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Abstract

In this paper, we consider the existence of solutions of the following problem

(=A)3u = Au+ | luf2u, x € Q,
©.1)

M=O, XeaQ,

where Q ¢ R, N > 2a, is a smooth bounded domain, 2 > 0,8 > 0,0 < @ < 2, and
2 = % is the critical exponent. We show that problem (0.1) possesses a ground state
solution provided that N = 2 and 4,, < 4 < A,,4; for some m € N and 8 > 0 small or
N> 1+ \/E)a/ and 4,, < A < A,y for some m € N and 8 > 0 small, where 4,, is the

eigenvalue of —A with Dirichlet boundary condition.
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1 Introduction

In this paper, we consider the existence of solutions of the following problem

(1.1)

(=A)Zu = A+ |xPlu2u, x € Q,
u=0, x € 0Q,
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support by NNSF of China(No:11271170), GAN PO 555 program of Jiangxi, NSF of Jiangxi Province(20122BAB201008).
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340 X. Chen, Y. Zhu

where Q c RY, N > 2q, is a smooth bounded domain, A > 0,6>0,0<a<2,and 2}, = % is the
critical exponent. By N = 2o we mean that @ = % 1, % orN=1,2,3.

Problem (1.1) is a Brezis-Nirenberg type problem with the fractional Laplacian. In the case that
a =2 and B8 = 0, such a problem has been extensively studied, see [1], [4],[11], [12] and [13] etc. If

a =2and S # 0, problem (1.1) is reminiscent of the Hénon equation in [14]
—Au=xPu’", u>0, xeQ; u=0, xedQ, (1.2)

which stems from the study of rotating stellar structures. Existence results of problem (1.2) were
obtained in [15, 19, 20] etc. Asymptotic behavior of the ground state solution was considered in
[5, 6, 8,9, 20] as either p < 2*, p — 2% or @ — co. The Brezis-Nirenberg problem for the critical
Hénon equation

—Au = du+ |xPlulf 2u, x € Q,
(1.3)

u=0, x € 0Q

has been studied in [16] and [18]. A particular feature of problem (1.3) is that the weighted function
|x}? attains its maximum value at a point on the boundary of the domain, in contrast with problems
usually concerned, which generally assume the weighted function having the maximum value at an
interior point of the domain. It was proved in [16] that problem (1.3) always has a solution provided
that N > 7 and 8 > 0 small. This result was improved in [18] for N > 5 and 8 > 0 small.

In this paper, we study the existence of the ground state solution of critical Hénon problem (1.1)
with the fractional Laplacian. Critical problems with the fractional Laplacian were investigated
in [23] for @ = 1, and in [3] for general case. The fractional Laplacian is a nonlocal operator.
Using the idea in [7], by Dirichlet to Neumann mapping, one usually transforms such problems
to local one, then variational method can be applied. Without loss for generality, we assume that
(1,0,---,0) € 9Q and Q is contained in the unit ball of R” centered at the origin. Our main result is
the following.

Theorem 1.1 Let N = 2 and A,, < A < Ay or N > (1 + \/E)a and ,, < A < Ay for some
m € N. Then, for every B > 0 sufficiently small, there exists a ground state solution to problem (1.1).

In section 2, we describe a variational framework to study the ground state solution of problem
(1.1). We prove Theorem 1.1 in section 3.

2 Preliminaries

Let (¢}, p;) be the eigenfunctions and eigenvalues of —A in Q with zero Dirichlet boundary condition.
For any u = 3177, cji; in the space

2 — (= N e T2(O) - . =
H; (9)—{u—zlc,so,eL<fz>. el 2 g = €
J= J

2 F\1
c]pjz)z < +OO},

]
—_

we define

00

Miu= > ciplp),

J=1
and we have

[Jull = I=A)* ull 2@

HE @)
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The nonlocal operator (=A)? can be realized as [7]. Precisely, for any u € HO% (), the solution
we HéyL(Cg) of the problem
~div(y!=?Vw) = 0, Cq = Q x (0, ),
w=0, 01Cq = 0Q % (0, 00), 2.1
w = u, Q x {0}

is referred to the extension w = E,(u) of u, where

Hy,(Ca) = {w e L*(Cq) : w =0 on 8,Ca, Ka f ¥ 7V dxdy < o)

Ca
2
H!,(Ca)
constant. It was shown in [7], see also [2], that

is a space equipped with the norm |jw|| = Ky fcg =2\ Vw|? dxdy, here k, is a normalization

ow o
Ko lim y!'7 == = (=A)2u.
Ko I,y By (=A)2u

Therefore, problem (1.1) can be equivalently reduced to the problem
div(y'=*Vw) = 0, in Caq,
w=0, on 0,Cq, 2.2)

—Kq limy_,o+ y""‘;—’; = dw + |xfPlw/> 2w, in  Qx {y =0}

The energy functional associated to (2.2) is given by

o - A 1 .
Jw) = X f YV dxdy - = f wi*dx - — f [xPPlw|? dx, (2.3)
2 Ca 2 Q 20 Q

which is a C! functional on H&L(Cg). Critical points w of J correspond to solutions of (2.2), and
u = trow is a solution of (1.1).
It was proved in [2] that (¢;,p j%) are the eigenfunctions and eigenvalues of (=A)? with zero

1
Dirichlet boundary condition. Moreover, Eq(¢;) = ¢ j(x)l//(plz. ¥), where i ; satisfies

'+ =y, s> 0,
—lim_o+ s'" = k,, 2.4
Y(0) = 1.

@ 1 a
Hence, for any u = ¥, c;¢; € Hj (Q), we have Eq(x,y) = X7, cjej(X(p;y). Denote 4; = p;.

To treat problem (1.1) in the case 4,, < A < A,;,+1, we may decompose Hg (Q) as
Hg(Q) =H'eoH,
where H~ = span{p;,1 < j < m}and H* = span{¢;,j > m+ 1}. Let ®; = Ey(p;),j = 1,---.

Correspondingly, we have
E =E(Cq) =Hy,(Co) =E"®E"
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with E~ = span{®;, | < j <m}and E* = span{®;, j > m + 1}.
In order to find ground state solutions of (2.2), we introduce as [17] a sub-manifold of Hé’ 1(Co):

N={we H&L(CQ) \ {0} : (VJ(w),w) =0,VJ(w) € E*}. (2.5)
The set N is the intersection of the standard Nehari manifold {w € H('),L(Cg) \ {0} : (<VJ(w),w) = 0}
with the pre-image (VJ)~'(E™).

Proposition 2.1 The set N is a C' submanifold of E with codimension m + 1. Moreover, every
critical point of the restriction J|y is a nontrivial critical point of J.

Proof. The result can be proved as in [22], see also [18]. We sketch the proof here for reader’s
convenience. Let F : E \ {0} —» R X E~ be a map defined by

F(w) = (VI(w),w), QVJ(w)),

where Q is the orthogonal projection of E onto E~, then N' = F~'(0). On the Cartesian product
R x E~ = R™! we consider the inner product

(t1,z1) - (1, 22) = i, + {21, 22) for t1, b €R, 21,0 € E™.
We claim that for every (,z) e RX E~, (t,z) # (0,0),
(DF(w)(tw +2)) - (t,2) < 0. (2.6)
This implies the first part of the proposition. Indeed, for (¢, z) # (0, 0), since
(VIw),w) = (VJw),z) = 0,
we may deduce that

(DF(w)(tw +2)) - (t,2)

= [Kaf ylf"IVzl2 dxdy — /lf 21> dx
Ca Q

- f ((2;; — )P w? + 228, — 2)1zw + (2), — 1)|ZI2)|x|ﬁ|w|27f2dx.
Q

2.7

For 4,, < A < 4,41, it is ready to verify that (2.6) holds.
Next, we may verify as [18] that w € E is a critical point of J if and only if w € N and
DJW)Ir,n = 0. The proof is complete.
We recall that a ground state solution w to (2.2) is any element of N such that DJ(w) vanishes
on T,,N and J(w) = ¢, where
c= i}\l{f J. (2.8)

By the argument in [21], for every v € E* \ {0}, there is a unique continuous map pair (f(v), g(v)) €
(0, 00) X E~ such that F(f(v)v + g(v)) = 0, and

JFOv +g(v) = max Jv+2).

Then,

=infJ= inf J + = inf J(@v +2). 2.9
¢ ]/I&( v#éBeE* (f(V)v g(V)) {v#(l)}‘xl/eEﬂ{t>r(I)?;ae)é‘] (V Z) ( )
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3 Existence results

In this section, we will show that the variational problem (2.8) is achieved, and the minimizer of
problem (2.8) is actually a solution of (2.2). Let

Spp(Ca) =

1-a 2
V' =Y Vw|” dxdy
fcﬂ } (3.1

inf {
weE,w#0 (j;) |x|ﬁ|w(x,0)|/’dX)2/"’

We known from [2] that §, := §¢2:(Cq) is achieved if and only if Cq = Rﬁ’ *+1 and it is attained by

w if u = w(x, 0) takes the form
N-a
E 4
us(x) = o Nwa

(+ x>z

with & > 0 arbitrary. Denote by W the extension of the function

1

N—a °

x)=———, xeRV.
A+ 2=

Then U
t
W(x,y) = Eo(U) = PYx U(x) = &y° f ——
BV (x =12+

We know from [3] that

C
VW(x,y)l < 3 W(x,y) (3.2)

for (x,y) € RYV*!. The extension of the function

£
U(X) = ———~ (3.3)
(e +|x = x0/»)
has the form
aN . X—Xo Y
Welx,y) =+ W , —
(x,y) ( Nz 8)
fore > 0.
Lemma 3.1 Suppose that
€< (keS o)t (3.4)

2N
Then there exists av € E* \ {0} such that

max J(tv+2) =J(f(v)v+gW) =c.
t>0,z€e E-
Proof. The proof is similar to that of Proposition 3.1 in [18], we omit it.

From Lemma 3.1, we know that there exists a minimizer of problem (2.8) provided that (3.4)
holds. By Proposition 2.1, such a minimizer is actually a solution of problem (1.1). Therefore, to
prove Theorem 1.1, it is sufficient to verify the condition (3.4).

Let

%o = (30.0) = (1-p,0,--+,0) €RY, 20 = (x0,0) e R,
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where p > 0 is small and to be determined. Denote
Ap ={(x0,y) [, y) =20l <p,y 20}, By ={(x,y) : [(x, )] <p,y =0},

By(xo) = {x: [x— xol < p}.

Let ¢ € C7’(Ca) be a cut-off function satisfying

x )_{ L (xy) €A,
PEYZ00, oy ¢ A,

0 < ¢(x,y) < 1and |Ve(x,y)| < % for (x,y) € Cq. Let w, = ¢W,. Then, w, € E for € > 0 small. We
have the following estimates for w,.

Lemma 3.2 Supposing N > 2« and % > 0 large. Then we have

IWel2 < (kaSa)® + O™ p*~N), (3.5)
[ e 0P x> (1200 (5.0 + 0™, (3.6)
Q
f (e, O)fdx > Ce% + 0(e" 2" p*@N), N > 2a, 3.7)
o ETTEEEN et (Ing + Yinel) + Oe?), N = 2a, :
f Wa(x, 0)ldx < Ce™" p?, (3.8)
Q
and
f We(x, )P dx < Ce™5* + Ce™+ p, (3.9)
Q
where N = 2« implies that a = %, 1, % or correspondingly N = 1,2, 3.
Proof. There holds
1-a 2
Ko f v Y Vw,|” dxdy
Co (3.10)

=K, f YU EVW, + 2 W, Ve, oVW,) + W, Vel*) dxdy.
Ca

. N—a . . a=N
Since 0 < Un(x) < &7 |x — x0/*”", and the extension of |x — xo|* ™ is (|x — xo[> + y?)Z, we have

Wix,y) < (3.11)

N
(|x|2 + y2) 2

and

N-a
a-N 1 e
7

. 2 Noa = e
(2L 4 2)5 (-l +92)

Welx,y) < e
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For (x,y) € A, \ ﬂ%p, we have

f YW, Vol? dxdy

e f

‘2

‘2

=Ce2

)

On the other hand, by (3.2),

Ap\
fl\B

l—ar

NCE X0|2 +y)N e

1 (|x|2+y2)N s

2 f yl_”(WSV% ©VW,)dxdy
ﬂp\ﬂl

<cp! f VWV W, | dxdy
A\NA

\p

xdy

1 _ -
Cetp! f VW IV W, )] dxdy
Bp\B p_

Ve o 2vE
<Ceip! L . YW (x, ) dxdy.

For (x,y) € B% \B#, we have

Ve
=l + D,
2 i P
If |z < 4\f,we have (|x — 2> + )2 > Ve Hence,
N+u —(N+(1/) a 1
I1<Ce2p y —d <ce'™
{lz<
Furthermore,

W(x,y) = Cy* f
RN

1
=Cya(f +f ) Nea
(<8 o1 s o)/ (x - 22325 (1 + )5

U®z)
(x -z +y»)™%*

1

y
- +y)

SCST (I—Nf —dZ
P e e ®

a-N f
R

a—N

1
T v K
V(P + D

N +a

345

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)
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Hence,

W(x,y) < Ce'z p*N (3.17)

for (x,y) € B% \ 82’7 By (3.13) and (3.17),

2 f YW, Ve, oVW,) dxdy
Ca

2(N-a)+1
< _O(N-a)+]) o
sCe Tp L g, (3.18)

BN

1
2

L
Ve

=Ce'™ “Nf y ¥ dxdy = CaNT a=N,
Bi\B,

We also have

f ¥ VW[ dxdy
Ca

= f Y TIVW, dxdy + f Y'7U@* = 1)|VW,? dxdy
C!Z CQ
3.19
Sf yl—(l|VW8|2 dxdy + f yl—KIIVW8|2 dxdy ( )
R Ca\Ay,

:f yl—alvw|2dxdy+f yl—()leW'Z dxdy
R Cay\Be

Ve

W? dxdy

l+a

For (x,y) € Co-xy \B_+_, we have y > 3 £-Cy if L= large. Hence, we deduce by (3.2) and (3.11) that,
Ve 2ve ‘f ‘f
YUYW dxdy < C f

LQ"‘O \B CQ*,\'O \B

P
Ve 2+e v 2ve

1 1
f o
Q_x y1+ar (P + y2)N-a y

k

ﬁ

(3.20)

N-a 1
g7 p ———— dxdy
f(RNﬂ\B,)m {v>Co} Y (x + y2)N-a

1
dxdy
fRNH\Bl)ﬂpCO 2N—a+1

‘ =

I/\

Thus, we obtain from (3.19) and (3.20) that

Kaf yl_a|§0VW8|2 dxdy < ”W”E(R{Y”) + O(S%pa_N)
“ 3.21)

= (keSa)e + O 2 p™N).
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Equation (3.5) follows from (3.10), (3.12), (3.18) and (3.21). On the other hand,

hfmwmﬁw—f|uﬁm
Q RN

sf U, (0P dx
RN\B%‘,(XO)

P
=f ——— dx
RV\By () (& +|x = xol°)

Iz

+00
< Cs? f N Y dr = ngp—N = 0(8%,0’]\]).

3P
Since
3 :
. g £
|U. |2"dx:f —dx:f ——dx
fRN : wyv (& +[x = xo) R
2 N
=0 . = KeSa)s

L7a (RN)

we obtain

f [we(x, 00 dx = (kS o) 7 + O (£7p7).
Q

Observe that Q is contained in the unit ball centered at the origin, so |x}f¥ > (1 — 2p)® and

f IxPlwes(x, 0)edx > (1 - 2p)ﬁf IWe(x, )2 dx
Q Q
= (1-20f ((kaSa)7 + O (e7p™)),

namely, (3.6) holds. Now, we estimate

&2
numWM=f T 4
js; By (x) (& F |x — xo|?)N-

P o(x,0)? (3.22)
+ ————————dx
B Go)\B(x0) (& +lx = x0l?)
=J1+ Jp.
In the case N > 2,
SNEU 8%
Ji = f ——dx + f ————dx
By (o (26)77 By, (008 |y (o) (2= X0V
el P (3.23)
=Ce? N ldr + Ce T f‘ P Nlgy
0 g2
=Cs® + C.S#pz“_lv =Cs® + 0(s¥p2”_1v)
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and

b <& f 1 .
25¢& S —
By(xo)\B 1 (x0) |x — xoPV-0)

N- N-
=Ce > | PN lgr=cezpl N,
1
3P

In the case N = 2«a, that is, o = % 1, % or correspondingly N = 1,2, 3, we have

[STE5)

Ji>¢e

1 o 1
— dx+e? f - dx
fB L (o) (e)N-a By, Go\B | (o) (2lx — xo)N-«@

x 1
" 2a-1 N
ri*dr+Ce2 | | rTdr
0 g2

[°3 a 1
= Cef + Cét (mg + E|1ng|)

IR

=Ce™

and

7 1
Jy <& f v
By (x0)\B} (x0) |x — xo[2N-2)
2

0

a _ a

= Ceg2 rldr=Ce?.
ip

2

Thus, (3.7) follows from (3.22)-(3.26). In the same way, we obtain

N—a
f Iwo(x, 0)ldix = f — ax
o By(xo) (&4 |x — x0>) 7

|
N-a
<Cg+ Nldr = Ce'a o~
0 rN

which is (3.8). Finally, there holds

f e, O dx
N+a
2 3
B l(xo) ByGoN\B § (x0) (8+|x xol*) 2

&3
N+a _ N+a _ N+a
<Cg+ f £ 2erdr+Cs4f NmrN]dr
0 e2

@

N N
=Ce® +Ce*p“,

which implies (3.9).

Proposition 3.1 There results

a
QSQ/ N/(Y‘
¢ < oy keSa)

(3.24)

(3.25)

(3.26)
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Proof. We will check that

o N
— . 2
t>rg’1;a€)} J(tw, +v) < N (kS o) (3.27)

Let w = Q\ sup¢(-,0). By Lemma 3.3 in [22], h — ||h||Lz;-,(w) defines anormon H™ if h € H™.
Since dim H™ = m < +oo, all the norms are equivalent on H~. Using the fact that|[vl|g = |[v(-,0)I| ¢

Hy

for v € E, we have fw [v(x, 0)]>|x}® dx < C|V|lg and |[v(-, 0)|z~ < ClVl|&.
Moreover, 0 ¢ w, so |x}® is bounded away from zero for x € w. Forevery ¢ > 0 and every v € E~,
by convexity we deduce

f IxBltwa(x, 0) + v(x, 0)]% dx
Q

= f IxPlewe(x, 0) + v(x, 0)* dx + f IxPlv(x, 0) dx
Q\w w

(3.28)
> % f IxPlwe(x, 0) dx + 25 1% f Il lwe(x, 0)% 'v(x, 0) dx
Q Q
+ 25 CIVe
It follows that
J(twe +v) < J(twg) + Kaf tyl_“ngVv + L f yl_C’le|2 dxdy
CQ 2 CQ
Pl
-t f we(x, 0)v(x, 0) dx — = f v(x, ) dx (3.29)
Q 2 Q
25 -1 2: 1 2,
_f fQ e O+ v, 0) dx — Il
By the assumption 4, < A < Ay41,
Kq f YV dxdy - A f v(x, ) dx < (4, — DIVI[% < 0. (3.30)
Cao Q

In particular, we can write
J < A 21 _ B(# 2
(twe +v) <A@ +1Vl[E + 7 VIlE) — B + |vIl)

for suitable constants A > 0 and B > 0. Hence there exists R > 0 such that, for &£ small, # > R and
v € E~ there holds J(tw, + v) < 0.
We claim that

Towe +v) < Jowe) + O (%) Ml = CIME < J(owe) + 0555 ). (3.31)

whenever # < R. Indeed, integrating by part and using the definition of E~, we obtain
Ko f V'V, Vv dxdy — A f we(x, 0)v(x, 0) dx
Ca Q
0
= —Kaf divy' " Vv)w, dxdy + Kaf yl"’—vwg ds - /lf we(x, 0)v(x, 0)dx
Co 3Co v Q
= f we(x, 0)(=A)2 v(x, 0) dx — /lf we(x, 0)v(x,0)dx < |4, — 4 f [we(x, O)v(x, 0)| dx
Q Q Q

< A = AIVE, Ol f Wwe(x,0)ldx < Cldy — AllVIle f Iwe(x, 0) dx
Q Q
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and

| f I (e, O dial < (-, Ol f i, O dx < Clvle f I Cr, O+ di.
Q Q Q

N2«
2(N-a)’

N(N-a)

Vi~ > @ whenever N >

since

By (3.8), (3.9) and choosing p = &7, where 0 < y <

(1+ V2)a and 2](\']\735) < % we find

N

f|Ws(X, 0)|dx < Ce ;”, f|wg(x’ O)IZZ—ldx < Cé‘%.
Q Q

By the Young inequality,
N-o V- 2
0 (") Ml < 055 ) + cIviy.
Therefore, together with (3.30), we see that (3.31) holds.
By Lemma 3.2, for 8 > 0 and € > 0 small enough,

max J(twg +v)
t>0,veE~

N(N-a)
< max J(tw,) + O (smo )
>0

o [||wg||§—Anwg(x,muiz(m ] of-2)

= AN £2N+a)
2N\ (f, IxlBlwe(x, O)2e dox)?/
@ 1 < Nea % N(N—a)
— — 2 =5 g¥@=N) S
=N ((1 BSOS (kaSo—Cast +0(e"¢ ))) + O(gzw ))
a N
< TV(KQSQ)U .

Assume now that N = 2a, and 4,, < A < Ay41. By (3.8), (3.9) and choose p = 7, where 1 > r >
gisaconstant,0 <y < 1, we get

f [we(x,0)| dx < Cef, f we(x,0) " dx < Cef.
Q Q
By the assumption 4, < A < Ay41,
Ko f Y Vv dxdy — A f v(x, 0)* dx < (A, — DIVIE = —Cilvll- (3.32)
Cao Q
Inequalities (3.29) and (3.32) imply that, for t < R,
J(tw +v) < J(twe) + OED)IVIIE — CilVIE < J(twe) + O(e?)
for £ > 0 small. We obtain, from Lemma 3.2, for 8 > 0 and € > 0 small enough,

2

1 Iwel2 = Alwe(x, 0)|? )

R e g R
4L ([ P lwa(x, 0)P5 dx)?/2

>0,veE~
1 1 . o) .
< i\a=zpm (keSa = Cat el + 0(sF))) + 0
1
< Z(KozSa)z'

O
Proof of Theorem 1.1. By Lemma 3.1 and Proposition 3.1, there exists w € N such that J(w) = ¢
and DJ(w)|r, n = 0. It follows from Proposition 2.1 that DJ(w) = Oon E. O
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