Advanced Nonlinear Studies 15 (2015), 39-60

Spinorial Yamabe Type Equations on S

via Conley Index

Takeshi Isobe

Department of Mathematics
Graduate School of Science and Engineering
Tokyo Institute of Technology
2-12-1 Oh-okayama, Meguro-ku, Tokyo 152-8551, JAPAN

e-mail: isobe.t.ab@um.titech.ac.jp

Received 16 September 2013
Communicated by Jean Mawhin

Abstract

In this paper, we consider the existence of solutions to spinorial Yamabe type equations on
S3 with a prescribed function H. We give a new condition about H under which at least one
non-trivial solution exists. It is proved by a method based on Conley index theory applied
to a reduced functional defined on a certain finite dimensional non-compact manifold. Our
proof is also applicable to similar equations on S™ for all m > 2.
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1 Introduction

Let (M, g, p) be an m-dimensional compact spin manifold with a metric g and a spin structure
p 1 Pspin(M) — Pso(M). We denote by S(M) — M the associated spinor bundle. We are concerned
in this paper with spinorial Yamabe type equations of the following form

Dy = H)lW* ¢ on M, (1.1)

where D is the (Atiyah-Singer-) Dirac operator, € C'(M,S(M)) is a spinoron M, H : M — R
is a given function on M and 2* = % is the critical Sobolev exponent of the Sobolev embedding
H'2(M,S(M)) c LP(M, S(M)) for 1 < p < 2*. Note that the embedding is compact for 1 < p < 2*
while it is not for p = 2*. Thus the equation (1.1) is a kind of critical equation. Throughout
this paper, we shall use the same notation used in [22]. Please refer to [22, Section 2] about these

notations, if necessary. For geometrical and physical motivation to consider equation (1.1) and some
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basic definitions and facts about spin structures on manifolds, Dirac operators and H'/?-spinors,
please consult [5], [17], [18], [20], [24], [22, sections 1,2].

A fundamental analytical problem concerning the equation (1.1) is to determine conditions about
H under which (1.1) admits a non-trivial solution. This and related problems were considered before
by some authors ([5], [6], [7], [8], [91.[21], [28]). As was known by the work of Ammann, Humbert
and Ahmedou in [9], if there exists a solution ¢ to the equation (1.1), then the following holds

f VxH|y|* dvol, =0 (1.2)
M

for any conformal vector field X on M. Thus, for some class of functions H on M, there are no
non-trivial solutions to (1.1).
Recall that the equation (1.1) is the Euler-Lagrange equation for the action functional

1 1 .
L) = 3 L (¢, Dyry dvol, — > fM H(x)ly* dvol, (1.3)

defined on H'/?(M, S(M)), see [22] for details. By the regularity result proved in [21, Appendix], any
H'/2-weak solution to (1.1) is in fact a classical solution, so it is sufficient to find a non-trivial critical
point of £y on HY?(M,S(M)) in order to find non-trivial solution to (1.1). As explained in [22,
section 1], finding non-trivial critical points, however, is not so straightforward due to the strong
indefiniteness of the functional £y and the criticality of the exponent 2* in the Lagrangian. Due
to these, the associated variational problem is not compact and any critical point has infinite Morse
index. As a result, the standard variational methods are not directly applicable to the functional
(1.3).

In our previous paper [22], we gave some sufficient conditions about H under which there exists
a non-trivial solution to (1.1) on S™ (m > 2), the round m-sphere with the canonical spin structure.
More precisely, we considered the case H(x) = 5 (1 + €K(x)) for some K € C%(S™) and small
€ > 0. (Of course, the constant 5 here is replaced by any other positive constant by a simple scaling
argument). For particular cases m = 2,3, it leads to geometrically interesting conclusions. First
for the case m = 2, through Weierstrass representation (see [7]), it gives a condition about H under
which there exists a conformal immersion F : > — R? with prescribed mean curvature H. The
problem of the existence of immersions F : §? — R? with prescribed mean curvature function was
also considered, for example, in [11], [14], where other type of existence results were proven by
different methods. An extension of the result just mentioned for m = 2 was proved by Ammann et
al. [10] for the case m = 3. After a conformal change from g to § = ||>g (where ¥ is a solution
to the equation (1.1)), the solution ¢ turns into a generalized Killing spinor on (S >, g, pcan), Where
Pean 18 the canonical spin structure on § 3, see [10, Proposition 4.10]. This combined with [10,
Corollary 3.1] imply that if the conformal class and H are analytic, there exists a Ricci flat metric
on a neighborhood of {0} X § 3 in R x S? whose restriction to {0} x S3 has mean curvature H. Note
that this interpretation does not continue to hold for m > 4. For more details, please refer to [10].

In order to state the result proved in [22], we introduce the following notation: For H € C*(S™),
we denote by Crit(H) = {p € S™ : VH(p) = 0} the set of critical points of H. We define, for
0<j<m F;=#peCrit(H) : m(p,H) = j, A, H(p) > 0}, where m(p, H) is the Morse index of
H at p € Crit(H). Notice that F,, = 0 since A, H(p) < 0 for any p € Crit(H) with m(p, H) = m.
We always assume that H is a Morse function and A, H(p) # 0 for any p € Crit(H). For small
€ > 0, the existence of a non-trivial solution to (1.1) on S™ has been proven for H which satisfies
the following conditions (see [22, Theorem 1.1-1.3] for more details):

1. Whenm > 2, m # 3: H satisfies at least one of the following conditions (i), (ii):
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(1) For some 1 < k < m — 2, there holds

k
DUDE < (-1 -,

Jj=0
or
(i1) There holds

m—1
Z(—l)jF i# 1
j=0
2. When m = 3: H satisfies one of the following conditions (i)—(iii):

() —F1+Fy>2, or(ii)F,—Fy+Fy<0, orii)Fa—F, > 1.

Note that, by the Poincaré-Hopf index theorem, it is easy to see that the index counting condition

1-(ii)
m—1
DUDIF #1 (1.4)
=0

is equivalent to a well-known index counting condition

(=)™ &P 2 (—1ym (1.5)

{(p:VH(p)=0, A,.,, H(p)<0}

ggm

which was first introduced in the scalar curvature problem in [12], [16].

Note the difference of the results for m # 3 and m = 3. Observe that the condition (1.4) follows
from any one of the conditions 2-(i), 2-(ii), 2-(iii). As was remarked in [22], there is a function on § 3
which satisfies (1.4) but none of 2-(i), (ii), (iii). In this sense, in the list above, m = 3 is exceptional:
in this dimension the methods in [22] only provide a weaker result than for m # 3, m > 2. It is thus
natural to ask whether the stronger statement can be expected to m = 3 by other methods, and this
is what we do in the present work.

Our purpose in this paper is to give a new approach to the existence problem and, as a conclusion,
we give a new existence result for the case m = 3. We shall prove that with an additional technical
assumption, the existence of non-trivial solution under the condition (1.4) holds true. The following
is the main result of this paper:

Theorem 1.1 Assume that H € C*(S3) is a Morse function on S> and Ag,H(p) # O forall p €
Crit(H). We assume that Crit(H) satisfies (1.4) (or, equivalently (1.5)) and the following:

(A) For any pair of critical points x1, x, € Crit(H) with H(x;) < H(xy), there holds AgS3H(x1) >
0or Ag53H(x2) < 0.

Then there exists €y > 0 such that for 0 < € < €y, there exists a non-trivial solution to the equation
Dy = 3(1 + eH(x)lylyr on S°.

As a corollary, we have:

Corollary 1.1 Assume H € Cx(S¥isa Morse function on S3 and Ag33 H(p) # 0 forall p € Crit(H).
We assume that Crit(H) satisfies (1.4) (or, equivalently (1.5)) and one of the following (1), (2):

(1) The number of critical values of H is at most three, or
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(2) There are more than three critical values of H and denoting by d\ > dy > --- > d, (p > 4) all
the critical values of H, define Crit;(H) = {x € Crit(H) : H(x) = d;}. There exists 1 < jo < p
such that the following holds:

Ag, H(x;) <0 forany i < jo and any x; € Crit;(H),
AgH(x;) > 0 for any jo < jand any x; € Crit;(H) and
there exists x, € Crit;,(H) such that AgssH(ij) > 0.

Then there exists €y > 0 such that for 0 < € < €y, there exists a non-trivial solution to the equation
Dy = %(1 + eH(x))|W|y on S3.

The proof of Theorem 1.1 consists of two main steps. We first reduce, via the Lyapunov-Schmidt
reduction, the problem to a certain finite dimensional variational problem. This step is common to
many nonlinear problems and for the present problem, it was carried out in detail in our previous
paper [22]. For the reader’s convenience, we will quickly review this step. Notice that, due to non-
compactness of our problem, our reduced problem is defined on a non-compact manifold. The next
step consists of the study of the finite dimensional problem. At first glance, our reduced problem
is quite similar to the corresponding problem for Yamabe type equations considered, for example,
in [3], [4], [25]. But this is not the case. As was pointed out in [22], contrary to the Yamabe type
equations, our finite dimensional problem is degenerate, that is, any critical point of the main term of
the reduced functional is always degenerate. New difficulties arise from here: By the degeneracy and
the non-compactness of our finite dimensional problem, we can not apply implicit function theorem,
or degree theoretic argument in order to come to a conclusion that critical points of the main term of
the reduced functional produce true critical points. To overcome this difficulty, in [22], we developed
a variant of Morse-Bott theory for such functionals defined on manifolds with boundary. Since this
method gives only a weaker result for m = 3, we need other approach here. We develop the Conley
index theory for the reduced functional. We will observe that the index counting condition (1.4)
(or (1.5)) is equivalent to the non-vanishing of the Euler characteristic of a certain index pair of the
gradient flow of the reduced functional. For the existence of such an index pair (more precisely, the
existence of an isolating neighborhood), we need an additional technical condition (A) as stated in
Theorem 1.3. We should point out here that our method is also applicable for all m > 2 and provides
another approach to the existence problem for all m > 2, but in order to simplify a presentation, we
restrict our attention mainly to the case m = 3.

This paper is organized as follows: In the next section, we quickly review the process of the
reduction of our problem to a finite dimensional variational problem. §3 is the main part of the
present paper. In that section, we first collect basic definitions and results from the Conley index
theory. We then study topological and dynamical properties of our reduced functional and develop
the Conley index theory suitable for our problem.

2 Preliminaries

Let H € L*(M) and € > 0. We define

m-—1

4

LenW) = LiwenW) = LW) - €Su(¥), 2.1)

where

1 —1 .
L) =5 fM w, Dglf)dvolg—mT fM W dvol, 2.2)
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and

Su) = fM H@)W* dvol,. (2.3)

We call £ the unperturbed functional. Its critical points are solutions to pure spinorial Yamabe
equations considered in [5], [6], [7], [8]. For small € > 0, it is natural to expect that critical points
of the functional £,y can be obtained as perturbations of critical points of £. In general, this is
the case if there is a suitable non-degenerate compact critical manifold of £, or there is a critical
manifold (not necessary compact) on which the perturbation term Gy is non-degenerate in a certain
sense. If we were in such a case, as was proved in the books by Mawhin-Willem [26, Chapter 10]
and Chang [15, II, 6] for the compact case, or by Ambrosetti et al [1], [2], [4] for the non-compact
case, a variant of a well-known Lyapunov-Schmidt reduction provides a powerful tool. Even though
both of the conditions are not satisfied for our problem (see §3 for details), it still provides a useful
tool and, for the reader’s convenience, we quickly review its general construction here.

Let (H, (-,-)) be a Hilbert space with the corresponding norm |ju|| = (u,u)"/? for u € H. Let us
assume that Ly € C>(H,R) and G € C*(H,R) are given. For € > 0, consider the functional defined
as

Le(u) := Lo(u) + eG(u).

We assume that L has a non-degenerate critical manifold M C H, that is,

(A-1) There exists a d-dimensional CZ-submanifold M c H such that Liy(u) = 0 for all u € M, and

(A-2) M is non-degenerate in the sense that for all u € M, we have T, M = ker L (u).

MOI'COVCI', we assume

(A-3) L{(u) : H— H is aFredholm operator with index L{ () = 0 for all u € M, where index L ()
is the Fredholm index of L{/(u).

If the conditions (A-1)—-(A-3) are satisfied, the problem of finding critical points of L. on H is
reduced to the same problem on M for the reduced functional £, defined in the following way. We
shall find critical points of L, which are small perturbations of critical points of Lj,. Thus we set
ue = z+w, where z € Mand w € W := T.M* (T, M~ is the orthogonal complement of 7,M
in H) and find the condition about w under which u. becomes a critical point of L.. For this, let
P : H — W be the orthogonal projection. Projecting the Euler-Lagrange equation L.(x) = 0 onto
W and W+, we see that u. = z + w is a critical point of I, if and only if the following equations are
satisfied:

PILl(z+w) =0, 2.4
(I-P)I(z+w)=0. (2.5)
The equation (2.4) is solved by means of the implicit function theorem: Under assuming (A-2) and
(A-3), (2.4) has a unique small solution w = w.(z) € W for any z € M. Moreover, the following

uniform estimate holds on any compact subset M, C M: There exists ¢ > 0 such that for any
0 < € < g, we have

M, 3z we(z) € His C' and
[Iwe(@)ll, WLl = O(e) uniformly for z € M,. (2.6)
For the proof of (2.6) and more detailed exposition about this construction, see [4, Chapter 2].

After introducing w,(z), the reduced functional £, : M — R is defined as £.(z) = Le(z + we(z)).
The following theorem gives the correspondence between critical points of L. and L:
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Theorem 2.1 (Theorem 2.12 in [4]) Assume that (A-1), (A-2) and (A-3) are satisfied. For a com-
pact subset M. C M and 0 < € < € as above, assume that L. has a critical point ze € M.. Then
Ue = Ze + We(ze) is a critical point of L, on H.

The above theorem reduces the problem of finding critical points of L, on H to the same problem
of £, on M, for a suitable compact subset M, € M. Under suitable circumstances, the latter problem
is well approximated by the problem of finding critical points of G on M_. In fact, by (2.6), we have

Le(z) = Lo(z) + €G(2) + 0o(e), LL(2) = €G’'(2) + o(e). 2.7)

Note that Ly(z) is constant on any connected component of M. If M is compact or, by the second
equation of (2.7), if z € M is a non-degenerate critical point of G on M or, more generally, the local
degree of G’ at z is non-zero, then there exists a critical point u. of L. on H which converges to z as
€ — 0. See [26], [15], [4] for more details.

For our problem, the above abstract framework is applied to functionals defined by Ly = £ and
G = -Gy on H = H'/*(M,S(M)), here H'>(M, S(M)) is a Hilbert space of H'/?-spinors on M,
see [22, section 2.2] for the definition. As we have already shown in [22, sections 5, 6], for M = ™
(m > 2), £ satisfies (A-1)—(A-3) for a critical manifold M of £ defined as follows: First, we note
that the equation (1.1) is conformally invariant so that (1.1) on S™ is transformed into the equation

Dg.n¢p = K)lgl* ¢ onR” 2.8)

via the conformal equivalence 7, : ™ \ {p} = R"™, where p € §", 7, is the stereographic projection
form p and H(x) = K(m,(x)) for x € §™. In fact, by the regularity result proved in [21, Appendix],
the equation (1.1) is equivalent to (2.8), i.e., there is a one to one correspondence between solutions
of (1.1) and those of (2.8) via rr,. See [22] for more details. Thus, in the following we shall consider
equation (1.1) on S™ and R™ interchangeably. Under this identification, the critical manifold M of
L is defined as

Mi={p1a:1>0,E€R", a€ Sy, |a =1}, 2.9)
where 1
245t
X)i=———————A-(x=-&)-a
Preal) = g (= (=)

ford > 0,& € R", a €S, with |a| = 1 (S,, is the spinor module, see [20], [24]) and - denotes the
Clifford multiplication. Note that M is diffeomorphic to (0, c0) x R” x $22"'~1(S,,) via (1, £, @) >
@a£a Where S 2 (S,y) is the (217 1*1 —1)-dimensional unit sphere in S,,. Thus M is a non-compact
manifold and the dimension of M is m + 2121+1,

By Theorem 2.1, we can reduce the problem to a finite dimensional variational problem on M.
But, unfortunately, M is non-compact and, moreover, the reduced functional is very degenerate:

Any critical point of Gy on M is degenerate. In fact, it degenerates along directions of S 2 (Sp)-
Thus we can not apply implicit function theorem, or degree theory, or a variant of Morse theory as
in [3], [4], [15], [25], [26] in order to prove the existence of a critical point of £, on M. To overcome
this difficulty, in the rest of this paper, we shall develop the Conley index theory for the reduced
functional. In subsequent sections, we restrict our attention mainly to the case dim M = m = 3.

3 The Conley index theory for the reduced problem

In the previous section, we have reduced our problem to the search for critical points of the reduced
functional Lc(y) := L gy + we(y)) defined on M, where we(y) is defined by solving the equation
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(2.4). By (2.6) and (2.7), we have

m-—1
4

L) = L) - €Sk(Y) + o(e) (3.1

and
m

—1
L) = ———€GxW) + o(e) (3.2)

which hold uniformly on any compact subset y € M, € M. Note that L)) = Cy is a constant
independent of ¢ € M and Gx () = f LKW dx.

By (3.1) and (3.2), Gk is considered as the first approximation of L. on M. Thus if Gk on the
critical manifold M has a non-degenerate critical point, then applying implicit function theorem,
we will obtain a critical point of L on M and this will complete the proof of the existence of
solution. But, as mentioned before, any critical point of Gx on M is degenerate. This is easily
seen by observing that Gx(p.¢,) is independent of a € S, with |a| = 1. Thus it always degenerate

along directions of SZI%H‘I(SW,). In order to treat such a degenerate case, we need a more subtle
stability result for critical points of G under perturbations. In this section, we show that the Conley
index theory provides such a result under suitable conditions on K. Thus, we begin this section with
recalling some basic notions and results from the Conley index theory. For a detailed exposition of
this theory, see [19], [13], [23], [30].

3.1 Conley’s index theory

Throughout this subsection, we assume that X is a locally compact metric space. Let¢ : Rx X — X
be a flow. This means that it is continuous and for all x € X and s, 7 € R there holds ¢(0, x) = x and
(s, p(t, x)) = ¢(s + t, x). For simplicity, we write ¢'(x) = ¢(t, x).

For N C X, we define the maximal invariant set contained in N as

IN,{¢'}) :={x e N:¢'(x) €N, forall t € R}.

It is the set of points of N that remains in N for all positive and negative times under the flow. N is
called invariant if I(N, {¢'}) = N. We now introduce the main objects of the Conley index theory.
These are isolated invariant sets and isolating neighborhoods associated with them. A compact set
N C X is called an isolating neighborhood and I(N, {¢'}) C N is called an isolated invariant set if
I(N,{¢'}) C int(N) holds. In other words, I C X is an isolated invariant set if it is invariant and there
exists an open neighborhood N such that N contains no other invariant sets other than 1.

A pair (N, L) of compact sets L ¢ N C X is called an index pair for the invariant set / C X if the
following conditions are satisfied:

(1) N\ Lis an isolating neighborhood of / with LN I = 0.

(ii) L is positively invariant relative to N, i.e., if x € L and ¢°(x) € N for 0 < s < ¢, then ¢*(x) C L
forO<s<t.

(iii) If x € N and there exists ¢ > 0 such that ¢'(x) ¢ N, then there exists 0 < 7y < ¢ with ¢*(x) € N
for 0 < s <1y and ¢"(x) € L.

(iii) says that L is the exit set from N for the flow {¢'}.
The following basic existence result is proved in [19], [30].

Theorem 3.1 For any isolated invariant set I C X, there exists an index pair (N, L).
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We consider pairs (Y, A) of topological spaces, where A C Y is closed. We abbreviate Y = (Y, ¢).
For the spacial case A = {a}, (¥, {a}) is called a pointed space and a is called a base point. For such
a pair of sets (¥, A), the quotient Y/A is a pointed space obtained from Y by collapsing A to a single
point denoted by (A). (A) is the base point of Y/A. The important special case is the case A = () and
in this case we have X/0 = (X U {p}, {p}), where p ¢ X.

Let f : (X,A) — (Y, B) be continuous, i.e., f : X — Y is continuous and f(A) Cc B. Two such
maps fo, f1 : (X,A) — (Y, B) are called homotopic if there exists a continuous F : [0, 1] X (X,A) —
(Y, B) such that F(¢,A) c Bforall ¢ € [0,1] and fy = F(0,-), fi = F(1,-). In this case, we write
Jo ~ fi, A homotopy equivalence between pairs of spaces (¥, A) and (Z, B) is defined by requiring
that there exists f : (Y,A) —» (Z,B)and g : (Z,B) — (Y,A) suchthat fog ~1zand go f ~ 1y,
where 1 and 1y denote the identity of Z and Y. In such a case, we write (¥, A) ~ (Z, B). Note that
f:(Y,A) = (Z,B) induces amap f : Y/A — Z/B and if (Y,A) ~ (Z, B), then we have Y/A ~ Z/B.
The homotopy equivalence class containing (¥, A) is denoted by [(Y;A)] and we simply call it the
homotopy type of (¥, A).

After the basic existence result (Theorem 3.1), the following result is fundamental to the Conley
theory (see [19], [23], [30]).

Theorem 3.2 Let (Ny, Ly) and (N, L) be index pairs for an isolated invariant set I. Then Ny/Ly
and Ny /Ly are homotopically equivalent, that is, [Ny/Lo] = [N1/L1].

By Theorem 3.2, we define:

Definition 3.1 Let I be an isolated invariant set of a flow {¢'} and (N, L) any index pair for .
(i) The homotopy Conley index h(I,{¢'}) is defined as h(I, {¢'}) := [N/L].

(ii) The cohomological Conley index CH*(1,{¢'}) is defined as CH*(I,{¢'}) := H*(N, L).

An index pair (N, L) is called regular if the inclusion map L C N is a cofibration. By [30], it
is known that any index pair can always be modified to create an index pair (N, L) that is regular.
Hence, by Theorem 3.2, H*(N, L) = H*(N/L, (L)) is an invariant associated to an isolated invariant
set I, where (N, L) is any regular index pair for /. We henceforth assume that all index pairs appearing
in the rest of this paper are regular unless otherwise stated.

Let us now consider the invariance property of the Conley index under small perturbations. Let
A be a compact locally contractible connected metric space with metric dy. Suppose we have a
family of flows parametrized by A € A, ¢, : X X A — X, which is continuous with respect to 4 € A.
We have (see [23], [30]):

Lemma 3.1 Let Ay € A. Let N be an isolating neighborhood for {¢£10}' Then there exists € > 0 such
that for all 2 € A with dx(A, Ao) < €, N is also an isolating neighborhood for {¢',}.

The following continuation property of the Conley index is fundamental importance for the proof
of our main result (see [23], [30]):

Theorem 3.3 Under the assumption of Lemma 3.1, we have
h(I(N, {¢5]) = h(I(N, {¢, 1))

forall A € A with dx(4, Ap) < €.
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For a pair (¥, A), the Euler characteristic y(Y, A) is defined as

X(Y,4) = " (= Dfrank HX(Y, A; F),
k=0

where F is a field. (Notice that y(Y, A) is independent of the choice of the filed F). Let {¢" £} be the
flow generated by —F, where F' : Q@ — R”" is locally Lipschitz and @ c R”" is open and bounded.
The Euler characteristic of the homotopy Conley index h(I(N, {¢" 1)) for an isolating neighborhood
N c Qs intimately related to the mapping degree deg(F,int(N),0) of F with respect to 0 € R” by
the following theorem (for the proof, see [27], [29], [31]):

Theorem 3.4 Let F : Q — R”" be locally Lipschitz and N C Q an isolating neighborhood for the
flow (@' .} generated by —F. Assume that F does not vanish on the boundary ON. Then we have

X(h(UI(NA{PLp)))) = deg(F, int(N),0).

3.2 Proof of the main result, I: The index calculation.

‘We now specialize to the case m = 3. (We should remark, however, that all of our arguments apply to
the general case m > 3 without any difficulty. And, with some additional arguments, it also applies
to the case m = 2). We assume that a function H on S satisfies the following conditions:

(H-1) H € C*(S?) and is a Morse function on S3. Moreover, for any p € 3 with VH(p) = 0, there
holds A, ,H(p) # 0.

(H-2) H satisfies the following index counting condition
(=1)"HP) % 1,

{peS3:VH(p)=0, Ag53 H(p)<0}

Let us assume that H takes its minimum on S3 at py € S3. Consider the stereographic projection
from po, 7y, : $7\ {po} — R*. We define a function K on R? by K(x) = H(x;,) (x)). In the following
lemma, we collect basic properties of K which will be used in the sequel.

Lemma 3.2 K has the following properties:

(K-1) K € L*(R?) N C*(R?) and there are constants Cy, C, > 0 such that
IDK@)| < Ci(1+ 1), IDEK@)] < Co(l + )72 (3.3)

2 _ ..
il rrs (1 <i,j<3)

forall x € R3, where D; = 5‘—; and D

(K-2) Critical points of K are non-degenerate, the number of critical points of K on R? is finite and
for any critical point x € R* of K, there holds Ag K(x) # 0. Moreover, there holds

(=19 % —1, (3.4)
{(xeR3:VK(x)=0, Ag]R<3 K(x)<0}

(K-3) There exists Ry > 0 such that (DK (x), x) < 0 for any x € R with |x| > R.
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(K-4) There exists R, > 0 such that for any R > R», there holds

(DK(x),x)dx < 0. 3.5)
Bg

Proof. Similar statements of (K-1) and (K-2) were already proved in [22, Lemma 4.1]. Though the
choice of py € S3 here is different from that of [22, Lemma 4.1], the same argument applies and we
omit the proof.

(K-3): Since H is a Morse function on S 3 and takes the minimum at py € S3, there exists R; > 0
such that for any |x| > Ry, r — K(tx) = H(7r1‘,0l (tx)) is strictly decreasing for > 1/2. Differentiating
this at t = 1, the assertion follows immediately.

(K-4): By (K-3), as a function of r = |x|, the function K(x) = K(r,w) (x = rw, w € 52 is
monotonically decreasing for r > R;. Let R > R;. We have

R oK 3
(DK (x),x)dx = f f —(r,w)r’dr dvolggz(a)). 3.6)
Bg 0 S2 Br -

Integrating by parts with respect to r, we have

* oK 3 3 K 2
—((r,w)r’dr =R°K(R,w) — 3 r"K(r,w)dr
o Or 0

R R
=RKR,w) -3 f PK(r,w)dr -3 f P K(r,w)dr
0 R
R: ] R
<RKR,w) -3 f FPK(r,w)dr-3KR,w) | r*dr
0

Ry

R
=RKR,w) -3 f rK(r,w)dr — RK(R,w) + RIK(R w)
0
R
= R?K(R, w)—3 f rZK(r, w)dr
0

R,
<RK(R,w) -3 fo K (r, wp) dr, (3.7

. . R . .
where wy € S? is such that the function S 3 w fo ' r2K(r, w) dr takes its minimum at w = wy.
The last term of (3.7) converges as R — oo, uniformly for w € S 2 to

R
RIK(co,w) -3 f r*K(r,wp)dr < 0,
0

since K(r, wg) > K(oo, w) = mings H and K(r, wy) # mings H on the set{r : 0 < r < Ry}.
Thus, there exists R, > R; such that

R oK
f E(r, w)yrdr <0 (3.8)
0

for any w € S* and R > R,. (3.5) follows from (3.6) and (3.8). |
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We now begin the study of L, on M. By (3.1) and (3.2) the first approximation of L, (up to
a constant factor) is Gx. Thus, we first study Gx on M. For this purpose, define for (4,&,a) €
(0, 00) X R3 x S3(S3)

<mwam=%wm91fkmmﬁﬁw,

where we recall that ¢, ¢ ,(x) := ﬁ( —(x = &)) - a € M. In the sequel, we identify (4, ¢, a)
: (A +[x=¢*)2
with ¢, ¢, and write (4, &, a) € M instead of writing ¢ ¢, € M.
We observe that |¢,¢ 4| is independent of a € S 3(S3). Thus, ®k(A,&,a) is independent of a €

S3(S3) and we write ['k(4, &) = Ok (4, ¢, a). Note that, by change of variable,

K&+ )
k(2,6 =8 ————= 39
KLO=8 | Tr ey G2
The following is easily checked by Lemma 3.2 (K-1): For any & € R, we have
limT'x(4, &) = CoK(¢), where Cp:=8 dy (3.10)
ag KOsl T RORSS 070 Je A+ P '
1
D T'x(A,¢6) =8 DK (A V)= d
Tr.6) =8 [ DKy +6.) 05
and |
lmmnua—‘fwmaw(|w3yo G.11)

In the following (for the proof of Lemma 3.3, Lemma 3.4 and Corollary 3.1), we shall use some
of the ideas of Ambrosetti et al [3]. In fact, the function (3.9) is very similar to the one which
appeared in the Yamabe problem in the perturbative setting. But please keep in mind that we are
in fact interested in the function ®x defined on M. Thus, unlike the previous paper [22, section 7],
following [3] we prefer to work on (—co, 00) X R3 by extending the function I'x as

[x(0,8) = CoK(&), Tx(1,6) =Tx(-1,&) fora <O0.

By (3.10) and (3.11), T'x is C! on (=00, 00) x R? and

D Tx(0,6) =0 for & e R3. (3.12)
Furthermore, we have
DeTx(0,6) = CoDK(é) for & e R, (3.13)
By (3.12) and (3.13), we have
£ e Crit(K) if and only if (0,&) € Crit(T'x). (3.14)

We calculate the local index of [k at critical points of the form (0, £). To do this, we first observe
that the function I’y is C? on (—c0, c0) X R3. In fact, by (3.3), we have

D2 Tx(1.&) =8 Z f LKy + &)y

i,j=1

1
Vi dy, (3.15)
T+ )3

3
= 1
2 _ 2 )
D3 Tk(4,6) =8 ; L} D ;K(y + f)yj—(1 PN dy (3.16)
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and

Dy Tk(1,6) =8 fR DKy + DTvorr (3.17)

The following lemma gives a formula of the local index of [k at critical point (0, &) which we
denote by ind(DI'g, (0, £)).

Lemma 3.3 Assume K satisfies (K-1) and the first half of (K-2) in Lemma 3.2. Then there are at
most a finite number of critical points of T of the form (0,€) € (=co, 00) x R3. Moreover; they are
isolated as critical points of T'x in (—co, 00) X R? and the local index of Tk at critical point (0,&) is
given by the formula

(="K if Ay (K(€) > 0

ll’ld(Df[{, (0, é:)) = { (_1)m(K,§)+l lng zK(f) <0. (318)

Proof. By (3.15)—(3.17), the Hessian of T’k at (0, &) is given by

2o o0 o (Crhe K& O
DFK(O,@—( 5 CODZK(f))’

where C| = dy > 0. The assertion of the lemma easily follows from this. O

3 fR‘ (1+I)I2)3

In the next lemma, we calculate the total degree of Dl'x on a large ball in (—o0, c0) X R3. The
calculation is essentially the same as [3]. For completeness, we give a proof.

Lemma 3.4 There exists R > 0 such that Crit(T'x) := {(1,&) € (—00,00) X R : DI'x(1,&) = 0} C
B} = {(1,6) € (-00,00) x R : 22 + |¢* < R*} and

deg(DTk, By, 0) = 1.
Proof. We prove that there exists R > 0 such that
(DIg(4,6),(2,6)) <0 (3.19)
for (4,¢) € (—o0, 00) X R3 with A% + |§—‘|2 > R2. For this purpose, we compute
(DIk(1,€),(4,€)) = AD;Tk(4, ) + (Dl k (4, €), é")
=8 | DKy +&. 4+ s

¢ +| |2)3
6

—(/12 T = ZP7 dy. (3.20)

=817’ fR (DK, )

To estimate (3.20), we write

6 6

A A
DK(y),y)————dy = DK(y),y)————d
fRJ DNy —ar ¥ f|y|<p( Oy =y @

6
DK(®3),y)————————d
+ |y|2p( 0,y FERARRE 'y

chp: 4,8 + L(p; A4,8). (3.21)



Spinorial Yamabe type equations 51

By (K-3) in Lemma 3.2, for p > R;, we have

L(p;A,&) < 0. (3.22)
On the other hand, we have

A0 A0
Ii(p; 4,6) = (DK V)4 =555 dy — (DK, Y)- =555 4
o= ) PR G e 0 ) PRy e @

/16
<max ——m—— (DK(y),y)+ dy
biso (A2 + |y = EP)> Jyep !
/16

NS @y e 2
Dep (2 +y—&PR)3 fb ISp(DK(y),y) dy (3.23)

where (DK(y),y)+ and (DK(y), y)- are the positive and the negative parts of (DK(y), y), respectively.
Define

6 1 .
My(1,6) == max —— = | @pmsy TEI>p
biso (B +ly =P | 1 if |l < p
and

A A°
A, &) := min = .
M = Y= (B (o D
We take p = max{R;, R,}, where R, > 0 is as in Lemma 3.2 (K-4). If € > 0 is small, we have, by
(K_4)’

€ (DK(y),y)+ dy + (DK(y),y)dy < 0. (3.24)
Iy<p [vlsp
Since lim g 200 %ﬁg = 1, there exists R3 > p such that
M, (A,
13M<1+e (3.25)
my(4,&)

for A2 + &% > R;.
For A% + |§~‘|2 > R%, we have, by (3.23), (3.24) and (3.25)

I1(p; 4,6) < Mp(4,8) (DK(y),y)+ dy = mp(4,£) fl (DK(y), y)-dy
yi<p

<p

<(ava [ wKo..dv- f| JCLUS o1, 8)
yi<p

l<p

<(e[ @KoLy.dv+ [ DRG0 <0 (3.26)
M<p Iyl<p

From (3.20), (3.21), (3.22) and (3.26), we have (3.19) for R = R3. By (3.19), we have, in particular,

Crit(Tx) B;g.

To prove the degree formula, we observe that iy &

DEA - é)Bj‘e — §3 is homotopic to
—%idagz : 0By — S3. To see this, by (3.19), we have —#(1,€) + (1 — )DI'x(,¢) # 0 for any
1,¢) € (;)Bj‘e and 0 < ¢ < 1. Thus the homotopy H;(4,&) = —HALOHADDK(LE) 5o ye]l-defined on

I-6(4,&)+(1-) DL g (6|
[0, 1] % (9Bj‘e and the assertion follows. Therefore, we have

5 1
deg(DT'k, By, 0) = deg(—ﬁide , Bk, 0) = 1.
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This completes the proof. O

We decompose Crit(I'x) as
Crit(f',() = Crit+(fk) U Crito(fK) U Crit_(fK), (3.27)

where
Crit, (Tx) = {(4,&) € Crit(Tg) : £4 > 0},  Crity(Tx) = {(0,&) € Crit(T'x)}.

By the symmetry of ['x, we obviously have
Crit_(Tx) = {(4,8) : (=4,€) € Crit,(T)). (3.28)

Moreover, by (3.14),
Crito(T'x) = {(0,&) : & € Crit(K)}. (3.29)

By Lemma 3.3 and Lemma 3.4, there exists a bounded open set O, C (0, c0) X R3 such that
Crit, (Tx) € O,. (3.30)
As a corollary of Lemma 3.3 and Lemma 3.4, we have

Corollary 3.1 Assume H € C*(S?) is a Morse function, Ag, H(p) # 0 for p € Crit(H) and satisfies
the index counting condition (1.4) (or, equivalently (1.5)). Then we have deg(Df"K, 0,,0) # 0.

Proof. Assume, to the contrary, that deg(DfK, 04,0) = 0. We define
0-={1,8 : (-1,§€ € 0.}

Notice that O_ c (-0, 0) x R3, Crit_(T'x) € O_ and deg(DfK, 0_,0) = 0 under the assumption. By
the additive property of the degree, we have, by Lemma 3.3 and Lemma 3.4,

1 = deg(DTk, By, 0)
= deg(Dl'k, 0,,0) + deg(DI 'k, 0_, 0) + deg(DI k, B \ (O, U 0_),0)
=0+0+ Z ind(DT k, x)

xeCrito(T'x)
- Z ind(DK, x) — Z ind(DK, x), (3.31)
xeCrit(K), ASW K(x)>0 xeCrit(K), Ag‘13 K(x)<0

where, taking R > 0 large if necessary, we may assume B;‘Q 50,U0._.
On the other hand, by (K-3) in Lemma 3.2 and arguing as in the proof of Lemma 3.4, we have

deg(DK, B3,0) = —1. (3.32)

Since
deg(DK, B3,0) = Z ind(DK, x) + Z ind(DK, x),
xeCrit(K), Ag_, K()>0 XeCrit(K), Ay K(1)<0

this combined with (3.31) and (3.32) imply that

ind(DK, x) = —1. (3.33)
xeCrit(K), Ag_y K(1)<0
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As noted in Lemma 3.2, there is a one to one correspondence between (non-degenerate) critical
points of H on §° with A, , H(x) < 0 and the ones of K on R* with A, ,K(x) < 0. Therefore, (3.33)

implies
> (~1ynHo = > ind(DH, x) = —1.
XeCrit(H), Ay H(x)<0 xeCrit(H), Ay H(x)<0
This contradicts our assumption (1.5). This completes the proof. O

3.3 Proof of the main result, II: Isolating neighborhood N, .

In this subsection, we search a suitable isolating neighborhood for the negative gradient flow {¢" pry)
of Tk on (0, 00) x R3. This will provide us an isolating neighborhood for @ on (0, o) X R3 % S3(S3)
which we are primary interested in.

For n € N, we define

1
Niw = {(,8) € (0,00) xR? : 22 + | <n?, 12 -],
n

For large n € N (say n = N, N € N), we have O, ¢ N, ,. As we have observed (see the proof of
Lemma 3.4), there are no critical points of I'y on N, ,, \ O, and we have

deg(DTg, N ., 0) = deg(DI'k, O.,0) # 0 (3.34)

by Corollary 3.1.
We shall prove the following:

Lemma 3.5 Let K be as in Lemma 3.2. Assume further that K satisfies the following condition:
(A) For any pair of critical points &1, &, € Crit(K) with K(&1) < K(&,), there holds Ag]l;g3 K(&) >0
or Ag;@ K(&) < 0.

Then there exists N € N such that for all n > N, N, is an isolating neighborhood for the negative
gradient flow of T on (0, 00) X R®. That is, we have

S+,n = I(N+,m {(bz_DrK}) - int(N+,n)~

Proof. By (3.19), we have
S .. C B(0,0), (3.35)

where R > 0 is as in Lemma 3.4.
Assume that on the contrary, for any large n, N, , is not an isolating neighborhood for S, ,,.
Then, for any large n, there exists x,, := (1,,&,) € S+, such that x,, € IN, ,. Assume, without loss
of generality that n > R. Then, by (3.35), the possibility |x,[> = 22 +|&,]*> = n* does not arise and we
have 4, = % For simplicity, we write x,(f) = ¢" DIy (x,). By definition, x,(¢) is the solution to the
Cauchy problem
dx,
dt

By (3.35), we have |x, ()] < R for any ¢ € R and by the regularity estimate of the solution to (3.36),
passing to a subsequence if necessary, we may assume that there exists xe(f) = (Adeo(?),é(t)) €
C*(R, R*) such that x, — Xe in C2_(R), i.e., SUP,ciy i 10 (O=xP ()] = 0if —c0 < a < b < +co.

loc

() = =Dl (xx(1)),  xx(0) = xy. (3.36)
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2

In the following, convergence in C}

Cauchy problem

(R) means with this topology. Then x., is the solution to the

ddL;o(t) = —DIg(x0(1),  Xeo(0) = (0,€x) € {0} X R? (3.37)

for some &, € R3.
Recall that DI’ (0, &) = 0 for any £ € R? (see (3.12)). Thus, by the uniqueness of the solution to
the Cauchy problem (3.37), we have A, (f) = 0 for any ¢ € R, i.e., xo(f) = (0, £(?)) and & satisfies

dé..
L 1) = ~CODKEw), £0) = & (338)

This implies that & is a (time scaled) negative gradient flow of K.

Observe that by Lemma 3.3 and (3.19), Crit(T'x) N (0, c0) X R? is a compact subset of (0, co) X R3
and there exists a compact neighborhood N c (0, c0) X R? such that Crit(T'x) N (0, 00) X R> ¢ N. We
take 77 > 0 such that N C (57, 00) X R?. Observe also that, by (3.34), 0 # Crit(Tx)N (0, 00)xR3*(C S ,)
and rest points of the flow {x, ()} are critical points of 'y contained in N. Thus, for n > 1/n there
exist #, > 0 and s,, < 0 such that the A-components of x,(t,) and x,(s,) are 7 and x,(t,) = (7, &.(t,)),
Xu(8,) = (9, &4(t,)). Moreover, we may assume that 7, is the smallest one among ¢ > 0’s with the
property that the A-component of x,(#) is . Similarly, we may assume that s, is the largest one
among s < 0’s with the property that the A-component of x,,(s) is 7.

We claim:

Claim 3.1 We have t, — oo, 5, — —c0.

Proof. Assume that, on the contrary, for some subsequence (which we still denoted by {z,} for sim-
plicity of the notation), {z,} is bounded above. Then taking a subsequence if necessary, we may
assume that {t,} converges to some 7, > 0. Consider the translation x} () = x,(z, + t). This is also
a flow of —DI'k and contained in S, C Bj‘e(O, 0). Thus, as above, taking a further subsequence if
necessary, we may assume that there exists a flow x, of —DI'k such that x} — xZ, in C%C(R). We
then have x} = x,(ty + ) = Xeo(foo + ) in CZ (R) and

xH(0) = x,(t,) = Xeoltoo) € {0} X R,

This is a contradiction since the A-components of x,(t,) are > 0 for all n. s, — —oco is proved
similarly. O

We consider the translated flows {x} = x,(s, + )} as defined in the proof of the above Claim
3.1. Then, as above, there exists a —DI'g-flow x such that (passing a subsequence if necessary)
xf — xtin CfOC(R). By our choice of #,, the A-component of x;'(¢), denoted A, (¢), satisfies A, (f) < n
for —t, < t < 0. By Claim 3.1, it follows that x7, is a flow of —DI'x which satisfies

ALO0)y=n AL <n fort<0, (3.39)

where A%, is the A-component of x7..

Recall that, by Lemma 3.3, critical points of Ik contained in the set {(A, &) e Rx R3:0 <
A< N B;(O, 0) are of the form (0, £), where £ is a critical point of K. Moreover, they are non-
degenerate. Thus, as t — —oo, the flow x, converges (exponentially fast) to some critical point of
Ik of the form (0, &%), where &+ € Crit(K).

Similarly, for the translated flows x,, = x,(s, + -), taking a subsequence if necessary, there exists
a flow x_, of —DI'k such that x;, — x in Clz0 -(R) and

AL0)=n, () <n fort>0. (3.40)
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Similar to the case x¥,, as t — +o0, x_ (f) converges to a critical point of [k of the form 0,¢7),
where &~ € Crit(K).

Summing up the above argument, we have obtained three flow lines of —DI'k, xu, X%, and x,.
Recall that x, is of the form x.,(f) = (0,£5(7)) and & is a flow of —CyDK, i.e., it satisfies (3.38).
We also recall that, by (3.35), x(R) is contained in B4R(0, 0) and therefore £, (R) C Bfe(O). Since all
the critical points of K are non-degenerate, &, (f) converges to some critical points of K as t — +oo,
i.e., there exist £§ € Crit(K) such that £ (f) — &5 as t — +oo.

Let T > 0 be an arbitrary given constant. By Claim 3.1, there exists ny = no(7) € N such that
sp+T <-T <T <t,—T forn > ny. Since [' is non-increasing along the negative gradient flows,
we have

Pr(n(sn + 1)) 2 Ti(xa(=T)) 2 T (xa(T)) = T (2, — 1)) (3.41)

for n > ny.
Taking the limit n — oo in (3.41), we obtain

T(xo(T)) 2 Tx(xeo(=T)) 2 Tk (xeo(T)) = T (x(=T). (3.42)
Since T > 0 is arbitrary, taking the limit 7 — oo in (3.42), we obtain
Tx(0,&7) = Tx(0,&5) = T(0,£5) = Tx(0,&Y).

Recall that I'x(0, &) = CoK(€) (for € € R?) and we therefore have the following relations:

K(E) 2 K(&) = K(&) = K(¢). (3.43)
(3.43) implies that K(£7) > K(¢*). On the other hand, we have the following:
Claim 3.2 We have A, (K(£7) > 0 and Ay K(£7) < 0.

Proof. By Lemma 3.3 (see (3.15)), we have
D, Ik(A,é) = CiAg ,K(§)A + o()

and

B iy = DI x(AZ -
7(0—— WL k(A5 (), EL(1)

= —C1A K€L (0)AL(1) + 0(A, (D). (3.44)

Suppose Ag K(§7) < 0. Since £,(1) — £ and A, (1) — 0 as 1 — oo, by (3.44), there exists T > 0
such that
s 0 > -SLA, K0 (3.45)
dt 2 6 &) ’

for t > T. Integrating (3.45), we obtain

c —
20 > AL (T)e 2 B KEUT)

forz > T. But it contradicts the fact that A;,(f) — 0 as # — oo. Since we have A, ,K(§7) # 0 by our
assumption, we therefore have A, , K(§7) > 0. Similar argument also shows that A, , K (") < 0and
completes the proof of the claim. O

The following claim completes the poof of Lemma 3.5.



56 T. Isobe

Claim 3.3 We have K(£7) > K(£*).

Proof. If xs # const., [g(xe(1)) is strictly decreasing and we have
CoK (&) = Tk(0,£) = T (xeo(—00)) > T (xeo(+00)) = T (0,£5) = CoK(£5).

By (3.43), this implies K(£7) > K(£%). So suppose x., = const. In this case, we have & = &;.
We denote & := &;. We observe that the case &~ = & = £ does not occur: Otherwise, Claim 3.2
implies that A, , K(&)) = Ay, K(E7) < 0 < Ay ;K(€7) = A, K (&), a contradiction. So we have
& # £ or & # . We consider the first case (the other case is treated similarly).

We take 6 > 0 such that 6 < n and Bg(O,f;) N Bg‘(O, &;) = 0 for any &, &; € Crit(K) with & # &;.
From the fact that x = x,(s, + -) = x% in CIZOC(R) and xt (—o0) = &%, there exist Ny e Nand T > 0
such that

Xa(ty — T) € B(0,&%) foralln > Nj. (3.46)

On the other hand, since x, = X = & in C2 (R), for any M > 0, there exists N, € N such that

loc
X.(1) € B§(0,&) foralln> N, and |f| < M. (3.47)

Let #;, := min{t > 0 : x,(?) € 6B§(O, &o)}. By (3.47), we have 1, — co as n — oo. In addition, we
claim#, —#, — oo as n — co. To prove this, since x,(t,) ¢ B§(O, &o), we have 1, > t,. Thus if {t, — 1}
does not diverge, taking a subsequence if necessary, we may assume that there exists @ > 0 such that
t, —t, = a as n — oo. Then we have

Xn(ty) = X, (1, = 1) = x,(=a)

as n — oo. By our choice of #;,, we have x,,(t,) € B(0, &) and therefore x7,(-a) € B}(0, &)). Now,
we observe that x%,([—c0,0]) C [0, 00) x R? is compact and (0, &) ¢ x%,([—o0,0]), since otherwise

we have & = &' and this is a contradiction. Thus, if we take § > 0 small, we have B§(O, &) N
x5 ([-00,0]) = 0. This contradicts x} (—a) € 6B§(O, &) and we have 7, — 1, — co (n — o0) as
claimed. Combining this with #;, — co as n — oo, for any ¢, T € R, there holds

t,—=T>1,+1>0 (3.48)

for large n.
On the other hand, as before, passing to a subsequence if necessary, we may assume that

%o = (L) + ) = %o in CL(R) (3.49)

for some %o € C2(R). %o is a flow of —DI 'k with %« (0) € (933‘(0, &p). By our choice of 6 > 0, we
have %.,(0) ¢ Crit(T'x) and X, # const.. On the other hand, by (3.48), we have

Cx(0a(0) = Tk (a(ty, + 1) 2 T(x,(t, = T)) (3.50)

forany ¢, T € R provided if n > N(t, T) for some large N(t,T) € N. Passing to the limit n — oo in
(3.50), we thus obtain
[k(0,&)) > Tk(Xeo(1)) = Tr(xL(=T)). (3.51)

Since T € R is arbitrary, taking the limit 77 — oo in (3.51), we have

[k(0,&0) = Tx(x5(0) = Tx(0,7) (3.52)
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for any ¢ € R. Since ¥ # const., (3.52) implies that
Tx(0.£0) 2 T (Feo(=00)) > T (Foo(+00)) 2 T(0. £7).

Thus we have K(&) > K(£7). Combining this with (3.43), we obtain K(£7) > K(¢*) and this com-
pletes the proof of Claim 3.3. O

Now we complete the proof of Lemma 3.5. Under the assumption at the beginning of the proof
of Lemma 3.5, by Claim 3.2 and Claim 3.3, we have &*,&~ € Crit(K) with K(¢7) > K(¢) and
Ag s K(£") <0 < Ay ;K(£7). This contradicts our assumption about K. Therefore, our first assump-
tion is false. This completes the proof of Lemma 3.5. O

Now we consider the case where K satisfies the assumption (A) of Lemma 3.5. Numbering the
critical values of K in decreasing order as ¢; > ¢2 > --- > ¢, (c; = max K, ¢, > inf K. Notice that
by our choice of pg in §3.2, it is not necessary that ¢, = inf K). We set Crit;(K) = {x € Crit(K) :
K(x) = ¢;} for 1 < j < p. The assumption (A) of Lemma 3.5 becomes

For any ¢; € Crit;(K), &; € Crit;(K) with i > j,
we have A, K(&) > 0 or A, ,K(£5) <O0. (3.53)

When j = 1, we always have A, , K(&) < 0, because ¢y is the maximum of K and A, , K(&;) # 0.
Thus (3.53) is automatically satisfied for any i > j. For the general case, let j, be the smallest j such
that there exists &; € Crit;(K) with A, , K(&;) > 0. We take jo = p + 1 if such jy does not exist. Note
that jo > 2. Then by (3.53), we have A, , K(&;) > 0 for any i > j and any &; € Crit;(K). That is,
there holds the following:

AgR3 K(&;) <0 (for any ¢; € Crit;(K) with j < jo),

Ag., K(&) > 0 (for any &; € Crit(K) with i > jo). (3.54)
Conversely, assume (3.54) is satisfied for some jo > 2. For any &; € Crit;(K), &; € Crit;(K) with
i > j, we have K(&) < K(¢)). If j < jo, we have AgRS K(¢;) < 0 and (3.53) is satisfied. Otherwise,
we have j > jp and i > jo. This implies Aggs K(&) > 0 and (3.53) is satisfied. Thus, the condition
(3.53) is equivalent to the condition (3.54) for some 2 < jy < p+ 1. Note thatif jo = por jo = p+1,
(3.54) is automatically satisfied because there isno 1 < i < p with i > j,. When p = 2, we have
Jjo =2or jo =3 and (3.54) is satisfied. Also, for p = 1 the conclusion of Lemma 3.5 holds, because
otherwise, as we have observed in the proof of Lemma 3.5, we obtain two distinct critical values
of K in R3. Thus, the conclusion of Lemma 3.5 holds if the number of critical values of K is at

most two. Equivalently, in terms of H, if the critical values of H is at most three. Summing up the
argument, we have proved the following:

Corollary 3.2 Assume that one of the following (i), (ii) is satisfied:
(i) The number p of distinct critical values of K is p = 1, or p = 2,
(ii) p > 3 and there exists 1 < jo < p + 1 such that the following condition is satisfied for K :
Ag K(&) <0 forany i < jo and any &; € Crit;(K),

Ag K(&)) > 0 forany jo < jand any &; € Crit(K) and
there exists &, € Crit},(K) such that Ay , K(€j;) > 0.
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Then there exists N € N such that for all n > N, N, , is an isolating neighborhood for the negative
gradient flow of Tk on (0, 00) x R3. That is, we have

Sini=1INL,, {¢t_DrK D Cint(Ny ).

3.4 Proof of the main result, III: Completion of the proof.

Recall that we are searching critical points of L, on M defined at the beginning of §3. For (1,¢,a) €
M, define

Ve(d¢,a) = ———— € (Leaza) = Co).
By (3.1) and (3.2), we have
D (A, ¢,a) = Ok(A,€,a) + 1(A, €, a), (3.55)
where
re(4,&,a) = 0(1), Dre(d,&,a) =o(1) (3.56)

as € — 0 uniformly for (1, ¢, a) € M, ¢ M for any compact subset M, c M.

Because (4, &, a) € M is a critical point of L. if and only if it is a critical point of ®,, we thus, in
the following, search critical points of @, instead of those of L..

The main result follows from the following:

Proposition 3.1 Assume that for large n, say n > N, N := N, , is an isolating neighborhood for the
isolating invariant set S := S, = I(Ny ,, {¢" DFK}) C int(Ny ). Then there exists € > 0 such that
for 0 < € < &, @, has a critical point in N x S3(S3).

Proof. Under the assumption, N X S 3(S3) is an isolating neighborhood for the invariant set § X
S3(S3) = IN x §3(S3), {¢" D@K})' Let h(S) be the homotopy Conley index of S with respect to the
flow {¢" DI.K}. That is, for an (and any) index pair (N, L) of S with respect to the flow {¢" DFK} (the
existence is guaranteed by Theorem 3.1), 2(S) = [(N/L,[L])]. See §3.1 for details. By Theorem
3.4, we have

X(h(S)) = deg(D, Ik, N, 0). (3.57)

By (3.57) and Corollary 3.1 (see (3.34)), we have y(h(S)) # 0. This implies, in particular, that A(S)
is not trivial, i.e., h(S) # (x, *).

Note that, for an index pair (N, L) of S, (N, L) x S3(S3) is an index pair for the invariant set
S x §3(S3) with respect to the flow {¢’_D®K}. We claim that (N, L) x S3(S3) is also non-trivial. In fact,
since y(h(S)) # 0, there exists k such that H*(N, L;F) # 0 (F is an arbitrary field). By the Kiinneth
formula, H*3((N, L) x S3(S3);F) contains as a direct summand a non-trivial factor H*(N, L; F) ®g
H3(S3(S3);F) = HX(N, L;F) # 0. Since (N, L) is a regular pair (see §3.1), (N, L) x S3(S3) is also
regular and

H*(h(S X S°(S3)); F) = H*(N x S?(S3)/L x §3(S3), [L X $(S3)1; F)
= H"((N,L)x $3(S3); F) #0 (3.58)

for * = k + 3. (3.58) implies that h(S X S3(S3)) = A(IN x S3(S3), {¢’_D®K})) # (x,%). By the
continuation property of the Conley index (see Theorem 3.3), (3.55) and (3.56), there exists ¢y > 0
such that for 0 < € < €, N x §3(S3) is also an isolating neighborhood for {¢t—D<DE} (see Lemma 3.1)

and we have hH(I(N x S3(S»), {# o, D) # (,%). This implies that I(N x S3(S3),{¢" . D) # 0 and

-DO®,
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there exists a rest point of the flow {¢' ; }in N'x § 3(S3), i.e., there exists a critical point of @, in
N x §3(S3). This completes the proof. O

By Proposition 3.1, Lemma 3.5 and the correspondence between critical points of H on S* and
those of K on R? (see Lemma 3.2), we finally have the following existence result (see Theorem 1.3

in §1):

Theorem 3.5 Assume that H € C*(S3) is a Morse function on S> with Ag H(p) # O for any
p € Crit(H). We assume that Crit(H) satisfies (1.4) (or, equivalently (1.5)) and the following:

(A) For any pair of critical points xy, x, € Crit(H) with H(x1) < H(xy), there holds A, ,H(x1) >
0or Ay, H(xz) <0.

Then there exists €y > 0 such that for 0 < € < €y, there exists a non-trivial solution to the equation
Dy = 3(1 + eH(x)[yly on S>.
Also, from Corollary 3.2, we have (see Corollary 1.1 in §1)

Corollary 3.3 Assume that H € C*(S3) is a Morse function on S* with Ay H(p) # 0 for any
p € Crit(H). We assume that Crit(H) satisfies (1.4) (or, equivalently (1.5)) and one of the following:

(1) The number p of critical values of H is at most three, or

(2) p = 4 and denoting by dy > d» > --- > d, all the critical values of H, define Crit;(H) = {x €
Crit(H) : H(x) = d}}. There exists 1 < jo < p such that the following is satisfied:

AgS3H(x,~) < 0 foranyi< jyand any x; € Crit;(H),
Ag H(x;) > 0 for any jo < jand any x; € Crit;(H) and
there exists x;, € Critj,(H) such that Ay, H(xj,) > 0.

Then there exists €y > 0 such that for 0 < € < €y, there exists a non-trivial solution to the equation
Dy = 3(1 + eH(x)[yly on S>.
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