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Abstract

In this work we consider the Fucik problem for a family of weights depending on & with
Dirichlet and Neumann boundary conditions. We study the homogenization of the spec-
trum. We also deal with the special case of periodic homogenization and we obtain the rate
of convergence of the first non-trivial curve of the spectrum.

1991 Mathematics Subject Classification. 35B27, 35P15, 35P30.

Key words. Eigenvalue homogenization, nonlinear eigenvalues, order of convergence

1 Introduction

Given a bounded domain Q in RY, N > 1 we study the asymptotic behavior as € — 0 of the spectrum
of the following asymmetric elliptic problem

—Apte = agmo(ul)’™ = Ben () inQ (1.1)

either with homogeneous Dirichlet or Neumann boundary conditions.
Here, Apu = div(|Vu|P~2Vu) is the p—Laplacian with 1 < p < oo and u* := max{+u,0}. The
parameters o, and 3. are real numbers and depending on £ > 0. We assume that the family of weight

functions m, and n, are positive and uniformly bounded away from zero.
For now, let us focus on problem (1.1) for fixed £ > 0 with positive weights m(x), n(x):

=Apu = am(x) @’ = pn(x)@ )’ inQ (1.2)

with Dirichlet or Neumann boundary conditions.
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428 A. Salort

Consider the Fucik spectrum defined as the set
2(m,n) := {(o, ) € R?: (1.2) has a nontrivial solution}.
Let us observe that when r = n = m and 4 = @ = 3, equation (1.2) becomes
~Apu = Arlul’u  inQ (1.3)

with Dirichlet or Neumann boundary conditions, which are the eigenvalue problems for the
p—Laplacian. These have been widely studied. See, for instance, [2, 10, 16, 13].

It follows immediately that £ contains the lines A;(m) X R and R X A;(n). For this reason, we
denote by £* = X*(m, n) the set £ without these trivial lines. Observe that if (@,8) € Z* witha > 0
and 8 > 0 then 4;(m) < @ and 4,(n) < S.

The study of problem (1.2) with Dirichlet boundary conditions have a long history that we briefly
describe below. The one-dimensional case with positive constant coefficients (i.e., m,n € R* and p =
2) was studied in the 1970s by Fucik [17] and Dancer [11] in connection with jumping nonlinearities.
Properties and descriptions of the first non-trivial curve on the spectrum of (1.2) on RV for the
general case (p # 2) without weights can be found in Cuesta, de Figueiredo and Gossez [10],
Dancer and Perera [12], Drabek and Robinson [15], Perera [27].

The case with positive weights m(x) and n(x) was recently studied, see for instance Rynne and
Walter [28], Arias and Campos [3], Drabek [14], Reichel and Walter [24]. For indefinite weights
m(x) and n(x) see Alif and Gossez[1], Leadi and Marcos [23].

The main problem one addresses is to obtain a description as accurate as possible of the set X*.
In the one-dimensional case with p = 2 and without weights this description is obtained in a precise
manner: the spectrum is made of a sequence of hyperbolic-like curves in R* x R*, see for instance
[18]. When m(x) and n(x) are non-constant weights, a characterization of the spectrum is obtained
in [1] in terms of the so-called zeroes-functions.

In R with N > 1 and Dirichlet boundary conditions, only a full description of the first nontrivial
curve of Z, which we will denote by C; = C;(m, n), is known.

Assuming that the weight functions m, n are positive and uniformly bounded, it is proved in [4]
(see Theorem 33) that C; can be characterized by

C1 = {(a(s),8(s)), s € R"} (1.4)
where a(s) and B(s) are continuous functions defined by
a(s) = c(m, sn),  P(s) = sa(s) (1.5)
and c(-, ) is given by
cm, ) = inf max 04 (1.6)

yel uey(l) B(u)’

where I := [-1, +1]. Here, the functionals A and B are given by

A(u):fqu|pdx, Bm,nzfm(x)(u+)p+n(x)(u_)pdx, (1.7)
Q Q

with
I ={yeC(~1,+11, W,”(Q)) : y(=1) = 0 and y(1) < 0}.
Also in [4] (see Proposition 34) some important properties of the functions a(s) and SB(s) are

proved. Namely, both a(s) and S(s) are continuous, a(s) is strictly decreasing and B(s) is strictly
increasing. One also has that a(s) — +oc0 if s — 0 and B(s) — +co is s — +co.
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Having defined these previous concepts, let us go back to problem (1.1). Homogenization of
the spectrum of elliptic operators has been studies extensively during recent years. The case of the
eigenvalues of the weighted p—Laplacian operator in periodic settings, i.e., —Apus = pelugl’u,
with Dirichlet boundary conditions and p, = p(%), p being a Q-periodic function with Q the
unit cube in RY, together with a family of more general problems was studied for instance in
[81,[91,120],[22],[26] in the linear case (p = 2) and in [6],[7],[21] in the non-linear case (p # 2).

Up to our knowledge, no investigation has been made for the homogenization and rates of con-
vergence of the Fucik Spectrum. We are interested in studying the behavior as € — 0 of problem
(1.1) when m.(x) and n.(x) are general functions depending on &, and in the special case of rapidly
oscillating periodic functions, i.e., m.(x) = m(x/e) and n.(x) = n(x/e) for two Q—periodic functions
m, n uniformly bounded away from zero (see assumptions (2.8) below), Q being the unit cube of RY.

Our main aim is to study the limit as € — 0 of the first nontrivial curve in the spectrum
Ze = X(mg,ng), say C7 = {(@e(s),B:(5)), s € RT}. We ask: does there exist a limit curve C; =
{(ao(s),Bo(s)), s € R*} such that

Ci—=Ci,, ase—0?

Can this limit curve be characterized as a curve of a limit problem? We will see that the answer is
positive. Therefore, a natural question arises: can the rate of convergence of C} be estimated, i.c.,
can we give an estimate for the remainders

le(s) —ao(s)]  and  |B:(s) = Bo(s)]?

We give positive answers to these questions in the periodic setting. In fact, in Theorem 2.3 we obtain
the bounds

lag(s) — ap(s)] < c(1 + $)T(s)e,  |B:(s) = Bo(s)| < cs(1 + $)T(s)e, seR*

where c is a fully determined constant which is independent of s and €, and 7 is an explicit function
depending only on s (see (2.14)). In particular, we get the following limits

lag —agl <ce, By =Byl <ce

where @7 = Th_)rg ag(s), ay = ;11_{2, ao(s), By = }erlo B:(s), By = Yh_)rg Bo(s) and c¢ is independent of s
and &. ‘ ‘

This paper is organized as follows: In section 2 we focus our attention on the homogenization
of the Fucik spectrum with Dirichlet boundary conditions and in Section 3 we gather the results
necessary to prove them. In section 4 we discuss the homogenization of the Fucik spectrum in the
Neumann boundary conditions case and in Section 5 the results are proved.

2 The results

Let Q c RY be a bounded domain and & be a real positive number. We consider functions m,, n,
such that for constants m_ < m,,n_ < n,

O<m_<my(x)<my <+c0 and O0<n_ <ng(x)<ny < +oo, (2.8)
Also, we assume that there exist functions mg(x) and no(x) satisfying (2.8) such that, as £ — 0,

mg(x) — mpy(x) weakly* in L= (Q)

ng(x) = no(x) weakly* in L= (Q). (2.9)
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First, we address the problem with Dirichlet boundary conditions.
When & — 0 the natural limit problem for (1.1) is the following

{ =Apittg = aomo(x)(uf)P~" = Bono(x)(ug )P inQ 2.10)

up=0 on 9Q

where mg and n are given in (2.9).
The main result is the following:

Theorem 2.1 Let mg,n. satisfy (2.8) and (2.9). Then the first non-trivial curve of problem (1.1)
Ce 1= Ci(mg,ny) = {as(s), Be(s), s € RT)

converges to the first non-trivial curve of the limit problem (2.10)
C := Ci(mo, no) = {ao(s), Bo(s), s € R}

as € — 0 in the sense that a.(s) — ay(s) and B:(s) — Bo(s) Vs € R*.

Remark 2.1 Let us consider the weighted p—Laplacian problem

{ ~Apu = re(O)ufP2u  inQ o1

u=0 on 0Q

where r, is a function such that r.(x) — r(x) weakly* in L*(Q) as € tends to zero. It is well-known
that the first eigenvalue of (2.11) converges to the first eigenvalue of the p—Laplacian equation with
weight 7(x), see for instance [6]. The fact that the trivial lines of X, are defined by A,(m.) X R and
R X A;(n;) allows us to ensure the convergence of the trivial lines to those of the limit problem.

Remark 2.2 Using the variational characterization of the second (variational) eigenvalue of [4],
Theorem 2.1 implies the convergence of the second (variational) eigenvalue of (2.11) to that of
the limit problem, thus obtaining a result recently proved in [21] for the case of the weighted
p-Laplacian. However, the results in [21] consider a more general class of quasilinear operators
and e-dependence on the operator as well.

In the important case of periodic homogenization, i.e., when m.(x) = m(x/e) and n.(x) = n(x/&g)
where m and n are Q—periodic functions, Q being the unit cube in RY, we have that my = m and
ny = n are real numbers given by the averages of m and n over Q, respectively. Consequently, the
limit problem (2.10) becomes

{ —Apug = aom(u)P™" = Boit(uy )P~ inQ

uy =0 on 9Q. (2.12)

In this case, besides the convergence of the curves given in Theorem 2.1 and Remark 2.1, we also
obtain the convergence rates.

First, by using the variational characterization of the first eigenvalue of (2.11), we analyze the
trivial lines of X:

Theorem 2.2 Let m., n, be weights given in terms of Q—periodic functions m,n in the form my(x) =
m(%) and ng(x) = n(%) satisfying (2.8) and (2.9). Let us denote by A1(m.), Ai(n;), A1(in) and A, (i)
the first eigenvalue of equation (2.11) with weights mg, n., i and i, respectively. Then

[41(mg) — A1 (m)| < Ce, |41 (ng) — (@) < Cye,
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with C,, given by
_ _1_5 141

Cw = perllm = il gyma(m-) v ],
where u is the first eigenvalue of the Dirichlet p—Laplacian and ¢, < \N/2 is the Poincaré’s
constant in L' (Q), Q being the unit cube in RV.
Remark 2.3 From Theorem 2.2 we obtain the convergence rates of the trivial lines of Z,: if p, €
A1(mg) X R, we get

|p8 - p0| S Cmga

where p( belongs to the line 4;(m) X R. Analogously for p, € R X 4;(n;).

Concerning to the first nontrivial curve of £, we obtain:

Theorem 2.3 Under the same hypothesis of Theorem 2.1, if the weights m. and n. are given in
terms of Q—periodic functions m,n in the form mg(x) = m(%) and no(x) = n(%), for each s € R¥, we
have the following estimates

lae(s) — ao(s)l < c(1 + 9)T(s)e,  Be(s) = Bo(s) < es(1 + 5)T(s5)e (2.13)
where c is given explicitly by
perch” max{llm — lls vy 11 = fll @ Kmingm=", nZ )

where ¢ and c, are the Poincaré’s constant in LY(Q) and LP(Q), respectively, u, is the second
Dirichlet p—Laplacian eigenvalue in Q and 7 is defined by

1 s>1

52 s<1 @19

7(s) = {

Remark 2.4 According to Proposition 34 and Proposition 35 in [4], when p < N the limits of

ag(s), ap(s) as s — oo and B.(s), Bo(s) as s — 0 can be characterized in terms of the first eigenvalue

of weighted p—Laplacian problems. Moreover, lim_,. @.(s) = 4;(m;) and lim;_,g B.(s) = A;(ne).

Similarly for @ and Sy. Consequently, by using the estimates obtained in Theorem 2.2, it is easy to

compute the convergence rates in the limit cases when the periodic case is considered, namely
limy e l@s(s) — ao($)| = [A1(ms) = L1(M)| < Ce,

limyo |B:(5) = Bo(s)] = |41 (ne) — ()] < Cre.

3 Proof of the Dirichlet results

We begin with the proof of Theorem 2.2. We will use a technical result proved in [21] that is
essential to estimate the rate of convergence of the eigenvalues, since it allows us to replace an
integral involving a rapidly oscillating function with one that involves its average in the unit cube.

Theorem 3.1 (Theorem 3.4 from [21]) Let Q be a bounded domain in R, N > 1. Let g € L*(RY)
be a Q—periodic function, where Q = [0, 11V is the unit cube in R, such that0 < g~ < g < g* < 400
for some constants g*. Then

‘ f (8(x/2) - @lul’| < peillg = Gyl IVl (3.15)
Q

for every u € Wé’p(Q) where 1 < p < +00, Q C RN is a bounded domain and g := ng. Here, ¢ is
the optimal constant in Poincaré’s inequality in L'(Q), which satisfies ¢; < YN/2.
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Remark 3.1 Sometimes it can be useful t0 use an inequality 1nV01ving the gradient only. By using
Poincaré’s inequality we can bound ||u||?; I (Q) < cp(Q)PT Nvull?, I (Q) Under the same assumptions of
Theorem 3.1, this allows us to rewrite inequality (3.15) as

[ s = | < coltvull g,

1 _
where C = pcicy |Ig — 8llze@)-

Proof. [Proof of Theorem 2.2]. A;(/n) can be characterized variationally as

Vulp Vi P
LGi) = inf Jo Vel o Ve +o(1) (3.16)

wewl @ [ mlulp [ mlu |

for some u; € W(l’p (Q). We can bound

I, IVul? L Jo VP [ mluy?

Ai(my) = 1nf . (3.17)
wew @) [ melul? [0 [P [ meluy [P
By using Theorem 3.1, (2.8) and (3.16) it follows that
Jo il (fg )™ (fg Vi 7)?
meglulll’ B mes|M1|”
lut| [Vuy [P
1o ) (o) ars
- fq mluy P
jg‘) |P P B |
<l+Ce <1+ Ce(Ay(m) +o(1))7,
|, sl
where C = pcillm — ||~ @nym, /m_.
By replacing (3.18) and (3.16) in (3.17) we get
A1(mg) — A,() < Cady (m)r*. (3.19)
In a similar way, interchanging the roles of A;(m.) and A,(7) we obtain
A1() — Ay(mg) < Cady(me)r*. (3.20)
By using (2.8) it follows immediately that
max{di(m), A1 (me)} < (m-)"'pan, (3.21)

where p; is the first eigenvalue of the Dirichlet p—Laplacian. From equations (3.19), (3.20) and
(3.21) the result follows.

In the next Lemma we obtain upper bounds for the coordinates of the first curve of Z*(m, n).

Lemma 3.1 Let m, n satisfy (2.8) and let (a(s), B(s)) € C1(m,n). Then for each s € R*,

a(s) < min{m:l, n:l},uz‘r(s), B(s) < min{m:l, n:l}ﬂ2ST(S)
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with T defined by

T(s):{ 1_l if s> 1

e sl (3.22)

where m_,n_ are given by (2.8) and u, is the second eigenvalue of the p—Laplacian equation in Q)
without weights and with Dirichlet boundary conditions.

Proof. Let s € R*. When s > 1 we can bound
A1(m) < a(s) < a(l) = c(m,n).

Let A,(m) be the second eigenvalue of the problem (1.3) with weight m(x). It satisfies a(1) <
min{A,(m), A>(n)}. By using assumptions (2.8) over m(x), we can bound A,(m) by pym=", where
1o s the second eigenvalue of the p—Laplacian equation with Dirichlet boundary conditions on Q.
Analogously for A,(n). We get

a(s) < a(l) < min{m=, n=" Y, s> 1. (3.23)

’ s >1 /
1

5 =

A1ne)

A1 (mé) Ao (me)

Figure 1: The first curve of the spectrum.

When s < 1 the following bound holds for the second coordinate of C,
Ai(n) < B(s) < B(1). (3.24)
By multiplying (3.24) by s~! and by using that 8(s) = sa(s) we have
s (n) < als) < s71B(D).
Since a(1) = B(1), it follows that
a(s) < s'a(l) < s minfm=", n Yo, s < 1. (3.25)
By using (3.23), (3.25) and the relation S(s) = sa(s) the conclusions of the lemma follow.

The following Proposition gives the monotonicity of c(:, -):
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Proposition 3.1 [Proposition 23, [4]] Ifm < mand n < ii a.e., then
c(m, i) < c(m,n),
where c(-,) is defined by (1.6).
In the next Lemma we obtain lower bounds for the coordinates of the first curve of X*(m, n).
Lemma 3.2 Let m, n satisfy (2.8) and let (a(s), B(s)) € C(m,n). Then for each s € R*,
a(s) > s Cuw(s), B(s) = Cw(s)

with w defined by
1 ifs>1

¢ ifsel (3.26)

w(s) = {
where C is a positive constant depending only on the bounds given in (2.8).
Proof. Let s € R*. When s > 1 we can bound S from below
B(s) = B(1) = c(m,n), s=>1.
Using the relation 8(s) = sa(s) we obtain
a(s) > s 'e(m,n), s> 1.
Similarly, when s < 1 we have
a(s) > a(l) =c(m,n), s<1,
and again, by the relation between a(s) and B(s) we get
B(s) = sc(m,n), s<1.
Using (2.8) and Proposition 3.1, we can bound c(m, n) from below
c(m,n) > c(my,ny)

and the result follows.
Now we are able to prove Theorem 2.3.

Proof. [Proof of Theorem 2.3] For each fixed value of & > 0, by (2.8) together with the monotonic-
ity of c(-,-) provided by Proposition 3.1, we can assert that there exist two curves Cj (m,,n,) and
C(m_,n_) that delimit from above and below the curve C{(m,,n,). It follows that for each fixed
value of s, a.(s) and B.(s) are bounded.

Let (@, B¢) be a point belonging to the curve C{(m,, n.) and let (@, Bo) be the point obtained
when € — 0. Let us see that it belongs to C; (i, 7).

For a fixed value of € > 0 and using (1.6), the inverse of c(m,, n.) can be written as

1
-  =su inf B, , (u 307
C(ms, né) }/EF ueyl-1,+1] £ 5( ) ( )

where
I'={yeCU,H):y(-1)>=0and y(1) < 0}
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for I :=[-1,+1] and
H={ueWy"(Q): Aw) = 1}
A and B being the functionals defined in (1.7).
By (1.5) and (3.27) we have the following characterization for the inverse of @(s)

1 I
= sup inf By, on, (). (3.28)

ag(s) c(my, S”s) yel ueyd

Similarly, we can consider an equation analog to (3.28) for the representation of the inverse of a((s).
Let 6 > 0 and y;(6) € I such that

= f Bm sa(w) + 0(0). (3.29)
ao(s)  uent

In order to find a bound for a. we use y; € I'y, which is admissible in its variational characterization,

> inf By, e, (1). 3.30
s it B (1) (3.30)
Since u € Wé’p (Q), it follows that (u™)? and (u~)” belong to Wé’l(Q). This allows us to estimate
the error by replacing the oscillating weights by their averages by using Remark 3.1. For each fixed
function u € y;(I) we bound

B, sn, () = B sz (u) — el Vu = sV 1}, ) (3.31)

17
Lr(Q)

where c¢,, and ¢, are the constants given in Remark 3.1. Since u € H we have

VU Ny < 1 IVH 10 < (3.32)
So, from (3.32) and (3.31), taking ¢ = max{cy, c,} we get
By, sn, () > B si(u) — ce(1 + s). (3.33)
Taking infimum over the functions u in y; (/) together with (3.29) and (3.30) we obtain
a;'(s) — ay'(s) = —ce(l + 5) + O(6).
Letting 6 — 0 we get
a;'(s) — ay'(s) = —ce(l + 5). (3.34)
In a similar way, interchanging the roles of @, and @y we obtain the inequality
a;'(s) — ap' (s) < ce(l + s). (3.35)
From equations (3.34) and (3.35) it follows that
le(s) — ap(s)| < ce(l + $)a(s)ap(s). (3.36)

By using Lemma 3.1 we can bound (3.36) by
le(s) = ao(s)] < c(minfm=", n="}u2)*(1 + $)7(5)%e

where 7(s) is given by (3.22) and , is the second eigenvalue of the Dirichlet p—Laplacian.
From the convergence of a, together with (1.5) there follow the convergence of 8, and of the
whole curve.

The proof of Theorem 2.1, where general weights are considered, is analogous to that of Theo-
rem 2.3 but we need a result similar to Theorem 3.1 that works without assuming periodicity. It is
found in the following theorem.
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Theorem 3.2 Let Q c RN be a bounded domain. Let g, be a function such that 0 < g~ < g, < g* <
+oo for g* constants and g, — g weakly* in L*(Q). Then for every u € WhP(Q),

lim f (g5 — Ol = 0
&e—0 Q

where 1 < p < +oo0.

Proof. The weak* convergence of g, in L™ () says that fQ 8ep — J;2 go forall ¢ € L'(Q). In
particular, u € W'P(Q) implies that [u” € W'!(Q), whence |u|” € L!(Q) and the result is proved.

Proof. [Proof of Theorem 2.1] The argument follows exactly as in the proof of Theorem 2.3 using
Theorem 3.2 instead of Theorem 3.1.

4 Neumann boundary conditions
Now we focus our attention on the Neumann boundary conditions case. Let Q be a bounded domain

in RV, N > 1 and let m, n be two weights satisfying (2.8). We consider the following asymmetric
elliptic problem

—Au = am(x) P = Bu(x)(u)P! in Q
{aup (0)(u™) Bn(x)(u™) 437)
5 =0 on 9Q
I
where 1 denotes the exterior unit normal.
Let r(x) be a weight satisfying (2.8). Now, 0 is a principal eigenvalue of
—Apu = Ar(x)|ulP~*u in Q
4.38
{ u=0 on 9Q (4.38)

v

with constants as eigenfunctions. Moreover, the positivity of r guarantee that O is the unique nonneg-
ative principal eigenvalue, see [19]. Consequently, the Fucik spectrum £ = X(m, n) clearly contains
the lines {0} X R and R x {0}. We denote by X* = Z*(m, n) the set X(m, n) without these two lines.

In this case, when N > 1 only a full description of the first nontrivial curve of X, which we will
denote by C| = C;(m, n) is known. Moreover, in [5] (see Theorem 6.1) a characterization similar to
the Dirichlet case is given:

C1 = {(@(s),8(s)), s € R*} (4.39)

where a(s) and S(s) are continuous functions defined by a(s) = c(m, sn), B(s) = sa(s) and c(-,-) is
given by

. A
c(m,n) = }yrg Lgly&g() % (4.40)

with J := [0, 1], the functionals A and B given by (1.7), and
[ ={yeCU,W"(Q):y0)>0andy(1) <0}

Let m. and n, be two functions that satisfy (2.8) and (2.9). We consider the following problem
depending on € > 0

{ —Apuy = ozgmg(u;r)l”‘l —ﬁgn,s(u;)p‘1 in Q 441)

Ous _
Z£=0 on 0Q.



Convergence rates in a weighted Fucik problem 437

As we did with the Dirichlet equation (1.1), we want to study the behavior of the first non-trivial
curve in the spectrum of (4.41) as € — 0. When ¢ tends to zero in (4.41), according to (2.9) we
obtain the following limit equation

{ ;ﬁpuo = aomo(x)(ug )"~ = Bong(x)(uy)"™! in Q (4.42)
B — on 0Q.

Analogously to Theorem 2.1, we obtain the following result of convergence:
Theorem 4.1 Let mg, n, satisfy (2.8), and (2.9). Then the first non-trivial curve of problem (4.41)
Ci = Ci(mg, ne) = {@s(s), Be(s), s € RT)
converges to the first non-trivial curve of the limit problem (4.42)
C1 := Ci(mo, ng) = {ao(s),Bo(s), s € RT}
as € — 0 in the sense that a.(s) — ay(s), Bs(s) = Bo(s) Vs € R*.

In the case of periodic homogenization, i.e., m.(x) = m(x/e) and n.(x) = n(x/e) with m and n
Q-periodic functions, Q being the unit cube in RY, the limit functions my, ny given in (2.9) are equal
to the averages of m and n over Q, respectively, i.e., my = m and ny = 7. Now, as in the Dirichlet
case, in addition to the convergence of the first non-trivial curve, we obtain the convergence rates:

Theorem 4.2 Let Q ¢ RY, N > 1 be a bounded domain with C' boundary. Under the same
hypothesis of Theorem 4.1, if the weights m. and n. are given in terms of Q—periodic functions m,n
in the form mg(x) = m(ﬁ) and ng(x) = n(ﬁ), for each s € R* we have the following estimate

lve(s) — ao()l < (1 + 5)T(s)g,  [Ba(s) = Bol(s)] < es(1 + s)T(s)e
where ¢ = c(Q, p, m, n) is a constant independent of € and s, and T is given by (2.14).

Remark 4.1 Whenm, = n.in (1.1), equation (1.6) gives a variational characterization of the second
eigenvalue of the weighted p—Laplacian (see [4]), thus Theorems 4.2 and 2.3 give alternative proofs
of the homogenization rates of the second eigenvalue of the p—Laplacian with a periodic weight
both with Neumann as Dirichlet boundary conditions. For a proof of the homogenization rates of
the full spectrum we refer the reader to [20, 21].

To prove Theorem 4.2 the arguments used in the Dirichlet case fail. This is due to the fact that
now the function space is WP(Q) but Theorem 3.1 holds for functions in W(; "(Q) only. The fact of
enlarge the set of test functions is reflected in the need for more regularity of the domain Q. We will
prove the following result which works with functions belonging to W'7(Q).

Theorem 4.3 Let Q c RY be a bounded domain with C' boundary and denote by Q the unit cube
in RN. Let g be a Q—periodic bounded function. Then, for every u € W'P(Q) there exists a constant

¢ independent of € such that
X
[ -
Q &

Remark 4.2 Unlike in Theorem 3.1, we are not able to compute explicitly the constant ¢ in Theorem
4.3.

< cellullwrr )

wherengannd1Sp<+00.
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5 Proof of the Neumann results

We begin this section by proving some auxiliary results that are essential to prove Theorem 4.3. The
next lemma is a generalization, for p > 2, of Oleinik’s Lemma [26].

Lemma 5.1 Let Q ¢ RN be a bounded domain with C' boundary and, for 6 > 0, let Gs be a tubular
neighborhood of 0Q, i.e. Gs = {x € Q. dist(x,0Q) < ¢}. Then there exists 5y > 0 such that for every
0 €(0,6p) and every v € Whr(Q) we have

1
||V||U(G§) < cor ”V”WI«I’(Q),
where c is a constant independent of 6 and v.

Proof. Let Gs = {x € Q: dist(x,0Q) < ¢}, it follows that S5 = G are uniformly smooth surfaces.
By the Sobolev Trace Theorem we have

s, = [ 7S < by, < el g, 6 € 10,60
Ss

where ¢ is a constant independent of d. Integrating this inequality with respect to 6 we get

)
My = [ ([ s )e < vy,
0 N

-

and the Lemma is proved.

The next Theorem is essential to estimate the rate of convergence of the eigenvalues since it
allows us to replace an integral involving a rapidly oscillating function with one that involves its
average in the unit cube. First, we need an easy Lemma that computes the Poincaré constant on
the cube of side € in terms of the Poincaré constant of the unit cube. Although this result is well
known and its proof follows directly by a change of variables, we choose to include it for the sake
of completeness.

Lemma 5.2 Let Q be the unit cube in RN and let ¢, be the Poincaré constant in the unit cube in L?,
ie.
1
llu — Wollro) £ cpllVullreg), for every u € W(Q),
where (1) is the average of u in Q. Then, for every u € WhP(Q,) we have
lle = (o, llzro,) < cpellVullrrg,),

where Q. = Q.

Proof. Letu € W'"P(Q,). We can assume that (u)g, = 0. Now, if we denote u.(y) = u(ey), we have
that u, € W'»(Q) and by the change of variables formula, we get

[ = [ e <o [ 1war =cer [ war.
O: (Y] o O:

The proof is now complete.
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Theorem 5.1 Let Q c RY be a bounded domain with C' boundary and denote by Q the unit cube
in RN, Let g be a Q-periodic bounded function such that (g)g = 0. Then the inequality

[ ()

holds for every u € WP (Q) and v € W' (Q), where c is a constant independent of €, u, v and p, p’
are conjugate exponents.

< CS||u”W‘vI’(Q)”V||W1~P’(Q)

Proof. Denote by I° the set of all z € ZN such that Q.. := e(z + Q) € Q. Set Q; = U, Q.- and
G = Q\ Q. Let us consider the functions ¥ and # given by the formulas

(x) = iﬂf v(x)dx, ﬁ(x)zinf u(x)dx
& Jo., & Jo.,

for x € O, .. Then we have

fggguv = fcgsuv + fQ. geUv

(5.43)
= fG eV + le gs(u— )y + le gsu(v —Vv) + le 8svil.

The set G is a d-neighborhood of dQ with 6 = ce for some constant ¢, and therefore according to
Lemma 5.1 we have

1 e
lleellzrey < cerllullwrrl Vi Gy < ce? IIVllwir @) (5.44)

Since g is bounded, we get

fgauv < cllullro)Vlpy @) < cellullwir @IVl - (5.45)
G

Now, by Lema 5.2 we get

1
14
= Al =(Z | Iu—ﬁl”dX]

zel?

SC,,S[Z f |Vu(x)|de)
Qe

Z€l%#

(5.46)

= CpS”VM”L/z(Q]).

Analogously
||V - \_/”Lp’(gl) < CP/SHVV”L,;’(QI). (547)

By the definition of &(x) we get

7, g, :ng |,z|ﬁ=zgn(8_an u)/’

zel¢ zel¢ e

<o Y10 [

el e (5.48)

&
= g”‘”p"'n/’/p’ Z f |M|P
e

zel®

= ll? = {lull}, g -
f(;] Lr(Qy)
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Finally, since (g)p, = 0 and since g is Q—periodic, we get

=) v .=0. (5.49)
js;l g Z fz.s g

zel?

Now, combining (5.45), (5.46), (5.47), (5.48) and (5.49) we can bound (5.43) by

fgguv < Cellullwrr@lVllwir @)
Q

This finishes the proof.
Proof. [Proof of Theorem 4.3] The result follows applying Theorem 5.1 to g, = g — g and taking

v=1.

Remark 5.1 Let us observe that u € W'P(Q) is a solution of equation (4.37) if and only if u is a
solution of equation

—Apu +m@P + n@ )P = am@ty™ - fn(u )t inQ (5.50)

with Neumann boundary conditions, where @ = a — 1 and 8 = 8 + 1. The main advantage of
considering equations (5.50) instead of (4.37) is the fact that the functional A(«) defined in (1.7)
becomes in

Apn(u) = f Vul? + m(u*)’ + n(u”)’dx, (5.51)
Q
which involves both Vu and the function u.

Proof. [Proof of Theorem 4.2] The proof is similar to that of Theorem 2.3 for the Dirichlet case.
According to Remark 5.1 we consider equation (5.50). Let (@, Bg) be a point belonging to the curve
Ci(mg, ng) and let (&, Bo) be the point obtained when & — 0. It follows that (&g, o) belongs to the
spectrum of the limit equation. Let us see that it belongs to C(7, 71). The main difference is that in
the characterization (4.40) of c(m,, n;), now we are considering

I'={yeCWU,W(Q)): y(0)>0andy(l) <0}

with J := [0, 1]. For a fixed value of € > 0 we write

A, n, (14)

c(mg, ng) = inf su . 5.52
( ) yell uE)I/) Bmén&(u) ( )
By (1.5) and (5.52) we have the following characterization of @,(s)
~ . Ams SN (I/l)
a(s) = c(mg, sng) = inf sup ——— (5.53)

yel uey Bmg,sng(u) ’
Similarly, we can consider an equation analog to (5.53) for the representation of @y(s). Let 6 > 0
and y; = y1(6) € I such that

Fo(s) = Ajsn ()
@pl(S) = Su
0 uEE Bﬁl,sﬁ(“)

+ 0(5). (5.54)

In order to find a bound for &, we use y; € I', which is admissible in its variational characterization,

~ Amg,sng(u) Brh,sﬁ(u)
a(s) < sup .
uey, Brh,sr't(u) Bmg,sng (u)

(5.55)
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To bound &, we look for bounds of the two quotients in (5.55). Since u € W'?(Q), by Theorem 4.3

we obtain that . ~
Apysn, @) Apmsi@)  celllu™Pllwrqy + cellluPllwi )

< +
B sn (u) Bm,sﬁ(u) B sn (u)

For every function u € vy, we have that

Arh,sﬁ(u) < Arh,sr‘t(u)

Bra) ~ soh Bty 0 OO
By using Young’s inequality, for each v € W'(Q)
IVPllwiiey = VPl + PV VYl @)
= VI, ) + PIMP VI )

< PV, ) + 19V,

From (5.57) it follows that

M Pl P + VU1, )
) - B s (1)
Aj,si(1t)
<c—m
Bsrh,sﬁ(u)
Arh si
<csup — w)
Uey| Br’n,sr’l(“)
= c(a@o(s) + 0(6)),
and similarly
e 1P llwr )
—— < c(@p(s) + 0(9)).
Boon(20) c(@o(s) + 0(6))
To bound the second quotient in (5.55), we use again Theorem 4.3 and (2.8) to obtain
Jo P fmelat Pl
< c
Bl?‘lg,&l’lg(u) Bmg,sng(u) Bl?‘lg,&l’lg(u)
Jo el P Yt Pl

b}

< c
Bms,sng (u) Brh,siz(u)
and similarly
JoysalumlP [ snelutlP o o Pl
Bmg,sng (u) - Bmg,sng (u) 5 Bﬁl,Sﬁ(”)
Now, from equations (5.60),(5.61) together with (5.58) and (5.59) we get

Ba(u) Joymlut 1P+ [ silum|P
Bms,sns(u) Bmg,sns(“)

Then combining (5.55),(5.58),(5.59) and (5.62) we find that

<141+ s)ce(@o(s) + 0(9)).

@:(s) < ((@o(s) + 0(6)) + ce(@o(s) + 06))) (1 + (1 + s)ce(@o(s) + 0(6))) .

(5.56)

(5.57)

(5.58)

(5.59)

(5.60)

(5.61)

(5.62)
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Letting 6 — 0 we get
@e(s) — @(s) < ce(@(1 + s) + ay). (5.63)

In a similar way, interchanging the roles of &, and @, we obtain
do(s) — @s(s) < ce(@ (1 + s) + a,). (5.64)
From (5.63) and (5.64) we arrive at
lao(s) — @:(s)| < ce(1 + 5) max{@o(s)*, @:(s)*}.

Now, using Lemma 3.1,
las(s) — ao(s)| < c(1 + $)T(s)%e,

where c is a constant independent of € and s, and 7(s) is given by (3.22). Here, Lemma 3.1 holds in
the Neumann case, but now we have

a(s) < min{m=", n”! Wat(s), B(s) < min{m_", n”! WasT(s)

where u, is the second eigenvalue of the p—Laplacian equation on Q with Neumann boundary
conditions. From the convergence of a. and (1.5) there follow the convergence of 8. and of the
whole curve.

Proof. [Proof of Theorem 4.1] Since Theorem 3.2 holds for functions belonging to W!-?(Q) with Q
being any bounded domain in R", this proof is analogous to that of Theorem 2.1.
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