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Abstract
In this paper, we consider the following system:

Au+ uAi® + oV + W =0 inQ

Av + VAV + Bu VA + v =0 inQ P
u>0,v>0 in Q

u=0,v=0 on 09,

where Q ¢ RV(N > 3) is a smooth bounded domain and @, 3, 4, > 1 are parameters with

a+pf= %,

positive solutions for the problem (P). Indeed, the method we are using in this paper can

4<A+pu< %. By using the perturbation method, we prove the existence of

be applied to the more general quasilinear system (see (1.7)).

*Supported by NSFC (Nos. 11171171, 11331010 )
Supported by NSFC (Nos. 11101355, 11361077)
Supported by NSFC (Nos. 11061040, 11361078)

893



894 Y. Guo, X. Liu, F. Zhao

1991 Mathematics Subject Classification. 35B45, 35]25.

Key words. Quasilinear systems, Critical growth, Positive solution, Perturbation method.

1 Introduction

In this paper, we are concerned with the existence of positive solutions for the following
quasilinear system with critical exponents:

Au+ uAi® + oWV + W =0 inQ
A + vAV? + Bu VP + v =0 inQ
u>0,v>0 in Q
u=0,v=0 on 092,

(1.1)

where Q ¢ RY(N > 3)isa smooth bounded domain and @,,4,u > 1 are parameters
satisfying a + 8 = 3= 2,4 <At+u< 55
Note that the system (1.1) has varlatlonal structure, and the functional is defined by:

1 1
I(u,v) = - f (142u®)|VulPdx+ = f (1+2V%)|Vv)Pdx— f u|® VP dx— f lul*|v/Fdx. (1.2)
2 Ja 2 Ja o Q

The directional derivative of I at (, v) in the direction (¢, ¢) € C7(Q2) X C°(€2) is defined
by

' (u,v), (@, )
= &gr(} %(l(u +to, v+ ty) — I(u,v))

Vquodx+fVu2V(u<p)dx—afIul"_zulvlﬁgodx—/lf|u|1_2u|v|"<pdx

Q Q

+ f VyVidx + f VWAV (w)dx - B f lul* WP~ vprdx — f lu[* v vipdx.
Q Q Q Q

The weak form of the problem (P) is as follows:
f VuVedx + f Vil V(up)dx — af lu|* 2 ulvPodx
Q Q Q
lul*2ulvedx = 0,V € Cy(Q),
Q
f VvVirdx + f VvV (v)dx — Bf [P~y x
—yf lul*"V " vpdx = 0, Yy € Cy Q).

(1.3)

We say that (i, v) is a critical point of I if (u,v) € WS‘Z(Q) X WS’Z(Q), fg W VulPdx <
oo, [ VIVvPPdx < oo, and (I'(u,v), (¢, %)) = 0 for all (p,1) € C(Q) x C(Q). Hence,
formally one can see that to prove the existence of the solutions for the problem (P) is
equivalent to look for the critical points of the functional /.
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However, note that there is no suitable space such that the functional 7 is smooth and
at the same time, has some compactness properties, for instance, the usual Palais-Smale (
(PS) in short ) condition. To overcome this difficulty, there are several approaches in the
literatures, such as, by minimizations method [1, 2]; by Nehari manifold method [3]; by
changes of variables [4, 5]. Later on, the method of changes of variable has been explored
by several authors to deal with critical problems, such as do O, Miyagaki, Soares [6] and
Silva, Vieira [7]. However, this approach does not work for the more general quasilinear
problems (1.7). Very recently A Nehari manifold method combing with the subcritical
approximation was used in [8] to study the quasilinear single equation, but this method ask
some monotonicity conditions for the structure for the equations. In this paper, follow the
idea of [9], we present a perturbation method to study the existence of positive solutions for
a quasilinear system with critical exponents. More precisely, let X := W$’4(Q) X Wé"‘(Q),
for s € (0, 1], we define a perturbed functional /; by:

L(u,v) = %s f (Vul* + |[VvHdx + I(u, v), (1.4)
Q

where [ is defined as in (1.2). Then one can see, by the standard arguments, that for
Vs € (0,1], I, is a C' functional on X, and for all (¢, ) € X,

(I, v), (@, ¥))
=5 f \Vul>VuVedx + s f IVVPVoVidx + (I (i, v), (@, 1))
Q

=5 | |VuPVuVedx + f VuVdx + f Vil V(up)dx
Q Q Q
—ozfIula’zulvlﬁtpdx—/lfIull’zulvl”godx
Q Q
+s [, IVvPVyVydx + f VvVydx + f VAV (w)dx
Q Q
—ﬁflul"IVIﬁ’szdx—ufIMIAIVI*"ZVWX
Q Q

(1.5)

Moreover the critical point (u, v) of I satisfies the following system:

SLIVMIZVquodx+LVquodx+LVu2V(utp)dx
f ul*ulvPodx — A fg "2 ulvlpdx = 0,Yg € C3(Q),

f [Vv[PVvVydx + f VvVidx + L VvV (v)dx
B f lul 2 vpdx = f lul I vpdx = 0, ¥y € CF(Q).

(1.6)

In order to prove the existence of positive solutions for the system (P), the main idea of
our method is as following: we first prove the existence of critical points (i, vy) of the
perturbed functional I; for any s > 0 small. Then we establish some suitable estimates for
the critical points set {(uy, vy)}. So that we may pass limit as s — 0 to get the solutions for
the original problem (P). Indeed, the method we are using in this paper can be applied to
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the more general quasilinear system of the form:

N N
1
Z Dj(aj(x, u)Du) — = Z Dya;j(x, u)DiuDju + G,(u,v) =0 in Q

l] 1 l] 1
Z Dj(ai;(x, v)Dv) — = Z Dya;j(x,v) DD v + Gy (u, v) = inQ (L.7)
i,j=1 z/ 1
u>0,v>0 in Q
u=0,v=0 on 0Q,
where D; = - and Dya;j(x, s) = a, j(x, 5). Note that the above system (1.7) includes the

system (P) as spec1a1 case, namely, aij(x,s) = (1 +25%)5;;, G(u,v) = [ul*VP + [ul*|v[*.

For the sake of simplicity of notations and of the clear presentation of the ideas of the
methods, we first consider the simple case of the problem (P). Then we give the sketch
proof for the general quasilinear system (1.7).

Our main result for the system (P) is :

Theorem 1 1 Suppose that a,B, A, u > 1 satisfying a + 8 = N 2, Py := max(4, 2(}{1v:r22)) <

A+ pu < 5. Then the system (P) admits at least one positive solution.

2 Properties for perturbation functional

Recall that a functional / defined on a Banach space X is said to satisfy (Palais-Smale),
condition ((PS ). condition in short) if any sequence {u,} C X such that

1) = ¢, I'(up) > 0 (2.1)

is relatively compact. And we say a sequence {u,} is a (PS), sequence if (2.1) is satisfied.
Let X := Wé’4(Q) X Wé"‘(Q) equipped with the norm:

[1(e, Wl == ||u||W01'4(Q) + ”V”Wé-“(g)-

Lemma 2.1 For s € (0, 1], the perturbation functional I, defined in (1.4) satisfies the (PS ).
condition.

Proof. Let {(u,,v,)} be a (PS), sequence for I;. We first show that {(u,, v,)} is bounded in
X. Indeed, we have

¢ + [|(un, va)llxo(1)

> (u,,, V) = (It Vi) Gty )

A+
1 1 4
4 g (|Vu,,|4+|an|4)dx+(§ - —)f|vun|2dx+f(1 - /l+,u)uﬁ|Vun|2dx
+(-— )T|an|2dx+f( V2V, [? dx+( '8 - 1)f|u,,|"|v,,|ﬁdx.
2 +u Jo Q Q

(2.2)
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Note that 4 < A+ u < @ + B = %5 < % and the embedding WSA(Q) < LP(Q) is
continuous for 1 < p < % and is compact for 1 < p < %. It follows from (2.2) that
1 1

(Z_/l+u

)s f (Vunl* + Vv, Hdx < ¢ + (i, vi)llxo(1),
Q

which implies that {(u,, v,)} is bounded in X. As a consequence, we may assume that

(s va) = (u,v) in Wy Q) x Wy (),

(U, vy) = (u,v) in L1(Q) x L1(Q) for 1 < g < N_a

Take (¢, ¥) = (U, — Uy, vy, — Vi) in (1.5), we deduce that

o(1)

= <I§(un’ Vn) - 1§(Mm, Vm), (un — Up, Vn — Vm)>

=5 f (IVun*Vity, = [Vity|* Vi)V (tty, — thy)dx
Q
+5 | AVValPVvn = IVVul? V) V(v = vi)dx
+ f Vi, — Vu,|>dx + f Vv, — Vv,,[>dx
Q Q
+2 f(uiVun - uiVum)(Vun — Vu,,)dx
f V2VV2 =2 V,)(Vv, — Vv,)dx
(2.3)
(| Vit * = v |Vttt — ) dx
f OalVVal* = Vi VvV = v )dx
—a f (utal® vl = [tttV ) Wt — ) x
f T e T O T T O O YU/ My T Vo
f(lun|alvn|ﬁzvn - |uln|a|VmIB72Vm)(Vn - Vm)dx

-2 2 p -2
(val = valunl™ = Tl Wi vin) (v = vin)dx.
In the following, we will estimate the above terms one by one. First, we have

(uiVu,, - u,znVum)(Vu,, - Vu,,)dx

fuiIVun — Vu,,[*dx + f(ui - u,zn)Vum(Vun - Vu,,)dx (2.4)
Q Q

= wnla(lunls + |“m|4)”un”Wd-“(Q)(Hunnw(;v“(Q) + ”um||Wd~4(Q))

o(1).

v
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Similarly, we have

f V2V, = v2V0,)(Vv, = Vv,)dx = o(1).
Q

And
| f UnlVt? = sVt Pty — )l
Q

2

Wé‘4(ﬂ))|un - um|4 = 0(1)

< (letnlalla |2 L
n n W(;'4(Q) m m

| f al Va2 = Y V5mP) 0 = vl < o(1).
Q

Moreover, we have

| f (a2l = lttn ™2tV 1t — )]
Q

< (ko vl g + VT bVl ity = il = 0(1).

Similarly
f a2t — Uil 2ttt — )l = (1),
f (tnl Wl v = Nl VinlP Vi) (v = vin)dx = o(1),
Q(|vn|”‘2vn|un|” = [t 1t Vm) (v = vin)dx = o(1).
Finally

s f (IVun >V, = [Vi)* Vi) (Vi — Viy)dx > cs f IVu, — V| dx.
Q Q

s f (Va2 Vv, = Vv V) (Vv — Vu,)dx > cs f Vv, — Vvt dx.
Q Q

Combine with the above obtained results, we get

Cs f (IVuty, = Vil* + Vv, — VuHdx < o(1),
Q

which implies that ||[(u, — u, v, — vi)llx = 0, that is (u,, v,) — (u,v) strongly in X.

Lemma 2.2 Let

¢y = inf sup I(y(1))
¥el's refo,1]

I's = {yly € ([0, 11, X), ¥(0) = (0, 0), Is(y(1)) < 0}.

2.5)

(2.6)

Q2.7)

(2.8)

(2.9)

(2.10)

Then c is a critical value of I;. Moreover, there exists a constant m > 0 such that ¢y > m,

for¥s e (0,1].
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Proof. For p > 0, we define
E, = {(u,v) € X| f (1 + 2u®)|Vul*dx + f (1 + 2vH)|Vvfdx < p?). 2.11)
Q Q
Then for (u,v) € 0E,, we have
1 4 4
I(u,v) = —s (Vul™ +|Vv[)dx + I(u,v)
1 1
f (Vul* + |[Vv[Hdx + = f (1 4 2u®)|Vuldx + = 5 f (1 4+ 2v»)|VvPdx
Q

f lul®vPdx — f | |vFdx

LY O L O 1

a+f3 A ﬂl

pr—clp +p7).

[\)lh—[\)I»—a

(2.12)

In the last inequality, we have used the fact that u] & < C( fQ w2|Vul*dx)i and the
atf A+p
embedding W < L¥s (). Now we take pg > 0 such that c(p,* +p,* ) = %pg, then we

have |
I(u,v) > 4_1’0(2” for (u,v) € 0E,,

But for p Spo,c(p# +p%) < %Pz,

I(u,v) > %p - c(pu;ﬁ +p)§#)
= ?pz i
> sz.
Note that @ + 8 > A + u > 4, we obtain
1
¢y = inf sup L(y(®)) > inf I(y(s)) > _P0~ (2.13)
yel'y 1€[0,1] (u,v)€0. 00

Since I; satisfies the (PS). condition. By using Mountain Pass Lemma, we obtain that c;
is the critical value of Iy and m = ip(z) is the desired lower bound.

O
Remark 2.1 If we consider the functional /] defined by:
1 1
IFu,v) = N f (Vul* + |[Vv[Hdx + = f (1 4 2u®)|Vuldx + = f (1 4+ 2v))|VvPdx
—fuﬁﬁvﬁdx— f utidx,
Q Q
(2.14)

where u, = max(u,0), v, = max(v,0). Let

c; = inf sup I7(y(1)),
Y€eIT 1e[0,1]
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Iy = {yly € C([0, 11, X),%(0) = (0,0), I3 (»(1) < 0)}.

Then by using the similar arguments as in the proofs of Lemma 2.1 and Lemma 2.2, we
can verify that I} satisfies the (PS), condition and ¢} is a critical value of 7. Moreover,
¢t > mfor Vs € (0, 1]. On the other hand, we see that the critical points of I} are positive,
it deduces that ¢} is a critical value of I, too. As a result, /; admits a positive critical point.

Note that the functional /; (and I;) is monotone with respect to s € (0, 1], we have ¢, < ¢;
(and ¢} < ¢7) Vs € (0, 1]. On the other hand, by Lemma 2.2, we see that

1
Ccy > Zp(z) =m, for Vs € (0, 1].

The idea of the following of the paper is to prove that for s — 0, the sequence {(u, v)}, the
critical points of the perturbed functional /;, is convergent and its limit (u, v) is the solution
of the original problem (P). More precisely, we have:

Proposition 2.1 Suppose that (u,, vy,) is the critical point of I, for s, € (0, 1] with s, — 0
asn — oo. Let d = lim,_, I, (Un, V). Then up to a subsequence, we have
(1) (@) g = u,v, = v € Wy(Q);
(b) u,Vu, — uVu,v,Vv, — vy in L*(Q);
(¢c)u, = u,v, > vin LP(Q) for 1 < p < %.
(2) u,v € L*(Q) and (u,v) is a solution of the problem (P).
(3) I(u,v) < limy_o0 I, (Un, V).

N
(4) Let Sop = % where S is the Sobolev constant. If d € (0,S o), then
(N=2)(a"pP) ¥
(u,v) # (0,0).

Proof. (1) Note that I{ (u,,v,) = 0 for ¥s, € (0, 1]. By using the similar arguments as in the
proof of Lemma 2.1, we have

c = Is,,(uns Vn) - F(I;n(um Vn)s (M}'ls Vn)>

1 1 1 1
=G s ) Vel + 1Valde s (G = 22 fg (Vutn|* + Vv, *)dx
+
+H(1-—) f (uiwunF+vi|wn|2)dx+(u ) f lua* [valPdx,
A+u Jo A+p Q
which implies that
4 s 1 1 2 2
sn | (Vi + Vv + (5 = ——) | (Vua* +[Vva[)dx
o, 2 A+pJo (2.15)
+(1 - ——) f (U2 Vu,* + v |Vv,[Pdx < C,

A+p" Jo

for some constant C independent of n. Thus, up to a subsequence, we have:
(@) wy = 1, v, = v € W (Q);
(b) u,Vu, — uVu,v,Vv, — vVyin L*(Q);

©) u, > u,v, > vin LP(Q)for1 < p < %.
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(d) u,(x) = u(x),v,(x) > v(x)a.ex € Q.

(2) We prove that u, v € L¥(Q). Since I (u,, v,) = 0, for Vo € WS"‘(Q), we have

S f \Vit,|* Vi, Vodx + f (1 + 2u?)Vu,Vdx + 2 f Un| Vit > odx
Q Q (2.16)
=a | |ual*PuglvilPodx + 2 f il 214 v, pdx.
Q Q

For T > 0, we define the cut-off function u” (x) by

T, ulx)>T;

u(x), |u(x)|<T;
u (x)
=T, ulx)<-T.

Let K > T >0, take ¢ = IuT|2’ as the test function in (2.16), we have

S f IVt |* Vi, V(|u! P uX)d x
Q

+ f (A + 2:2)Vu, V(|ul Pruydx + 2 f | Vit * (] P u® Y x
Q

-2 T2r, K -2 T2r, K
=af|unl“ |Vl (a7 )dX+/1qun| |Vl (Juy, | 1 Y x.
Q Q

Note that
Ti2r Ky _ K 2 T2
Vil Fun) = V1<(|ur|2r)2+r|u |*¥? K
= 2run let, |7 7wy, + |, |7V, .

‘We have

2 K| T2
[V, |“w,u, u, | dx

9 (2.17)
<c ( N A W e |2’dx),
Q Q
for some constant C > 0 independent of n.
Since u,Vu, — uVuin L*(Q),u, — uin LP(Q) for 1 < p < ﬂ The integral on

the left side of (2.17) is lower semi- continuous while the r1ght 51de of the inequality is
continuous due to the facts 2 < a + B -1 < N 2, 2<A+pu-1< 55 (uKlu [*" is bounded
for fixed K > T > 0). Let n — oo (then k — o) in (2.17), we obtam

f |Vu|2u2|uT|2"dxgc( f [l P’ | dx + f |u|’1|v|”|uT|2rdx).
Q Q Q

In a similar way, we have

f |Vv|2v2|vT|2’dx§C( f WPV P dx + f |u|ﬂ|v|ﬂ|vT|2’dx).
Q Q Q
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It follows that

f \Vul?u|u” P dx + fg V22T P dx
sc!( fg WP (" "+ VTP dx + fg |u|*|v|”(|uT|2’+|vT|2’>dx)
<C f (¥ + ¥ 7+ T Pydx + € Q(|u|““+|v|‘+“><|uT|2’+|vT|2’>dx
SC(j )2 |u” P dx + f Wiz 2rdx) + C( f " P dx + f PP P dx).
Q Q Q Q (2.18)

Take r > ﬁ := rp. By the embedding Hé(Q) — L%(Q) and the Poincare inequality
respectively, we have

C C =
f \VulilPlu” P dx > = f IV ") Pdx > —(f(u2|u7|’) Vi dx) N
Q r? Jo 2 Ja
and
2.2 T2 C 20, Trp2 c 20, T2
\Vul“u“lu’ |“"dx > — \Vu“lu" |"[dx = = | w|u|")"dx, (2.19)
Q r? Ja r? Ja

where C is a constant independent of n.
Similarly,

C C _
f W x> £ [ oA s S f AW DT
Q = Ja = Ja

and
C C
f VvV Pdx > = f VDT Pdx > = f WI2dx.
Q r? Jo r Ja

4N

On the other hand, since 4 < A1+ u < o3

we have the following inequality, for some

2
€ r ELA
I+ < ﬁft + (:)q|l| N2,

. 1
Indeed, if || < (5)™, then [f**#~4 < & |f* < £1%;
AN (A4

1 N-2
If |1l > (5)™, then [f|7 () > ()77 . Take q :=

2 4N
()=
€
M/H—y MT 2rdx+ V/l+;1 VT Zrdx
|ua]
% Q

Thus
r AN T 2r AN T2
S(—)q(f lua| %2 [u” | dx+f|v|H|v| dx) (2.20)
€ Q Q

€
+—2( f luf*u” [P dx + f |v|4|vT|2'dx).
™ \Ja Q

Combine the formulae (2.18)-(2.20) together, we obtain

A —(A+p)

+4» We obtain [t <
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N-2
N

(f (”2'”T'r)”Z‘N2dX)N +( f (v2|vT|")5$dx)
; N 2.21)

<cH ( f ) V2 | P dx + f |v|&‘”z|vT|2"dx) G =2q+2).
Q Q

max (f |u|'3Nz|uT|ﬂ2/N5dx) , (f |v|;N2|vT|mdx)
Q Q

< (Criy* max{( f 5 T P f |v|&‘$|vT|2’dx>z‘r}.

Q Q
By iteration, we have
b3 T
- {(f lul%Tl”“‘”dX)w (f |v|&‘”z|vT|2r°dkdx)20d }
Q
< TIE (C(rod™ 1)‘!)%# max{( f |u|Nz|uT|2’0dx) ( f |v|Nz|vT|2’odx) } (2.22)

sCmax{( f |u|&‘fz|uT|2f°dx)' ( f IVINZIVT|2’°dx) }
Q

N
N-2*

In the following, it is sufficient to prove that u,v € Li5+20 (Q). Indeed, we have

4N 4N 8
f lu| 7= u” Podx < K3 f lu” Podx + f u| 7= (P |u” ) dx
Q lu|l<K lu|>K

<C+( f Ul = dx)¥ - ( f @0 (223)

|ul>K [u|>K

Therefore

where d =

<o+ uSant f @) R dn'?
|u|>K Q

take K large enough such that ( flul> © lu|¥2)¥ < €, then we have

f | 72 [T Podx < C + e f W@ )2 dx) ' (2.24)
Q Q

Similarly, we have the estimate for the function v and

f | V2 juT Podx + f |32 T Prodx
e ) 2NQ N-2 5T 2N N-2 (225)
< CH+e(( f @lu" )2 dx) T+ ( f V) dx) ).
Q Q
Return to (2.21) with r = r(y, we obtain
( f @) 72 dx) T+ ( f V072 dx) T

(2.26)
< C(f |u|N2|uT|2rgdx+f|v|N2|vT|2rgdx)
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Substitute (2.26) into (2.25), and take Ce < %, we have

4N 4N
f u| ™2 |uT Podx + f W72 T Prodx < C,
Q Q

where C is a constant independent of 7. Let T — oo, we get

AN 4N -
f lu| 7220 dx + f 7220 dx < C.
Q Q

Thus we proved that u, v € L¥2+20(C)).

(3) Now we prove that (u,v) is the solution of (P). Since I;"(un, v,) = 0, we have, for
Vo, € Wi,
Sn f \Vit,|* Vi, Vodx + f (1 + 2u)Vu,Vdx + 2 f U3\ Vu, > odx
Q Q

2.27)
— o [l ubvPedx + 2 [l i eds
Q Q

and

Sn f Vv, Vv, Vipdx + f (1 + 202V, Vipdx + 2 f V2V, [Pydx
Q Q Q

(2.28)
=ﬁ\[\vaﬁ4wmmwwdx+;h]‘maﬂmwawﬁwdx
Q Q

Choose ¢ = ¢e™ as the test function in (2.27), where ¢ € Cr(€), ¢ = 0, we get

Sn f (Vi PV, Ve — |Vact [*pe™ dx + f (1 + 2u)Vu, Ve ™ dx
Q Q

- f (1 + 22)|Vu! Ppe™ dx + 2 f 1| Vit > pe ™" dx (2.29)
Q Q

=¢fmw%mﬁw%M+{me%mmwﬂm.
Q Q

Note that the left side of (2.29) is upper semi-continuous, while the right side is continuous.
We have

* 3 1
|s”f (Vin Vi, Ve ™ dx] < Cs( f Vi*'dx)t < Cs;i — 0,
Q Q
f (1 + 2u;)Vu, Ve ™" dx — f (1 + 22)VuVpe™ dx,
Q Q

@ | N PuglvalPe v dx + 2 | Junl*2unlv, g™ dx

Q
— a/jz Iula‘zulvlﬁ(ﬁe“ﬁdx + /lfQ Iul’l‘zulvlf‘(be"’dx.
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and
lim { f (1 + 2up)Vuy Ppe ™" dx = 2 f | Vit g™ dix)
2 o

= lim{ | (1 = 2u, + 26?)|Vi! P pe " dx — 2 f Un|Vii; e dx)
n—oo JOQ Q
> f (1 = 2u + 2uP)|\Vu* Ppe™ dx - 2 f ulVu Ppe™ dx
Q
= f (1 + 2u»)|Vu' Ppe™ dx -2 f ulVulge™ dx .
Q Q

Let n — oo in (2.29) we obtain

f (1 + 2u*)VuVee™ dx — f (A + 2u®)|Vu Ppe™ dx + 2 f ulVul’pe™ dx
Q Q

) . (2.30)
>« f | 2uvPoe™ dx + A | |ul*Pulvige™ dx.
Q Q

Since u € L¥(Q), pe’ € H(l](Q) N L*(Q), we may choose a sequence of nonnegative
function ¢, € C’(€2) such that ¢, — ¢e”+ a.e. x € Qand |¢,|- < C. Thus by (2.30), we get

f (1 + 2u*)VuVedx + 2 f ulVulPpdx > a f ul®2upvfPodx + A f |l ulvHd x.
Q Q Q Q

Choose ¢e™" as the test function in (2.27), then by repeating the same arguments as
above, we obtain for Yo € C7(€2), ¢ > 0,

f(l + 2u*)VuVpdx + 2 f ulVul>dx < af u|* 2 ulvPodx + /lf lul*ulvdx.
Q o) Q Q

(2.31)
Therefore we have, for ¢ € C77(€2), ¢ 2 0,

f(] + 2u*)VuVpdx + 2fu|Vu|24pdx = af ul® 2 ulvPodx + /lf |l ulvlH pd x.
Q Q Q Q

(2.32)
By approximation, we see that (2.32) is true for all ¢ € HO1 () N L*(Q). Similarly, it holds
that for all ¢ € Hj(Q) N L™(L),

f(l + 20V VyVedx + 2f VIVvpdx =ﬁf VIV 2 pd x +,uf ul Vv edx,
Q Q Q Q

hence (u, v) is a solution of the system (P).

(4) We prove that (i, v) < lim,_,o I5, (4y, v,). Indeed, by (2.31) and (2.32), we have

f (1 + 4>\ Vuldx + f (1 4+ 4v»)|VvPdx

Q Q

= (@ +p) f ul®vPdx + (A + p) f lul [V dx.
Q Q
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Since (uy, v,) is the critical point of I, , we obtain

f (Vun* + Vv, [Hdx + f (1 + 42)|Vu,Pdx + f (1 + 4v2)|Vv,Pdx
Q

(2.33)
—(@+p f o + (A + ) f vl d
Thus
I, (up, vi)
1 1 1
=—s, f (Vun* + Vv Hdx + = f (1 + 2u?)|Vu,dx + = f (1 +202)|Vv,2dx
4" Jo 2 Ja 2 Jo
il ol — f vl
Q
1 1
= (- — s, f Vil + Vv, )dx 2.34)
4 . A +;11 A
G - m) (IVun* + Vv, P)dx + (1 - m) fﬂ @2 IVun* + V2V, P)dx
+
(L [ aPax.
A+p Q
By lower semi-continuous and Fatou’s lemma, we have
im 7, (s ve) > (= — — >f(|v Y
el Sn Up, Vp = 2 /l+ u v X
+(1 - —) f WA Vul? + vy )dx+( -1 f lul®viPdx
A+u
= I(u,v).

(5) We prove that if (u,v) = (0,0), then d ¢ (0, S o).
Suppose that (u,v) = (O O) then u, — 0,v, — 0in LP(Q) for 1 < p < 5. In

particular, note that A + u < N 2, we have

f ' valdx = o(1), as n — oo.
Q
It follows from (2.33) that

S f (IVun* + Vv Hdx + f (Vun?> + [Vvu|*)dx + 4 f (U2 Vu,* + v |Vv,[Hdx
Q Q Q

=(a+p) f || P dx + o(1).
“ (2.35)
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On the other hand, we have

f P

<qul2 Iv2I2 1

_<§||uzg,,]§(m) (53l ) 36
=S?ai ;B)Wf{(“ By )77 - (P o))

< %(Huzuﬂ o W)

‘We have two cases:

(H If ||M2||HI(Q) + ||v2||H,(Q) — 0. Then it follows from (2.35) and (2.36) that

5 f (Vi + Vvl — 0, f (Vi + [V, P)dx — O,
Q Q

and d = llmn—mo IS,, (un’ Vn) = 0

2)If ||u2||H1(Q) + ||v2||H,(Q) - 0. Then again it follows from (2.35) and (2.36)
2 (a +ﬁ)

It turns out that,

Ix,,(un’ Vn)

_(1 1
4 a+

1 1
Vu,|* + [Vv,|* - Yu,|> + Vv, |
)snfgq wl + 199+ (3 (Hﬁ)fﬂu unl? + [V, P)dx
A
+1(1—a—+ﬁ,> fg <|Vui|2+|Vvﬁ|2>dx+(aL+;—1) fg [ [Vl dx + o(1)
> (Z - CHﬁ)f(wu,’ﬂz + Vv )dx + o(1)
2 S2
2 - —_—
N=2 (aop))¥
=Sa,ﬁ+o(1).

+o(1)

Hence d = lim,,_,o I, (4, V) = S o p. All'in all, we have d ¢ (0, S o g).

3 The proof of the main results

Recall that c¢; is defined by

cs = inf sup I(y(2)),
¥els 1ef0,1]
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where I'y; = {yly € C([0, 1], X), y(0) = (0,0), I;(y(1)) < 0}. In the following we will prove
that d = lim,_,o ¢, € (0,5 o). Set

N-2
8

WNWN-=-2e) F 3.1)

wy(x) = N2
(e+xH+

Without loss of generality, we may assume that 0 € Q, B,,(0) C Q. Let ¢ € C5°(€2) be the
cut-off function such that ¢ > 0, ¢(x) = 1 for |x| < p;e(x) = 0 for |x] > 2p;|V¢| < %. Let

Ze = ows, Ue = (a'%Ze,ﬁ%ZE)_ We have

Lemma 3.1 lim_,osup, [(tUe) < Sqp - ce? s AHN=-2)

Proof. By direct computation, we get

f IVZ2Pdx =57 + 0(e™)
f IVZ.[2dx = O(e'7 |logel)
AN N N
ZXdx =872 +0(e?) (3.2)
Q
e N-2) Ho<r<
N
[ zar~] coge, r= 2
ey N2, r< %

On the other hand, it is easy to see that there exist 0 < 7'} < T, such that

sup(tUe) = sup IL,(tU;) <cs+ sup I(tU,), (.3)
>0 T1<t<T, T\ <1<y
and
sup 1(tUe)
T, <t<T,
a AN
S01f|VZe|2dx—02fzf+ﬂdx+ sup {(‘“"3)’4fZEZWZeIde—aZ,Bgt%fZEN—zdx}
¢ Q Ty<1<Ty a o
4.¢5 N2 P x
< N_ztO(Sz +0(e 7)) —aifi) 7 (S +O(e?))

N-2 N_1
+0(e 7 |logel) — 2coe> s N2

a B I N N_1 _
<( fo— aiBi1)7)S T — coer TsHINT)

N —
Y-t Ar(N-2).

lim sup I,(tU,) < S .5 — Coe? 5 H0N-2)

5=0 >0
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Proof of Theorem 1.1
By Lemma 2.2, we see that c; is a critical value of /; and limyoc;, =d >m > 0. It
follows from Lemma 3.1,

0<m<d=lime, < limsup I(1U,) < S 5 — Coe? ~5HN-2),
s—0 s—0 >0

Now we suppose s, — 0, I;)l(u,,, v,) = 0 and I, (u,, vy) = c5,. Then

d = lim ¢;, € (0,5 4p).

By Lemma 2.2, without loss of generality, we may assume that

U, = u, v, —vin Hé(Q);
u,Vu, = uVu, v,Vv, = vVvin L*(Q).

Moreover by Proposition 2.4 (u,v) # (0,0) is the solution of the problem (1.1) and it
follows from the system (P) that u # 0,v # 0. If we use I7(c}) instead of I(cy), then we
can obtain the nonnegative critical point (i, vs) of I7, as a result we can get the nonnegative
solution (u, v) of the problem (P). At last by using the standard elliptic estimate we can see
that # > 0,v > 0 in Q. This finishes the proof of Theorem 1.1.

4 General quasilinear systems

In this section, we will show that how the approach we used in the previous sections works
for the more general quasilinear system of the form:

N
Z(D (@i (x, u)Diu) — %Dsa,- i, w)DuDju) + au® "V + WV =0 inQ
l][\—]l |
Z(Dj(a,-j(x, v)D,v) — EDJai‘,-(x, v)D;vD ;v) +,3u"v3_l + /m/lv“_1 =0 inQ
ij=1
u>0,v>0 in Q
u=0,v=0 on 0Q,
(3.1
where D; = %,Dsai‘i(x, s) = Za;i(x, s), @, B, 1, A > 1 satisfying 4 < A+ p< @ +p = 5.
Assume:

(A1) a;; € C'(QxR,R), a;j = aj; and there exist constants a; > ao > 0 such that

N
ao(1 + s*)|EP < Z aij(x, &€ < ar(1 + sDIEP,Vx e Qs e R, £ € RV,

ij=1

(A,) There exists i € (0,2) such that

N N N
(=2+m) ) a5, )€€ < Y sDaij(x, HEE] < A+ p=2+1) . aij(x, ).

ij=1 ij=1 ij=1
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(A3) There exists y € [0, 2) such that
N L&
D aijx )E€j = 2588 + O(sP). 5 > sDuaij(x. )6 = 25° + O(sP),
=1 =
as |s| — oo, uniformly in x € Q,& € SV~ the unit sphere of R".

Our main result is:

Theorem 4.1 Assume (Ay), (Az),(Az) hold. Moreover assume A + u > Py + «. Then the
system (3.1) has at least one positive solution.

We will use the similar notations as in the previous sections. The perturbation func-
tional /; now is defined as:

I(u,v) = %s fg (Vul* + |[Vv[Hdx + I(u, v), (3.2)

where

N N
1 1
I(u,v) = > fs; Z a;j(x, u)DjuD judx + 3 L Z a;j(x,v)D;vD jvdx
ij=1 ij=1 (3.3)

- f lulvPdx — f lul![v[Mdx.
Q Q

The weak form of (3.3) is:

N N
1
sf |Vu|2Vquadx + f Z a;j(x,u)DjuD jpdx + = f Z Da;j(x, u)yuDiuD jupdx
Q Q= 2 Ja ij=1
—af lu|* 2 ulvPodx — /lf ul*2uvpdx = 0,
o v Ve N
5 1
s | V" VvWydx + Z a;j(x,u)DivD jfrdx + = Z D;a;j(x,v)vDivD jwrdx
Q Q 2 Ja

ij=1 ij=1

-8 f lu|* VP2 vrdx — f lul* v vpdx = 0,
Q Q

for all ¢, ¢ € C7(Q).

Lemma 4.1 Assume (A}),(A,). Then for fixed s € (0, 1], the perturbation functional I
satisfies the (PS). condition.

Proof. The proof is similar as the proof of Lemma 2.1, we only give the sketch. Let {(u,, v,)}
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be a (PS). sequence of I;. We have

C+ 0(])(”(14}1’ Vn)”X)

> Is(una Vn) - F(I:(un, Vn)’ (un’ Vn)>
1 1
= (= — Vu,|* + |Vv,|Hd
(4 /Hlu)s Q(Iul [Vv,|[")dx
S | 1
+ (5 = 5—)aij(x, ) = 5=, Dsat;j(x, 1) 1Dt D jud x G4
L UZ; 2 A+u / 2(A + p) / J
Yoo 1
+ [(5 = 5—)aij(x, va) = 55——=VuDsaij(x, Vi) IDivy D jvudx
fgz 2 A+u Y 2(A + ) J I

ij=1

+
WPy f vl
A+pu Q
By (A}), (Ay) we have
s f Vil + [Vvnldx + f (1 +12)Vu,Pdx + f (14 2)Vvdx < ¢ + o(Dll(tm: v)llxs
Q Q Q

which implies that {(i,, v,)} is bounded in X =: WS"‘(Q) X W5’4(Q). Then up to a subse-
quence, we may assume that

(s Vi) = (u,v) in Hy(Q) x HY(Q),

u,Vu,, — uVu,v,Vv, — vVvin L2(Q),

4
(U, vi) = (u,v) in L1(Q) x L1(Q) for 1 < g < N N2'

Note that (u,, v,) satisfy for all (¢, ¥) € X,

N
snfqunleuanadx+fZaij(x,un)Diunngodx
Q Q

ij=1
1 &
+LE;Dsa[j(x,un)D,-unDjungodx

—a f Ittty lv,lPipdx — A f [t 'tV pdx = o(D)llgll,
Q Q 3.5)

N
sananIZanthdx+fZaij(x,vn)DivnDjt,//dx
Q Q=1 '

| &
+ L 3 ”Z:; Dia;j(x,v,)Div, D jv,rdx

-B f || a2 vhdx — p f |t 'Vl vatpdx = o(D)]ll.
Q Q
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Choose ¢ = u,, — u,, ¥ = v, — v, as the test function in (3.5), we obtain

o(1)

= <1;(I/tn, vﬂ) - Ié(ums Vm)’ (un — Ums Vn — vm)>

=5 f (VU Vi, V(1 = th) = [Vt Vit V (tty, = t))dx
Q

+5 f (VP YV = Vi) = V0PV Vv, — v))dx
Q

N
+Sf Z(Clij(X, ) Ditt, D (1, — ) — a; (X, ) Dittyy D (4, — w,))dx
Q

ij=1
+S f
Q

N
(aij(x, vi)Divu D j(vyy = Vi) = aij(X, Vi) Dy D j(vyy — vi))dx
N

ij=1

Y. Guo, X. Liu, E Zhao

1
+§ f Z(Dxaij(x7 un)DiunDjun(un - Mm) - Dxaij(x7 um)Diuijum(un - um))dx
Q

ij=1

1 N
+§ f Z(Dsaij(xa Vn)DiVnDjvn(Vn - Vm) - Dsaij(x’ um)DiVijVm(Vn - Vm))d-x
Q

ij=1

-2 -2
+a f (a2 tn vl = | tnlvin )ty = ) x
A-2 1-2
+4 (lunl Mnlvnvl - |um| umlvm|ﬂ)(un - um)d-x
—2 -2
+:8 (|Mn|a|vn|ﬁ Vn — |um|a|vm|ﬁ Vm)(vn - Vm)d-x

A -2 A -2
+ﬂ (|un| |anﬂ Vn — |um| |Vm|ﬂ vm)(vn - vm)dx-
Q

(3.6)

Since |Duyls < C,|Duyls < C and la;j(x, s)| < (1 + s2),u, — win L*Q), |a;j(x, u,) —

aij(x, uy)» — 0, we have
N
f > @5, ) Ditty = i (x, ) Ditt)D 1ty — 1ty )dx
[
ij=1

N
= f Z a;j(x, up)(Diuty, — Ditt)(D juty, — D ju, )dx
Q

ij=1

ij=1

N

+ f Z(aij(X, Un) — a;j(X, Up))Dithyy (D juy, — D juty)dx
Q
N

> = 3 lagi(x, tn) = a5t )| Ditlal Dity, = Dityls = o(1),
ij=1

Also, we have
N
|f Z(Dsaij(x» Mn)DiunDjun - Dsaij(-xa um)Diuijum)(un - um)d-x|
Q=

< (leaij(xs Mn)|4|Dun|421 + |DSClij()C, um)|4|Dum|421)|un - um|4
< Cluy = tla = o(1).

(3.7)

(3.8)
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Similar to the proof of Lemma 2.1, we obtain
cs f (IVit, = Vi |* + Vv, — Vv, [Mdx < o(1),
Q

which implies ||(¢;, — > v — vi)llx — 0, 1. €. {(u,, v)} converges strongly in X.
]

In order to prove the main result, in the following, we will show that Proposition 2.1 is
still true in this general situation. That is:

Proposition 4.1 Assume (A,), (A2), (A3) hold. Suppose that (u,,v,) is a critical point of I,
for s, € (0,1l with s, —» 0asn — oo. Let d = lim,_,« I, (14, vy,). Then up to a subsequence,
we have
(1) (@) uy = u, v, = v e Wy(Q);
(b) u,Vu, = uVu, v,Vv, — vVv in L*(Q);
(¢) uy, = u,v, > vinLP(Q) for1 < p< %;
(d) u,(x) = u(x), v,(x) = v(x)a.e.x € Q.
(2) u,v e L*(Q), (u,v) is a solution of the problem (P).
(3) I(u,v) < limye0 I, (Un, V).

(4)If d € (0, S o p), then (u,v) # (0,0).

Proof. We only give the sketch of the proof. Let {(u,,v,)} be the critical point of I, for
s, €(0,1] with s, > 0 as n — co.

(1) Since I (uy,v,) = 0, for Vs, € (0, 1], by (A1), (A2), using the similar arguments as
in the proof of Lemma 4.1, we obtain

Sn f (IVu|* + [Vv[Hdx + f (1 + )|\ Vu,|*dx + f (1 +v2)|Vv,|Pdx < C,
Q Q Q

for some constant C independent of n. Then
(@) u, — u,v, — vin WS’Z(Q);
®) u, Vi, — uVu, v, Vv, — vVvin L*(Q);
(©) ty = u,v, > vin LP(Q) for 1 < p < 7%
(d) u,(x) = u(x),v,(x) - v(x) a.e. x € Q.

(2) By similar arguments as that of Proposition 2.1 (2), that is by Moser’s iteration, we
can show that u,v € L*(Q).

(3) We prove that (u, v) is the solution of (P). Take T > 0 such that [jul|;~q) < T and
Dga;j(s)s > 0 for |s| > T. Define

| up, ifu, >-T
W= -T, ifu, < -T.
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Choose ¢ = yexp(—Mw,) as the test function, where ¢ > 0,y € C3(Q),M > 0 is a
parameter, since / ;n(u,,, v,) = 0, we have

0 =3y, f |Vu,,|2VunV¢ exp(—Mw,)dx — s,M LMVM,,I4 exp(—Mw,))dx

u,>—T

f Za,,(x up)Diu, D jfr exp(=Mw, )dx

ij=1
N

_ f Z(Ma,,(x 1) — 1 Dyaij(x, ) Ditty D ity exp(—Muw, ) lx (3.9)
Up>— T -1

.

f un|a un|vn 'ﬁexp( MWn)dX /lf |un|ﬁ_2un|vnlﬂw GXP(_MWn)dX .
Q

Dia;j(x, uy)Diu, D jufr exp(=Mw, )dx

NIH

Note that
—s.M Vi, "y exp(~Mw,) < 0,

u,>=T

N
f Z Dia;j(x, uy)Diu, D juf exp(=Mw,)dx < 0,
W<-T 5

Sl f Vi >V, Vip exp(—Mw,)dx| < Cs: — 0.
Q

4N

Andsince d+u—-1<a+p-1< 55,

@ f ltal® 1t lvaPir exp(-Mw,)dx — @ f lul* ulvPy exp(—-Mu)dx,
Q Q

f lutnl* vt exp(=Mw,)dx — 2 f lu'“2ulvly exp(—=Mu)dx.
Q Q

On the other hand, choose M > 0 such that Ma;;(x, s) — 5D,a;;(x, s) > 0. Then by lower
semi-continuous we have

lim inf f Z(Mau(x uy) — D 5@ (X, Un)) Dty D ju,p exp(—Mw,,)dx
u,>-T

n—oo
ij=1

f Z(Mau(x u) — Sa,](x u))D;uD juyy exp(—Mu)dx

= ljl

1
= f Z(Ma,-j(x, u) — EDsaij(x, u))DiuD juy exp(—Mu)dx .
Qiim
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Thus by Fatou’s lemma, we obtain

f a;j(x, u)DjuD ;( exp(—Mu))dx + l f Da;j(x, u)DiuD ju(y exp(—Mu))dx
0 2 (3.10)
—a f | 2ulvlPy exp(-Mu)dx — A | |ul*2ulvFy exp(-Mu)dx > 0.
Q Q

From here, by using the same arguments as we used in the proof of Proposition 2.1, we
can obtain the opposite inequality by taking ¥ exp(Mw,,) such that w, = u, if u, < T and
w, = T if u, > T. Thus, we have for Yo,y € C(Q),

fZa,j(x wDuD jpdx + = fZD a;j(x, u)DjuD jupdx

ij=1 ij=1

—a/f Iul"_zulvl/jgodx—/lf lul*2ulvlFedx = 0
Q Q

and similarly

f Zau(x v)DivD jprdx + ~ f ZD a;j(x,v)DivD jvrdx

ij=1 ij=1

- VP~ vdx — lul v vpdx = 0
M
Q Q

which implies that (u, v) is the critical point of I and hence a solution of the problem (P).
(4) We prove that I(u,v) < lim,— I, (4, v,). Indeed, since (u,v) is a critical point of
I(u,v), we have

N

fZa,j(x w)DiuD judx + f Zau(x v)DjvD jvdx
Q

ij=1 ij=1

1
f Z(D a;j(x, wuDiuD ju + Dsa;j(x,v)vD;vD jv)dx
ij=1
~@+p) [ wenPdr e [ P
Q Q

On the other hand, since (u,, v,) is the critical point of I, , we obtain
Sn f (IVau* + Vv, H)dx
fZa,,(x ) Djuty D ju,dx + f Za,,(x V)Div, D jv,dx
ij= 1

f Z(D a;j(x, ), Dinty, D ju, + Dga;j(x, v,)v,Div,Djv,)dx
ij=1

@3.11)

= (a +ﬂ)f [o4,|” Ianﬁdx + (4 +/1)f |“nlllvn|ﬂdx-
Q Q
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By (A)) and (A,), using the similar arguments as in the proof of Proposition 2.4 we have
lim I, (u,, vy) > 1(u, v).
n—-oo

(5) We prove that if (u, v) = (0,0), then d ¢ (0, S . 5).
Suppose that (u,v) = (0,0), then v, — 0,v, — 0in LP(Q)for 1 < p < %. Since
(un, vn) is the critical point of I, , we have

N
snf|Vu,1|2VunV<pdx+fZaij(x,un)DiunDj(pdx
Q Q4

i=1

N
1 3.12
+EIZDsa,-j(x,un)Diu,,Dju,,godx ( )

Q iz

=a f Ittt lv,lPipdx + A f il 2Vl dx, Yoo € Wy Q).
Q Q

For T > 0, take ¢ = u,{ as the test function in (3.12) we have

N
s,,f|Vu£|4dx+fZaij(x,u,{)Diu,{Dju,{dx
Q Q=1
=
N

N
1 1
+§ L Z Dga;j(x, u,Tl)Diu,{Djufu,Tldx + = f Z M,T:Dsaij(x, ) Ditt, D jutdx

ij=1 [unl 2T}

—a f [t s v, Pul dx + 2 f [t 14, |V Pl dx.
Q Q

ij=1

(3.13)
We have

| f | 2w v Py dx) < T f Jual ™ vuPdx < Tl vl 5 — 0,
Q Q
and similarly
| f a2 Vit dx| — 0.
Q
On the other hand, by (A3), we have
N
f Z u,TZDsaij(x, up)Din, D jupdx > 0,
|un|>T ij=1

for T large enough. Since the right hand of (3.13) converges to zero, thus we obtain by
(A1), (A2) that

f(l + |ul ) Vul Pdx = o(1). (3.14)
Q
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If we take ¢ = u,, as the test function in (3.12), then we get

N
snfIVun|4dx+fZa,-j(x,un)D,-unDjundx
o Q

ij=1

N
1
+— Dga;i(x, u,)Diu, D i, u,d
2[(1; @i j(X, up) Divy, D ju, updx (3.15)

—a f TP + A f vl dx
Q

=a | |ua|®valPdx + o(1).
Q

But for 7 > 0, we have

N
1
f E (aij(x, uy) + zunDsaij(x, un))Di, D ju,dx
Q=
ij=1

N
1
=o0,(1) + f Z(aij(xs uy) + _unDsaij(x’ un))DiunDjundx
2T 2

ij=1

s R (3.16)
=o,(1) + (41, + O(luy|"))| Duy|“dx
[un|2T
_ 2 2 ¢
= f4un|Vun| dx + On(l) + m
= | 4|Vu,l*dx + 0,(1).
Q
Thus we have
s,,f |Vun|4dx+4f WA\ Vu,|*dx = a/f [t |* v PPdx + o(1). (3.17)
Q Q Q
Similarly,
Sn f Vv, |*dx + 4 f V2|Vv,[dx = 8 f |t v, Pdx + o(1). (3.18)
Q Q Q
Hence
Sn f (IVu|* + Vv, H)dx + 4 f WA\ Vu,|*dx + 4 f V2|V, 2dx
Q Q Q (3.19)
— (@ +p) f v, + o(1).
Q
And
]S,,(un’ Vn)
1 1 &
= -3, j‘(|Vun|4 + |Vv,,|4)dx + = f Zaij(x, ) D, D juy,dx
47 Jao 2Ja%; (3.20)

N
1
+5 f Zaij(x,vn)DivnDjvndx— f |t vl dx — f lutn| [Vl dx
Q% Q Q
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Similar as in the proof of (3.16), for T > 0 large enough, we have

N
f Z a;j(x, u,)Dju, D ju,dx = flu T Zf\; a;j(x, u,)Diu, D ju,dx + 0,(1)
04 ul> .

. f Q2 + O DVudx + o1y 32D
|u,|2T
_ f 2PVt + (1),
Q
and
N
f D a6 vi)DivuDjvpdx = f 20y, PV, Pdx + 0,(1). (3.22)
Q4 Q
ij

It follows that

1
I, (U, V) = 75 f (IVun* + Vv, [Hdx + f W2V, [dx + f V2|V, [Pdx
Q Q Q

(3.23)
- f jual* Pl + o(1).
Q

The rest of the proof is the same as that of Proposition 2.1.

Proof of Theorem 4.1 The proof is similar to the proof of Theorem 1.1. We only give the
sketch. Use the similar notations as before.

(1) Define the mountain pass value c; for the perturbation functional ;.

(2) Note that, in this case we have

f a;;(x,Z)D;Z.D Zcdx = 2 f Z2\VZ [ dx + O( f (1 + |Z)IVZ|*dx).
Q Q Q

On the other hand, a direct computation shows that

(N-2)2-a)

f IZ ) |IVZ)Pdx = O(e 5 ), fora € (0,2).
Q

By using the similar arguments as in Lemma 3.1, we have

d =limc, € (0.5 0p).

Then by using the Mountain pass theorem, we obtain a positive critical point (i, vy) of .
(3) Apply Proposition 4.1 to the sequence {(uy, vs)}, we obtain a positive critical point

of I().
m]
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