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Abstract

In this paper, we consider the existence of solutions of the following problem⎧⎪⎪⎨⎪⎪⎩ (−Δ)
α
2 u = λu + |x|β|u|2∗α−2u, x ∈ Ω,

u = 0, x ∈ ∂Ω,
(0.1)

where Ω ⊂ RN , N ≥ 2α, is a smooth bounded domain, λ > 0, β > 0, 0 < α < 2, and
2∗α =

2N
N−α is the critical exponent. We show that problem (0.1) possesses a ground state

solution provided that N = 2α and λm < λ < λm+1 for some m ∈ N and β > 0 small or
N > (1 +

√
2)α and λm ≤ λ < λm+1 for some m ∈ N and β > 0 small, where λm is the

eigenvalue of −Δ with Dirichlet boundary condition.

1991 Mathematics Subject Classification. 35J60, 35J65.
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1 Introduction

In this paper, we consider the existence of solutions of the following problem⎧⎪⎪⎨⎪⎪⎩ (−Δ)
α
2 u = λu + |x|β|u|2∗α−2u, x ∈ Ω,

u = 0, x ∈ ∂Ω,
(1.1)
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where Ω ⊂ RN , N ≥ 2α, is a smooth bounded domain, λ > 0, β > 0, 0 < α < 2, and 2∗α =
2N

N−α is the
critical exponent. By N = 2α we mean that α = 1

2 , 1,
3
2 , or N = 1, 2, 3.

Problem (1.1) is a Brezis-Nirenberg type problem with the fractional Laplacian. In the case that
α = 2 and β = 0, such a problem has been extensively studied, see [1], [4],[11], [12] and [13] etc. If
α = 2 and β � 0, problem (1.1) is reminiscent of the Hénon equation in [14]

−Δu = |x|βup−1, u > 0, x ∈ Ω; u = 0, x ∈ ∂Ω, (1.2)

which stems from the study of rotating stellar structures. Existence results of problem (1.2) were
obtained in [15, 19, 20] etc. Asymptotic behavior of the ground state solution was considered in
[5, 6, 8, 9, 20] as either p < 2∗, p → 2∗ or α → ∞. The Brezis-Nirenberg problem for the critical
Hénon equation ⎧⎪⎪⎨⎪⎪⎩−Δu = λu + |x|β|u|2∗−2u, x ∈ Ω,

u = 0, x ∈ ∂Ω
(1.3)

has been studied in [16] and [18]. A particular feature of problem (1.3) is that the weighted function
|x|β attains its maximum value at a point on the boundary of the domain, in contrast with problems
usually concerned, which generally assume the weighted function having the maximum value at an
interior point of the domain. It was proved in [16] that problem (1.3) always has a solution provided
that N ≥ 7 and β > 0 small. This result was improved in [18] for N ≥ 5 and β > 0 small.

In this paper, we study the existence of the ground state solution of critical Hénon problem (1.1)
with the fractional Laplacian. Critical problems with the fractional Laplacian were investigated
in [23] for α = 1, and in [3] for general case. The fractional Laplacian is a nonlocal operator.
Using the idea in [7], by Dirichlet to Neumann mapping, one usually transforms such problems
to local one, then variational method can be applied. Without loss for generality, we assume that
(1, 0, · · · , 0) ∈ ∂Ω and Ω is contained in the unit ball of Rn centered at the origin. Our main result is
the following.

Theorem 1.1 Let N = 2α and λm < λ < λm+1 or N > (1 +
√

2)α and λm ≤ λ < λm+1 for some
m ∈ N. Then, for every β > 0 sufficiently small, there exists a ground state solution to problem (1.1).

In section 2, we describe a variational framework to study the ground state solution of problem
(1.1). We prove Theorem 1.1 in section 3.

2 Preliminaries

Let (ϕ j, ρ j) be the eigenfunctions and eigenvalues of −Δ inΩwith zero Dirichlet boundary condition.
For any u =

∑∞
j=1 c jϕ j in the space

H
α
2

0 (Ω) = {u =
∞∑
j=1

c jϕ j ∈ L2(Ω) : ‖u‖
H

α
2

0 (Ω)
=

( ∞∑
j=1

c2
jρ

α
2
j
) 1

2 < +∞},

we define

(−Δ)
α
2 u =

∞∑
j=1

c jρ
α
2
j ϕ j,

and we have
‖u‖

H
α
2

0 (Ω)
= ‖(−Δ)

α
4 u‖L2(Ω).
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The nonlocal operator (−Δ)
α
2 can be realized as [7]. Precisely, for any u ∈ H

α
2

0 (Ω), the solution
w ∈ H1

0,L(CΩ) of the problem

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
−div(y1−α∇w) = 0, CΩ = Ω × (0,∞),

w = 0, ∂LCΩ = ∂Ω × (0,∞),

w = u, Ω × {0}
(2.1)

is referred to the extension w = Eα(u) of u, where

H1
0,L(CΩ) = {w ∈ L2(CΩ) : w = 0 on ∂LCΩ, κα

∫
CΩ

y1−α|∇w|2 dxdy < ∞}

is a space equipped with the norm ‖w‖2
H1

0,L(CΩ)
= κα

∫
CΩ y1−α|∇w|2 dxdy, here κα is a normalization

constant. It was shown in [7], see also [2], that

−κα lim
y→0+

y1−α ∂w
∂y
= (−Δ)

α
2 u.

Therefore, problem (1.1) can be equivalently reduced to the problem⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩
div(y1−α∇w) = 0, in CΩ,
w = 0, on ∂LCΩ,
−κα limy→0+ y1−α ∂w

∂y = λw + |x|β|w|2∗α−2w, in Ω × {y = 0}.
(2.2)

The energy functional associated to (2.2) is given by

J(w) =
κα
2

∫
CΩ

y1−α|∇w|2 dxdy − λ

2

∫
Ω

|w|2 dx − 1
2∗α

∫
Ω

|x|β|w|2∗α dx, (2.3)

which is a C1 functional on H1
0,L(CΩ). Critical points w of J correspond to solutions of (2.2), and

u = trΩw is a solution of (1.1).
It was proved in [2] that (ϕ j, ρ j

α
2 ) are the eigenfunctions and eigenvalues of (−Δ)

α
2 with zero

Dirichlet boundary condition. Moreover, Eα(ϕ j) = ϕ j(x)ψ(ρ
1
2
j y), where ψ j satisfies

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩
ψ′′ + 1−α

s ψ′ = ψ, s > 0,

− lims→0+ s1−αψ′ = κα,

ψ(0) = 1.

(2.4)

Hence, for any u =
∑∞

j=1 c jϕ j ∈ H
α
2

0 (Ω), we have Eα(x, y) =
∑∞

j=1 c jϕ j(x)ψ(ρ
1
2
j y). Denote λ j = ρ

α
2
j .

To treat problem (1.1) in the case λm < λ < λm+1, we may decompose H
α
2

0 (Ω) as

H
α
2

0 (Ω) = H+ ⊕ H−,

where H− = span{ϕ j, 1 ≤ j ≤ m} and H+ = span{ϕ j, j ≥ m + 1}. Let Φ j = Eα(ϕ j), j = 1, · · · .
Correspondingly, we have

E = E(CΩ) = H1
0,L(CΩ) = E+ ⊕ E−
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with E− = span{Φ j, 1 ≤ j ≤ m} and E+ = span{Φ j, j ≥ m + 1}.
In order to find ground state solutions of (2.2), we introduce as [17] a sub-manifold of H1

0,L(CΩ):

N = {w ∈ H1
0,L(CΩ) \ {0} : 〈∇J(w),w〉 = 0,∇J(w) ∈ E+}. (2.5)

The set N is the intersection of the standard Nehari manifold {w ∈ H1
0,L(CΩ) \ {0} : 〈∇J(w),w〉 = 0}

with the pre-image (∇J)−1(E+).

Proposition 2.1 The set N is a C1 submanifold of E with codimension m + 1. Moreover, every
critical point of the restriction J|N is a nontrivial critical point of J.

Proof. The result can be proved as in [22], see also [18]. We sketch the proof here for reader’s
convenience. Let F : E \ {0} → R × E− be a map defined by

F(w) = (〈∇J(w),w〉, Q∇J(w)),

where Q is the orthogonal projection of E onto E−, then N = F−1(0). On the Cartesian product
R × E− � Rm+1, we consider the inner product

(t1, z1) · (t2, z2) = t1t2 + 〈z1, z2〉 for t1, t2 ∈ R, z1, z2 ∈ E−.

We claim that for every (t, z) ∈ R × E−, (t, z) � (0, 0),

(DF(w)(tw + z)) · (t, z) < 0. (2.6)

This implies the first part of the proposition. Indeed, for (t, z) � (0, 0), since

〈∇J(w),w〉 = 〈∇J(w), z〉 = 0,

we may deduce that

(DF(w)(tw + z)) · (t, z)

=

[
κα

∫
CΩ

y1−α|∇z|2 dxdy − λ

∫
Ω

|z|2 dx
]

−
∫
Ω

(
(2∗α − 2)t2|w|2 + 2(2∗α − 2)tzw + (2∗α − 1)|z|2

)
|x|β|w|2∗α−2dx.

(2.7)

For λm ≤ λ < λm+1, it is ready to verify that (2.6) holds.
Next, we may verify as [18] that w ∈ E is a critical point of J if and only if w ∈ N and

DJ(w)|TwN = 0. The proof is complete.
We recall that a ground state solution w to (2.2) is any element of N such that DJ(w) vanishes

on TwN and J(w) = c, where
c = inf

N
J. (2.8)

By the argument in [21], for every v ∈ E+ \ {0}, there is a unique continuous map pair ( f (v), g(v)) ∈
(0,∞) × E− such that F( f (v)v + g(v)) = 0, and

J( f (v)v + g(v)) = max
t>0,z∈E− J(tv + z).

Then,
c = inf

N
J = inf

v�0,v∈E+
J( f (v)v + g(v)) = inf

{v�0,v∈E+}
max

{t>0,z∈E−}
J(tv + z). (2.9)
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3 Existence results

In this section, we will show that the variational problem (2.8) is achieved, and the minimizer of
problem (2.8) is actually a solution of (2.2). Let

S β,p(CΩ) = inf
w∈E,w�0

{ ∫
CΩ y1−α|∇w|2 dxdy

(
∫
Ω
|x|β|w(x, 0)|p dx)2/p

}
. (3.1)

We known from [2] that S α := S 0,2∗α (CΩ) is achieved if and only if CΩ = RN+1
+ and it is attained by

w if u = w(x, 0) takes the form

uε(x) =
ε

N−α
4

(ε + |x|2)
N−α

2

with ε > 0 arbitrary. Denote by W the extension of the function

U(x) =
1

(1 + |x|2)
N−α

2

, x ∈ RN .

Then
W(x, y) = Eα(U) = Pα

y ∗ U(x) = cyα
∫
RN

U(t)

(|x − t|2 + y2)
N+α

2

dt.

We know from [3] that

|∇W(x, y)| ≤ C
y

W(x, y) (3.2)

for (x, y) ∈ RN+1
+ . The extension of the function

Uε(x) =
ε

N−α
4

(ε + |x − x0|2)
N−α

2

(3.3)

has the form
Wε(x, y) = ε

α−N
4 W(

x − x0√
ε

,
y√
ε

)

for ε > 0.

Lemma 3.1 Suppose that
c <

α

2N
(καS α)

N
α . (3.4)

Then there exists a v ∈ E+ \ {0} such that

max
t>0,z∈E− J(tv + z) = J( f (v)v + g(v)) = c.

Proof. The proof is similar to that of Proposition 3.1 in [18], we omit it.
From Lemma 3.1, we know that there exists a minimizer of problem (2.8) provided that (3.4)

holds. By Proposition 2.1, such a minimizer is actually a solution of problem (1.1). Therefore, to
prove Theorem 1.1, it is sufficient to verify the condition (3.4).

Let
x0 = (y0, 0) = (1 − ρ, 0, · · · , 0) ∈ RN , z0 = (x0, 0) ∈ RN+1,
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where ρ > 0 is small and to be determined. Denote

Aρ = {(x, y) : |(x, y) − z0| < ρ, y ≥ 0}, Bρ = {(x, y) : |(x, y)| < ρ, y ≥ 0},

Bρ(x0) = {x : |x − x0| < ρ}.
Let ϕ ∈ C∞

0 (CΩ) be a cut-off function satisfying

ϕ(x, y) =
{

1, (x, y) ∈ A 1
2 ρ

0, (x, y) � Aρ,

0 ≤ ϕ(x, y) ≤ 1 and |∇ϕ(x, y)| ≤ C
ρ

for (x, y) ∈ CΩ. Let wε = ϕWε. Then, wε ∈ E for ε > 0 small. We
have the following estimates for wε.

Lemma 3.2 Supposing N ≥ 2α and ρ√
ε
> 0 large. Then we have

‖wε‖2
E ≤ (καS α)

N
α + O(ε

N−α
2 ρα−N), (3.5)

∫
Ω

|x|β|wε(x, 0)|2∗α dx ≥ (1 − 2ρ)β
(
(καS α)

N
α + O(ε

N
2 ρ−N)

)
, (3.6)

∫
Ω

|wε(x, 0)|2dx ≥
⎧⎪⎪⎨⎪⎪⎩ Cε

α
2 + O(ε

N−α
2 ρ2α−N), N > 2α,

Cε
α
2

(
ln ρ

2 +
1
2 | ln ε|

)
+ O(ε

α
2 ), N = 2α,

(3.7)

∫
Ω

|wε(x, 0)|dx ≤ Cε
N−α

4 ρα, (3.8)

and ∫
Ω

|wε(x, 0)|2∗α−1dx ≤ Cε
N−α

4 +Cε
N+α

4 ρ−α, (3.9)

where N = 2α implies that α = 1
2 , 1,

3
2 , or correspondingly N = 1, 2, 3.

Proof. There holds

κα

∫
CΩ

y1−α|∇wε|2 dxdy

= κα

∫
CΩ

y1−α(|ϕ∇Wε|2 + 2〈Wε∇ϕ, ϕ∇Wε〉 + |Wε∇ϕ|2) dxdy.
(3.10)

Since 0 ≤ Uε(x) ≤ ε
N−α

4 |x − x0|α−N , and the extension of |x − x0|α−N is (|x − x0|2 + y2)
α−N

2 , we have

W(x, y) ≤ 1(|x|2 + y2) N−α
2

(3.11)

and

Wε(x, y) ≤ ε
α−N

4
1( |x−x0 |2

ε
+

y2

ε

) N−α
2

=
ε

N−α
4(|x − x0|2 + y2) N−α

2

.
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For (x, y) ∈ Aρ \ A 1
2 ρ

, we have∫
CΩ

y1−α|Wε∇ϕ|2 dxdy

≤Cε
N−α

2 ρ−2
∫
Aρ\A 1

2 ρ

y1−α(|x − x0|2 + y2)N−α dxdy

=Cε
N−α

2 ρα−N
∫
B1\B 1

2

y1−α(|x|2 + y2)N−α dxdy

=Cε
N−α

2 ρα−N .

(3.12)

On the other hand, by (3.2),

2
∫
Aρ\A 1

2 ρ

y1−α〈Wε∇ϕ, ϕ∇Wε〉 dxdy

≤Cρ−1
∫
Aρ\A 1

2 ρ

y1−α|Wε||∇Wε| dxdy

=Cε
1
2 ρ−1

∫
B ρ√

ε
\B ρ

2
√
ε

y1−α|W(x, y)||∇W(x, y)| dxdy

≤Cε
1
2 ρ−1

∫
B ρ√

ε
\B ρ

2
√
ε

y−α|W(x, y)|2 dxdy.

(3.13)

For (x, y) ∈ B ρ√
ε
\ B ρ

2
√
ε
, we have

W(x, y) = Cyα
∫
RN

U(z)

(|x − z|2 + y2)
N+α

2

dz

=Cyα
( ∫

{|z|≤B ρ
4
√
ε
}
+

∫
{|z|≥B ρ

4
√
ε
}

) 1

(|x − z|2 + y2)
N+α

2

1

(1 + |z|2)
N−α

2

dz

=I1 + I2.

(3.14)

If |z| ≤ ρ

4
√
ε
, we have (|x − z|2 + y2)

1
2 ≥ ρ

4
√
ε
. Hence,

I1 ≤ Cε
N+α

2 ρ−(N+α)yα
∫
{|z|≤ ρ

4
√
ε
}

1
|z|N−α dz ≤ Cε

N−α
2 ρα−N . (3.15)

Furthermore,

I2 ≤Cε
N−α

2 ρα−N
∫
{|z|≥ ρ

4
√
ε
}

yα

(|x − z|2 + y2)
N+α

2

dz

≤Cε
N−α

2 ρα−N
∫
RN

yα

(|z|2 + y2)
N+α

2

dz

=Cε
N−α

2 ρα−N
∫
RN

1

(|z|2 + 1)
N+α

2

dz

=Cε
N−α

2 ρα−N .

(3.16)



346 X. Chen, Y. Zhu

Hence,

W(x, y) ≤ Cε
N−α

2 ρα−N (3.17)

for (x, y) ∈ B ρ√
ε
\ B ρ

2
√
ε
. By (3.13) and (3.17),

2
∫
CΩ

y1−α〈Wε∇ϕ, ϕ∇Wε〉 dxdy

≤Cε
2(N−α)+1

2 ρ−(2(N−α)+1)
∫
B ρ√

ε
\B 1

2
ρ√
ε

y−α dxdy

=Cε
N−α

2 ρα−N
∫
B1\B 1

2

y−α dxdy = Cε
N−α

2 ρα−N .

(3.18)

We also have ∫
CΩ

y1−α|ϕ∇Wε|2 dxdy

=

∫
CΩ

y1−α|∇Wε|2 dxdy +
∫
CΩ

y1−α(ϕ2 − 1)|∇Wε|2 dxdy

≤
∫
R

N+1
+

y1−α|∇Wε|2 dxdy +
∫
CΩ\A 1

2 ρ

y1−α|∇Wε|2 dxdy

=

∫
R

N+1
+

y1−α|∇W |2 dxdy +
∫
C Ω−x0√

ε

\B ρ
2
√
ε

y1−α|∇W |2 dxdy.

(3.19)

For (x, y) ∈ C Ω−x0√
ε

\B ρ

2
√
ε
, we have y > ρ

2
√
ε
C0 if ρ√

ε
large. Hence, we deduce by (3.2) and (3.11) that,

∫
C Ω−x0√

ε

\B ρ
2
√
ε

y1−α|∇W |2 dxdy ≤ C
∫
C Ω−x0√

ε

\B ρ
2
√
ε

1
y1+α W2 dxdy

≤ C
∫
C Ω−x0√

ε

\B ρ
2
√
ε

1
y1+α

1
(|x|2 + y2)N−α dxdy

≤ Cε
N−α

2 ρα−N
∫

(RN+1
+ \B1)⋂{y>C0}

1
y1+α

1
(|x|2 + y2)N−α dxdy

≤ Cε
N−α

2 ρα−N
∫

(RN+1
+ \B1)⋂{y>C0}

1
y2N−α+1 dxdy

≤ Cε
N−α

2 ρα−N .

(3.20)

Thus, we obtain from (3.19) and (3.20) that

κα

∫
CΩ

y1−α|ϕ∇Wε|2 dxdy ≤ ‖W‖E(RN+1
+ ) + O(ε

N−α
2 ρα−N)

= (καS α)
N
α + O(ε

N−α
2 ρα−N).

(3.21)
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Equation (3.5) follows from (3.10), (3.12), (3.18) and (3.21). On the other hand,

|
∫
Ω

|wε(x, 0)|2∗α dx −
∫
RN
|Uε|2∗α dx|

≤
∫
RN\B 1

2 ρ
(x0)

|Uε(x)|2∗α dx

=

∫
RN\B 1

2 ρ
(x0)

ε
N
2

(ε + |x − x0|2)N dx

≤ Cε
N
2

∫ +∞

1
2 ρ

r−N−1 dr = Cε
N
2 ρ−N = O

(
ε

N
2 ρ−N

)
.

Since

∫
RN
|Uε|2∗αdx =

∫
RN

ε
N
2

(ε + |x − x0|2)N dx =
∫
RN

ε
N
2

εN(1 + | x−x0√
ε
|2)N

dx

= ‖U‖2∗α
L2∗α (RN )

= (καS α)
N
α ,

we obtain ∫
Ω

|wε(x, 0)|2∗α dx = (καS α)
N
α + O

(
ε

N
2 ρ−N

)
.

Observe that Ω is contained in the unit ball centered at the origin, so |x|β ≥ (1 − 2ρ)β and∫
Ω

|x|β|wε(x, 0)|2∗αdx ≥ (1 − 2ρ)β
∫
Ω

|wε(x, 0)|2∗αdx

= (1 − 2ρ)β
(
(καS α)

N
α + O

(
ε

N
2 ρ−N

))
,

namely, (3.6) holds. Now, we estimate

∫
Ω

|wε(x, 0)|2dx =
∫

B 1
2 ρ

(x0)

ε
N−α

2

(ε + |x − x0|2)N−α dx

+

∫
Bρ(x0)\B 1

2 ρ
(x0)

ε
N−α

2 ϕ(x, 0)2

(ε + |x − x0|2)N−α dx

=J1 + J2.

(3.22)

In the case N > 2α,

J1 ≥
∫

B
ε

1
2

(x0)

ε
N−α

2

(2ε)N−α dx +
∫

B 1
2 ρ

(x0)\B
ε

1
2

(x0)

ε
N−α

2

(2|x − x0|2)N−α dx

= Cε
α−N

2

∫ ε
1
2

0
rN−1dr +Cε

N−α
2

∫ ρ

ε
1
2

r2α−N−1dr

= Cε
α
2 +Cε

N−α
2 ρ2α−N = Cε

α
2 + O

(
ε

N−α
2 ρ2α−N

)
(3.23)
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and

J2 ≤ ε
N−α

2

∫
Bρ(x0)\B 1

2 ρ
(x0)

1
|x − x0|2(N−α) dx

= Cε
N−α

2

∫ ρ

1
2 ρ

r2α−N−1dr = Cε
N−α

2 ρ2α−N .

(3.24)

In the case N = 2α, that is, α = 1
2 , 1,

3
2 , or correspondingly N = 1, 2, 3, we have

J1 ≥ ε
α
2

∫
B
ε

1
2

(x0)

1
(2ε)N−α dx + ε

α
2

∫
B 1

2 ρ
(x0)\B

ε
1
2

(x0)

1
(2|x − x0|2)N−α dx

= Cε−
α
2

∫ ε
1
2

0
r2α−1dr +Cε

α
2

∫ 1
2 ρ

ε
1
2

r−1dr

= Cε
α
2 +Cε

α
2

(
ln

ρ

2
+

1
2
| ln ε|

)
(3.25)

and

J2 ≤ ε
α
2

∫
Bρ(x0)\B 1

2 ρ
(x0)

1
|x − x0|2(N−α) dx

= Cε
α
2

∫ ρ

1
2 ρ

r−1 dr = Cε
α
2 .

(3.26)

Thus, (3.7) follows from (3.22)-(3.26). In the same way, we obtain

∫
Ω

|wε(x, 0)|dx =
∫

Bρ(x0)

ϕε
N−α

4

(ε + |x − x0|2)
N−α

2

dx

≤ Cε
N−α

4

∫ ρ

0

1
rN−α rN−1dr = Cε

N−α
4 ρα.

which is (3.8). Finally, there holds∫
Ω

|wε(x, 0)|2∗α−1 dx

≤
( ∫

B
ε

1
2

(x0)
+

∫
Bρ(x0)\B

ε
1
2

(x0)

)
ε

N+α
4

(ε + |x − x0|2)
N+α

2

dx

≤ Cε
N+α

4

∫ ε
1
2

0
ε−

N+α
2 rN−1 dr +Cε

N+α
4

∫ ρ

ε
1
2

1
rN+α rN−1 dr

= Cε
N−α

4 +Cε
N+α

4 ρ−α,

which implies (3.9).

Proposition 3.1 There results
c <

α

2N
(καS α)N/α.
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Proof. We will check that
max

t>0,v∈E− J(twε + v) <
α

2N
(καS α)

N
α . (3.27)

Let ω = Ω \ supϕ(·, 0). By Lemma 3.3 in [22], h �→ ‖h‖L2∗α (ω) defines a norm on H− if h ∈ H−.
Since dim H− = m < +∞, all the norms are equivalent on H−. Using the fact that‖v‖E = ‖v(·, 0)‖

H
α
2

0

for v ∈ E, we have
∫
ω
|v(x, 0)|2∗α |x|β dx ≤ C‖v‖E and ‖v(·, 0)‖L∞ ≤ C‖v‖E .

Moreover, 0 � ω, so |x|β is bounded away from zero for x ∈ ω. For every t > 0 and every v ∈ E−,
by convexity we deduce∫

Ω

|x|β|twε(x, 0) + v(x, 0)|2∗α dx

=

∫
Ω\ω

|x|β|twε(x, 0) + v(x, 0)|2∗α dx +
∫
ω

|x|β|v(x, 0)|2∗α dx

≥ t2∗α
∫
Ω

|x|β|wε(x, 0)|2∗α dx + 2∗αt2∗α−1
∫
Ω

|x|β|wε(x, 0)|2∗α−1v(x, 0) dx

+ 2∗αC‖v‖2∗α
E .

(3.28)

It follows that

J(twε + v) ≤ J(twε) + κα

∫
CΩ

ty1−α∇wε∇v +
κα
2

∫
CΩ

y1−α|∇v|2 dxdy

− λt
∫
Ω

wε(x, 0)v(x, 0) dx − λ

2

∫
Ω

|v(x, 0)|2 dx

− t2∗α−1
∫
Ω

|x|β|wε(x, 0)|2∗α−1v(x, 0) dx −C‖v‖2∗α
E .

(3.29)

By the assumption λm ≤ λ < λm+1,

κα

∫
CΩ

y1−α|∇v|2 dxdy − λ

∫
Ω

|v(x, 0)|2 dx ≤ (λm − λ)‖v‖2
E ≤ 0. (3.30)

In particular, we can write

J(twε + v) ≤ A(t2 + t‖v‖E + t2∗α−1‖v‖E) − B(t2∗α + ‖v‖2∗α
E )

for suitable constants A > 0 and B > 0. Hence there exists R > 0 such that, for ε small, t > R and
v ∈ E− there holds J(twε + v) ≤ 0.

We claim that

J(twε + v) ≤ J(twε) + O
(
ε

N−α
4

)
‖v‖E −C‖v‖2∗α

E ≤ J(twε) + O
(
ε

N(N−α)
2(N+α)

)
. (3.31)

whenever t ≤ R. Indeed, integrating by part and using the definition of E−, we obtain

κα

∫
CΩ

y1−α∇wε∇v dxdy − λ

∫
Ω

wε(x, 0)v(x, 0) dx

= −κα
∫
CΩ

div(y1−α∇v)wε dxdy + κα

∫
∂CΩ

y1−α ∂ v
∂ ν

wε dS − λ

∫
Ω

wε(x, 0)v(x, 0)dx

=

∫
Ω

wε(x, 0)(−Δ)
α
2 v(x, 0) dx − λ

∫
Ω

wε(x, 0)v(x, 0) dx ≤ |λm − λ|
∫
Ω

|wε(x, 0)v(x, 0)| dx

≤ |λm − λ|‖v(·, 0)‖L∞

∫
Ω

|wε(x, 0)| dx ≤ C|λm − λ|‖v‖E

∫
Ω

|wε(x, 0)| dx
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and

|
∫
Ω

|x|β|wε(x, 0)|2∗α−1v dx| ≤ ‖v(·, 0)‖L∞

∫
Ω

|x|β|wε(x, 0)|2∗α−1 dx ≤ C‖v‖E

∫
Ω

|wε(x, 0)|2∗α−1 dx.

By (3.8), (3.9) and choosing ρ = εγ, where 0 < γ < N−2α
2(N−α) , since N(N−α)

N+α > α whenever N >

(1 +
√

2)α and N−2α
2(N−α) <

1
2 , we find∫

Ω

|wε(x, 0)| dx ≤ Cε
N−α

4 ,

∫
Ω

|wε(x, 0)|2∗α−1 dx ≤ Cε
N−α

4 .

By the Young inequality,

O
(
ε

N−α
4

)
‖v‖E ≤ O

(
ε

N(N−α)
2(N+α)

)
+C‖v‖2∗α

E .

Therefore, together with (3.30), we see that (3.31) holds.
By Lemma 3.2, for β > 0 and ε > 0 small enough,

max
t>0,v∈E− J(twε + v)

≤ max
t>0

J(twε) + O
(
ε

N(N−α)
2(N+α)

)

=
α

2N

⎛⎜⎜⎜⎜⎜⎜⎝ ‖wε‖2
E − λ‖wε(x, 0)‖2

L2(Ω)

(
∫
Ω
|x|β|wε(x, 0)|2∗α dx)2/2∗α

⎞⎟⎟⎟⎟⎟⎟⎠
N
α

+ O
(
ε

N(N−α)
2(N+α)

)

≤ α

2N

(
1

(1 − 2εγ)2β/2∗α

(
καS α −Cλε

α
2 + O

(
ε

N−α
2 εγ(α−N)

))) N
α

+ O
(
ε

N(N−α)
2(N+α)

)
<

α

2N
(καS α)

N
α .

Assume now that N = 2α, and λm < λ < λm+1. By (3.8), (3.9) and choose ρ = rγ, where 1 > r >
ε is a constant , 0 < γ < 1

2 , we get∫
Ω

|wε(x, 0)| dx ≤ Cε
α
4 ,

∫
Ω

|wε(x, 0)|2∗α−1 dx ≤ Cε
α
4 .

By the assumption λm < λ < λm+1,

κα

∫
CΩ

y1−α|∇v|2 dxdy − λ

∫
Ω

|v(x, 0)|2 dx ≤ (λm − λ)‖v‖2
E = −C1‖v‖2

E . (3.32)

Inequalities (3.29) and (3.32) imply that, for t ≤ R,

J(twε + v) ≤ J(twε) + O(ε
α
4 )‖v‖E −C1‖v‖2

E < J(twε) + O(ε
α
2 )

for ε > 0 small. We obtain, from Lemma 3.2, for β > 0 and ε > 0 small enough,

max
t>0,v∈E− J(twε + v) ≤ 1

4

⎛⎜⎜⎜⎜⎜⎜⎝ ‖wε‖2
E − λ‖wε(x, 0)‖2

L2(Ω)

(
∫
Ω
|x|β|wε(x, 0)|2∗α dx)2/2∗α

⎞⎟⎟⎟⎟⎟⎟⎠
2

+ O(ε
α
2 )

≤ 1
4

(
1

(1 − 2ρ)2β/2∗α

(
καS α −Cλε

α
2 |ln ε| + O

(
ε

α
2

)))2

+ O(ε
α
2 )

<
1
4

(καS α)2.

�
Proof of Theorem 1.1. By Lemma 3.1 and Proposition 3.1, there exists w ∈ N such that J(w) = c
and DJ(w)|TwN = 0. It follows from Proposition 2.1 that DJ(w) = 0 on E. �
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