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Abstract

We prove the existence of two nontrivial solutions for the variational inequality

f VuV(v —u) > ff(u)(v —u)
Q Q

for every v belonging to some convex set, where Q c R2. The function f has critical
exponential growth, in the sense that it behaves like exp(cgs?) as |s| — oo, for some a > 0.
We use variational methods for lower semicontinuous functionals.
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1 Introduction

The obstacle problem arises in many branches as for example in the elasticity theory, in control
games, minimal surfaces, constrained heating and financial mathematics [6]. In a simple version,
one is lead to minimize the functional

Tw = f VuPdx
Q

in the set
K={uecH Q) :u=h on dQ and u>¢ ae.in Q},

where Q c RV is an open bounded domain with smooth boundary, % is a smooth function defined
on JQ and the obstacle ¢ is a smooth function defined in Q such that {|sq < A. This minimization
problem can also be rephrased in terms of variational inequalities similar to (1.2) below, see [9]
for an account. Due to the convexity of J and %, the problem has a unique minimum. It is also
possible to apply the maximum principle to show that the minimizer is superharmonic and is C"!.
The boundary of the contact set where the minimizer is equal to the obstacle ¢ is called free boundary,
see [6]. In the present paper we study a problem in plane domains with an exponentially increasing
function, we take 4 = 0 and the obstacle { is replaced by a function i with suitable conditions.
Let Q c R? be an open bounded domain and

Y e CY¥(Q),0<pB <1, suchthat <0 on dQ and y* % 0. (1.1)

We consider the set
Ky =1{ve Hé(Q) D v>yae. in Q).

We are interested in multiplicity of positive solutions for the following obstacle problem

fVuV(v—u)fo(u)(v—u), Yve Ky, (1.2)
Q Q

where the nonlinearity f has a suitable growth at infinity.

Problems like (1.2) in domains Q < R with N > 3 have been studied in [10]. There the
authors considered a nonlinearity f(u) = u9' with 1 < ¢ < (N + 2)/(N — 2) and showed the
existence of at least 2 solutions when the obstacle is sufficiently small. Inspired by them, results
involving the p-Lapacian have been obtained in [8], where the author considers a function f(u) =
AuPN=N+P)/(N=P) He obtained the existence of two solutions, provided A > 0 is small enough. Such
assumption translates into the fact that the obstacle is small, since in their problem the nonlinearity
is homogeneous. In this paper we deal with a problem in dimension 2 with f having exponential
growth. Our results complement those of [8, 10], see also [5] for an account on physical motivations.
One of the difficulties we have to face in the present paper is the convergence of certain sequences
related to the levels of the functional corresponding to problem (1.2), see Lemma 2.1 and Proposition
3.1.

It is well known that the notion of criticality in dimension 2 is different from that of N > 3.
Actually, in dimension 2 the maximal growth is related to the so called Trudinger-Moser inequality,
namely

sup f exp(a'uz) < C(a)
Q

[leell 1
Hy@sl

for all @ < 4xr. Motivated by this inequality we suppose that f : [0, 00) — R is continuous and has
exponential critical growth at infinity, this meaning that the following basic condition holds:
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(fo) there exists @y > 0 such that

(s 0, ifa> ap,
m———— = .
s—00 exp(asz) +00, if @ < Q.

In order to obtain a positive solution we also impose a condition on the behavior of f near the
origin, namely we suppose that

(fi) f(s) =o(s)ass— 0.

By using a minimization argument we prove the following result.

Theorem 1.1 Suppose that f € C([0, 00),R) satisfies (fo) — (f1). Then there exists 6 > 0 such that
the problem (1.2) has a positive weak solution in C'*, 0 < B < 1, whenever fQ [Vyt2dx < 6.

In our second result we are interested in the existence of multiple positive solutions for (1.2).
Since we are intending to apply a version of the Mountain Pass Theorem for non-differentiable

functionals due to Szulkin [14], we need to deal with the Palais-Smale sequences of the associated
functional. Hence, we suppose that f satisfies the so-called Ambrosetti-Rabinowitz condition

(f>) there exists 6 > 2 such that

0<0F(s):= 0 f FHdr < sf(s), forall s> 0,
0

as well as

(f3) there exist p > 2 and u = u(p) > 0 such that

2
F(s)> s, forall s> 0.
p

If we denote by S, be the best constant for the embedding H(‘)(Q) — LP(Q), that is

f |Vul*dx
Q

S,:= inf 2 (13)

ueH ) (Q)\(0} 2/p’
[u|Pdx
o

the main result of this paper can be stated as follows.

Theorem 1.2 Suppose f € C([0, o), R) satisfies (fy) — (f3) with

2p-2) . W [ 20 V(P =2\ pip-2) 14
u >7T(0_2)(—2p SO, (1.4)

Then there exists 6** > O such that the problem (1.2) has two positive weak solutions in C'#, 0 <
B < 1, whenever fQ |VytPdx < 6.
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The conditions (f3) and (1.4) are technical in nature. They are related with the critical growth of
f and are important for the correct localization of the Mountain Pass level of the functional related to
the problem (1.2). Similar assumptions have already appeared in [1]. A typical example of function
satisfying the conditions stated above is f(s) = As(exp(s?) — 1), with A > 0 such that estimate (1.4)
is satisfied.

There is a parallel between Theorem 1.2 and some known results concerning the problem

~Au = dexp(u) in Q, u e H)(Q).

It has been proved in [7] that, if Q is a ball, then this problem has exactly two positive solutions
provided A € (0, 4%) for some 0 < A* < co. We also mention a generalization of such a result for
convex simply connected domains obtained in [12, 13].

The paper contains two more sections. In section 2 we prove Theorem 1.1 by using minimization
arguments. In Section 3, after recalling some abstract results, we prove Theorem 1.2.

2 Proof of Theorem 1.1

Throughout the paper we denote by || - || and || - ||, the norms in Hé(Q) and L"(Q), respectively. Also,
we write only f u instead of fQ u(x)dx.

Since we are looking for positive solutions we start by extending f to the whole real line by
setting f(s) := 0 for each s < 0. We shall use variational methods to deal with our problem. We
recall the so called Trudinger-Moser inequalities (see [15, 11]) which provide

exp(au®) € L'(Q), Y a >0, ue Hy(Q), 3.1

and
sup f exp(au?) < C(a), Ya <4, ue HyQ), (3.2)

[lull<1

for some constant C(a@) > 0.
Let @y > 0 be given by the growth condition (fy) and consider 8 > «@g. A straightforward
calculation provides a constant C = C(8) > 0 such that

F(s) < Csexp(Bs®), forall seR. 3.3)

Lety > 1 andy’ := y/(y — 1) its conjugated exponent. It follows from the above estimate, Holder’s
inequality and (3.1) that, for each u € Hé (Q), there holds

fro

and therefore the functional J : Hé (©2) — R defined by

Ly
< Cflulexp(ﬂuz) < Cllully (fexp(ﬂyuz)) < +o0o, (3.4)

1
1) = Sl - f Fw

is well defined. Moreover, by using (3.1), (3.3) and standard calculations we can prove that J €
C'(H}(Q),R).
For each 6 > 0 we define

Y5 = {ue Hy(Q) : llul* < 6, ue Ky
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and

mg = inf J(u).
Uueks

In the next lemma we present a sufficient condition for the solvability of the above minimization
problem.

Lemma 2.1 Let ag > 0 be given by (fy). If 0 < § < (4n/ap) and s # @, then the (finite) number
mg is achieved in Zs.

Proof. Since 0 < § < (4m/ap) we can choose 5 > @y and y > 1 in such way that Syd < 4x. It follows
from (3.4) that, for every u € X, there holds

[ro

< Cllully ([ exp@BylulPau/lu?)”

Cluly (f exptntu/lul)?)”
< Cillull,

IA

where we have used, in the last inequality, the embedding Hé(Q) c LY (Q) and (3.2) with @ = 4x. It
follows that

) > - f F(u) > ~Cillull = ~C, V8,

for every u € s and therefore the infimum m; is finite.
In order to prove that m; is achieved we take (u,) C X5 such that J(u,) — m. Taking a subse-
quence if necessary, we may assume that

Uy — u weakly in H(Q),
U, = U strongly in L°(Q) for s > 2,
. 3.9
U, (x) = u(x) a.e. in Q,
[un(X)| £ ¢y (x) ae. inQ,
for some u € Hé(Q) and ¢, € LY (Q). Since Ky is closed and convex it is weakly closed, and

therefore u € K. Moreover,
lull* < liminf [ju,|* < 6
n—oo

from which it follows that u € X;. Since the functional J is continuous it suffices to prove that

u, — u strongly in H)(€).
We start by assuming that

lim fF(un) = fF(u). (3.6)
If this is true we can use the weak convergence of (u,) to compute
1 1
Slaall? = Sl + 0a(1)
= Ju)+ | Flup) —J(w) - fF(u)
= ms—JW) + o0,(1),

1
>t = wl?

where 0,(1) is a quantity approaching zero as n — co. Since u € s we have that ms < J(u). Hence

lim sup [lu, — ull* = 2(m — J(u)) < 0

n—oo
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and therefore u, — u strongly in H) ().
It remains to prove (3.6). Given a measurable set E C Q we can use (3.5) and the same argument
of the beginning of the proof to get

f F(u,)dx
E

< f ] xp(Blitg P)dx
E

A\ 1y
( f " dx) ( f exp(yBllunl <un/||un||>2>dx)
E Q
AW
of L)
E

Given € > 0, we can use the above inequality, ¢,/ € LY (Q) and F(u) € L'(Q) to conclude that

max{fF(un)dx fF(u)dx
E E

whenever the set E has small measure, namely meas(E) < v. On the other hand, the pointwise
convergence in (3.5) implies that F(u,(x)) — F(u(x)) a.e. in Q. So, we can apply Egoroff’s Theorem
to obtain a measurable set E C Q such that meas(E) < v and F(u,(x)) — F(u(x)) uniformly for

x € Q\ E. Hence,
lim f F(u,)dx = f F(u)dx.
= JO\E O\E

Since & > 0 is arbitrary, the convergence in (3.6) follows from the above and (3.7). The lemma is
proved. O

IA

IN

)

} <s, 3.7)

We are able now to present the proof of Theorem 1.1.

Proof of Theorem 1.1. We fix g > 2 and consider 0 < § < (47/ay) to be chosen later. Let A, be the
first eigenvalue of (—A, Hé(Q)). Given 0 < € < (4;/2) and g > 2 we can use (f1) and (3.3) to obtain
c1 > 0 such that

|[F(s)| < gsz +c1s?exp(Bs?), forall s € R.

This inequality, Sobolev embeddings and (3.2) provide

Ly
[ Fw| < Swd e, ( | exp(ﬁy||u||2<u/||u||>2))
€ 2 2 r
- q
< syl + coll ( f exp (47 (u/Ilul) ))
<

2
™+ csllull?,

whenever u € ;. Hence,
I
J(u) > ZIIMII —csllull?, ue€Zs,

and therefore
— . 1
my = inf{J(u) : [ul]* = 6} > 6(4_1 _ 636("‘2)/2),

Since ¢ > 2, the term into the parenthesis above tends to 1/4 as § — 0*. Hence, we can choose
6 < 4n/ap small in such way that ms > 0. Since J(0) = 0 and J is continuous we can take §* < §
such that

|J(u)| < my whenever |ju|* < &. (3.8)



Obstacle problem in plane domain 333

We claim that the theorem holds for this choice of 6*. Indeed, if |[y*|* < 6* then y* € 5 # @.
It follows from Lemma 2.1 that the infimum m; is achieved at some point uy € X5. By (3.8) we have
that J(y) < m; and therefore we conclude that ug € B v5(0).

In order to prove that i is a weak solution of the problem (1.2) we take v € K, and notice that
uo+t(v—up) € K, foreach ¢ € [0, 1]. Since ||luol| < V6 there exists 7y > 0 such that uy+t(v—upy) € s
for each 7 € [0, 7p]. If we consider the real function g(¢) := J(up + t(v — up)), we have that g(¢) > g(0),
for each t € [0, #y]. Hence

0 < lim

-8
tim £ )0 - ),

that is,
fVuo -V —up) > ff(uo)(v —ug), YveK,.

We choose v = ug € K, as a test function to conclude that uy = 0, and therefore up > 0. By the
conditions on y assumed in (1.1), specifically ¢ # 0, we obtain the C'# regularity of u (see [2] and
[8]). Applying the maximum principle we conclude that uy > 0. m}

3 Proof of Theorem 1.2

From now on we shall denote by u, the solution provided by Theorem 1.1 and consider it as a new
obstacle by defining
Ky =1{ve H(I)(Q) T V> upa.e. in Q).

The same argument of [10, Lemma 2.3] shows that all solutions of the problem

fVuV(v—u) > ff(u)(v—u), VveKy, 3.1

are also weak solutions of (1.2).
We follow [10, 14] by introducing the variational setting to deal with (3.1). Firstly, we consider
the functional I : Hy(Q) — R U {+oo} defined by

1) = J(u) + D), (3.2)

0, if u € Ky,
O(u) =
+oo0, otherwise.

where

It can be proved that each critical point u € Hé(Q) of the functional / satisfies (3.1).

The functional / is not regular and it can assume the value +co at some points. However, it is a
C' functional added to a convex proper lower semicontinuous part. Hence, we can use the minimax
theory developed by Szulkin in [14] for this kind of functionals. Such functionals have been also
used in [3] and [4] to study eigenvalue problems. We briefly recall the main concepts below.

Let (X, (-, -)x) be a real Hilbert space and K C X a proper closed convex subset. Suppose that a
functional 7 : X — R U {+o0} is of the form T := J + 7, with J of class C', 7= 1 in K and np = 400
in X \ {K}. A critical point u € X of 7 is a point u € K such that

JwWry-u>0, YVveX.
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We say that (u,,) C K is a Palais-Smale sequence at level d € R ((PS), for short) for 1 if 7(u,) — d
and there exists (z,) C X such that z, — 0 strongly in X and

J/(un)(v - un) > <Zm V- un>X’ VveK.

The functional 7 satisfies the (PS), condition if each (PS),; sequence for J has a convergent subse-
quence.

The following result is a generalization of the classical Mountain Pass Theorem for this new
setting (see [14]).

Theorem 3.1 Let X and I be as above and u € X. Suppose that

(i) there exists an open set U C X such that u € U and

T(w)<inf I(w) and I(u)< inf I(u);
uelU uedU

(ii) there exists e ¢ U such that 1(e) < 1(u).

Let
I':={y e C(0,1],X) : y(0) = u, I(y(1)) < Z(w)}

and define the minimax level

¢’ :=inf sup Z(y(1)). (3.3)
vel tef0,1]

If there exists ¢y > c* such that I satisfies the Palais-Smale condition at all levels d < ¢, then 1
possesses a critical point u € X N K such that I (u) = c*.

We intend to apply the above theorem with X = Hé(Q), K = Ky £ =1 and u = uy. We start
with the geometric conditions.

Lemma 3.1 The functional I defined in (3.2) satisfies the geometric conditions (i) and (ii) of Theo-
rem 3.1

Proof. Let 6" > 0 be given by Theorem 1.1 and set U := B@(O). Since up € U, K,y € Ky, I = +00
outside K,,, and the solution u, was obtained by minimization on X5 C %K, we have that

I(ug) < inf I(u).
uel

If I(up) = inf,cpy I(u) then there exists u; € K, such that I(u;) = I(up). Since 6* < ¢ the same
argument employed in the proof of Theorem 1.1 shows that u; € K is a second solution of the
problem (1.2). Hence, we may suppose that

I(uo) < inf Iu),

and therefore the condition (i) holds.
In order to verify (ii) we take ¢ # 0 a nonnegative function. Since u, > 0 we can use (f3) and
Cauchy-Schwarz’s inequality to obtain, for every ¢ > 0,

I(uo + 1) = J(uo +t9)
1 , P, 2u »
< §||M0|| + E||¢|| + tlluollllAll — > luo + 16|
1 12 2
< Zlluoll® + =1l + Hluollllgl — Hp f|¢|”.
2 2 p
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Since p > 2 we conclude that I(uy + 1) — —oo as t — oo. It suffices to set e := uy + t¢ witht > 0
large enough. O

The proof of the Palais-Smale condition is more involved and it will be done in several steps.
Firstly we recall that the solution uy of Theorem 1.1 was obtained by minimizing the functional J in
the set Xs. By making the number 6* of that theorem smaller if necessary, we may assume that

0-2\n
Pao<|—]—. 3.4
[letol| \ 26 | o (3.4)
Lemma 3.2 If f satisfies (f3) with u > 0 as in (1.4), then the Mountain Pass level defined in (3.3)
verifies
. 6-2\3rx
cC <|—/———|—.
260 Qo

Proof. Let wy € Hé(Q) be such that wy > 0 in Q and wy realizes the infimum in (1.3), that is,
S,= ||a)0||2||a)0||;2. For each ¢ > 0 we have that uy + twy € K,,. Hence, we can use (f3) as before to
conclude that I(up + twy) — —oo as t — +oo. Hence, if we set w := fowo with 7y > 0 large enough,
we have that I(up + w) < I(up), which implies that y(¢) := uy + tw belongs to the class of admissible
paths I" defined in the statement of Theorem 3.1.

It follows from Young’s inequality, (f3) and uy > 0, that

A

1 ?
I(y(1) < zlluoll2 + tluollllewll + Ellwll2 —fF(uo + tw)

IA

2u
lluoll* + Allwl* - ﬂ’? |wl”

and therefore we can use the definition of ¢* given in (3.3) to get

2
¢ < max I(y(t) <6+ 2max{—||<u||2 _HEp f|w|p}. (3.5)
1€[0,1] >0 (2 P

Since p > 2 and w also realizes the infimum in (1.3), a simple calculation and the choice of u in

(1.4) provide
1 ) u 1 p—2 _
L _ oM pl — 1 (PZE gD
{5~ [} = e ()57

0-2\n
20 Qo '
The above inequality, (3.5) and (3.4) imply the desired result. o
Lemma 3.3 If (u,) C K, is a (PS); sequence then
26
li AP <= |d. 3.6
linjtlpllu I (9_2) (3.6)

In particular, (u,) is bounded in Hé Q).

Proof. Let (u,,) be a (PS),; sequence for I. Then I(u,) — d and there exists (z,) € H(‘)(Q) such that
z, — 0 and

(U, vV = Up) — ff(un)(v = uy) 2 {2, (V= 1)), YV E Ky, 3.7
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Since u, > up > 0 and u,, € K,,,, we can put v = 2u, € K, in the above expression to get

- ff(un)un = <Zm un) - ”l’tn”2

This estimate and (f>) imply that

d+o0,(1) = I(uy)

1 , 1 1
§||Mn|| - 5 ff(”n)un - f(F(“n) - gf(un)un)

1 1 1
(_ - 5) ”Mn”2 + §<Zn’un>-

2

Since z,, — 0 the result follows. ]

Proposition 3.1 The functional I satisfies the (PS)y condition for each

6-2\n
d<c+| == 2. 3.8
=¢ (ze)ao -8

Proof. Let (u,) be a (PS), sequence for I. By the previous lemma there exists u € Hé (Q) verifying
U, = u weakly in Hé(Q),

U, > u strongly in L°(Q) for s > 2,

u,(x) = u(x) a.e.in Q.

We claim that
lim f F(un) ity — 1) = 0. (3.9)
n—oo

If this is true we can prove the proposition as follows. Take v = u in (3.7) to obtain

Nuall* < Cuty, ) + f F )ty = 1) + {2y thy — 0.

Since z, — 0, we can use the above inequality, the weak convergence of (u,) and (3.9) to get

: 2 2
lim sup [lu,|[~ < [full”

n—oo

The inequality > < Hminf, e |ju,ll? is a consequence of the weak convergence of (u,). We
conclude that u, — u strongly in H(') (€2) and the proposition is proved.
It remains to prove (3.9). First notice that, by (3.6), (3.8) and Lemma 3.2 we obtain

tim sup el < (=2 | (e + (£22) X ) < 27
,,_wop " “\6-2 26 Qo a/()'

Thus, we can choose 8 > @y and y > 1 sufficiently close to @ and 1, respectively, in such way that
Byllul|> < 4n, for each n € N. The growth condition (f;) provides C > 0 such that

f(s) < Cexp(Bs®), forall seR.
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It follows from Holder’s inequality and (3.2) that

1y
' f Fn), —w)| < Clluy = ully ( f exp (Byllual” (un/||un||>2))
< cilluy — ully .
The strong convergence u, — u in L’ (Q) implies that (3.9) holds and finishes the proof. O

Proof of Theorem 1.2. In view of Lemma 3.1 and the preceding proposition, we can apply Theorem
3.1 with X = H&(Q), K =Ky, L =1 and u = uy, to obtain a (positive) critical point u # uo. m]
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