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Abstract

This paper is devoted to the study of the nonlinear elliptic problem with supercritical critical
exponent (P,) : —Au = Klu[*"2**y in Q, u = 0 on Q, where Q is a smooth bounded
domain in R”, n > 3, K is a C? positive function and ¢ is a positive real parameter. We
show first that in dimension 3, for & small, (P.) has no sign-changing solutions with low
energy which blow up at two points. For n > 4, we prove that there are no sign-changing
solutions which blow up at two nearby points. We also show that (P.) has no bubble-tower
sign-changing solutions.

2000 Mathematics Subject Classification. 35120, 35J60.
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1 Introduction

Let Q be a smooth bounded domainin R”, n > 3 and p+1 = % be the critical Sobolev exponent for
the embedding of H(‘) (Q) into LP*1(Q). We consider the following elliptic problem with supercritical
nonlinearity :

—Au = KlulP""**y  in Q,
P.) { !

u=>0 on 0Q,

* A part of the paper was carried out while I was in Sfax Unversity and I have been partly supported by TWAS Fellowships
for Research and Advanced Training Programme.
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where K is a C? positive function and ¢ is a positive real parameter.

Problem (P,) is in some sense related to the limiting problem (when € = 0) and the interest to it
comes from its resemblance to the scalar curvature problem in differential geometry, which consists
of finding suitable conditions on a given function K, defined on M, such that K is the scalar curvature
for a metric g conformally equivalent to g, where (M, g) is a n-dimensional Riemannian manifold
without boundary.

Note that the limiting problem has been widely studied in various works, see for example [2],
[9], [11], [15] and [18] for the case when K is a constant and [6] for the case when K is a nonconstant
function.

From another view point, it is interesting to study the problem (P,) with & < 0 and € > 0 and to
understand what happens to the solutions of (P;) (if they exist) as € — 0.

When ¢ € (1 — p,0), the mountain pass lemma proves the existence of solutions of (P,) (see
[3], [4] and [8]). Note that, many works have been devoted to the study of positive solutions of (P,)
with € < 0. In sharp contrast to this, very little study has been made concerning the sign-changing
solutions of (P,) with £ < 0 and even less for £ > 0.

When ¢ > 0, problem (P.) becomes more delicate since we lose the Sobolev embedding which
is an important difficulty to overcome.

Concerning the supercritical case, £ > 0 and K a constant, it was proved in [5] that (P.) has no
positive solution which blows up at a single point. This result shows that the situation is different
from the subcritical one. However, del Pino et al [14] gave an existence result for two blow up
points, provided that Q satisfies some geometrical conditions. In [7], we show that, for € small, (P,)
has no sign-changing solutions which blow up at k points (k = 2, 3).

In this paper, we consider the case when K is a nonconstant function and we attempt to under-
stand the influence of the function K in the study of the sign-changing solutions of (P,).

It is well known that problem (P,) has a variational structure. Setting

fg |Vul?
(fQ K|u|l7+l+s)2/(p+1+8)

J satisfies the Palais-Smale condition in the subcritical case, while this condition fails in the critical
case. Such a failure is due to the functions

J@w) =

ueHy(Q), uz0.

A2 )
Stan(9) = Co iy 0 = (= )" >0,aeR", (1.1)

which are the only solutions of
—Au = ™Dy S 0in R (1.2)

Removing the assumption of the positivity of the solutions, the study of the asymptotic behavior be-
comes difficult. The main difficulty is that the limit problem (1.2), has many sign-changing unknown
solutions.

When we study problem (1.2) in a bounded smooth domain €, we need to introduce the function
P64, 0 which is the projection of ¢ 1) on H(l)(Q). It satisfies

—AP&MJ) = —A(S(a,)) in Q; Pé(a,/l) =0 on 0Q.
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These functions are almost positive solutions of (Py).
We denote by G the Green’s function of Laplace operator defined by :

VxeQ, -AG(x,.)=c¢,0, in Q, G(x,.)=0 on 0Q,

where ¢, is the Dirac mass at x and ¢, = (n — 2)w,, with w, is the area of the unit sphere of R". We
denote by H the regular part of G, that is,

H(x1,x2) =[x = 02" = G(x1,x2) for (x1,x) € Q.

The space H(l) (Q) is equipped with the norm ||.|| and its corresponding inner product (., .) defined by

12
||u||=(fQ |Vu|2) and <u,v>=fgvuw, uv e Hi(Q). (13)

Our first result deals with the low energy sign-changing solution of (P,), in dimension 3. We prove
that there is no solution which blows up at two points.

Theorem 1.1 Let Q be a smooth bounded domain in R3. Then, there exists y > 0, such that, for
each € € (0, &) problem (P,) has no sign-changing solutions u, which satisfy

Ue = Pba,1.0.1) = PO(asadn) + Ves (1.4)

with |ug|Z, is bounded and

{ ag; € Q, Agd(ag;, 0Q) — oo fori=1,2, (1.5)

(Pb(a,,.2,1) POagoa,)) = 0 and |lvel]l — 0 as € — 0.

1)

Remark 1.1 We notice that Theorems 1.3, 1.4 of [7] which are proved in the case K = 1 are also
true for all C? function K in dimension 3.

In order to state our results in the case n > 4, we need to introduce some assumptions that we
are using
(H;) For each critical point y of K, we have

3 AK()
16K (y)

cH(y,y) - #£0 ifn=4 and AK()) #0 ifn>S5,

where ¢y, c3 are positive constants which are defined in Proposition 2.1.

(H,) All the critical points of K are in Q i.e. there exists positive constant ¢ so that |[VK(y)| > ¢, for
each y € 0Q.

In the second result, we prove that there are no sign-changing solutions of (P,) with € > 0, which
have two peaks concentrated at the same point. More precisely, we have

Theorem 1.2 Let Q be a smooth bounded domain in R, n > 4 and the assumptions (H, — H;)
hold. Then, there exists €y > 0, such that, for each € € (0, &y), problem (P.) has no sign-changing
solutions u, which satisfy (1.4), (1.5) and |a.) — a.2| < o where o is a positive constant such that
o <(1/2)inf{ly; —y;l, i # j, VK(y) =0, [ =, j}.
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In the following result, we give a sufficient condition on the function K to ensure the nonexis-
tence of sign-changing solutions of (P,) with € > 0.

Theorem 1.3 Let Q be a smooth bounded domain in R", n > 4 and the assumptions (H, — H,) hold.

Assume that there exits at most one critical point y of K satisfying

c3AK(y)
16K (y)

Then, there exists gy > 0, such that, for each € € (0, &y), problem (P,) has no sign-changing solutions
ug which satisfy (1.4) and (1.5).

c1H(y,y) -

<0 ifn=4, and AKy) >0 ifn>S5. (1.6)

Remark 1.2 The assumption that |u.|%, is bounded allows us to recover the Sobolev embedding. It is
used to obtain useful estimates in the technical framework (for example Lemma 2.2 and Proposition
2.1). Note that this assumption is always satisfied in the subcritical case ((P,) with £ > 0). We think
that it is still satisfied in the supercritical case but it is too technical to discuss this problem in this
paper.

When we study the sign-changing solutions, it is possible to find solutions having bubble over
bubble “bubble-tower solutions” (1;/A; — oo or 0), which cannot appear in the case of the positive
solutions (by using the Harnack inequalities). The first example of solutions with the shape of tower
of bubbles in semi-linear elliptic problems involving the critical Sobolev exponent was established
in [12], [13] and [16] where the slightly super critical Brezis-Nirenberg problem was studied. For
(P,) with (¢ < 0 and K = 1), this phenomenon was proved by [10] and [17]. In [7], we proved that,
in the case K = 1, this phenomenon cannot appear when & > 0.

In the following theorems, we deal with some results like the result of [7], but under more general
assumptions. More precisely, if we let o be the positive constant defined in Theorem 1.2, we have
the following results

Theorem 1.4 Let QO be a smooth bounded domain in R", n > 4 and the assumptions (H; — H;)
hold. Then, there exists gy > 0, such that, for each € € (0, &y), problem (P.) has no sign-changing
solutions u. of the form

Uy = Zl’il YiPS 0. + Ve, withy; € {1, =1}, luglg, is bounded, (1.7)

{ P22, Asi/dsivs =0, ai € Q, A5id(as;,0Q) — oo for 1 <i < p,

. . 1.8
s — sl < 0 (P8, 1oy PSia a ) = 0. i % Ju Ivell = 0 as & — 0, (1.8)

q1 < @2, Adg g lasqg, — g g,| bounded , y; # vy, for g1 <i < p.

Theorem 1.5 Let Q be a smooth bounded domain in R", n > 4 and the assumptions (H; — H>)
hold. Then, there exists gy > 0, such that, for each € € (0, &y), problem (P.) has no sign-changing
solutions u, which satisfy (1.7), (1.8) and there exists q, Agglascq — Qg qe1| bounded, vy, # y41 and
Agglsg — agil = +oo fori>q+ 1.

We notice that if A, ;la,; — ag j| is bounded for i < j, then ¢ in the previous theorem is equal to
p—1and the set {i > g + 1} is empty in this case. Furthermore, if y,_; = y,, Theorem 1.5 also holds
in this case by adding the following assumption : Agjla.; — ag 41| is very small if [ # p — 2 where
[=min{r: y, =..=7v,}

Note that the speed A, ; can be very large with respect to the distances |a,; — a ;. To cover this
case, we prove :
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Theorem 1.6 Let Q be a smooth bounded domain in R", n > 4 and the assumptions (H, — H) hold.
Then, there exists gy > 0, such that, for each € € (0, &y), problem (P) has no sign-changing solutions
ug which satisfy (1.7) and (1.8) such that Az jlas; — aj| — co for 1 <i < pand §({i : y; = —y1}) is
odd.

Remark 1.3 (i) If all the critical points y;’s of the function K satisfy AK(y;) < 0, then Theorem 1.6
holds with #({i : y; = —y1}) even and §({i : y; = y1}) odd.

(i) If there exists a solution of (P.) of the form (1.7), then the concentration points have to
converge to a critical point of K with AK(y) > 0 and §({i : y; = —y1}) even.

The remainder of the present paper is organized as follows. In Section 2, we assume that there
exist solutions u, of (P,) which satisfy (1.4) and (1.5). Using some information about these solu-
tions, we derive some useful estimates. In Section 3, Combining the estimates obtained in the last
section, we prove sign-changing solutions results by contradiction. In Section 4, we prove bubble-
tower solutions results (Theorems 1.4, 1.5). Section 5 is devoted to the proof of Theorem 1.6.

2 The technical framework
In this section, we assume that there exist solutions (u.) of (P.) which satisfy
Ue = Pbagy.1.1) = Po(agsden) + Ves 2.1

with [u,[%, bounded, a,; € Q, fori = 1,2, and (Pd (4, 1,,)> PO(4,5.1,.)) = 0, [Vell = 0, Agid(a,;, 0Q) —
+ooase — 0.

First, arguing as in [2] and [19], we see that for u, satisfying (2.1), there is a unique way to
choose «;, a;, A; and v such that

Ug = Q]P(S(al,/ll) — sz(az’ﬁz) + v, (22)
ase — 0
402 g
a; € R, (ZAT)(Q‘) d 1,
a; K(aj) 23
4 eQ, N eR:, Ada,dQ) — +oo, (2.3)

v—0 in Hé(Q), veE,
where E denotes the subspace of Hé(Q) defined by
E:=|w:(w.¢)=0 VeelPs,0P6;/0,0P5/0al, i <2;j < n}. (2.4)

Here, a'l.i denotes the j-th component of @; and in the sequel, in order to simplify the notations, we
set
6(%/1[) = (5,', and Pé(a,-,/l,v) = P5,'.

In the following, we always assume that u, (which satisfies (2.1)) is written as in (2.2) and (2.3)
holds.



154 K.O. BOUH

Lemma 2.1 Let u, satisfy the assumption of the theorem, A; occurring in (2.2),
A =1 ase—0, foreach i=1,2.
Proof. The proof is the same as that of Lemma 2.2 of [7], so we omit it.

Remark 2.1 From Lemma 2.1, we remark that :
(i) Since Q is bounded and A7 — 1 as & — 0 it is easy to derive that £log(1 + /1l.2|x —a;*) tends to 0
as € — 0 and therefore we get :

5(x) = g7 = 0(elog(l + Alx—a))  inQ.

(if) We also point out that it follows from the assumption that |u[Z, is bounded and A7 — T as e — 0
and that |v,|%, is bounded- a fact which is used in the proof of Lemma 2.2 and Proposition 2.1 below.

As usual in these types of problems, we first deal with the v-part of u, in order to show that it is
negligible with respect to the concentration phenomenon. Namely, we have the following estimate

Lemma 2.2 The function v defined in (2.2), satisfies the following estimate

VK (a; 1 1 —1y 22 .
¥, (e 4 s i) + enlloge)) T (if n < 6),

Ml < ce +c Pl ,

IVK(a)| 1 1 2n-2) 1y 2

Zi( Fr z + (/l_d)%szz;) +e&, (logep)r,

where d; := d(a;, 0Q) and &1, is defined by
2-n)/2
A4 A s
g = (/1— tt A dolay — asl . (2.5)
2 1

Proof. Since u, = a1 Pd; — @y P, + v is a solution of (P.) and v € E (see (2.4)), we obtain

Joy = Augy = WP = [, KluglP " #u,v
= fg K|Q'1P51 — CL/2P52|p_1+8(C&'1P(51 - (12P52)v
+p [, Kl P6; — az P67~ V2 + o(||v][%).
Hence, we have
O, v) = f(v) + o(IMP), (2.6)
where
Qw.v) = VP = p [, Kla1Ps) — ay PSP~ 402,
f0) = [, Kla1PS) — az 6"~ **(a) PS) — ayPSy)v.

Using Remark 2.1 and according to [1], it is easy to see that

0. v) = IMP - p ) ol " Kia)) fg (P& + o(IvI)

i=1,2
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is positive definite, that is, there exists ¢ > 0 independent of &, satisfying Q(v,v) > c|vll?, for each
v € E. Then, from (2.6) we get

V> = Odlf W)ID.

Now, using Lemma 2.1, we obtain

f(V) = LK((Q1P61)P+E _ ((12P52)p+8)v +0 f(616])§|v|

+Z f 87718, v(f n < 6)). 2.7)

i#]

Using Remark 2.1 and the fact that v € E, we get
| o, KPST**v = | [ K87V + O( [ 67~ 6ivl)
<[ K(c*’/l? + O(glog(1 + A2|x — a,-|2)))(sf|v| +clil 677 (2.8)

\VK(a )l

<clvli(e + T 4+ L+ (it n < 6) + (if n > 6)),

rz+"
+ 2,
rdi) &(n-2)

where 6; := 60, 4, 1= 6; — P9;.
For the other integrals of (2.7), we use Holder’s inequality and we obtain for i # j

+2
f 6,7 1 v 1< el f (16,0 2>) < clvlled”

andifn < 6, we have p — 1 =4/(n —2) > 1, and therefore

rz+2

? (log gljl) iy (2.9)

(n=2)/n
f s vi< Cllvll( f (5i5j)"/<"—2>) < cllle;j(log ;)" 2", (2.10)
Q Q
Combining (2.7), ..., (2.10), the proof follows.

Now, we are able to obtain the following result which is a crucial point in the proof of our
theorems.
Proposition 2.1 Assume that n > 3 and let «;, a; and A; be the variables defined in (2.2). We have
1- /" K(a;) = O(elog d; + 3 ks + 812 + IVIP), 2.11)

H(aina) _ o3 AK@@) _ . 24; derp H(a,,ay)
;Cq - 2 i2 K(a; )/lz ajcl(n 294 4 )22

) + @8

log(Ady) =i 1
+ 1 >4
<c(sz+%+||v||2)+0{ S e e 3 2.12)

2 (flkllik)z + 812(]0g ‘912)‘ (ifn = 3),

where i, j € {1,2} with i # jand c|, ca, c3 are positive constants defined by

2n
— an-2 dx _
Cl C(; (1+|x|2)(n+2)/2 ’ CZ - CO jl\an log(l + |x| )(l+|x\2)"+l d-x

Rn

n—. 2
and c3=c} fRn (1+|x|2)" ——dx.
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Proof. It suffices to prove the proposition for i = 1. Multiplying (P,) by 4;0Pd,/01; and integrating

on 2, we obtain

aPs, OPS, ST
P _ P — K p ]+8 .
f5 Sy azfg‘wl oL fg ] on,

From [1], we know that

572 9Ps, = n22, Hara) | oHflogllid))
o o 2 “lT (hdy )
0Po; P Har.a
fQ B4y cl</ll O 4 12 Hlaray j";(fg/z)ue,

where R satisfies

R-of Y losthd

P -1
edo) + 8122 log 512).

k=12
For the other term of (2.13), we have
Jo KlusP~*2uedy G20 = [ Klai POy — aa PSP~ #(ary POy — aa Po2) Ay G2t
+(p + &) [, Kl P6; — az Py~ *v4, "”51 + O(IvII? + 81”2’ loge7))
Concerning the last integral, it can be written as

dPs,
= | K(a1Ps;)P*va
) L 1 1 1 5/11

+0( f P82 Pé v + f Po} ol
Q\A A
where A = {x : 2a,P§, < a1 Pd;}.

Observe that, forn > 6, we have p — 1 =4/(n —2) < 1, thus

0P6
f KlalP(Sl - (1'2P(52|p_1+8vﬂl !
o aA

f P&y PV + f PS!'PSylvl - < c [[ VI(8162) D202
Q\A A

< c||v||.92(" 5 (log 812) 5

But for n < 5, we have
f P&y Py v] + f P8 Pl < cernlog ep) ™2/
Q\A A

For the other integral in (2.18), using [1], [19] and Remark 2.1, we get
f KP&p l+& /ll (')P(Sl

1 . log(Ady) ;.
= 0(||v|| &+ (s ifn # 6) + S50 (ifn = 6))]).

(2.13)

(2.14)

(2.15)

(2.16)

2.17)

(2.18)

(2.19)

(2.20)

2.21)
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It remains to estimate the second integral of (2.17). We have
Joy Klay P8y = aa P6,|P =1+ (@ P§) — aa P62) 1 G

= fQK(mP(sl)W%"O?I fQK(azPéz)P*g/lla(;é‘ (2.22)

~(p + &) oy KaaPos(a1 P60, 220 4 O] log 7).

Now, using Remark 2.1 and [1], we have

e, OPO
j‘KPéfJr /ll—l = %Z(K(al)czs—QAK(al) +2¢,K(ay)Hara) a,))
Q

oA, n2 A3 2
2 1 lo (/hdl)
+O(s Lo B i = 3)) (2.23)
£ aP(S €12 ap,a
fQKPcsg* 117‘ = K@) (% + P %) + R, (2.24)
e, OPS c  n Hra
p fg KPoPo] " ot = eKlan(U G + 52 ) + R, (2.25)

where R =R + O(aalz(log 81_21)("_2)/"), and R is defined by (2.16). Therefore, combining (2.13), ...,
(2.25), and Lemma 2.2, the proof of Proposition 2.1 follows.

Proposition 2.2 Let a;, a; and A; be the variables defined in (2.2). Then, for n > 4, we have

i ——

+2c;—|——— - —(a1,a2)

1 0H(a;,a;) VK(a;) a; (6312 OH 1 )
— - -
/l" 1 oa; 4 A 2\ ba; da; (/11/12)0172)/2

1 ,,% —1 1\ 1=2 & 1 >
= O(](:Zl:z —(/lkdk)” + 8122 10g812 + 8812(10g812) no o+ W + /1—13 + ||V|| ),

where i, j € {1,2}, j # 1

Proof. The proof is similar to the proof of Proposition 2.1. But there exist some integrals which
have different estimates. In fact, the equations (2.13), (2.17), ..., (2.22) are also true if we change
A1001/04, by /11‘106 1/0a;. For the other integrals, we use Remark 2.1 and [1] and Proposition 2.2
follows.

3 Proof of sign-changing solution results

We remark that, if we suppose that the problem (P.) has a solution u, as stated in (1.4) and (1.5),
then, this solution has to satisfy (2.2) and from Proposition 2.1, we have

. H(ai,ai) _ ¢ AK(a) 24; depp H(ay,a)
(E:) €1 2 7 K(a) 2 1(,,_2 o T ) on ) + 8

- Of ¥k 1 1 -
= O( e )+o(s+ pe + 2k=12 aar= t 312), fori=1,2.

i
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From Proposition 2.2, we get
1 0H(a;,q;)
/1;1-1 oa;

_ . VK(a) 1(den _ 0H 1
C1 CG4— t 2¢ ,1/.( 94, Oa; (alsGZ)(ﬂlﬂz)(nfz)/z)

=1
_ 1 2 a1
- 0(Zk=1,2 edy)™1 + €1 +en2 + o )

Thus

n—1

IVK(a))| 1 B | a1
(Fi) c4 S 0( Ly + 812) = 0( k;Z doT +e +em + /l_l)

Furthermore, an easy computation shows that

6812 n-2 /lj 2/n-2 .. . .
/lia—/li_—Tsu(l—ZZslz ). forij=12, j#i. (3.1

Proof of Theorem 1.1. Let us suppose that the problem (P,) has a solution u, as stated in Theorem
1.1. It is easy to see that, fori = 1,2
AK(a)) |IVK(ap)P H(a;, a;)
31+ 2 0( )
K(ap)A; A 4

This implies that, there is no influence of the function K, and in this case, we can use the same
argument of [7].

Before starting the proof of the other results, we give the following crucial proposition which is
a key point on the proof of Theorems 1.2 and 1.3.

Proposition 3.1 Letn > 4 and the assumptions (H,—H;) hold. Let (u.) be a family of sign-changing
solutions of (P;) which satisfy (1.4), (1.5). Then, for i = 1,2, we have a.; — y;, as € — 0, such that
v, is a critical point of K. Moreover, (1.6) is satisfied fori = 1,2.

Proof. Let (u,) be a family of sign-changing solutions of (P,) as stated in Proposition 3.1. Without
loss of generality, we can assume that 4; < A,. We distinguish two cases

Case 1. MA; < Ay, where M is a large positive constant.

Since H(ay, a) < cd;™", then

H(ay, ay) 1
= . 3.2
aty =gy G2
Furthermore, using (3.1) and the fact that A, > A;, an easy computation shows that
6812 (3812 n-—2
Tl — -2 — = . 33
]6/11 2(9/12 =7 €12 (3.3)

Arguing by contradiction, first, we suppose that |[VK(a;)| > ¢ > 0. Multiplying (F;) fori = 1 by a
small positive constant m and adding to (E}) and (E,): (mF| + E| + 2E), using (3.2) and (3.3), we
get

Ha.a) Haa)y , IVK(ay)|
C( /lrj—zl +2 /15_22)+01812+36‘28+C4 /111
1 2

1 1
= 0(8+k;2W + &2+ /1—1)




On a supercritical problem of the scalar curvature type 159

Then we derive a contradiction. Hence, a; — y;, , where y;, is a critical point of K and therefore
dy = d(a;,0Q) > ¢ > 0. Now, if [VK(ay)| = ¢ > 0. Multiplying (F,) by a small positive constant m
and adding to (E»), using (3.1) and (3.2), we obtain

i H(@, @) + e + e+ VK@)l = 0(8 + _ +epp+ i)
2 ! ok Py (Aidy)"=2 L7
Thus
e=o((hd))™) and &g = o((1id)*™"). (3.4)
Using (E), we derive
. H(ay,a)) ¢z AK(ay) :0<i+ 1 )
VT K@) T 2 (udyyt

which is a contradiction with the assumption (H;). Then, a, — yj;, , where y;, is a critical point of
K and therefore d, = d(a>, Q) > ¢ > 0.

For the other part of the Claim, let us suppose that y;, does not satisfy (1.6). From (E,), it is easy
to obtain (3.4), which gives a contradiction in (Ey).
Finally, assume that y; does not satisfy (1.6). Using (H;) and the fact that a; — y;,, we get

A’i(zaz) — 0(|CIH(‘11:U]) _ aAK(a) |) ifn=4

2 16K (a1)A? 35
S = o ) if n > 4, G-
Now, using (3.2), (3.3) and adding (E) to 2(E,), we obtain
H(ay,ay) HGana) o AK(a)
201? +(c # - n—}K(a—])/‘l%) +cie12 + 3c2e
= 0(8 + % + Zk:l,Z W + 812).
Hence, we get a contradiction. Thus, case 1 cannot occur.
Case 2. A, < M2A;. In this case, it is easy to show that
o = A PR T o(&12), (3.6)
which implies that
6812 n-2 1 .
YN TTTT il ey o) for 122 7

Then, (E;) becomes

H(ai,a) . ak@)
n—-2 n? K(ap)A?
4

H(ay.az) )

C1 )
(41d2) 2

+ cre+ 01(812 -

= o(e+ % + Yicr2 gy + 812) (3.8)
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If [VK(a;)| = ¢ > 0, multiplying (F;) by a small positive constant m and adding to (E;) for i = 1,2:
(mF; + E; + E,), we have

H(ay, H(ay, G(ay, VK(a;
61( (Cl1_2611) N (612_2612)) ‘e (a 6122) F e 4 CQl (a))|
2 4 (Lid)7 Ai
1 1
20(8+ Z W+8]2+z). (3.9)

=12

Using the fact that G(ay, ay) := |a; — a,[*™" — H(ay, a,) > 0 and
H(ay,ay) G(ay,ay) )

(N A)=212 (A Ap) =22 )

(3.9) gives a contradiction. Hence, each concentration point converges to a critical point.
For the other part of the Claim, let us suppose that there exists i which does not satisfy (1.6).
From (E;), we have

&1y = O (3.10)

1 ) n G(Cll,az) _ 0( 1 )
(Aidi)*=2 (A )2/ (id)=27

then using (E;), we also derive a contradiction with the assumption (H,). This is the end of the proof.

e=0<

Proof of Theorem 1.2. Arguing by contradiction, let us suppose that the problem (P,) has a solution
u, as stated in Theorem 1.2. From Proposition 3.1, we deduce that, for i = 1,2, we have a; — y;,
such that y; is a critical point of K which satisfies (1.6). From the definition of ¢ the points a;’s
have to converge to the same critical point. Without loss of generality, we can assume that 1, > A;.
Two cases may occur.

Case 1. MA; < A, where M is a large positive constant.

Multiplying (E>) by 2 and adding to (—E;) : (2E, — E;), we obtain :

2(C H(ay,ay) _ ¢z AK(ar) ) _ ( Hapa) _ ¢ AK(a1)>
I - ) - (M - R

2c1 denp 5812) _ cH(a @)
+i= (/ll a1, ~ 2Ny ) T Ginuon T8

1 1
= 0(8 + Zk:l,Z A—i + 2/(:1,2 a2 + S]z). (311)

Now, combining (3.2), (3.3), (3.5) and (3.11), we derive a contradiction.
Case 2. M2, > A,. In this case, we see that g1, is written as (3.6) and therefore (E;) becomes

H(apai) _ ¢3 AK(a;) ( _ _H@@) )
1 2 n K(a + &+ CrlE12 Ay D7
1 1
= 0(8 + 2+ Xk=12 G T 812)- (3.12)

Since, A;la; — a;| — oo fori = 1,2 and |a; — a,| < o, it is easy to show that, there is at least i such
that /1;2 = 0o(|[VK(a;)|/ ;). Multiplying (F;) for i = 1,2 by a small positive constant m and adding to
(E))fori=1,2: (m(F, + F») + E; + E»), we get

v

o [ H@iai) | H(aia) l 1
7( /1;,‘,2' + /l?izl ) + L) D7 (|a]_a2|(nfz)/2 - H(al»az)) + €

’ VK@l _ 1 1
DS S el 0(8 + k=12 gy T E12 F Zk=12 7)
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Finally, using the fact that G(a;, a;) > 0 and (3.10), we derive a contradiction in this case. Our proof
is thereby completed.

Proof Theorem 1.3. Arguing by contradiction, let us assume that problem (P,) has solutions (u.) as
stated in Theorem 1.3. By Theorem 1.2, we deduce that |a; — a;| > o. Proposition 3.1 implies that
(1.6) holds for i = 1,2, which is a contradiction with the assumption of Theorem 1.3.

4 Proof of bubble-tower solution results

In this section, we assume that problem (P,) has solutions (u.) which satisfy (1.7) and (1.8). That
means that u, is written as

p
Ug = Z YiPb(a, 0. + Ve with  y; € {-1,1}.
i=1

For simplicity, we will write 4; := A.; and a; := a,.

Observe that, as in Section 2, there is a unique way to choose a; and 4; such that v, is orthog-
onal to each Pé,, », and their derivatives with respect to 4; and (a;);, where (a;); denotes the j-th
component of @;. As in Lemma 2.1, we get A —>lase—0 foreachi=1,...,p.

Arguing also as in the proof of Propositions 2.1 and 2.2, we have, foreachi=1,...,p

(E;) Cl% — %?(Kaf;’é 01 Djui %‘7.1‘(%% + (;’ﬁ%) +E
= O] s ofe 20 it + D)
and
(F) ci19m ‘6Hé?;,ﬂ’m) - C4VK/1_(,-ai) ~ 261 X ymﬁ%(% - S_Z(ai’aj)m)
: i
= 0( bt Ty + L) Sr;TZ loge, | +& 3, erj(loge, )T + %)
i
Observe that,

AK(a;) VK@) _ 1 :
|Tza| + /1—? = O(A—%)VI > 1
H(aiva))

’ (3.1
1 . .
;) wI7 = 0( (/lid,')”’z)\{l <

First we start by proving the following lemma and a crucial proposition which is a key point on the
proof of Theorems 1.4, 1.5 and 1.6.

Lemma 4.1 Leti < j < ksuchthat Ajla,—a;| — +oo forr,l = i, j, k. Then sy = o(&;j) or gjx = 0(&;j).

Proof. Assume that there exists ¢ > 0 such that g > cg;j and g > cg;;. Thus, we derive that
Ajla;i — a;l* > cAgla; — axl* and Ala; — ajl* > cArla; — ai*. Hence, we get |a; — arl*/la; — a;* <
¢ N4/ A4) — 0 and |a; — a*/la; — a;* < ¢™'(A;/Ax) — 0, which is a contradiction and our lemma
follows.
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Proposition 4.1 Let Q be a smooth bounded domain in R", n > 4 and the assumptions (H; — H;)
hold. If &€ = 0(X; &1 + S(Ad)> " + /11‘2). Then, there exists &y > 0, such that, for each € € (0, &),
problem (P.) has no sign-changing solutions u. which satisfies (1.7) and (1.8).

Proof. The proof is based on the estimate (E;). First, using (£,) we prove that all the terms containing
the index p are small with respect to the others. Hence, we can drop the index p from the other
(E;). Step by step, we derive that all the g;;’s and (A,d;)*>" for i > 2 are small with respect to
(A1d))*™". Finally, from (E;) we conclude the proof of our proposition. More precisely, let m < p,
Tn=1{i<m/Ala; — ay,| — +oo}and j,, := max{j <m, j¢& T,}.

We remark that, from Lemma 4.1 and the estimate of g;,, if i ¢ T, and i < m

iy, € Tyys.t.Vi€ Ty\lin}, €im = 0(&im)and Vi & Ty, i < jiu, Eim = 0(Ej,m)- (3.2)

Note that the set 7, can be empty (resp. 7, = {1, ...,m — 1}); then i,, (resp. j,) does not appear.
Now, using (3.1) and (3.2) with m = p, the equation (E,) becomes

H(a,,a,) 1 L 1
’ p>p
4 1 j=1 7 r#j
Observe that, if A; |a; —a,| — +oo, theng; , = o(g; ,) andif A; |a; —a,|is bounded, it follows that
Ip ¥y [7 pl JpP Jp P P .
Jp <ipand djla; —a;|is bounded and therefore &;,, = o(g; ;). Hence, there exists iy € {ip, j,}
such that

, H(ap,ap)
(E}) = — i YpEiop = 0| 55 + Z Q; d P 2,°1)

n-2
/lp r£j
Now, if d,, > cd;, for some positive constant ¢, we get

-1

H(a,,a,) % 1 RS 1
LR, SR PIERS SHE R )

1 =1 r#j

In the other case, d,/d;, — 0, which implies that |a;, — a,| ~ d;, and &;,, = (A Aplai, — a1 =

o((A;,d;,)*™). Then from (E}), we derive, for i < p

=

Eip Z )n 5 +Za,j and

=1 r#j

A + > e)

r£j

H(ap,ap) 1 ”Z
R /11 =

Thus, we remove the index p from the system and we repeat the same argument with p — 1, ..., 2.
Hence, we derive that

1
JR— + e
L (udiy?

o) g

fori # j.
2 udye? ) !
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Thus, (E;) and (F;) become

. H@na) ey AKG@) _ (VK@)Py 11

E) T E T i ke =9 JE ) O(ﬁ )
. VK@) Lo

) a5 Ay ) = Ay * )

Finally, if [VK(a;)| > ¢, using (E] + F|), we get a contradiction.
If [VK(a1)l — 0, using (E") and the assumption (H1), we also derive a contradiction.
The proof of our proposition is thereby completed.

Proof of Theorem 1.4. Arguing by contradiction, let us assume that problem (P,) has solutions (u,)
as stated in Theorem 1.4. From the definition of ¢; and g», we have g,,4, > c(,,/44,)""2/2, which
implies that, for i < ¢,

gip < (i) ,) "2 = o(gy,4)- (3.3)

Regarding the equation (E),), using (3.1), (3.3) and the fact that y; # y,, for i > g;, we obtain

H(a,,ap) L 1 2 1
C1 e — + e+ Cy Eip = 0(—2 + TR + 8”').
an _Zq: 2 ; s,y ;

This gives an estimate of &, and using Proposition 4.1, we derive a contradiction. Hence, our theo-
rem is proved.

Proof of Theorem 1.5. Arguing by contradiction, let us assume that problem (P,) has solutions (u,)
as stated in Theorem 1.5. From the definition of ¢, we have g,¢+1) > ¢(44/4+1)" ?/?, which implies
that

Eig+1) = 0(8q(q+1)) fori < q and Eg+)i = 0(8q(q+1)) fori > q+ 1. (3.4)

Now, regarding the equation (E,.), using (3.1), (3.4) and the fact that y, # y,.1, we have

H(aq+l’aq+l) _ 1 4 1
Cq —/111_2 + cre+ C1Eq(g+1) = O(F + Z —(/l ¥ ')n_z + Z Srj).
g+1 1 j=1 "7 r#j
Then we get an estimate of &, and using Proposition 4.1, we derive a contradiction, and the proof of
our theorem is thereby completed.

5 Proof of Theorem 1.6

Arguing by contradiction, let us assume that problem (P.) has solutions (i) as stated in Theorem
1.6 which satisfy (1.7) and (1.8). The same as in the last section, the equations (E;) and (F;) are
satisfied for each i = 1,..., p. But 4;la; — aj| — +oco implies that g;; is written as (3.6). Using (3.7)
and (3.1), (E;) becomes, foreachi=1,...,p

H(a;,a;) c3 AK(a;)
(Ep) L= = 3 Raapar ~ €1 Ljwi YiYj€ij + €28

_ IVK(ap)P 1 po__ 1 L&
= 0( o )+0(8+ g + ijl @yt Iy 8”).

i
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By Proposition 4.1, we can assume that : };.;&;; + S(Aid)* " + /ll‘z < ce where c is a positive
constant.

Recall that we have |a; — aj| — 0 for each i # j. We need to divide the set {1, ..., p} into some
subsets (UIl; = {2, ..., p}) such that : if i, j € II; and r ¢ II; then |a; — a}l|/la; — a,| — 0. Moreover,
in the same subset I, it is possible to have |a; — a;| small with respect to |a; — a/| (i, j,I € I).
Thus, we will divide IIj into Hi. Precisely, we need to introduce the following sets. We define r; by
la; —ar| =inf{la; —ail : 1 <i<p}. Lets>1,

Al ={1 <i<p;(s=DMilay —a,| <la; — ail < sMylay = ay, |},

where M is a large positive constant. Note that since |a; —a;| — 0, we have pM||a; —a;| is also small
for each i. It is clear that there is at least one s such that A = ¢, let s; = min{s : A} # ¢,Ai’+1 = ¢}
and I} = Uy AT,

We define r; by |a; — ay,| = inf{la; —a;| : 1 < i < p,i ¢ II;}. We remark that |a; — a,,| >
(s1 + DMqla; — a,ll and

Ay ={1<i<p, i¢lly; (s—DMilay —ay,| <la; — ai| < sMila; — apl}.

Let s, = min{s : A # (;S,A;r1 = ¢}and [T = Uy, AS.
Once ry—; and IT;_; are defined, we define r; by

lay = ay| = inf{la; —a;| : 1 <i < p,i¢Usqll),
Ay = {1 <i<pi g Uully; (s — DMlay — ay| < la; — a1] < sMila; — a, |},

sk = min{s : A} # ¢, A = ¢} and IT; = U<, AZ. Hence, we obtain {2, ..., p} = UIl and if i, j € TTg,
r ¢ I; then |a; — ajl/la; — a,| — 0 and |a; — a,| ~ |a; — a,| (we denote by x ~ y if x/y tends to a
positive constant).

Let r,l := inf{i € I1;}. Observe that

El1i = O(SIrkl) fori e Hk, (S l"]l and gij = 0(8” + Slj) fori e Hk, j € Hk/, k+Kk. (31)
We are going to divide each block I1; into some sub-blocks HZ. Let
B :={iell; (- DM;"|a; - ayl < laj—ayl < IM;ay - ay ),

where M, is a large positive constant such that ¢ = p/M, and M, /M, are small. It is clear that there
is at least one [ such that B} = ¢. Let /; = min{l : B} # ¢, B! = ¢} and I} = U, B..
We define 77 := inf{i € I, i ¢ I1}},

B, = {i e IL\IT}; (I — DM, a; - ag| < la; - a,| < IM;'a; - azl),

I, =min{l : B, # ¢, B! = ¢} and IT} = Uy, B.
Once ;" and TI}~" are defined, we set r{ = inf{i € ITy, i ¢ Ui, 114},
By = (i € I\ Upey s (1= DM, M ar = apl < la; = agl < IM5'|ar = al),
Iy = min{l : B # ¢, Bi*' = ¢} and II" = U, B.. Notice that the interaction between the sub-blocks
is small, a.e. :

Vielll, Vje I\ : |a; — ajl > cla; — a,s| which implies &;; = o(&;,). (3.2)
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Recall that we have assumed the existence of solutions satisfying (1.7) and (1.8). Now, we need
to understand the position of the concentration points and the sign y;. Once this is done, we combine
the obtained information and we get a contradiction.

Lemma 5.1 Let k > 1. Then the following cases do not occur:
(i) Forh > 1, HZ contains one point (ﬂ(HZ) =1).
(i) H}( contains one point ( H,l( = {r,l}) with Yl Y1

Proof. Arguing by contradiction, let k > 1.

(i) Suppose that there exists & > 1 such that Hz = {rZ}. From equation (Er'i) and using (3.1), (3.2)
and the fact that & > 1, we get

H(a,: , ar]I:)
c n—2
/lr"

k

+ e = 0(8 + /11 + FZ] (/ljdj)n—Z + Z(‘:r/)’

which gives an estimate of € and from Proposition 4.1, we derive a contradiction.
(ii) Suppose that there exists k > 1 such that H,i = {r,i} and Yl Y1 From equation (Ed) and using
(3.1), (3.2), we get

H@,.a;) JEVR I
Cl———— +C1&,1 +czs=0(s+ 1 +Z—7+Zsrj),
Vi ‘ o Qdy2

Tk

which gives an estimate of & and from Proposition 4.1, we derive a contradiction. Therefore
Y =Y .This is the end of the proof.

In the sequel, we will prove that the sub-blocks satisfy certain properties.

Definition 5.1 Let k, 2 > 1, we say that the sub-block IT! is of the form I1, if TI} contains an even
number of points a;’s such that

Viell;, Jipell} suchthat l|a;—a;l/la;—aj| —>0 VY j#i, i,
Vi, je Hi’, dip, jo € HZ such that |a; — Cli0| ~ Ia_,- - ajo"

In particular, if HZ contains only two points, then HZ is of the form II.

Lemma 5.2 Let k,h > 1 and 11} be of the form I1. Then
@ Ifhy,hy € HZ such that ay, is the nearest point to ay,, then yy, = yp,.
(ii) Fori e TI, Jiy € HZ such that &;; = o(e + /11‘2 + Z(/ljdj)z‘" + D) YV # 4, do.

Proof. Let HZ of the form IT.
(i) Arguing by contradiction, suppose that vy, # yj, and h; < hy. From the definition of I1, we have
&in, = 0(gjp,) for each i # hy. Using (Ep,), we obtain

H(ay,. ar,) PN SN
Cl——5 + ClEpn, + 28 = 0(s+ %+ Z 1=t Z&j),
A = (Aydp)

]12

which gives the estimate of €, and thus y;,, = yy,.
(ii) From (3.2), we have for i € I1%, Jj¢ HZ, gj=o0(e jrz), which implies that these &;;’s appear only
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in the equation (E,il) when i = r,i’ From the definition of I, we deduce that for each h; € HZ, there
exists 1y € HZ such that (assuming h; < hy) &, = o(giy,) for i # hy, hy and y,, = yp,. Using (Ej,),
we have

H(ap,,ap,) R 1

T = C1&Emh, + 26 = 0(8+ /ll + ]_Zl W + ZSU‘).

hz

C1

Observe that dj, is of the same order as dj, and H(ay,,a,)/A};* = o(An,dy,)*™) (in the other
case, we derive an estimate of &j,,, which give an estimate of &). From (Ej,), we remove &, p,
and ¢ (Note that if h, < hy, we get g, = o(ei,) and starting by (Ej,) the same argument holds).
We apply the same argument for all the indices in HZ. Finally, we get a new system of equations
(E;), i € TI", such that the first part of each (E;) does not contain &. Arguing as in the proof of
Proposition 4.1, we derive that for i, j in the new system &;; = o(g + 4,2 + X(A4;d))* ™" + X, &)
From (E,), we get that &4 = o(e + A2+ Z(d)* " + X,p&n), for j ¢ TII. Then, we have
&y = o(e + 472+ T(A;d)*™ + ¥4 &x)) for each i # hy, hy. Hence, our Claim follows. This is the
end of the proof.

In the following, we will focus on the sub-blocks which are not of the form IT. We have

Proposition 5.1 Let k,h > 1, HZ be a sub-block not of the form 11 and ﬁ(HZ) > 1. Then, fori e HZ,
j ¢ I, we have |a; — Yl/laj =yl — 0 where y is the nearest critical point of the function K to the
points a;’s.

Proof. Letd := inf{la; —a;| : i,j € i # j}, ip := max{i € I} : 3j € II},|a; — a;| < cd} and
i1 :=min{i € HZ . la; — a;,| < cd}, where c is a fixed positive constant.
It is clear that &;;, = o(s;;,) for each i # iy, ip. From (E;,), we get

—C1&ji, T C26 = 0(8+ /11‘2 + Z W + Zsrj),
JT

where y;, = v;,, di, ~ d;, and |a;, — a;,|/d;, — 0. (In the other case, we obtain the estimate of & and
therefore we get a contradiction).

Observe that
102:/0ai] = cAidjla; — ajlell" = ceij(1 + o(1)/la; - ajl. (3.3)
Then
dei; i, (1 +o(1 i
Qi) _ g o)) o S g
Oa;, la; — a,| la;, — a,|
1 0H(a,,a;,) & Eiriy
—— =0(—) = o(————).
,1;?2-2 da;, (d,-z) (Iai, - ai2|)
Thus, using (F;,), we have
|VK(ai2)| = Cgi[iz(l + 0(1))/|ai1 - aiz" (3'4)

We note that if there exist more than two points such that the distances between them are in the same
order and they are far away from the other points, we derive the estimate of & from the equation (E;)
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for the maximum of them. Moreover, since HZ is not of the form II, then there exists i3 € HZ such
that |a;, — aj,|/lai, — a;l = 0 for i # i5. Thus

Osij, &ii,(1 +0(1)) & Eiyiy
[=c = O( ) =o(

501'3 la; — ai3| la; — ai3| |ai, - ai2|

). (3.5)

Furthermore, we have |a;, —a;,|/d;; — 0. Indeed, if |a;, —a;,| > cd;,, this implies that d;, /|a;—a;,| — 0
for i # i3, which gives an estimate of g;;, and from (E;,), we get the estimate of &.
Then from (F;,), we have

IVK(a;i,)| = o(&ii, /lai, — ai,)). (3.6)
So |VK(a;,)I/IVK(a;,)| — 0, which implies that |a;, — y|/la;, —y| — 0. Hence, |a; —y|/|a; — y| — O for
ie HZ, jé HZ. This is the end of the proof.

Remark 5.1 From Proposition 5.1, we deduce that there is at most one sub-block HZ not of the form
IT and ﬂ(HZ) > 1.

Lemma 5.3 The first block I1; contains one point.

Proof. Arguing by contradiction, assume that there exists hy >

1 such that ﬁ(l’[’l’U) > 1. Firstly,
assume that 1'[}1“J is not of the form IT then, as in the proof of Proposition 5.1, there exist i}, € Hi")

such that
g, (1 +0(1))

|ai] - aiz |

)4
1
CE—C1Ejjy, = 0(8 + /1;2 + Z W + Z ‘Srj) and |VK(£1,‘2)| =c
=1 (A;d;)

Furthermore, we have |a;, — a;,|/d; — 0 (otherwise, we get &;,;, = o((11d})*™)).
On the other hand, by the definition of Hi]“’, lai, — ai,|/lar — aijl — O fori # 1. Then

Oy i(1+o(1 i
Iilzcgl( o( ))=0( £ _ (it ) 37
Oa, la; — a;l la; — a;l la;, — aj,|
From (F;), we have
[VK(a))| = o(&i,i, /lai, — ap, ) (3.8)

So |VK(ay)|/IVK(ai,)| — 0, which implies that |a; — y|/|a;, — y| — 0. This is a contradiction with
la; = yl/la; —y| = 0, for each i € Hi") by Proposition 5.1. Thus 1'[}1“J is of the form II.
From (F'), using the definition of I1, we derive that [VK(a,)|/|VK(a;)] — 0 fori € Hi’”. Then

lai — yl/la; =yl — 0, for each i € IT}° (3.9)

Secondly, we will show that for #,k > 1, HZ is of the form II.

By Proposition 5.1 and (3.9), we remark that if §(TT}) > 1 then IT} is of the form IL It remains
to show that there is no sub-block which contains one point. Suppose that there exists h,k > 1
such that HZ = {r¢}. In the same way of the point a;, using the equation (F, ), we derive that
IVK (a,)l/IVK(a;)l — 0 fori € I"* and |a,, — yl/la; —y| — 0, for each i € IT° which is a contradiction
with (3.9). Then, we get that all the sub-blocks are of the form IT which is a contradiction with the
assumption §({i : y; = —y1}) is odd and the definition of II. Hence, for & > 1, ﬂ(Hﬁ‘) < 1, following
Lemma 5.1, we have I1; = H{ = {r1}. This is the end of the proof.
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Lemma 5.4 For k > 2, there exists only one sub-block not of the form I1.

Proof. We have proved that, the first block I1; contains one point IT; = {r;} and y,, = y;. Combining
the fact that §({i : y; = —y1}) is odd, y,, = ¥, and the properties of I, we deduce that there exists at
least one sub-block HZ, k > 2 not of the form II. From the definition of HZ not of the form II, it is
easy to show that the |[VK(a;)| for 1 < i < p are not of the same order, which is a contradiction with
the assumption (H,). Then, we derive that all the points a;’s are in Q (d; > c for 1 <i < p).

Now, we will show the uniqueness of the sub-block not of the form I1. Arguing by contradiction,
assume that ki, kr > 2, hy,hy > 1, ki < ko and (ky, hy) # (ko, hy) such that Hh]‘ R HZ’; are not of the
form TI.

Firstly, suppose that ﬁ(l’[hz) > 1. Following Remark 5.1 and Lemma 5.1, we get H "= {r}and
Yr, =7¥r, = 7Y1. From (E,,) and (E,,), we have

C2€—C1El, = 0(5 + /lIZ + Z srj) and cre — c1€y, = o(s + /11_2 + Z srj).

But for i # ry, la; — ay|/lay — a;l — 0 which implies |0gy;/0a;| = o(eir, /la1 — ay,|). From (F), we
get [VK(a)| = cerr, (1 + o(1))/lar — ay,|.

In the same way, for i # ry, la; — a,|/la,, — ail — 0 (since we choose M,/M; small) which
implies |0g;,, /0a,,| = o(ey,, [la1 — ay,|). From (F,,), we obtain |[VK(a,,)| = o(e1,,/lai — a,,]). Thus,
IVK(a,,)l/IVK(a;)| — 0 which implies

lay, = yl/lay =y — 0, (3.10)

which is a contradiction with |a; — y|/la; — y| — 0 for each i € HZf, Jj¢ HZ; following Proposition
5.1. Hence, (/") < 1.
Secondly, suppose that HZZZ = {k,}. Observe that,

lai = yl/lay =yl > 0 foreachi € II;". (3.11)

Indeed, if ﬁ(HZI‘) > 1, (3.11) comes from Proposition 5.1 and if HZI‘ = {ki}, it comes from the same
argument of (3.10).

On the other hand, we have |a; — a,,|/|ax, — ai| — O for i # kp, which implies |0gi,/dar,| =
o(ei,/la; — ax|) and [VK(ai,)| = o(g/la; — ay,|). But from (E,,) and (F), we have

C2€ —C1E1y = o(s + /11_2 + Z srj) and |VK(a,)| = &1, (1 + o(1))/la; — a,]).

This implies that [VK(ay,)|/IVK(a;)| — 0 and |ax, — y|/la; — y| — 0 which is a contradiction with
(3.11) and the fact that |a; —a;| < cla;—ag,| — O foreachi € HZ: Then HZ; = ¢ for (ky, hy) # (ka, ).
This is the end of the proof.

Proof of Theorem 1.6. Recall that we have proved that IT; = {r;}, y,, = 1 and there exists only one
sub-block H not of the form II. By studying the equations (E;), we are able to reduce the system
to at most three equations. In fact, we can remove the indices of any sub-block of the form IT and
the indices 1 and r;. More precisely, let Hh a sub-block of the forme IT and i, iy € Hh so that iy < i,
la;—aj|/la;j—a;| — 0 for j # i,iy. Using Claim (ii) of Lemma 5.2, we get that g;; = 0(s+/11’2+2 &)
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for j # i,ip. Hence we can remove the indices i and iy from (E;) for j # 7,7,. Since HZ contains an
even number of points, we can remove all the indices of HZ.
Concerning the indices 1 and ry, from (E)), (E;,), we have

VK(a)
| (;)\)

i

AK(a1) . —
¢ €—C3 /121 —C1€1r, — C1Y1Yr€1ry = 0(
1

+0(8+ ﬂi% +Zsrj),

C2E — C1E1y, = 0(5 + /11‘2 + > s,j),
where ry := inf{i € HZZ}. This implies that

—C3AK((11)//11_2 = C1Y1YrElry = o(s + /11_2 + Z srj). 3.12)

Using (F) we have [VK(a))| = €1,(1 + o(1))/la; — a,,]). But we know that |a,, — yl/la; —y| — 0
implies [VK(a;)| ~ cla; —y| ~ cla; — a,,|. Then

1 1 Slrl

-~ ¢
4 Ailar = ay| 4ilay — ay,|

|AK(aj)| _
— =

= o(g) and o(e). 3.13)

i

From (3.12) we obtain &1,, = o(e+3.,; ;). Hence, fori € HZ(‘:, j¢ HZE we getg;j = 0(e+ 3,4 Er).

There remain only the indices of HZS in the system of equations (E;). We repeat the same method for
the indices in HZS Then, in each step, we remove an even number of points @;’s which have y; = 1
and an even number of points a;’s which have y; = —1. Finally, three cases may occur and we will

find a contradiction in each one.
Case 1. There remains one index iy. In this case, (E,,) becomes

—C3AK(a,-0)//li2o +cre = 0(8 + /11_2 + Z srj).

Then, using (3.13), we get & = 0(3,+; &-;). Using this estimate of & and Proposition 4.1 we derive a
contradiction.
Case 2. There remain two indices iy, iy, with y;, # ;,. Then (Eij) becomes

—C3AK(aij)//ll-2j + 18, + C2E = 0(8 + /11_2 + Z arj),

from (3.13), we get also the estimate of € and we derive a contradiction.

Case 3. There remain three indices i, i, and i3.

Case 3.1 The variables y;,’s are not equals. Without loss of generality, assume that y;, = y;, # ;.
In this case, (E;,) becomes

—C3AK(a,-l)//1iz] +c Z Eii, T 2= 0(8 + /11_2 + Z 8”'),
j=2.3

which gives the estimate of & and Proposition 4.1 we derive a contradiction.
Case 3.2 v, =1v; =v,,. Without loss of generality, assume that i; < i, i3. We have

(Ei,-) — ¢ Alil(zaij) - Zgi/i/ + e = o(s + % + Zsrj).
i 1

I#j r#j
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Notice that if |a;, — a;,|/|a;, — a;,| = 0, then we are in the case 1. Hence, in this case, there exists
¢ > 0 such that |a;, — a;,| > cla;, — a;,|. Thus, it is easy to derive that &;,;, = o(g;,;,). (Ej,) and (E};)
become

C2€ —C1Eji, = 0(5 + /11_2 + Z s,j) and & — c184,4, = o(a + /11_2 + Z arj).

From (Ej), using (3.13) and the above estimate, we get &,;; = o(e + X, &) and therefore
& = 0(2,+j &j), and using Proposition 4.1 we derive a contradiction.

Acknowledgement I would like to thank Professor Mohamed Ben Ayed for his interest in this work
and his constant support over the years.

References

[1] A. Bahri,Critical Point at Infinity in Some Variational Problems, Pitman Res. Notes Math, Ser 182,
Longman Sci. Tech. Harlow 1989.

[2] A. Bahri and J.M. Coron, On a nonlinear elliptic equation involving the critical Sobolev exponent: The
effect of topology of the domain, Comm. Pure Appl. Math. 41 (1988), 255-294.

[3] T. Bartsch, Critical point theory on partially ordered Hilbert spaces, J. Funct. Anal. 186 (2001), 117—
152.

[4] T. Bartsch and T. Weth, A note on additionnal properties of sign-changing solutions to superlinear
elliptic equations, Top. Metho. Nonlin. Anal. 22 (2003), 1-14.

[S] M. Ben Ayed, K. El Mehdi, M. Grossi and O. Rey, A Nonexistence result of single peaked solutions to a
supercritical nonlinear problem, Comm. Contenporary Math. 2 (2003), 179-195.

[6] M. Ben Ayed and M. Hammami, On a variational problem involving critical Sobolev growth in dimen-
sion four, Adv. Diff. Equ. (9), 3-4 (2004), 415-446.

[7] M. Ben Ayed, K. Ould Bouh, Nonexistence results of sign-changing solutions to a supercritical nonlinear
problem, Comm. Pure Applied Anal. 5 (2007), 1057-1075.

[8] A.Castro,J. Cossio and J.M. Newberger, A sign-Changing solution for a supercritical Dirichlet problem,
Rocky Mountain J. Math. 27 (1997), 1041-1053.

[9] M. Clapp and T. Weth, Minimal nodal solutions of the pure critical exponent problem on a symmetric
domain, Cal. Var. Partial Diff. Equations 21 (2004), 1-14.

[10] A. Contreras and M. del Pino, Nodal bubble-tower solutions to radial elliptic problems near criticality,
Discrete Contin. Dyn. Syst. 16 (2006), no. 3, 525-539.

[11] E.N. Dancer, A note on an equation with critical exponent, Bull. London Math. Soc. 20 (1988), 600-602.

[12] M. del Pino, J. Dolbeault and M. Musso, "Bubble-tower” radial solutions in the slightly supercritical
Brezis-Nirenberg problem, J. Diff. Equations 193 (2003), no. 2, 280-306.

[13] M. del Pino, J. Dolbeault and M. Musso, The Brezis-Nirenberg problem near criticality in dimension 3,
J. Math. Pures Appl. (9) 83 (2004), no. 12, 1405-1456.

[14] M. del Pino, P. Felmer and M. Musso, Two bubles solutions in the supercritical Bahri-Coron’s problem,
Calc. Var. Part. Diff. Equat. 16 (2003), 113-145; Erratum: “Two bubles solutions in the supercritical
Bahri-Coron’s problem”, Calc. Var. Part. Diff. Equat. 20 (2004), 231-233.

[15] W. Y. Ding, Positive solution of Au + ui = 0 on contractible domain, J. Part. Diff. Equ. 2 (1988),
83-88.



On a supercritical problem of the scalar curvature type 171

[16] Y. Ge, R. Jing and F. Pacard, Bubble towers for supercritical semilinear elliptic equations, J. Funct.
Anal. 221 (2005), no. 2, 251-302.

[17] A. Pistoia and T. Weth, Sign-changing bubble-tower solutions in a slightly subcritical semilinear Dirich-
let problem, Ann. 1.H.Poincaré, Analyse non linéaire 24 (2007), 325-340.

[18] P.S. Pohozaev, On the eigenfunctions of the equation Au + Af(u) = 0, Dokhl. Akad. Nauk SSSR 165
(1965), 36-39.

[19] O. Rey, The role of Green’s function in a nonlinear elliptic equation involving the critical Sobolev
exponent, J. Funct. Anal. 89 (1990), 1-52.

[20] O. Rey, Proof of two conjectures of H. Brezis and L. A. Peletier, Manuscripta Math. 65 (1989), 19-37.



