others. Hence, we can drop the index p from the other

(Ei). Step by step, we derive that all the εi j’s and (λidi)
2−n for i ≥ 2 are small with respect to

(λ1d1)2−n. Finally, from (E1) we conclude the proof of our proposition. More precisely, let m ≤ p,

Tm = {i < m / λi|ai − am| → +∞} and jm := max{ j < m, j � Tm}.
We remark that, from Lemma 4.1 and the estimate of εim if i � Tm and i < m

∃ im ∈ Tm s.t.∀i ∈ Tm\{im}, εim = o(εimm) and∀i � Tm, i < jm, εim = o(ε jmm). (3.2)

Note that the set Tm can be empty (resp. Tm = {1, ...,m − 1}); then im (resp. jm) does not appear.

Now, using (3.1) and (3.2) with m = p, the equation (Ep) becomes

(E′p) c1

H(ap, ap)

λn−2
p

− c1γipγpεip p − γ jpγpε jp p = o
( 1

λ2
1

+

p∑
j=1

1

(λ jd j)n−2
+

∑
r� j

εr j

)
.

Observe that, if λ jp |aip − ap| → +∞, then εip p = o(ε jp p) and if λ jp |aip − ap| is bounded, it follows that

jp < ip and λ jp |a jp − aip | is bounded and therefore ε jp p = o(ε jpip ). Hence, there exists i0 ∈ {ip, jp}
such that

(E′p) c1

H(ap, ap)

λn−2
p

− c1γi0γpεi0 p = o
( 1

λ2
1

+

p∑
j=1

1

(λ jd j)n−2
+

∑
r� j

εr j

)
.

Now, if dp > cdi0 for some positive constant c, we get

H(ap, ap)

λn−2
p

= o
( p−1∑

j=1

1

(λ jd j)n−2

)
and εi0 p = o

( 1

λ2
1

+

p−1∑
j=1

1

(λ jd j)n−2
+

∑
r� j

εr j

)
.

In the other case, dp/di0 → 0, which implies that |ai0 − ap| ∼ di0 and εi0 p = (λi0λp|ai0 − ap|2)(2−n)/2 =

o((λi0 di0 )2−n). Then from (E′p), we derive, for i < p

εip = o
( 1

λ2
1

+

p−1∑
j=1

1

(λ jd j)n−2
+

∑
r� j

εr j

)
and

H(ap, ap)

λn−2
p

= o
( 1

λ2
1

+

p−1∑
j=1

1

(λ jd j)n−2
+

∑
r� j

εr j

)
.

Thus, we remove the index p from the system and we repeat the same argument with p − 1, ..., 2.

Hence, we derive that

H(ai, ai)

λn−2
i

= o
( 1

λ2
1

+
1

(λ1d1)n−2

)
for i > 1 and εi j = o

( 1

λ2
1

+
1

(λ1d1)n−2

)
for i � j.
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Thus, (E1) and (F1) become

(E′
1
) c1

H(a1, a1)

λn−2
1

− c3

n2

∆K(a1)

K(a1)λ2
1

= O
( |∇K(ai)|2
λ2

i

)
+ o

( 1

λ2
1

+
1

(λ1d1)n−2

)
,

(F′
1
) c4

|∇K(a1)|
λ1

+ O
( 1

(λ1d1)n−1

)
= o

( 1

(λ1d1)n−1
+

1

λ1

)
.

Finally, if |∇K(a1)| > c, using (E′
1
+ F′

1
), we get a contradiction.

If |∇K(a1)| → 0, using (E′
1
) and the assumption (H1), we also derive a contradiction.

The proof of our proposition is thereby completed.

Proof of Theorem 1.4. Arguing by contradiction, let us assume that problem (Pε) has solutions (uε)
as stated in Theorem 1.4. From the definition of q1 and q2, we have εq1q2

≥ c(λq1
/λq2

)(n−2)/2, which

implies that, for i < q1

εip ≤ c(λi/λp)(n−2)/2 = o(εq1q2
). (3.3)

Regarding the equation (Ep), using (3.1), (3.3) and the fact that γi � γp for i ≥ q1, we obtain

c1

H(ap, ap)

λn−2
p

+ c2ε + c1

p∑
i=q1

εip = o
( 1

λ2
1

+

p∑
j=1

1

(λ jd j)n−2
+

∑
r� j

εr j

)
.

This gives an estimate of ε, and using Proposition 4.1, we derive a contradiction. Hence, our theo-

rem is proved.

Proof of Theorem 1.5. Arguing by contradiction, let us assume that problem (Pε) has solutions (uε)
as stated in Theorem 1.5. From the definition of q, we have εq(q+1) ≥ c(λq/λq+1)(n−2)/2, which implies

that

εi(q+1) = o(εq(q+1)) for i < q and ε(q+1)i = o(εq(q+1)) for i > q + 1. (3.4)

Now, regarding the equation (Eq+1), using (3.1), (3.4) and the fact that γq � γq+1, we have

c1

H(aq+1, aq+1)

λn−2
q+1

+ c2ε + c1εq(q+1) = o
( 1

λ2
1

+

p∑
j=1

1

(λ jd j)n−2
+

∑
r� j

εr j

)
.

Then we get an estimate of ε, and using Proposition 4.1, we derive a contradiction, and the proof of

our theorem is thereby completed.

5 Proof of Theorem 1.6
Arguing by contradiction, let us assume that problem (Pε) has solutions (uε) as stated in Theorem

1.6 which satisfy (1.7) and (1.8). The same as in the last section, the equations (Ei) and (Fi) are

satisfied for each i = 1, . . . , p. But λi|ai − a j| → +∞ implies that εi j is written as (3.6). Using (3.7)

and (3.1), (Ei) becomes, for each i = 1, ..., p

(Ei) c1
H(ai,ai)

λn−2
i
− c3

n2

∆K(ai)

K(ai)λ
2
i
− c1

∑
j�i γiγ jεi j + c2ε

= O
( |∇K(ai)|2

λ2
i

)
+ o

(
ε + 1

λ2
1

+
∑p

j=1
1

(λ jd j)n−2 +
∑

r� j εr j

)
.
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By Proposition 4.1, we can assume that :
∑

i� j εi j +
∑

(λidi)
2−n + λ−2

1
≤ cε where c is a positive

constant.

Recall that we have |ai − a j| → 0 for each i � j. We need to divide the set {1, ..., p} into some

subsets (∪Πk = {2, ..., p}) such that : if i, j ∈ Πk and r � Πk then |ai − a j|/|ai − ar | → 0. Moreover,

in the same subset Πk, it is possible to have |ai − a j| small with respect to |ai − al| (i, j, l ∈ Πk).

Thus, we will divide Πk into Πl
k. Precisely, we need to introduce the following sets. We define r1 by

|a1 − ar1
| = inf{|a1 − ai| : 1 < i ≤ p}. Let s ≥ 1,

As
1 := {1 < i ≤ p; (s − 1)M1|a1 − ar1

| ≤ |ai − a1| < sM1|a1 − ar1
|},

where M1 is a large positive constant. Note that since |a1−ai| → 0, we have pM1|a1−ai| is also small

for each i. It is clear that there is at least one s such that As
1
= φ, let s1 = min{s : As

1
� φ, As+1

1
= φ}

and Π1 = ∪s≤s1
As

1
.

We define r2 by |a1 − ar2
| = inf{|a1 − ai| : 1 < i ≤ p, i � Π1}. We remark that |a1 − ar2

| ≥
(s1 + 1)M1|a1 − ar1

| and

As
2 := {1 < i ≤ p, i � Π1; (s − 1)M1|a1 − ar2

| ≤ |ai − a1| < sM1|a1 − ar2
|}.

Let s2 = min{s : As
2
� φ, As+1

2
= φ} and Π2 = ∪s≤s2

As
2
.

Once rk−1 and Πk−1 are defined, we define rk by

|a1 − ark | = inf{|a1 − ai| : 1 < i ≤ p, i � ∪s<kΠs},
As

k := {1 < i ≤ p, i � ∪s<kΠs; (s − 1)M1|a1 − ark | ≤ |ai − a1| < sM1|a1 − ark |},

sk = min{s : As
k � φ, A

s+1
k = φ} and Πk = ∪s≤sk As

k. Hence, we obtain {2, ..., p} = ∪Πk and if i, j ∈ Πk,

r � Πk then |ai − a j|/|ai − ar | → 0 and |ai − ar | ∼ |a j − ar | (we denote by x ∼ y if x/y tends to a

positive constant).

Let r1
k := inf{i ∈ Πk}. Observe that

ε1i = o(ε1r1
k
) for i ∈ Πk, i � r1

k and εi j = o(ε1i + ε1 j) for i ∈ Πk, j ∈ Πk′ , k � k′. (3.1)

We are going to divide each block Πk into some sub-blocks Πh
k . Let

Bl
1 := {i ∈ Πk; (l − 1)M−1

2 |a1 − ar1
k
| ≤ |ai − ar1

k
| < lM−1

2 |a1 − ar1
k
|},

where M2 is a large positive constant such that µ = p/M2 and M2/M1 are small. It is clear that there

is at least one l such that Bl
1
= φ. Let l1 = min{l : Bl

1
� φ, Bl+1

1
= φ} and Π1

k = ∪l≤l1 Bl
1
.

We define r2
k := inf{i ∈ Πk, i � Π1

k},

Bl
2 := {i ∈ Πk\Π1

k ; (l − 1)M−1
2 |a1 − ar2

k
| ≤ |ai − ar2

k
| < lM−1

2 |a1 − ar2
k
|},

l2 = min{l : Bl
2
� φ, Bl+1

2
= φ} and Π2

k = ∪l≤l2 Bl
2
.

Once rh−1
k and Πh−1

k are defined, we set rh
k = inf{i ∈ Πk, i � ∪l<hΠ

l
k},

Bl
h := {i ∈ Πk\ ∪l<h Π

l
k; (l − 1)M−1

2 |a1 − arh
k
| ≤ |ai − arh

k
| < lM−1

2 |a1 − arh
k
|},

lh = min{l : Bl
h � φ, B

l+1
h = φ} and Πh

k = ∪l≤lh Bl
h. Notice that the interaction between the sub-blocks

is small, a.e. :

∀i ∈ Πh
k , ∀ j ∈ Πk\Πh

k : |ai − a j| ≥ c|a1 − arh
k
| which implies εi j = o(ε1rh

k
). (3.2)
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Recall that we have assumed the existence of solutions satisfying (1.7) and (1.8). Now, we need

to understand the position of the concentration points and the sign γi. Once this is done, we combine

the obtained information and we get a contradiction.

Lemma 5.1 Let k ≥ 1. Then the following cases do not occur:
(i) For h > 1, Πh

k contains one point (�(Πh
k) = 1).

(ii) Π1
k contains one point ( Π1

k = {r1
k }) with γr1

k
� γ1.

Proof. Arguing by contradiction, let k ≥ 1.

(i) Suppose that there exists h > 1 such that Πh
k = {rh

k }. From equation (Erh
k
) and using (3.1), (3.2)

and the fact that h > 1, we get

c1

H(arh
k
, arh

k
)

λn−2

rh
k

+ c2ε = o
(
ε + λ−2

1 +

p∑
j=1

1

(λ jd j)n−2
+

∑
εr j

)
,

which gives an estimate of ε and from Proposition 4.1, we derive a contradiction.

(ii) Suppose that there exists k ≥ 1 such that Π1
k = {r1

k } and γr1
k
� γ1. From equation (Er1

k
) and using

(3.1), (3.2), we get

c1

H(ar1
k
, ar1

k
)

λn−2
r1

k

+ c1ε1r1
k
+ c2ε = o

(
ε + λ−2

1 +

p∑
j=1

1

(λ jd j)n−2
+

∑
εr j

)
,

which gives an estimate of ε and from Proposition 4.1, we derive a contradiction. Therefore

γr1
k
= γ1.This is the end of the proof.

In the sequel, we will prove that the sub-blocks satisfy certain properties.

Definition 5.1 Let k, h ≥ 1, we say that the sub-block Πh
k is of the form Π, if Πh

k contains an even

number of points ai’s such that{
∀ i ∈ Πh

k , ∃ i0 ∈ Πh
k such that |ai − ai0 |/|ai − a j| → 0 ∀ j � i, i0,

∀ i, j ∈ Πh
k , ∃ i0, j0 ∈ Πh

k such that |ai − ai0 | ∼ |a j − a j0 |.

In particular, if Πh
k contains only two points, then Πh

k is of the form Π.

Lemma 5.2 Let k, h ≥ 1 and Πh
k be of the form Π. Then

(i) If h1, h2 ∈ Πh
k such that ah1

is the nearest point to ah2
, then γh1

= γh2
.

(ii) For i ∈ Πh
k , ∃ i0 ∈ Πh

k such that εi j = o(ε + λ−2
1
+

∑
(λ jd j)

2−n +
∑

r�l εrl) ∀ j � i, i0.

Proof. Let Πh
k of the form Π.

(i) Arguing by contradiction, suppose that γh1
� γh2

and h1 < h2. From the definition of Π, we have

εih2
= o(εih1

) for each i � h1. Using (Eh2
), we obtain

c1

H(ah2
, ah2

)

λn−2
h2

+ c1εh1h2
+ c2ε = o

(
ε + λ−2

1 +

p∑
j=1

1

(λ jd j)n−2
+

∑
εr j

)
,

which gives the estimate of ε, and thus γh1
= γh2

.

(ii) From (3.2), we have for i ∈ Πh
k , j � Πh

k , εi j = o(ε jrh
k
), which implies that these εi j’s appear only
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in the equation (Erh
k
) when i = rh

k . From the definition of Π, we deduce that for each h1 ∈ Πh
k , there

exists h2 ∈ Πh
k such that (assuming h1 < h2) εih2

= o(εih1
) for i � h1, h2 and γh1

= γh2
. Using (Eh2

),

we have

c1

H(ah2
, ah2

)

λn−2
h2

− c1εh1h2
+ c2ε = o

(
ε + λ−2

1 +

p∑
j=1

1

(λ jd j)n−2
+

∑
εr j

)
.

Observe that dh2
is of the same order as dh1

and H(ah2
, ah2

)/λn−2
h2
= o((λh1

dh1
)2−n) (in the other

case, we derive an estimate of εh1h2
which give an estimate of ε). From (Eh1

), we remove εh1h2

and ε (Note that if h2 < h1, we get εih1
= o(εih2

) and starting by (Eh1
) the same argument holds).

We apply the same argument for all the indices in Πh
k . Finally, we get a new system of equations

(Ei), i ∈ Πh
k , such that the first part of each (Ei) does not contain ε. Arguing as in the proof of

Proposition 4.1, we derive that for i, j in the new system εi j = o(ε + λ−2
1
+

∑
(λ jd j)

2−n +
∑

r�l εrl).

From (Erh
k
), we get that ε jrh

k
= o(ε + λ−2

1
+

∑
(λ jd j)

2−n +
∑

r�l εrl), for j � Πh
k . Then, we have

εih1
= o(ε + λ−2

1
+

∑
(λ jd j)

2−n +
∑

r�l εrl)) for each i � h1, h2. Hence, our Claim follows. This is the

end of the proof.

In the following, we will focus on the sub-blocks which are not of the form Π. We have

Proposition 5.1 Let k, h ≥ 1, Πh
k be a sub-block not of the form Π and �(Πh

k) > 1. Then, for i ∈ Πh
k ,

j � Πh
k , we have |ai − y|/|a j − y| → 0 where y is the nearest critical point of the function K to the

points ai’s.

Proof. Let d := inf{|ai − a j| : i, j ∈ Πh
k , i � j}, i2 := max{i ∈ Πh

k : ∃ j ∈ Πh
k , |ai − a j| ≤ cd} and

i1 := min{i ∈ Πh
k : |ai − ai2 | ≤ cd}, where c is a fixed positive constant.

It is clear that εii2 = o(εii1 ) for each i � i1, i2. From (Ei2 ), we get

−c1εi1i2 + c2ε = o
(
ε + λ−2

1 +
∑ 1

(λ jd j)n−2
+

∑
εr j

)
,

where γi1 = γi2 , di1 ∼ di2 and |ai1 − ai2 |/di2 → 0. (In the other case, we obtain the estimate of ε and

therefore we get a contradiction).

Observe that

|∂εi j/∂ai| = cλiλ j|ai − a j|εn/n−2
i j = cεi j(1 + o(1))/|ai − a j|. (3.3)

Then

|∂εii2

∂ai2
| = c
εii2 (1 + o(1))

|ai − ai2 |
= o(

εi1i2

|ai1 − ai2 |
) and

1

λn−2
i2

∂H(ai2 , ai2 )

∂ai2
= O(

ε

di2
) = o(

εi1i2

|ai1 − ai2 |
).

Thus, using (Fi2 ), we have

|∇K(ai2 )| = cεi1i2 (1 + o(1))/|ai1 − ai2 |. (3.4)

We note that if there exist more than two points such that the distances between them are in the same

order and they are far away from the other points, we derive the estimate of ε from the equation (Ei)



On a supercritical problem of the scalar curvature type 167

for the maximum of them. Moreover, since Πh
k is not of the form Π, then there exists i3 ∈ Πh

k such

that |ai1 − ai2 |/|ai3 − ai| → 0 for i � i3. Thus

|∂εii3

∂ai3
| = c
εii3 (1 + o(1))

|ai − ai3 |
= O(

ε

|ai − ai3 |
) = o(

εi1i2

|ai1 − ai2 |
). (3.5)

Furthermore, we have |ai1−ai2 |/di3 → 0. Indeed, if |ai1−ai2 | ≥ cdi3 , this implies that di3/|ai−ai3 | → 0

for i � i3, which gives an estimate of εii3 and from (Ei3 ), we get the estimate of ε.
Then from (Fi3 ), we have

|∇K(ai3 )| = o(εi1i2/|ai1 − ai2 |). (3.6)

So |∇K(ai3 )|/|∇K(ai2 )| → 0, which implies that |ai3 − y|/|ai2 − y| → 0. Hence, |ai − y|/|a j − y| → 0 for

i ∈ Πh
k , j � Πh

k . This is the end of the proof.

Remark 5.1 From Proposition 5.1, we deduce that there is at most one sub-blockΠh
k not of the form

Π and �(Πh
k) > 1.

Lemma 5.3 The first block Π1 contains one point.

Proof. Arguing by contradiction, assume that there exists h0 ≥ 1 such that �(Πh0

1
) > 1. Firstly,

assume that Π
h0

1
is not of the form Π then, as in the proof of Proposition 5.1, there exist i1, i2 ∈ Πh0

1

such that

c2ε − c1εi1i2 = o
(
ε + λ−2

1 +

p∑
j=1

1

(λ jd j)n−2
+

∑
εr j

)
and |∇K(ai2 )| = c

εi1i2 (1 + o(1))

|ai1 − ai2 |
.

Furthermore, we have |ai1 − ai2 |/d1 → 0 (otherwise, we get εi1i2 = o((λ1d1)2−n)).

On the other hand, by the definition of Π
h0

1
, |ai1 − ai2 |/|a1 − ai| → 0 for i � 1. Then

|∂ε1i

∂a1

| = c
ε1i(1 + o(1))

|a1 − ai|
= O(

ε

|a1 − ai|
) = o(

εi1i2

|ai1 − ai2 |
). (3.7)

From (F1), we have

|∇K(a1)| = o(εi1i2/|ai1 − ai2 |). (3.8)

So |∇K(a1)|/|∇K(ai2 )| → 0, which implies that |a1 − y|/|ai2 − y| → 0. This is a contradiction with

|ai − y|/|a1 − y| → 0, for each i ∈ Πh0

1
by Proposition 5.1. Thus Π

h0

1
is of the form Π.

From (F1), using the definition of Π, we derive that |∇K(a1)|/|∇K(ai)| → 0 for i ∈ Πh0

1
. Then

|a1 − y|/|ai − y| → 0, for each i ∈ Πh0

1
(3.9)

Secondly, we will show that for h, k ≥ 1, Πh
k is of the form Π.

By Proposition 5.1 and (3.9), we remark that if �(Πh
k) > 1 then Πh

k is of the form Π. It remains

to show that there is no sub-block which contains one point. Suppose that there exists h, k ≥ 1

such that Πh
k = {rk}. In the same way of the point a1, using the equation (Frk ), we derive that

|∇K(ark )|/|∇K(ai)| → 0 for i ∈ Πh0

1
and |ark −y|/|ai−y| → 0, for each i ∈ Πh0

1
which is a contradiction

with (3.9). Then, we get that all the sub-blocks are of the form Π which is a contradiction with the

assumption �({i : γi = −γ1}) is odd and the definition of Π. Hence, for h ≥ 1, �(Πh
1
) ≤ 1, following

Lemma 5.1, we have Π1 = Π
1
1
= {r1}. This is the end of the proof.
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Lemma 5.4 For k ≥ 2, there exists only one sub-block not of the form Π.

Proof. We have proved that, the first block Π1 contains one point Π1 = {r1} and γr1
= γ1. Combining

the fact that �({i : γi = −γ1}) is odd, γr1
= γ1 and the properties of Π, we deduce that there exists at

least one sub-block Πh
k , k ≥ 2 not of the form Π. From the definition of Πh

k not of the form Π, it is

easy to show that the |∇K(ai)| for 1 ≤ i ≤ p are not of the same order, which is a contradiction with

the assumption (H2). Then, we derive that all the points ai’s are in Ω (di > c for 1 ≤ i ≤ p).

Now, we will show the uniqueness of the sub-block not of the form Π. Arguing by contradiction,

assume that ∃ k1, k2 ≥ 2, h1, h2 ≥ 1, k1 ≤ k2 and (k1, h1) � (k2, h2) such that Πh1

k1
, Πh2

k2
are not of the

form Π.

Firstly, suppose that �(Πh2

k2
) > 1. Following Remark 5.1 and Lemma 5.1, we get Πh1

k1
= {r2} and

γr2
= γr1

= γ1. From (Er1
) and (Er2

), we have

c2ε − c1ε1r1
= o

(
ε + λ−2

1 +
∑
εr j

)
and c2ε − c1ε1r2

= o
(
ε + λ−2

1 +
∑
εr j

)
.

But for i � r1, |a1 − ar1
|/|a1 − ai| → 0 which implies |∂ε1i/∂a1| = o(ε1r1

/|a1 − ar1
|). From (F1), we

get |∇K(a1)| = cε1r1
(1 + o(1))/|a1 − ar1

|.
In the same way, for i � r2, |a1 − ar1

|/|ar2
− ai| → 0 (since we choose M2/M1 small) which

implies |∂εir2
/∂ar2

| = o(ε1r1
/|a1 − ar1

|). From (Fr2
), we obtain |∇K(ar2

)| = o(ε1r1
/|a1 − ar1

|). Thus,

|∇K(ar2
)|/|∇K(a1)| → 0 which implies

|ar2
− y|/|a1 − y| → 0, (3.10)

which is a contradiction with |ai − y|/|a j − y| → 0 for each i ∈ Πh2

k2
, j � Πh2

k2
following Proposition

5.1. Hence, �(Πh2

k2
) ≤ 1.

Secondly, suppose that Πh2

k2
= {k2}. Observe that,

|ai − y|/|a1 − y| → 0 for each i ∈ Πh1

k1
. (3.11)

Indeed, if �(Πh1

k1
) > 1, (3.11) comes from Proposition 5.1 and if Πh1

k1
= {k1}, it comes from the same

argument of (3.10).

On the other hand, we have |a1 − ar1
|/|ak2

− ai| → 0 for i � k2, which implies |∂εik2
/∂ak2

| =
o(ε1k2

/|a1 − ar1
|) and |∇K(ak2

)| = o(ε/|a1 − ar1
|). But from (Er1

) and (F1), we have

c2ε − c1ε1r1
= o

(
ε + λ−2

1 +
∑
εr j

)
and |∇K(ar1

)| = ε1r1
(1 + o(1))/|a1 − ar1

|).

This implies that |∇K(ak2
)|/|∇K(a1)| → 0 and |ak2

− y|/|a1 − y| → 0 which is a contradiction with

(3.11) and the fact that |a1−ai| ≤ c|ai−ak2
| → 0 for each i ∈ Πh1

k1
. ThenΠh2

k2
= φ for (k1, h1) � (k2, h2).

This is the end of the proof.

Proof of Theorem 1.6. Recall that we have proved that Π1 = {r1}, γr1
= γ1 and there exists only one

sub-block Π
h0

k0
not of the form Π. By studying the equations (Ei), we are able to reduce the system

to at most three equations. In fact, we can remove the indices of any sub-block of the form Π and

the indices 1 and r1. More precisely, let Πh
k a sub-block of the forme Π and i, i0 ∈ Πh

k so that i0 < i,
|ai−ai0 |/|a j−ai0 | → 0 for j � i, i0. Using Claim (ii) of Lemma 5.2, we get that εi j = o(ε+λ−2

1
+
∑
εr j)
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for j � i, i0. Hence we can remove the indices i and i0 from (E j) for j � i, i0. Since Πh
k contains an

even number of points, we can remove all the indices of Πh
k .

Concerning the indices 1 and r1, from (E1), (Er1
), we have

c2 ε − c3
∆K(a1)

λ2
1

− c1ε1r1
− c1γ1γr0

ε1r0
= O

( |∇K(ai)|2
λ2

i

)
+ o

(
ε + 1

λ2
1

+
∑
εr j

)
,

c2ε − c1ε1r1
= o

(
ε + λ−2

1
+

∑
εr j

)
,

where r0 := inf{i ∈ Πh0

k0
}. This implies that

−c3∆K(a1)/λ−2
1 − c1γ1γr0

ε1r0
= o

(
ε + λ−2

1 +
∑
εr j

)
. (3.12)

Using (F1) we have |∇K(a1)| = ε1r1
(1 + o(1))/|a1 − ar1

|). But we know that |ar0
− y|/|a1 − y| → 0

implies |∇K(a1)| ∼ c|a1 − y| ∼ c|a1 − ar0
|. Then

1

λ2
1

∼ c′
1

λ1|a1 − ar0
|
ε1r1

λ1|a1 − ar1
| = o(ε) and

|∆K(ai)|
λ2

i

= o(ε). (3.13)

From (3.12) we obtain ε1r0
= o(ε+

∑
r� j εr j). Hence, for i ∈ Πh0

k0
, j � Πh0

k0
we get εi j = o(ε+

∑
r�l εrl).

There remain only the indices of Π
h0

k0
in the system of equations (Ei). We repeat the same method for

the indices in Π
h0

k0
. Then, in each step, we remove an even number of points ai’s which have γi = 1

and an even number of points ai’s which have γi = −1. Finally, three cases may occur and we will

find a contradiction in each one.

Case 1. There remains one index i0. In this case, (Er0
) becomes

−c3∆K(ai0 )/λ2
i0 + c2ε = o

(
ε + λ−2

1 +
∑
εr j

)
.

Then, using (3.13), we get ε = o(
∑

r� j εr j). Using this estimate of ε and Proposition 4.1 we derive a

contradiction.

Case 2. There remain two indices i1, i2, with γi1 � γi2 . Then (Ei j ) becomes

−c3∆K(ai j )/λ
2
i j
+ c1εi1i2 + c2ε = o

(
ε + λ−2

1 +
∑
εr j

)
,

from (3.13), we get also the estimate of ε and we derive a contradiction.

Case 3. There remain three indices i1, i2 and i3.

Case 3.1 The variables γi j ’s are not equals. Without loss of generality, assume that γi2 = γi3 � γi1 .

In this case, (Ei1 ) becomes

−c3∆K(ai1 )/λ2
i1 + c1

∑
j=2,3

εi1i j + c2ε = o
(
ε + λ−2

1 +
∑
εr j

)
,

which gives the estimate of ε and Proposition 4.1 we derive a contradiction.

Case 3.2 γi1 = γi2 = γi3 . Without loss of generality, assume that i1 ≤ i2, i3. We have

(Eij ) − c3

∆K(ai j )

λ2
i j

− c1

∑
l� j

εi jil + c2ε = o
(
ε +

1

λ2
1

+
∑
r� j

εr j

)
.
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Notice that if |ai3 − ai2 |/|ai1 − ai2 | → 0, then we are in the case 1. Hence, in this case, there exists

c > 0 such that |ai3 − ai2 | ≥ c|ai1 − ai2 |. Thus, it is easy to derive that εi2i3 = o(εi1i2 ). (Ei2 ) and (Ei3 )

become

c2ε − c1εi1i2 = o
(
ε + λ−2

1 +
∑
εr j

)
and c2ε − c1εi1i3 = o

(
ε + λ−2

1 +
∑
εr j

)
.

From (Ei1 ), using (3.13) and the above estimate, we get εi1i3 = o(ε +
∑

r� j εr j) and therefore

ε = o(
∑

r� j εr j), and using Proposition 4.1 we derive a contradiction.
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