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Abstract

In this work we construct a pseudo-gradient flow on a subspace Cy of the dual Legendrian
curves on a closed contact 3-manifold. These results improve and refine earlier results
proved in this framework by A. Bahri [3]. The variational problem involved is not compact,
thus asymptotes and critical points at infinity might occur. The flow in this work deforms
curves in Cp into a special set | Jien Iox of curves at infinity and thus allows us a better
understanding of this non-compact problem.
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1 Introduction

Let M be a compact three dimensional manifold without boundary and « be a contact form
on M, that is
aANda # 0.

There always exists a vector field ¢ satisfing a(¢) = 1,da(&, ) = 0 which is called the Reeb
vector field associated to a.

The well-known Weinstein conjecture states that the associated Reeb vector field al-
ways admits periodic orbits. In dimension 3, P. H. Rabinowitz [14] proved the conjec-
ture for S* with its standard contact structure. Then H. Hofer [11] using techniques from
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pseudo-holomorphic curves methods established the conjecture for all overtwisted contact
structures and some other cases on three dimensional closed manifolds. C. H. Taubes [16],
using the Seiberg-Witten equations, has announced the proof of the full conjecture in di-
mension 3.

There is a variational problem associated to the Weinstein conjecture. This variational
problem is defined on a subspace Cg of dual Legendrian curves on (M, @). It was developed
in [2, 3, 4]. This work starts from [3], clarifies and improves several estimates. In this paper
we will work under the assumption (A) that there exists a nontrivial vector field v € ker «
such that the dual form 8 = da(v, -) is also a contact form with the same orientation than .
We can always renormalize v by multiplying a function so that o A da = S A dp.

Whereas the conclusions are essentially the same, in a forthcoming paper [17], we
will explore more the properties of Cz. The assumption that § is a contact form will be
removed in two ways: we will prove that when this assumption is removed, Cg remains a
manifold under a generic assumption on v, see also [3] and we will prove also that, with
this assumption removed, if ker @ ”turns well” [3] along v, the injection of Cy into the loop
space of M is a weak S '-equivariant homotopy equivalence. This improves considerably
the result of A. Maalaoui and V. Martino [12]. After this forthcoming paper, Cs will become
a general tool that is available in Contact Form Geometry.

This semi-flow allows us a better understanding of the lack of compactness of this
problem. Namely, the flow might blow-up and end up in a special class of curves | I'o
which will be defined in the sequel. In a second step, we will build a flow at infinity, thatis a
flow on | I'yx, under some assumption. It will decrease the functional at infinity f a(X)dt,
satisfy the Fredholm condition and thus lead to the discovery of the critical points at infinity
as critical points and their Morse indices etc.

It is well-known that every slice set {B < f x> < A} of H'(S!, M) can be approximated
by pieces of geodesics. As we move to contact framework (M, ), the space of all Legen-
drian curves L = {x € H'(S', M)|B(x) = 0} is a natural space to consider. We define Cy
by

Cp:={xe H'(S', M)|B(%) = 0 and a(%) = c},

where c is a constant which might vary with the curve x.

Cp has been a very convenient tool in the study of contact form geometry, see [4, 5, 6].
Maalaoui and Martino proved that Cy — H '(S1, M) is a weak homotopy equivalence
under the assumption (A) and the assumption that @ turns well along v in [12]. This is an
extension of the result of S. Smale [15] which states that Lz — H' S M)is a homotopy
equivalence.

In this framework, we can think of small pieces of Reeb orbits as geodesics in a gener-
alized sense because now the metric is Finsler and in addition there could be several pieces
of geodesics connecting two different points. Furthermore, there is an additional dimen-
sion that is provided by the vector field v and the approximation of Birkhoff and Milnor by
small pieces of geodesics has to be replaced by the space | Jien I'2x Where small pieces of
“geodesics” ( that is Reeb orbit) are connected by pieces of v-orbits.

Denote the Reeb vector fields of o and 8 by & and w respectively. The deformation

. 1
defined here provides a control on fo |b| and a control on the number of zeros of b where b
is the v-component of the tangent vector x = a¢ + bv + cw. The result is a deformation of
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Cp onto the unstable manifolds of periodic Reeb orbits and [ I'y.

An interesting point is to compare the flow to the curve shortening flow [7, 8, 9, 10].
The flow having = b in the framework of the unit sphere cotangent bundle of a two dimen-
sional surface X with the standard contact form on S 7" projects onto the curve shortening
flow on X. However, there is an essential difference as tiny loops along an immersed curve
in X lifts in Cp into large pieces of curves almost tangent to v. As cusps develop on the
curves deforming on X, continuation by such solution is possible “downstairs™ [1], while
such a continuation is not possible “upstairs” in contact form geometry.

Therefore, the curve shortening flow, under the current ”geodesic” version, can be con-
tinued on X at least curve by curve. The issue of defining the semi-flow on a compact set
of curves is different in contact form geometry. The flow with = b is not a good flow for
deformation in this framework.

In section 2 we cover the preliminaries needed to construct our pseudo-gradient flow.
Then in section 3 we start with the simplest case that » has only one oscillation. We
construct the pseudo-gradient flow and derive monotonicity formula for a single oscillation
in this section. In section 4, we show that the same construction can be carried out for
each suitable oscillation and therefore the same construction works for b with multiple
oscillations. Then we show that the monotonicity formulas we derive in section 3 combine
well under convex combination and thus we can globalize our construction. In section 5,
we deal with the existence of the flow. We indicate how the flow deforms into curves in
(U I'2x when blow-up occurs in the last two sections.

2 Preliminaries

In this section, we set up the variational problem and study the structural equations of the
tangent space to Cg. These equations will be important in the construction of our pseudo-
gradient flow. The critical points of this variational problem are periodic orbits of the Reeb
vector field of a.

Let (M, ) be a three-dimensional compact manifold without boundary and ¢ be the
Reeb vector field associated to the contact form «. We assume that there exists a vector
filed v € ker @ such that @ A da = 8 A dB, where B = da(v, -) is the dual form of a. Denote
the Reeb vector field of 8 by w. Then the following proposition holds:

Proposition 2.1 ([3] Proposition A2) Let it = a(w). Under the assumption that @ A da =
B A dB, we have:

w=-[EvI+ag, (616 v]] = -tv, da(,[§v]) = -1,
a=da@,[v,[§ V1D, v =—dalw,") =dB(&,-),

where T is a real-valued C* function on M.

[ and 7 are structural parameters determined by the contact form @ and our choice of the
vector field v, similar to the notion of curvatures in the Riemannian setting. They play an
important role in the computation of Morse indices etc in this framework as shown in [4].
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As {&, v, w} provides with a basis to the tangent space of M, x can be decomposed on
this basis, thus giving
Xx=aé+bv+cw;, a,b,ce Hl(Sl).
x € Lgif and only if 8,(%) = day(v,X) = c =0; And x € Cgif and only if c = O and ais a
positive constant.
Let z be a tangent vector to Cg at x. We decompose z into z = A& + uv + nw, where
ALuneH '(S1;R). We derive the formulas for the first variations of a, b and ¢ along z:

Proposition 2.2 The first variations of a, b and ¢ along z are given by

da . —_—
? = O.a(%) = A+ pn—(bn — cp)
b
5o = 000 = i+ Tlan = ) = felby = cp) 2D
o= 0B =1~ (= b
S

We defer the proof of this proposition to the appendix.
d
z is tangent to Lz at x if and only if d_t’BX(Z) = dB.(%,z). This implies 77 = pa — Ab. If in

. . d .
addition we require that a = constant, we need d,a = Ea(z) —da(x,z) = constant. This

. . ——
implies that A + fin = b + C. Thus we have:

Proposition 2.3 A vector field z = A¢ + uv + nw, where A, u,n € H'(S'; R), is tangent to
Cp along a closed loop x with X = a& + bv + cw if and only if

{ n= ua-ba

—— | 2.2)
A+pn= bn— [ by

We consider the functional
1
J(x) = a,(x) = f a(x)dt.
0
on Cg. The following proposition reveals the connection between J and Reeb periodic

orbits of .

Proposition 2.4 J is a C? functional on Cp whose critical points are periodic orbits to .
If z is a tangent vector to Cg along the curve x(-), then

1 1
a;J(x) = —f da,(x,2)dt = —f bndt,
0 0

and the variation of b along 7 is given by

ob . _
0,b = 35 = [+ ant — bnjig.

The proof of Proposition 2.4 is immediate after Proposition 2.2. This implies that the
critical points of J are Reeb periodic orbits of «.
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3 Construction for a single oscillation, monotonicity for-
mulas

We take b € H'(S!). By Sobolev embedding theorem b is continuous. We assume that b
has an oscillation, i.e. there is an interval [7;, #>] such that

i = max (0] > sup(lb(n)l. 1b(12) =: f

and we assume that b does not take the value zero on [¢{, 1;].
Let |b| be the L.,-norm of b and &, > 0 be a small fixed constant less than 1 which will
be determined later. We assume that

I+ f B < (33)
I

where I = [t;,1;] and C is a universal constant larger than 1 which will be specified later.
The choice of the constant C is related to the data of this problem. Observe that (3.3)

implies
f bl < <fb2>%|1|% < Va.
" I

In this section we construct a flow locally on [#,#,] which is a pseudo-gradient of
the functional J(x). In the next section we will globalize our construction to the case of
multiple oscillations and then to the whole space Cg.

3.1 A technical lemma
We take two values p; and u, such that
A+

A< pipn < —=. (34)

Let 7 be the point in [#{, ] such that |h(7)| = jz and
7 = inf{r,ry <1 < 7,|b(s)| > p for all s € [1,7]},
£y = sup{t,f <t < 1, |b(s)| = wy for all s € [7,1]}.
The following lemma holds:

Lemma 3.1 w and i, can be chosen satisfying (3.4) and so that: there exists a constant
y € (0, 00) such that, for any 5 > 0, there exists et - 0, tlandt; € [tr, 6] + 8] such
that :

Ly = 1b()] < py and iy = [b(E;)] < oo,
b(t") — b(t))
— >

tt—t -
1 1

2. |
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It is well-known in Lebesgue theory that there are strictly increasing functions whose
derivative is zero almost everywhere. Lemma 1 states that nevertheless the set of points
where the derivative is nonzero is dense.

Proof. Without loss of generality we assume that b is positive on [¢1, #;]. By symmetry, the
other case follows. For ¢t < 7, we define

b(t) = inf b(7).

T€[1,1]

A similar construction can be completed for r > 7 as well. Clearly, b(¢) is continuous and
b(1) < b(1).

i+ ~
Taking u; a value in [f, T‘], there exists 7 such that b(ty) = b(ty) = p;. There are
two possibilities:
1.t (1) < to. This implies b(t) = u; on [¢] (1), to], or
2. t{(u1) = to. In this case arguing by contradiction, assume that lemma does not hold at

tf(,ul) = ty. Then for any y; = % there exists d; > 0 such that for any ¢ € [ty — O, fo],

b(t) — b(t) - 1
t—1 k

Thus the following holds
1
b(t) = b(ty) + z(t —1y) for t € [ty — O, 1ol
This yields
~ - 1
b(t) = b(ty) + %O —1y) for t € [ty — O, ty].

In case 1, this inequality also holds true. Thus we have, for all ¢ € [ty — Ok, to],
- - 1
b(t) > b(ty) + z(r —1y) 3.5

always holds.
Let [¢, o] be the maximal interval that (3.5) holds true. We can always repeat this

1,
argument for yj = uy + —(t, — to)which is less than up as long as u| > ji . Since the interval
that (3.5) holds is both open and closed we can always extend the interval until we hit fi.
This process can be carried for every k € N. Letting k — oo, we have

b(t) > b(t) for all 1 < 1.

which contradicts with the fact that b has an oscillation on [t;,1,], i.e. fi < fi.

T i

Remark 3.1 From the proof, we can see that the value of i and does not play any

role in the argument above besides that jz is smaller than u; and u, and ji is larger than
them. As long as there is an oscillation lemma 1 always holds true, and the construction
also holds for every curve b which is L*-close to b.
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3.2 Construction of 7

All arguments in this section will be applied to the interval [¢], ;] that we derived using
Lemma 3.1 in section 3.1. We introduce on [#], ;] the function 779 which is the solution of

& [ -2

a2 17+ e i Tk -5P (3.6)
S .

no(x)) = no(x;) =0

where x = x(f) = ft f i “dz, x; =0and x; = ft Lo f’f ﬁdedz. This change of variable
1 1
will facilitate our computation greatly.

Lemma 3.2 Under the assumption (3.3), the equation (3.6) has a unique positive solution.

. . - [L b
Furthermore, given a bound on |bl., we have the following bounds on nge f’l A

' T
- [~ fibd - [~ bdr f fibd
oe 7" dzle + |xy —X2|| (7706 e +1x] =51 | (Tloe w < Co,

and thus the following bounds on ny:

IA

[170lc Co

— d =~
lx; = lel 77oloo < Co(u +1ble)
5 2
lx] — x| |En0|oo < C(blw)

A

where Cy is a constant which depends only on the contact form «, i and €y, but not on b.

Proof. Taking 1, t; very close to ¢ and 7, by (3.3) we can also assume that

)
C(|I|+f Pty — 1] < €.

tl
Since C is larger than 1, we derive that ft " |b| < 1. Thus x = x(#) is a change of variable
1

with bounded derivative and inverse derivative, i.e. = l | < Cy, where C; depends only
on the contact form « and ji, but not on |b|c. Hence

Xy
cf (1 +bH)x] = x;] < Cie.
X7
For a function f € Hj[x], x3], we have

x; .
I
Xy |x1 _x2

(1 +b)\f12,

4

I\

Cie

e 25 £2
CIEOL (1+ 95

\%
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- mb

Denote f = e

fiand f.

Since

d2
(i = )+ CA+ )i
X

we have

Lﬂ%m—mﬁ

\%

If Cie < 1, then fx),cz C(L+D)(fi - f)* =

Y. Xu

no. We prove by contradiction and assume that (3.6) has two solutions

-f)=0

[ easeigi-

X

— 1+ b
Creo J- C( +b7)(fi

- h)%

0. This implies (3.6) has a unique solution.

Now we show this solution is positive. Suppose that f is negative on [y, T2], f(71) =
f(12) = 0, and it achieves its minimum on [71, T7] at T, then

d d . _ T 5 2(t—-7)
af(T)—Ef(T)+j;C(1+b)f— S
Integrating in x, by (3.3) we obtain
2(t—17) 2(r—17)
-— > > 3.7
o Cw”f() d.ﬂ) T 3.7)
for 7 > 7. Integrating in x we get
(12 — 7)?
e wﬂmﬂmgfm
Thus 5
(12— 7)
1— 2 )
( C2| | - = - — X

which contradicts with the assumption that f is negative on [7}, 7,]. Hence 79 is nonnega-

tive.

We assume that 779 attains its maximum at 7. Then we have

2(r—=17)
Ixp =251

Cie

—f()_—f()_

2(r—7)

EETeE—
lx] = x5

for 7 < 7. Integrating in x on [x], 7], we get

()cl‘—‘T')2
e R
lx] — x|

Thus
2

C
(1 ——(T XNf(@) <

|11

C260

—— (@ =X f(@) 2 f(T).

T - ()’

| - 2|2’
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-0-t6 -0 0 0+eb

Figure 1: yg e

and

70l < Cleo, @, f1).
Thanks to (3.7), we get

d
I, — xl_llaf(T)l < C(ey, @, f1).

for 7 < 7. For 7 > 7, a similar estimate holds. Thanks to (3.6), we have

d2
- -2
s =i P2 () < CQbl).

This finishes the proof of lemma 3.2.

3.3  Construction of the cut-off function ) ., (b) and wg(,),g(t)(fa)

Given 6 > 0, we define yy(b) to be a C* e- regularization of the function (|b| — 6)*,
which behaves as follows (see Figure 1): ¢y is even, C* and y(b) = (|b| — 6)* when [-

00, —f — Be] U [0 + B¢, oo]. It also satisfies agg" -b>0.

First we construct ¥ ¢ so that it satisfies all the conditions listed above. In addition it
satisfies [/} | < 2 and |y | < % Then we define

Woe(x) = ezm,e(f;f).

Direct computation shows that:
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Lemma 3.3 Y satisfies the following estimates:

0 0
%wwu%~4ﬁwx29+$Q%WAM_Oﬁvxse

| —Wge(x)| <2 otherwise

%

a w@,e 52¢9,e 621&9,6 621/’0 3

| Sl | =5 and | |_—6
32%,5 _0(1)
dxde e

Now we proceed with the construction of 6(f) and €(f). We choose | and u, extremely

close and such that
+

=n
I’:l

A <pyp <py <

Ilz

We also choose 6 in Lemma 3.1 small so that K2 + 6 < . There exists a point 7, in (¢, )

such that |b(?)| > u, + & on [, 7], |b(B)| = po + 5. Thanks to the freedom in Lemma 3.1, we
can also require
o S o Sl (3.8)
24, 24
In the proof of Lemma 3.1, we can take |u, — u1] as small as we want and still have a lower
bound on #; — 7, since our choice of u; and u, implies

0<Ez:=

A+ A+
1 (o) = 1] () 2 15(—5=) = 17 (—5=) > 0.
We set
e = MM (.7 e = 22 on i)
Hy )
0ty = pyon[t], 5], 60t) =y, on[i, 5] 3.9)
Notice that
Yowen(b) = bl — py on [1], 131, (3.10)
since |b(#)] > py on [¢], 5] and p1 > pj (1 + €).
Similarly we also have
Yon.en(b) = bl — u; on [£,£]. (3.11)

Now let 6(z) evolve from u; to y; in [f;,ﬂ so that |0 — ulcs — 0as u; — py, and €(7)
evolve from € to e, monotonically. We also require that

:ul H2 +ﬂ2

0()(1 + €(n) < sup{ 5

—2 (3.12)

Thus
Yo.e)(b) = |bl = 6(t) on [75, 7]. (3.13)
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If b is close to b in H!, thus in L™, we can build using f,, t{r, t, tg of b a related wg,(t)’g(,)(i))
which satisfies (3.8)-(3.12). We can also require z,bg(,),g(,)(fa) to satisfy (3.10), (3.11) and
(3.13). The previous constructions for 8(¢) and €(¢) can be repeated step by step for 6(¢) and
&(f). Observe that § and & depend only on ||b — b||;~ and can be taken to be Lipschitz as
functions of b in H'.

3.4 Estimates along the flow

In this note, we always use f to denote the derivative in t, d , where ¢ is the parameter
along the curve. And s is the time along a flow-line. Now we derive the estimates with the
presence of just one oscillation.

We define
M2 = W0 (b)no) sgnb + cb, (3.14)
where we require:
Ca da
0 < ¢ <inf{- —, 1} 3.15
st e (3.15)

C is a fixed universal constant which depends on the contact form @ and the choice of the
vector field v.
Actually the coefficient ¢ in (3.14) is a function of the time c(s) along our flow. We will
analyze the choice of C and the meaning of (3.15) more later.

Let Z;, be the H'-vector field created by 712 using (2.2) on Cg. It is obvious that
0.J = - f bny, is always negative and thus Zj; is a pseudo-gradient flow for J. We derive
some monotonicity properties first.

Theorem 3.1 Along a flow-line generated by Z,» which is the H'-vector field generated by
n12 using (2.2) on Cg , we have the following estimates:

1. There exists a constant Cy depending only on C and on the contact form a, but not

on |b|s such that
0 (1bls C, 0
9 (L)  _Cida (3.16)
ds\ a

a os

2. There exists a universal constant C,, which depends only on v and 7y, not on the
choice of C such that

%(f(|b|—v)++cz(l+a))§01fa2yo 3.17)

3. We also have
1o (., 9 (M Calbls) i cda
—_— 1+ —+ (- _c=
2(9sf0 bro= lOf b c 2 ( Bs) %
o ,
(f P+t —z,‘)—c4(|b|m)(1 +f bz)a—“ (3.18)
- 0 6s
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And moreover, all the estimates hold for b as well if |b — bl is small enough.

Notation: We will omit the subscript of 771, in (3.14) and simply write 1 to represent 77}, in
the proof of this theorem. We use C with a subsript to denote constants which depend only
on the data given by the contact form @ and our choice of the vector field v € ker @ such as
ft and 7, but not on b.

Proof. We prove estimate 1 first. Thanks to Proposition 2.3, we have

ob

— 1+ ant — bnji
ER Htan Tk

i+ b —b [ bn="fm b
= . + ant — bnjie. 3.19)

First we prove estimate 1 for » € C'. Then by density the result extends to the flow
defined by Z;,. We thus only need in the first step to prove the following estimate:

(b Cd
9 (PO €192 any ¢ such that |bI(®) = [ble.
ds\ a a ds

At such point ¢, (sgnb)B(t) is always negative and b(r) = 0. All the computation below are
performed at such point.
If 12 = cb, we have

1
© sgnb(b+b* — ib* — b f b?) + cb(at - bjie)
- :

0
35210 ;

IA

1
ok, + 1C - Sl f B,
a a 0
Thus

a

0 (blw) ¢ s
2 (_) < S +1)c, (3.20)

where C is a constant which depends on i, 7, a, but not on b. By (3.15), we know estimate
1 holds when a > yj.

‘We now consider the case 1712 = Yo ) (b)nosgnb. The case where it < |bls is immedi-
ate since our flow Z;, has no effect there. Thus we may assume that i > %. We compute
far from 7, £7, at a point in the interval [f], ;] with b(t) = 0 and bh(t)sgnb < 0. By (3.19),

at such point we have

3 ﬁ—ﬁbn+b2n—bflbn
o, 1bl = sgnb O 4 ant— by |. (3.21)
N a ;
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First we compute the first term in (3.21), the value of

—_—— — (" abdr d* [~ [ pbdr abdr d? — " fbdr
77 _l_lbﬂ = e fll . ﬁ (775 fll ! ) = f g dx g2 ('/’9,57706’ J;l g )
- [ fdr &’ ~ [ fbdr - [ fdr
e lﬁae ('7 e i)+ z—lﬂe,e—(ﬂoe )+
dx dx
&2 _ (" gbd
+ﬁ‘/’9,g(ﬂo€ f'l ! T))
-a -2 -Ta
- ((m — 1+ Pme #bdr) Yo.e—
)
. d - |- T o € I_’ T
~ 20— (me J; v ))+(—9+ Woc oo 2700
-2 ! fbdr 18))
< — 2 g 5 oo 2 oga) -
Ix] x| [x] = x5

-2 [ pbdr
1 .

‘Z“ + ) (3.22)

5%;

In the last inequality, we used the fact that (Hb(t) < 0 at such points # and lemma 3.2 .
Now we estimate the remaining term in (3 21):

2

b - 1
(at = bjig + — W0l < (altl + iz + —)(1 + "W (3.23)

Thus, at such b(#), we can absorb (at — bjis + IZ—Z)IIIQ,ET]() using —%(1 + ﬁ2)lﬁg’€€_ f’T bz by
taking C > 4((alt] + i + }) in (3.6).

Thanks to (2.1), (3.21) and (3.22) , by taking > close enough to s, we obtain:

2(HO) 10y, o
os\ a ds
-2 1 — [~ pbdr o(|6
< ( Ly, 00 +0<|e|>)
|-x _-x2| I 1_ 2|
1 -1 —frﬁbd‘r
= EZle‘—xglzwe’ee ' 324

Thus estimate 1 holds in this case as well. Combining (3.20) and (3.24), we conclude that
for 1, defined in (3.14), the estimate

IbI(1) 1 [ 1da
e — g -Ci——= 3.25
ﬁs( a ) a22|x _lezlﬁoee "4 ds (3:25)

always holds. We remark that at any point ¢ where b(f) = 0 and sgnb(t)b(t) < 0 the estimate
(3.25) holds as well.
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Let I be the altitude of the oscillation ji— 5. Notice that at such 7 we have g < fi—p.
Thus when a > vy we have

0 (i -r da
—|=|<Co5———-Ci—. 3.26
6s(a)_ Oazltl‘—tz‘lz ' os (3.26)

Now we give another proof of estimate 1 using integral estimates. Let p = |b|;~(0). We
estimate for s > 0 small, %(Ibl - p)*z. We have

——<|b| P = f (1] -
c . 1 .. 1 .. 1 . 1 X
e M f b~ [ bwnan - [ bon
a Jipl>p a Jipl>p a Jipl>p a Jipl>p a Jpl>p

+ f (bl = p)* (wo.emolar - bfig) + clabt — b[ig)).

+ n(ar — bjig)

For s small, we may assume that § = 0 for |b| > p. On the other hand, by (2.2) we have

SR A L
bbn=§ b =pH)bn— | bn— pgn )
Ibl>p Ibl>p 0

1 1 .
=5 (b* = pH)(bn - f bn) + f bb(g.eno + cb)
Ibip 0 Ibip

b3_p3

1 ., ! L= .
== b =p)bn— | by - Yo biang —c (apis + bjry) )
2 |b|>p 0 |b|>p |b|>p 3

X
';09,6 = f 1109,6'
o

- f b, eno = Yo efio.
bl>p bl>p

where
We also have

By (3.6), we obtain that

1 1 L= 1 N _
-~ Yoello — — Yo bfino +— Wo.c(lbl = p)* ((b + p)b + ar — bjig) no < 0.
Ibl>p a Jpl>p a Jppl>p

Now we estimate the remaining terms:

b ! 1
cf(|b| -p)t (ab‘r - b + %(b2 - f b*) — §(b2 +bp +p2)) -
0

1 1
—(f (Ibl—p)+(|b|+p))f b
0 0
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. 1 . .
By (3.15), we can require that ¢ < ﬁ fo bn, thus the above expression is also negative.
Hence for s small, we have

9
—(bl-p)? <.
6s(|| p)-<

This implies that

—|ble < 0, for s small.
as

We now proceed to prove estimate 2. We will prove that it holds when || — v has a finite
number of zeros. Then we will indicate how to extend this result to any b € H'.

Assume that on [t;,7,1],

bl — v > 0, with [b| = v at 1,71

Observe that, there are two cases since we take y; and u, extremely close. If uy, uy > v, we
can take 6 small enough so that M7, 15 > v. Thus 1o is identically O near ¢; and 7.
If uy, o < v, we then have
v<frand 1] <t; <fj <t;.

In both cases, we may assume

l}(tj)sgnb(tj) >0, b(fj+1)sgnb(fj+1) <0. (3.27)

For the sake of simplicity, we compute for b > 0. The other case is the same. By proposition
2.3, we have:

o [ .
5f0(|b|—v>

D A

J J

1 .
f—pby by bn =1 [ b,
2l
J J

1 . .
2. - [eb@ ~ ) + oo + o = Avirgno)
J

1 1
+v(f bn — tf bn)
0 0

fj+l
+ f (ant — bnjig)
t

7

fj+l
1
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j+l
< 0. Hence we have

N
Thanks to (3.27), we have 3’ ; cb l <0Oand }; a"‘b 0‘
1j

9 f (1Bl - )"

f T t_/+1
< [ iy’ _9770+¢ee—(€ 1 —( bn—t
Tiv1
+ (ant — bnfie)
]
1
< [c,uv —6’7]0] +C1 - _|f 16]) + (fbn—tf
Tjs1
+ (ant — bnfie),
]
since e f’T phno is concave by (3.6).

Now we proceed to estimate each term. Since b > v on [7}.1,;], we have

71

Jt+
(an = brjjtg)
1j

t;‘+l

i a _ : oa
< Z f (Sl = 1achbn < Cafa, v)Zj] f by < ~Caa.v) 5.

and thanks to the choice of ¢,

T
> e
t

il fj+l B B ij+] a. _ B - aa
<o [Tiameromi<e [ B CRI D < -Caan O
j J 1 7 v s

t 1 7ol
el [
7 a 0 0 1

We can take u; so close to u; so that :

t/+l
( f IG’I) + |9|Tlo
| 1 - 2|

Adding all the terms together, we have

It is clear that

1
szzf by < 2292
a Jo

aos

I<wab77<——

a ! . - da
afo(lbl—v) S—Cz(a,v,C)a

The result can be extended to the general case by density argument, see Proposition 1 in
Appendix 1 [3]. Namely, given any real v, any flow-line b(s, 1), s € [sy, s2], there exists
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6 > 0 such that, for each slice of [sy, s»] with size o, [§, §; + ], there exists a sequence
(v;) tending to v and bf) tending to by = b(51,t) such that for every /, the set {¢ such that
b'(s,t) = v;} is finite almost everywhere in s € [§, §| + ¢].

Now we prove estimate 3. We compute in the formal sense. By (2.1) and (2.2), we

derive:
10
b2 = b b
235 f f (£ + ant — bnfie)
Lo+ A+ anb b.
i in nu
= _fo b(T +ant — bt - T)’

where n = cb + sgnbyrg) 1) (b)10.

First, we estimate the term — fo bij in the formal sense. We will make this computation
rigorous later. The derivatives of iy (b) are given by

. - O
c o= 0+ 2l
ve. "o
. . OWee., O
C = b <p <p, 3.28
ve. T 0T o (3.28)

Thus we have

l..
oy
0

i f B - f bsgnbin.m

€ € 0
f bsgnb[( 6+ ;Zz b + l//0 b)no + +21j0(—6 + d/—b) + W, 5770]
0

1
— f P
0
0‘”96 Y lﬁee ]

! o O . ,
sgnb|—b* =10 + b(Bny + 261j0) — <il0 — bg.cito — b
fo [ ap 10 0 0 o o oo —b—3

1
e f 2 (3.29)
0

Now we compute each term. By the construction in section 3.3, the support of 8 is [t;’, f].

Therefore,
1 e e f" f..
[ b < [ B+ [
0 i i

. g g .
Since 0 < “g—b"' <2 forall t and (gz = 1 when f{ <t <1, and by taking u so close to y;




464 Y. Xu

so that |6|c2 is small enough, by Lemma 3.2 we have

1
o OWee ) . .
f sgnb(—5 222 10 + Bl + 26ni) — 2562225 )
0 ab ab

5 T T b
—f (1 —X[f;,ﬂ)+f 927]0+f 2|179f70|+f 4lbbrpo
[ I o I

<
1 2 2 1
C ) 20 C3 h 0 N f..z
< & G .
< 1% 7b+cji(6’+b)n0+j;9770
< = f e} f(1+b2 +15 - 1]
100 | 1|2 :
¢ (% Cilble) 1
< — | P+ =1+ 1+5b%). 3.30
100f,] ¢ ( I — ,|2)f ( ) (3.30)
Rewriting ijg as rjo — ftbno+ fbng , by (3.6) we get
l .. l; . /—/'_R t; .. /_-/.\
- [ bsgnbunais = = [ Bsgnbuniin— b~ [ bsgnbsa T
0 I ty
2 2 o = [Labdr\ - [L pbdc
< bsgnbyge| ————5 + C(1 + b7)moe ™ e
N |x] - le
¢ d P 2,2, 12
+ﬁ nge(b + b+ D). (3.31)

Integrating by parts, we obtain

2 o - & -2 h.od iy
— f by e UL — f b (‘//9,56 h ub‘”)
lxy = x5 " lx7 = x5 " dt

2 g 2 " 2 4 j2 22
m f b +C3f O +b"+b7Yy,)
1 2 I 1

1

—_— f (1 +b* + b°T?). (3.32)
|-x1 _-x2|
Observe that
t; . t2’ . %
st b < |t;—t1‘|(f b2] .
A 1y
Thus
-
| ffz b2

(3.33)
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By (3.31), (3.32), (3.33) and Lemma 3.2, we get

1 1
. ) c (2., Cible) 5
— | bsgnbygeriy < — b+ f(1+b)+
fo be 100 J,- QT
+C3(|b|oo) fz(l N )
c f lry — 51
c 2 ., Cs(lble) 1 2 ;
< — b+ =21+ 1+ b%).
- 100[1 ¢ Iy -1 ft ( )
(3.34)
P

We are left with — fo aalzﬁ <p’ny. By construction,

bounded by - Since b(7) = 0, we have:

b < ( f boldr) < f bR - D,

1

52 1S zero on [, £7] and otherwise

We proceed with the computation now:

L 8 ho 8 ho
- f b0y < - f BP0 + —— f 5160
0 ob M~ 1 Mz-#z s

2

ftl_bzbz (fl L +(ft;n%b2)5m%ﬂz]
f b2(f; m u)z)z (f (uan: G |

5

IN

IA

Observe that on [7;, ] thanks to Lemma 3.2, we have:

C(lble)
mo(o] < 20—y
|t2 - tl |

By lemma 3.1, for any ¢ € [¢;, £]],

mo(®) _ Ca(blo) 167 — 171 _ C3(ble) 1
L R e A e PR e 1

Poc;n | 8C3(lbl) 1 f - f 2} f 2}
B b < - b b?): + h2)2
| fo ab? UO' Iy —nl v Jy; (( N ) s : )

Since b is L%, we can choose ¢ small in Lemma 1 so that

Py, ¢t
2 2 2
' fob 5 bn]s—loooj; B2, (3.35)

Thus
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By (3.29), (3.30), (3.34) , (3.35) and (3.33), we obtain

1 15
9cfz--2 Cs(lbloo)( 1 )
- | bii<-= | b+ 1+
fo =710, ¢ 5 =P

f2(1 +0?), (3.36)

1

,—/%
Now we estimate — fol Ml) We use /l/+\17[1 to denote the part of A + nj related
to sgnbyyno and A + nii to denote the part of A + nit related to ¢b. Clearly A + nii =

/l/+\77,a + A + ni. We compute

"""’r:““ L 1. 1
fo b+ B b sgnb( fo (B ~ 56w - fo b'ﬂe,eﬂo))

1 . 1 1 1.
- sgnb(— f B f Bio + f bbzl/’e,eﬂo——bzb%,eﬂo))
2 Jo 0 0 2

1, ¢ (7. Cible),
sz2f|b|lﬁe,eflo+— B+ 0 -+
0 0

IA

200 Jy:- c
-
+C3(1ble) f e (3.37)
5
and
l/_____,‘_\ 1 1. 1
f b(A+bg)b = ¢ f (—§b2+bb)(b2— f b%)
0 - 0 0

¢ g 2 1'2 ! 2 4
— b+Cfb(fb+|b|w)-
200 " 0 0

By the choice of ¢ in (3.15) and (3.37), (3.38), we obtain

' b(ﬂﬂ;ﬁn) . bof 0a\ . ¢ (% Gble) (2,
—f —bsC3(|b|oo)f P |-= +—f b2+uf (1 +5b%). (3.38)
0 a 0 ds 100 I c -

There are two terms left. We compute first:

i I
f b(at - bjig)n f b(at — bjig)(cb + sgnbyg.no)
0 0

oo It — 5]
b* + C3(bleo)(c + %). (3.39)

1

<
100 J,
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The last term is

L L : ~
=y = —b((ch + sgnbyrg.eno)it
0o a 0o a

oy . 1.
< C3(|b|oo)(fz |b|(1+|b|+| yo. |]+c;f bl(2bbfi + b*fig + ab’fi,)
[ h 0
1 2 1
.y C3(1bleo r .
< < | P+ 3(||)|t1‘—t2‘|+f+fzbz+
100 J, c Ity =61 -
1
+cC(|bl) f 1B1(1 + BI2, + 1bb1)
0
1 i
c o C3(bleo) [ - fz P2 f 2\ da
< — | b 5-651+2 | b+ Ci(ble b )
100 J, = Ity — 6]+ ; + C3(bleo) | 1 | ~ 3

1

(3.40)
By (3.36), (3.38), (3.39) and (3.40), we get

19 9c 2, Gs(bls) 1 PP
<
26sfb < mfb - (1+ ;—t;lz)fl,(HbH

+C3(|b|w)(l+f b2)( Z").
S

By (3.26), we replace ﬁ with — ( (”) C12 ) and thus get estimate 3.
1 2

When we try to upper-bound — J;) bsgnbyrg cio, i presents Diracs at 7, t,. In our
formal computation, we acted like it is smooth. Now we want to show what meaning it
should be given and justify our formal computation.

We multiply 79 by a cutoff function g, with compact support on [tl‘,t‘] We also

assume g, = | on [t*,t ]. We show that as g, tends to 1 on (¢, ), fo bsgnb:,lrg ngno

converges to — fo bsgnbyg ¢ijo. And all the other terms also converge, with g,,n instead of
1o, thus all the related computation can be understood in the distributional sense.
Since Y (£7) = 0 and gl < 10] + 15| < 2|b, we have:

! X t; . %
flbl s2|t—t;|(f b) .
t; 1

1
.. ..
f bsgnbyrg (8,10 — ijo)
I3

Yoe(t) <2

Thus

1

1
AL o
c( | b) O [ Bl = b = 11+ gl = 1)
l? n
1
5 . oo
1OCU b) f |b| < 1ocf b|Supplg, - 11U [17.5]|.
1y Supplg,—1UIt] 5] 1y

1 1

IA

IA
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Thus as w tends to 0, such a term converges to 0. This finishes the proof of theorem 1.

Remark 3.2 Let ¥ be a curve in the H>(S!) neighborhood of x and b be its v-component.
Denote

n(b) = yrg iosgnb + cb (3.41)

where 5 is constructed for b using the same 7;, t;r, 5, t2+ as in the construction of iy ((b)
and

o = e B0 (3.42)
If b is close enough to b in H', we have
— B 3 b
Fo — fibiio +C(1 + Byiige i <5 K (3.43)

20x7 = x3)?
(3.43) will replace (3.6) in all our arguments involving b.

Now, we verify (3.43). By (3.6) and Lemma 3.2, we have:
e b b
fo— bl = i (f") (“)

T

b

=

_2(x] —xz)ze l

Remark 3.3 If |b — bl is small enough, all the computations in Theorem 3.1 hold for b.

Theorem 3.2 Let = 112 + cb as in (3.14) . Assume that by and by have only simple zeros.
Then
da 0

oa 9 |+
C(’as - as

s=0

Cy 1 2 da
< ——2(/1 H2) + Ca(Ible) = + Ca(1blo)(1 +f b*) - Ca— f b*.
|x1 2| H— U2 I Os 0

where Co, C4 and C4 do not depend on by.

Proof. Assume that z »2;> 1 < j < mare all the critical points of b. z] 1< j<mare local
maximums and z T 1 < j < m are the preceding local minimums, thus b’(z*) = b’(z ) =
b”(z*) < 0and b”(z ) >0.

If b 1s positive on [t*,t ], by Lemma 3.1, ¢ belongs to some interval [z X0 Zt ] and £ be-

longs to some interval [Z RESIR Otherw1se 17 belongs to some interval [z and 154

Ji+14 ]+1]
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belongs to some interval [Z;l , z]fl ]. By Proposition 2.2 and 2.3, we have

d ‘b+_§:ﬁ+w+_ - z
o ), bt S ant — fig ”zf

where 1 = cb + sgnbyrg (b)np.
We denote .
7+ Ab
+
Aj= 1 +ant — figbn
a

g
V]
Now we proceed to estimate A;. By Proposition 2.3, we have

) |
b +ch+ Ab
A = WWMZC T (sgnbyigeio + ch)(ar — bjig)

%

1 —— ,_./\_\
= sgnb 5'7”95”0‘" b Yoo — _b 'J’ﬂsW"'M’H&UO(aT bﬂ{-‘)

1 J
HE
0

sgnb [

z*.'
+c

QI%‘

— + b(at — bjig) + b u]

%)

IA
Q=

+
%

I —
+El//9,sﬂo—#b770 +c
-

<

1 . , ; 1 7
= sgnb [;(—9770 — 201y — Objano) + Ye.eno(at — biig) + abzlﬂa,eﬂo}

+

C o % 2 o <
——sgnbya(1 + b*)joe L ———5 sgnbyg.ce 2 [
a 7 |xl - le
b’ SISO B
+c|— + b(at — bjiz) + — b ,u) - _f bn
a 0 -

At z; and z}’, by (3.28), we have

Goe(b) = =6, Ggb) = -0+

and
(9(//9’5

ob

i
B[’ <o.
Z;

+
3

%

. . 1 1.
(—0no — 261j0) + ;bzwe,fno + Yo, dno(at = bfi) + —ro b+

b 1,.F b P
-+b@7—mgy+—#ﬂ]--j"bn
a a a Jo -

469

(3.44)
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An important observation is that for terms involving ¥, they are nonzero only in [7, 7, ].
For example, we consider the case that b is positive on[t], £;]. Then b(t]) > 0 and b(£3) < 0,
and 7 must be contained in an interval of the form [zj‘b, z;'.o] and £ in [z;fl .2, ] Wae(b(Z7))
is nonzero only when jo < j < j;. Thus for jo < j < ji,

YoebED) ~Yaeb(E) = bEH) = b)) - (0T) — 7))

zt

—~(0E) - 6) = - f el (3.45)

\%

%

At the two ends of the interval [, #;], since |¢9,e -(b- 9)+| < Cogt; = Colu; — p; | where
Cy is a constant embed in our construction in, we derive that for j = jj or j; + 1,

Vo (b)) — Vb)) = - f D10 - Collat — il + 1k D (3.46)

We also have

A

g
Db~ vaco@) < [ b [ forn< i<
Z;» Z/T

A

Yoe(b(Z})) = Yoe(b(z})) < f b+ f 161 + Colluy = py 1+l = 31
& g
if j = jo, j1
When b is negative on [f], £, ], similar argument also applies.
First we estimate the last line of (3.44) which are terms involving ¢ and the integral.
For example, by (3.15) we have

~ds

%

1 3 5
—e(b’(5)) = b)) < Ze(b(z)) = b IbL, < Ca f b( 3“),

and

-t
<j
7

|cab]|

J

cal(r@) = 1@ NbE) + TE@NbE) - b))

C, f_z'f(l +b)(—z—‘;).

where as before C, depends only on € in (3.15) and 7 which is determined by our contact
form a, but independent of b. We can treat other terms with ¢ similarly. And we also have

1 z}' 1 zt .
e
a Jo - aJ; Os

%

IA

Thus we obtain:

'<c, ﬁ’(l +1’a)(—’;—‘:). (3.47)

Z; j

b3 1, b [
c|— + blar — bjig) - —bzﬂ] - - f bn
a " a - aJ

%
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Alternatively, we have

b3 1,.F b [
+b(at — bjig) — —bzp] - = f bn
a Z/_- a Jo

a

+Cy (fzi b) (—@). (3.48)
z Os

We are finished with the last line of (3.44). Now we deal with the first line. We begin with

v
%
Zj

5 .
c < Cy(|bloo)(1 + C)f (1+b)+
z Z;

the difference sgnbyrg no(at — bjig)| *. By Lemma 3.2, we have:

sgnbyrg cnoat

= asgnb (lﬂe,e(b(z}))no(z})(T(z}) = 7(2}) + Yoe(b())0(z)) — no(z}))T(zj))
+asgnbWo.(b(z}) — Yo.(b(z;)no(z; NT(z})

-
;72

L4 Cy | b)) — Yo b))
|t2 - tl |

< C4(|b|oo)

Similarly we have

-z %
L er f b+ Calble e (b)) — Uoelb()
2 g

—sgnbyaobite| | < Callble)=—
1

7 |
J

Thus we derive

.
%

sgnbyrg eno(at — bjie)

<

-z %
< Cy(lblw) It’_ - t’| +C4T f b+ Cy(Ibleo + 1) [W0.(B(2))) — Yo.e(b(z)))] -
270 3

(3.49)

7
We estimate L sgnb(—8no — 20ro — Objing)| now.

Zj

.
%

1 . . .
;sgnb(—@r]o — 26rjo — 6bfano)

Zj

IA

Caf (7 g+ -
;4([ (9(3>|+|0|)(77(z}’)+lf70|(z}’))+f (ol + oD (161(z7) + 1ol(z)) |

g
><<1+|b<z;>|>+czz(|e|co f b+ bl f |f70|)
ij ij
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Thanks to the observation we made earlier, these types of terms are nonzero only when
jo < j < ji + 1. Thus we get
zf|

1 " . .
2 = sgnb(~bno — 26rio ~ Bbjino)
J

~
|

) . )
< C4(|77|cl f (1671 +18]) + 16l 2 f (|ﬁo|+|fio|)](1+|bloo)
I I
. Lo, 3
+C4(|9|CO f 1Bl + Bl f Iﬁol)
I I
. o
< Cy(blos) —— +C4|9|Cof b*. (3.50)
|t2 - tll [N

. . | o 2 [Labf
Now let us rewrite the difference —=Csgnbg (1 + b )moe 17| ",

%

1 o et
— L Csgnbyn (1 + bPypoe P
a Z;

1 -2 [
= = Cagnb(b(z))? = b P Wb () e 2

()
1 ) . N N —zfi fib
——C sgnb(1 + b(& P (b)) = b m(@)e
1
1 5 _ . _ —ijﬁb
~—C sgnbl(1 + bz Wb ) = 1z e
(111)
1 w27
= C sgnbl(1 + bz Wb () e ey asy
av)

We notice that (I) in (3.51) is always negative. We can use it to cancel out other terms by
taking C very large in (3.6) later. By Lemma 3.2 we also notice that:

z}' -z
(I11) £ C4(|blos) ———, (3.52)
|t2 - tl |

and

(V) < Ca(1bleo)(z} = 27)- (3.53)
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. We rewrite it into:

-
/
/

Now we estimate lbzl,/lg esgnbng

—b llfeesgnbno = lsgnb (b)) = b)) Wo.cbE Mo
+§sgnbb(z;)2 (V0B &) = vaeb(@)) Moz
+ésgnbb(z;>2w,e<b(z;)) (mEH-n@)). (354

-2 f/? b s

Notice that sgnb(b(z;f)2 - b(z]‘.)z), 1o and Y. are always non-negative and e
bounded both from above and below. Comparing the first term in (3.54) with (/) in (3.51),
taking C large enough 1t can be absorbed. By Lemma 3.2, the last term in (3.54) is upper

bounded by C4(|b|oo)|, =g

-2 [ | o
The last term left is — P sgnbiyy ce f’l” . We can rewrite it into:
g
2 o wfd 2 T 2 (7w
— 5 58nbyg.ce el = ——————55gnb | Yo (b(z]))e i P
Iy = x5l I by = x5
J

+ (b))~ wetbcp) e “b)

Thanks to Lemma 3.2, the first term in the expression above satisfies:
e

2 (T ( 27 -
— 2 sgnbug b [e L —1] < Callblu) L—L .
lx; — x5 | 1|

Thus by taking u; close enough to 1 so that |f¢s is small, the first term in (3.55) satisfies:

(3.55)

2 L
_pc-_—x-lzsgnb (llle,e(b(z;») _ ’//O,e(b(zj_»)) . 2f’| b
1 2

|x1_x2 [f |e|—2f b+ Calyus — 115 + 11 - m]

Cy
TR (3.56)

Ix,

By (3.33) and (3.44)- (3.56), we get

b,
af ls=0

1 0
(i = p2) + Ca(bleo) == + Ca(Ible)(1 +f b*) - C4aa b+
t 0

|1 5] 1

t
+ Calblo)(1 + f p-c f b,
— as

_ 2
le le

C
m(ﬂ H2) + C4(|b|oo)
1T

h
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Using (3.15) and (3.48), alternatively we get

1
%y —fb+|bo_—_—x|2</x o) + Culll)z—
2

-+ Culllo)1 +0) f b,

This is the end of the proof.

Remark 3.4 It is easy to see from the proof that the result extends to wgggﬁosgnl; for b close
to b in H' as in Remark 3.2 and 3.3.

4 The Case of Multiple oscillations and Convex Combina-
tion
In the proof of theorem 3.1 and 3.2, we did not really use the fact that we were considering

one single oscillation. Namely, we can take several oscillations with disjoint supports and
build an 79, as in (3.6) for each oscillation. Now we consider

0= no;+cb, (4.57)

where 1712, = sgnbyg, 1o satisfies
1) The supports of 1o are disjoint,
2) On the support of each 1 ;, b does not change sign. Now, we require that c(s) satisfies

0 . f Ca ftz.i b 1 58
< < ils . .
c<iIn {1 e E - 112, } (4.58)

@ =1 Li

Since each term in Theorem 3.2 behaves well under combination, we derive the follow-
ing two theorems using the same techniques:

Theorem 4.1 Let = Y1, 012, + cb . Assume that by is C* and by has only simple zeros.
Then

da 0 ,
C—+— | b'|=
s * as ls=0

< —C4Z| — +c4(|b|w)2

where C and C4 depend on the contact form «, the choice of the vector v and the lower
bound of a.

1
+c4(|b|w>(1+c> f b*,
0

and
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Theorem 4.2 Assume that, in addition we require that for every i, |i; — ol = ¢ > 0. Then

a 0 .
—+ — | b¥|s=
25 35 f ls=0
L Oa L
< —c4(|b|m>§z ———— + Ca({, Ibl) + Cs f b+(——)+c4(|b|m) f b,
lx; 2| 0 ds 0

Moreover, Theorem 3.1 can be extended as follows:

Theorem 4.3 Letn = ). | ainiz,i+cb be a convex combination of several n; which is made
of several oscillations ¥’ ; Yq, ¢, with disjoint support, and with amplitute lower bounded
by a uniform T > 0.

We then have:

ij>€ij

1. % (%) < Cl 0" , where C is a universal constant depending only on C and on the

contact form a'

2. There exists a universal constant C, which depends only on y and 7y, not on the
choice of C such that

%(f(|b|—y)++é(l+a))£0ifa27o

10 9¢ 2
205 ' +1ofb

C3(|b|oo)( 10 (C +f b+)+C4(|b|m,l“) C4(|b|oo)f bt
c T ds

Cs [ Oa iy 5. 0a
+T | b (_&))(fo‘ (1+b ))—C3(|b|oo)(1+f b )6 . (4.59)

Now we proceed with the proof of Theorem 4.3.

IA

Proof. Estimates 1 and 2 are obvious since estimates 1 and 2 of Theorem 3.1 behave well
under convex combination. (3.18) yields

10 5 9c ”

20s b * 10[ b

Ca<|b|m) e f o
[ Z|x11_x21|2](f b +]) C3(|b|oo)( b +])as

Thanks to Theorem 4.2, we can replace ). L_ by

=1 Jxg =xol?

~ 1 1
Ca(|bleo) (_ﬁ (Ca + fb*) + C4(T, |bleo) + Cs f bt (_6_41) " C“('b"”)f b+)'
r Os 0 o '

This yields (4.59). This is the end of the proof.

IA
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Lo 1
Corollary 4.1 When s tends to the explosion time or to +oo, ¢ fo b? has to tend to 0 on a
subsequence. If there is blow-up in finite time, ¢ has to tend to 0 on a subsequence.

Proof. When s tends to +oo, thanks to Proposition 2.2 , we have

00 1 0o 1
fcf b2<f fbn<a(0)<+oo.
0 0 0 0

Thus, ¢ fol b? has to tend to 0, as claimed.
If there is blow-up in finite time 7, we then use (4.59) of Theorem 4.3. Arguing by contra-
diction, we assume that c¢(s) can be lower bounded by 6 > 0, then we have

19 (L2, 9 (12
e(iafob"'ﬁob)

1+f01 b2
10 s Ca(bl) (., Cs (', ( da
< C3(Ibloo)(—fa(Ca+jo‘b)+C4(|b|w,F)+Tf0b +?f0b _a))_
0
~Ca(bl) 5 (4.60)
S

Thanks to estimate 1 of Theorem 4.3, we derive that in finite time |b|», is bounded along
the flow. Then by Theorem 4.1, we obtain that fol b* satisfy the following:

o (.. . L
6—[ b* < Cu(lbls) + C4(|b|oo)f b*.
s Jo 0

This yields that fol b* is also bounded in finite time along the flow. Plugging everything

into (4.60), we derive that fol b? is bounded. There cannot be explosion. Thus c(s) has to
tend to 0 on a subsequence. This finishes the proof of corollary 4.1.

5 Existence of the flow

In this section, we show the existence of the globalized flow Z;, which is defined in (4.57).
We will build a partition of unity (a;);e; of H' (on b) so that Theorem 3.1 and 4.3 hold in
each neighborhood we use. Namely for every b € H', we single out oscillations satisfying
(3.3) and build an 7715, on these intervals. There is a small neighborhood U(b) in H' of b
such that for every b € U(b) we can use the same set of LA tti, [ t;’i to build an 71, for
each oscillation. We also require that the associated 8(z), &(f) satisfy (3.8)-(3.13) and their
C?-norm depend in b in a Lipschitz way as we constructed in section 3.3.

We then construct a locally finite partition of unity (@;);; subject to U(b). On a given
ball in H', there are only finite number of functions 7y} _ involved for this ball. But the
ﬁf)lp’;’g depends on b, thus are infinitely many of them. Since they are originated from a

finite number of 7y} ., Theorem 3.1- 4.3 still hold for them.
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In order to show the existence of the globalized flow, first we show the existence of a
regularized flow Z.. Unfortunately they do not stay in C, instead they evolve in the whole
loop space H*(S ', M). Thus we will show that Z, does converge to Z;, as € approaches 0
in the second step. We will also show the continuity of the map by to b(s, -) as a map from
H'(S') into L™.

5.1 The regularization flow Z,

In this section we construct a regularization flow Z, whose limit is Z;,. Our construction
is completed on each bounded ball B(0,R) C H*(S',M). Since these balls are weakly
paracompact, we can extract from the related weak covering finite ones. By partition of
unity, we then have finitely many of functions i 17, on the ball B(O,R). Every «; is
locally finite and Lipschitz with respect to b. Now let us start our construction.

We consider the regularizing operator ¢.: L*(S') — H?(S') such that for f € L*(S"),
¢ satisfies the following equation:

—€de(f) + ¢e(f) = f. (5.61)
It is easy to see that for f € H'(S") we have
LAl < A1 s
2. llpe(f) = f1I7, < €llfIl7, -

Let xo be a curve in Cg such that by € H I"and € be a small parameter. For € small
enough, 0 < € < g, we denote ¢.(b) an e-regularization of b, which is obtained by solving
(5.61).

To simplify our notation we also denote the regularization parameter €, but please keep
in mind that they are different from the € in ¥y.. ¢(b) can be assumed to be in a given
bounded weak neighborhood V in H'(S!). By the construction above, there are only a
finite number of Yy (1o involved in V. We can therefore rewrite the 7 component of ) @;Z;
as Bisgndey, 1; - To simplify our notation, we come back to use the notation | a;n;.

We consider the map:

r - H
b= ) al@b)nipe(b)) := Ne(b).

With some work it can be shown to be Lipschitz in b. We will construct the flow Z, using
Nc(b) as the w-component of the tangent vector.
For any curve x close to xj in the full space H LS, M), we define

Ne(b) + Acpe(b)
1
Iy a
to be the H! tangent vector field to H (S, M) at x, where x = aé + bv + cw and

! \ 1 \
f bN(b) - 2P| f bN.(b) - e
0 f a 0 f a

0 0

Ze(x) = AL(x) + v(x) + Ne(b)w(x)

A=

— iN(b). (5.62)
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Because we have smoothened b into ¢.(b), Z. is locally Lipschitz. Hence the differential
equation :
X,
FE = Zd(xe)
as
{ %0 =x0) 669

has locally a unique solution.
Let us write x¢(s) = ae(s)é + be(s)v + c.(s)w. By Proposition 1, we have:

aae ’—/\_—“ Ne(be) + /le e(bs) Ce ! CENE
95 = Ae+ [Ne—b N + c. 1 ¢ =3 AePe — f beNe — 1
fo Qe fo Qe 0 y de
U N
0b. Ne be Aete(be _ _ Ne be Aete(be
as M +Ne(aet — bejig) — ¢ [_7,15 + ﬂ"cw]
S fo de fo ae

805 — Ne _ Ne(be)+ﬂe¢e(bs) +/1€be — Ne 1— Qe +/le be _ ¢Ea6 )
Os fol a, 1 1

e Qe

0 0

(5.64)

Since the initial condition x(0) belongs to C, we can assume that ¢(0) = 0, a(0) = const
and b(0) € B(by,p) € V. Then for € > 0 small enough, the equation (5.63) has a continuous
family of solutions x, for 0 < s < 5¢(€, b(0)). When s is small enough, ¢.(b.(s)) will belong
to V because N, ¢, are bounded if b, is bounded in L%. Let s, (e, b(0)) be the maximal time
that ¢.(be(s)) staysin V.

Now we show that s (€, b(0)) is lower bounded independent of € and b(0) € B(by, p).

Lemma 5.1 There existsy > 0, € > 0 and p > 0 such that if p < p, € < , then s1(€, b(0)) >
v for any b(0) € B(by, p).

Proof. Assume ¢.(be) € V and fol bg < C. Observe that ¢.(b,) is then bounded in H',
hence the «;’s are all zero, but a finite number of them. Therefore N, is bounded in H',
with a uniform bound C as well. First, by (5.62) we notice that

(he)
[Aelp= < C(V)|1 + 1 s (5.65)
by a
and
/—’.\ [ 1/-;\2 2
INeloo < C(V)(l +19e(be) oo | < C(V) 1+(f Pe(be) ] . (5.66)
0

The second inequality holds since the 779;’s are globally bounded and there are only finitely
many of them. Thus by (5.64) and Proposition 2.2 we have,
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boN. cENE]

10 f‘ 5 f‘ AcCelee ( f‘ ) fl
~ a, = — a
20s Jo o [la. 0 0 f a.

flaz 2)2
< C(V)[1+ L . +(f ac)’ +f ] (5.67)
(J, ae? (fa>2

1 1 1
ﬁ(f ae)zsC(V)(1+f c§+(f ae)z). (5.68)
as Jo 0 0

Since c.(0) = 0, by (5.64)

and

1o (',

2ds
1 1 X 2
- zf fo - ]”e{be—‘bf“f]]
0 0 J(h)ae J(;ae
s 1 . 2
C(V)ff f N 1= = | +]ac]be - ¢f“f
2 0 0 an J(;ae

s ! I 2 I 2 I 2
C(V)E ész 1+M+1+£ ]+M .
) € 1 1 1
o (Wo (Jy ae? (J, ae? (J, ae?

(5.69)

IA

IA

a (g~ —
Now we compute 7 fo bete(be):

16 (M, —— U ob, —— ' ob

beope(b be) = < b
za e¢e( 6) (6)__ (E)

I

1
Ne + AePe (.}Se - f (aeNet — bsNep.f){Zse +
0 0

b a
1
o[ ce[—ma 5N<b>+lae¢e<b>]¢e
0 j(‘)ae

e ae /-/"\ .
The expression fol N can be estimated as (3.18) in theorem 3.1 for f Yo.enosgnbb. The
only difference is that we have now a finite number of such ¥y 19 combined along the
partition of unity. Similar to (3.36), by (5.66) we have

1 o
R 9c —— (3 1 Cy

| R <2 Gy + 21—+ |

fo ¢ 10f0¢()+c(+infl"i2+1nfl“,-)
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For any 6 > 0, we have

f (aNer — bNfie)b <

< f ¢+ C(6),

and

1
[ ce[—m ¢ g Nt >+lae¢e<bf>] .
0 f ac

e
< o [@rcons = f )+ o [ 0
f ac)y? a2 (J, ac)? Jo

Finally, we have

1 L
1 f Acte B
Jy ac

IA

I 5 1
etk o
(fo a.)? (fo a.)? (f a.)? Jo
2

1
6f¢5§+ (’1(6) (1+ f(ice f f ¢e(b5))2]
(Jy ae? \ ([ ao)? (fa)2

Assuming that ¢ > ¢y > 0 on the trajectory, we thus have:

IA

| . L 1, .
9 [bated < -3 [ 5B+ o + R f 1+ —
ds 0 10 0 ( ae)Z 0 (j(; ae)z

+26 f ¢E+C(5)[l+ ] f be(b)?.  (5.70)
k) ar

Observe that

1 1 1 1
f bede(be) = f Pe(be)* + € f pe(be)* > f de(be)*.
0 0 0 0

We take ¢ small so that 6 < ?B Let § be the maximum positive time for the solution of
(5.63) with xy as initial data satisfying:

{ folcg(s) <é<1 folaz(s)ﬁl+a(2)

2 5.71
N ae(s)) >l ¢ byevV [ b<C Vselo,5] ©-70

where ¢ is a small constant which will be chosen later.
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By (5.67) — (5.71) we have:

1 1
'( f ac)*(s) = ( f af)z(O)’ < Cs,
0 0
1 1
f al(s) < Cis+ f a(0),
0 0
1 X 1
fc(s) < C2s+C3sffiﬁ,
0 0
<

1
fo bede(b)(0) + C5(6) < Co(6),

7
(ﬂ_a((s)a) f f bub + f P60

where C, Cy, C,, C3 and C4(9), Cs5(5), C4(6) do not depend on 5 as long as o< 1.
Take & small so that & < 202‘0(5) Since a.(0) is close to ay( e measures how close), we have
for s € [0, §]:

1
'( f ae)*(s) - a;
0
1
f aZ(s)
0

1
f As) < Ci(0)s,
0

where C7(6) does not depend on §. In addition we have:

IA

Cs + e,

IA

Cis+ a(z) + aeay, (5.72)

2 s el L 1
2 f f belbe? + f Pbos) < f bedeb)O) + Co@)s.  (5.73)
o Jo 0 0
Since fol bede(be) is lower-bounded by fol #*(be), and fol ¢4(b) is upper-bounded by C fol (b,
b |0ac)* ||
+

we derive that
S
j(; Os iz 10slp |0s|pe

is finite for s finite. Thus, there is no explosion in finite time as long as we keep our bounds.
We have also, as long as fol b? < C" and ¢(b.) € V:

6 2
Bsf be
—_—
flb Ne(be) + Acpe(be)
0 ‘ f a

([ [ [ toe
c;(fo b§+f0¢'§)+c~4.

Ne(be) + Aepe(be)

b

+Ne(act — befig) — [—T/l + g

IA

IA
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By (5.72) and (5.73), we derive that if fol b2(0) < %, taking V to be a ball B(0,R) and

1
L. R
fo botb) < .

¢e(b) will still be in B(0, R) by (5.73). And fol b2 will be less than C” for some sizable time
As which depends only on C7, R and ¢, but independent of €, provided € is small enough.

assuming that b.(0) and € satisfy:

This is the end of the proof.

5.2 Convergence of Z,

Now we show that Z, converges to Z),.

Lemma 5.2 As € — 0, ¢ tends to 0 in L'(S') everywhere in s, a. — fol ac(s) tends to zero

in L'(S1) everywhere in s.

Proof. By (5.64), we have,

a 1 l.
a_ el = NE
aSfo|c| f0||

A

1 -

IA

and

o 1
as Jo

1
ae_f de
0

a

b

€
1
Ae

([ee)e) [

IA

IA

1
+c[f|bf—¢f|+f
0

1

ae_fae,

0

ce/ls¢s

b e

1
c f el
0

de

b e

1 -

|

- f‘ celepe
0 f()l ae

Denoting y(s) = fOX fol |cel, since a.(0) = fol a(0), we have

1 3
y,e,(s) < C[C/ + (fo |¢e|2) }ye(s) + Cflbe = el

Since ye(0) = [ lec(0)| = 0, we have :

A

yi(s) <

IA

IA

1 3 sl
C30 max YG(S) (1 + (f |¢E|2) ] + Cf f |b5 - ¢e|
7€[0,s] 0 0 Jo

S 1
C3; max y(s) + Cef f |be — @l
7€[0,5] 0 Jo

C31 max y.(s) + Cxe€.
7€[0,s]
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Thus
Ye(s) < C31 max y(r)7 + C3€7
71€[0,s]

and taking C;3;5 < 5, we have:

27

1
< =Ces.
Trg[gf?]ye(f) s 5Ces

1
Thus as € tends to zero, maxcjo s Ye(7) as well as y.(s) tends to zero. Also (aE - fo aE)

tends to zero in L!(S') . Integrating (5.64), we also have:

fos fol fol beNe Cfsfl |c€|(1 +|Ne|w)
fflce|{l+(f |¢E|2)]
AN

also tends to zero. The same argument implies that
N be) + Acde(be
e, + 5 NeBO + Adelb)

ffm [ a

S ! !
f Ae+ﬂzve<bg>—( f bN.(be) 1 f ngg(ba)
0 0 0
also tend to zero.

Actually, we have the following stronger result:

IA

IA

IA

and

Le(Sh

Lemma 5.3 1. There exists a constant C > 0 and € > 0 such that for any b(0) € V and
s < s1, we have:

labZ
0 [JO
s 1
L

2. b, converges weakly in L*([0,s1] X S') to a function b(s,t) and ¢.(b.) converges
strongly to b(s,t) in H'(S") for almost every s. And the limit function b(s, t) satisfies:

1 1
o [ (8P +18P)+ [ (@007 067) < €

+ |xf|2) < C for any s < inf{s;, 1}. (5.74)

0x, 2
ds

¢ e om0
os1 fol lb(s, t)|>dsdt < C.
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3. xc(s,1t) converges weakly in H'([0, s11xS 1) to x(s, 1) and x.(s, 1) converges strongly to
x(s, 1) in L2(S ") for any s, where x(s, t) = a& + b(s, t)v where a(s) = lime_,o fol a.(s).

Proof. By (5.73), we know that fol be(be)? + pe(b.)? is bounded for 0 < s < s1 for b, € V
and that fOX fol | (be)? is bounded. Observe that

62 lpél,e

Wacboml < ——— + |¢E|2(1 el

lry — 5]

) + |dol + 161,

When we are in V, only finitely many of the @; are non-zero. Thus we have

s 1 s 1
f f NP < Cov) f f b
0 0 0 0
s 1 . ) 1 1 . 1
ffﬁNfSINelif cisf |NE|2f 2 <C.
0 0 0 0 0

By (564), we derive that
fs fl (()be )2
0 0 ds

Observe that

is bounded. By (5.1), we know that

0 Nl + 11
OXe <C INel + | Aellpel +IN + 14|
Os Y
0 €
2
The estimates on fol % and fol %> follow.

The second statement follows from the fact that ¢.(b.) is bounded in H'([0, s;] X S')
and that ¢.(b,) — b, tends to zero weakly.

Now we show that x.(s, 1) converges to x(s, f) strongly in L*(S ') for any s. Define the
curve X, by the equation:

b= () e+ bt
£0)=  x(s.0)

% is bounded in H! since b, is bounded in L2. And it is alsmost closed because £, and x,
start at the same point and the L' distance(defined locally) of %. and %, tends to zero by
the previous lemma. When € tends to zero, for any s, &, onverges strongly in H'(S '), and
hence in L. Hence x, also converges strongly for any s in L*.

We proceed to show the uniqueness of the sets of limits for each s. Notice that

‘ Ox,

1 3
SC(1+|N|DO)SC'[1+(I |1'\7€|2) J
S oo 0
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Therefore we have

5
s[s‘

Thus we conclude that x.(s") converges to x.(s) in L¥(S') as s’ tends to s. On the other
hand, x.(s) converges to x in L=(S") a.e. in s. Using diagonal argument, we derive the
third statement. The last statement follows.

Oxc
05 loo

s’ 1
< s [ [P ey -l - st
K 0

This lemma settles the existence problem. The next lemma proves the uniqueness and
continuity of the flow:

Lemma 5.4 1. The solution defined in the previous lemma is locally unique and con-
tinuous from H'(S') into L*(S") as a function in b.

2. The map
b(0,7) — b(s,1)

is continuous from H'(S') into H'(S") a.e. in s.
Proof. We consider two distinct solutions b, b eV c HY(SY of the evolution equation.

They are both bounded in H'(S') for every s and fos fol |b]> < C. First we estimates the a
component:

0 1 B B 1 5

|o-(a-a) < f IbNo(b) — bNo(b)| < Cf b - bl.

ds 0 0
Thus we have

s 1 B %
la — al(s) < |a—al(0) + Cf (f b — b|2)
0o \Jo

Now we estimate % fol (b — b)*. By Proposition 2.2 we have

——

| | .
9 f (b-By = f I No(b) ~ 2 No(BY b~ B) + f (M - M)(b B)
65‘ 0 0
1
+ fo (aNo(b)r = bNo(b)ja: — aNo(byr + bNo(b)fig) (b — b). (5.75)

We are going to analyze each term in (5.75) to determine whether it can be controlled by
b — bl1(0) + la — a@|(0) + d(x(0), X(0)). It is easy to see that the terms of type (a — a)(b — b),
are good terms and so are the terms involving f (No(b) — No(b))(b — b).
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By (3.42) and Lemma 3.2, 1y — 7} and its derivatives can be computed as follows:

o (ef’l (HoHb) _ 1)

o—mno =

—— [ JEb-b) (fib~fub)
lo—m0 = 1o (ef‘ " ) +no(jib — Nb)ef .
:-/‘g b) pb)
lo—mo = 770( Ul ) + 2fpo(fib — ,Ub)ef g

+m{uw by G — )

We are encountering terms of the type (f(x) — a(%))(b — b) where [ is evaluated on
two different curves, the same phenomena happens for 7, fi¢ etc, for example terms of type
(t — #)(b — b) and (fig(x) — fig(¥))(b — b). We analyze this type of terms as follows: Since
L= e+ '7+T"bv+nw withnp = Y @;m12, + cb, using the face that |0 — 8|+ |e — & < C|b— b,
we derive that

1
jNM&@—ﬂ&ma
0

s 1 s 1 s 1 . 1
C(ff|b—l§|+ff|a—&+ff|b—5|)+f|x(0,z)—5c(0,z)|.
0 0 0 0 0 0 0

Thus for any function w : M — R, we have:

lw(x) — (%)

s 1 X 1 s 1 ) 1
Cw(fflb—Z)Hffla—&|+ff|b—l~)|+f|a—&|
0 0 0 0 0 0 0
1 1
+f |b—l3|+f |x(0,z)—5c(0,z)|)
0 0

Now let us take care of ¥y (D) — wé,g(g). Since 6, & can be chosen in C? to depend in a
Lipschitz way on b € L™, we have

W.c(b) = Yge(B)] < Clb = bl
Its derivatives are more complicated to deal with.
.
/lob /lob
We are thus left with [ No(b) - —No(b) b-D)+ [ (22 — 22 )b ~b) except than the

terms involving 1o — 7o and its derivatives.

In fo No(b) - —No(b) (b — b), cb term contributes —c fo = b)2 We will use it

to absorb similar terms. For these terms involving the difference in the partition of unity
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coeflicients, since

Wo.a(BIM0lcs + W,e(BYiiosdc> < Ci(1+ 1Bl + 1b] + 7] + BP),
we derive that they are upper bounded by
¢ . 100 .- by sy
mw =Dl + Cle = bl (1 + | (b~ + b)).

: s P .

We can absorb 15516 — blfle in —c fo (b—Db)?, and the second term is a good term. Thus terms
of this type are tackled.

By the construction of i ¢ in section 3.3, we can show that the remaining terms are bounded

1 . < . = 1 ~ .
by 155 Jo (b= Db)* + (1 + b2, + |b2,) [ Ib — B> . Summing up, we get
C 1 . 2 a 1 ~
— | b-b*+—= | b-Db)}
2fo( ) +asf0( )
S 1 ~ S 1 . s . I 1 ~
c(ff|b—b|2+|a—a|2+ff|b—b|+(1+|b|§2+|b|iz)f|b—b|2
0 0 0 0 0
1
v f |x(0,z>—5c(o,z>|2)
0
1 c s 1 . . 1 -
C(|a—&|2+f |x(0,Z)—)~C(O,Z)|2)+C/(—f f(b—b)2+f(b—b)2)
0 2 0 0 0
s 1
+C” f f b —bf*.
0 0
Setting w(s) = %fOS fol (5—5)2 + fol (b — b)?, we get

1 S T 1
w(s) < € (W(O) +la-al® + f 1%(0, 2) - %0, z)lz) +C f f f b - BP.
0 0 Jo 0

For any s € [0, s1], we then get:

IA

IA

1
w(s) < C (W(O) +la—al* + f (0, z) — %(0, z)lz) +C's% sup w(z).
0

z€[0,51]

If C"s% is less than % (otherwise, we can take s; smaller so that it satisfies this condition),
we conclude that : )

I =P+ [ [ (b~ b)? tends 10 zero as |a(0) — a(O)] + [b(0, 1) — B0, D2, + d(x(0), X(0))
tends to zero. Thus for any h > 0, we have

1+h 1 . %
1 f (b(s, ') - b(s, r’))dt’+0(\/ﬁ ( f 152+132)) ]
2h Jip 0
1
vVh

b(s, 1) — b(s, 1)

O(Ib = Bli2(5)) + O(Vh).
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Since fol |b — bJ? tends to 0, we get

limsup sup |b(s, ) — b(s, D=y £ C Vh for any h.
b—b  5€[0,s1]

Therefore the map is continuous from H 1S Yy into L¥(S ') in b. It is also continuous from
H'(SHto H'(S!) ae. in s.

It is obvious that the same statement holds for the curves x(s, £), as a map from H*(S ')
into Whe(s ).

6 Arriving to the v-stretched curves

In this section, we combine the 771, flow in section 3 and 4 and the w flow defined by
(6.76) below to deform curves in Cg into the v-stretched curves, namely, curves with sizable
almost || pieces alternating with pieces with ||b| — v| < 6, where v and §; are prefixed
small numbers connected by very sharp descending or ascending pieces in between. We
can view v-stretched curves as curves made of v-pieces alternating with & + O(v)v pieces
in graph. We will make this definition more precise later. In the sequel, we call i;, the
cancellation flow since the control over |b|., and f (Ib] = v)* along the flow is kept as shown
in Theorem 3.1 and 4.3.

Fix a weak H? neighborhood V in Cp. Let x(7) be a curve in V. We introduce a function
w on an interval / with the following properties:

w € CX),0<sw<1,

e < mw;‘waQm, 6.76)
I

where ¢y, ¢; are fixed small positive numbers. Combining the cancellation flow 7, and the
w flow n = wsgnb, we define a global flow for such curves to deform them into v-stretched
curves.
We prove a technical lemma first. It is needed to determine the shape of our curves.
Let v be a fixed small number, and 8, be fixed. We also assume that

ﬁZV+29|,
1

In addition, we choose y; such that y; = v + %61 + o(1). Then we have

Lemma 6.1 For any €; > O, there exists c(e;) > 0 such that

~ 4# 30]
bl —v)t < 2ue |l + fb + —|I{, 6.77
Javi=» c%uqu Foete ), 2|0 ©6.77)

where ¢ is a universal constant which depends only on the contact form a and the choice
of the vector field v.
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This lemma indicates that fI(IbI —v)* is controlled by j; bn, on pieces where the curve
shifts between near |b|., level and v level. But fl bny, is in queue controlled by ¢(s) by our
choice of c(s) in (3.14). Thus as c¢(s) — 0, our curve consists of large pieces which is
of the order |b|, and small pieces with f[(lbl — v)* small connected by sharp drops which
might contain lots oscillation in between. We can think that c(s) determines the shape of
our curves in some sense. Now we proceed to prove lemma 6.1.

Proof. First we consider the case that

39
It € 1|lb@)] > v + 71}| < alll.

Then
Jooi=v < gewns [ aei-wy
I tEI||b(l)|§v+T]}
. 30
< (e + 71)|1|. (6.78)
Now we consider the case that
36,
It € 1]lb@®)] > v + =M >alil (6.79)

Since it is an open set, we can assume that

30,
(e 1llo(o) > v+ =) = UL ),

where F;’s are open intervals. There exists j; such that

« 1
| U Fil < s5alll (6.80)
J=J1
We consider the remaining intervals Fy, F»,- -+, F; . We may assume that
30, 1
{t € Fillb@)] > v+ = gealfil (6.81)
for jo < j < j1,and
30, 1
(it € F|ib®)| > v+ =} > —alFjl, (6.82)
2 10
for j < jo. For Fj 1,--+, F;,, we can proceed as in (6.79).
We are left with Fy,--- , F;,. We notice that

Jo
3 1 1
lir qu, st b)) > v+ Z61)| > ll] | U Fil= 15l U Fil> alll.  (6.83)

J>J1 Jo<J<hi
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LetE; ={t€ Fjs.t. |[b(t)| > v+ %91 }. We may assume that E; = [ J;2, E’; where E’]‘ are open
intervals. Repeating the same process (6.80)-(6.83) with 2—1061, we keep a finite number of
them.

Starting from each of these intervals left, we can build an oscillation where 171, can be
set thanks to the fact that |b(7)| > i + %. |b| take the value |b(?)| > i + %‘9 at its boundaries,
by construction.

We thus have now a finite number of disjoint intervals L’; = [t1,jx, 12, ji- ] Where we
have constructed an 7y ;. Furthermore,

3
‘{t € ULj,k, st (0] > v+ 561

€]
—|1]. .84
> (6.84)

As we did in (6.81) and (6.82) we already got rid of the other ones. Thus we may assume
that

3
’{t €L |1b(®)| > v+ 591}

> 2Ll (6.85)
Denote Fj :={t € Lj; s.t. |b(t)] > v + 3%}. Observe that, by (3.6) and maximum principle

we have o
CO(t - tl,j,k)(tZ,j,k - t)

(tf, jk b, j,k)2
where ¢ is an constant which depends on f and |b|.. Thus the following holds:

h.ik co(t - tl_,j,k)(ZZ_,j,k —1)
ﬂogj’kdt > - )2 dt
Ljk t Ljk ~ 2.7k

1,k

10,k 2 , (6.86)

\%

1
C()L s(1 — s)ds |Lj,k| = |Lj,k|

and

cot =17, )t 1 = 1)
f UO,j,kdt > f ta j_ - 1)2 dt
Fik Fix 1Lk "2,k
= ¢ f s(1 = s)ds |Lj| . (6.87)

Fiy

where Fj; i= — > £ Therefore we have

Js M b ~ 20

f nojkdt > c(er) |Lix| (6.88)
Fix

where ¢, is a function of €; which can be taken as ef.
Thanks to (6.84) and (6.87), we get

€] 1 f
— |1 L; irdt.
4 < %H e ; c(e1) Jry oxdt
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Hence

A

f[(lbl s a 616(61) Z f“ 1034

1447 f
< b
616(61)92 Z bl712, )k
Cii f
< ——— | by, 6.89
2@ Ji 2 (6.89)

where we use the fact that |b(£)| — u7, ¥y, ¢ (Ib(D)]) > %‘
By (6.78) and (6.89), we obtain (6.77). Thus lemma 6.1 is proved.

First, let us look at the almost |b|-pieces, namely pieces with % < |b] € |bleo. If it
satisfies (3.3), we use 71, to decrease J while keeping those bounds in Theorem 1 and 2. If
fl(l + b)|I] > &, then we keep it. The size of such pieces in time is O(ﬁ) /€ or larger.
Therefore there are finitely many of such almost |b|., pieces.

There might be jumps from |b| to v. On such pieces, possibly after rescaling, we
introduce 7 = sgnbw. Using (2.2) we got a vector field to Cg along x, thus a decreasing
flow for J. It might destroy our control on |b|., or the one on f (16| = v)*. We want to avoid
this. There are several cases.

If there is no oscillation on such a piece, then starting from 'b Lo

we use w to decrease.
This flow might increase |b|«, but since we start from an interval where b is less than 'b;“,
we could use this flow without actually increasing |b|o,. Once an almost |b|, piece occurs,
we start to use the cancellation flow 7;5.

There might be oscillations on such pieces. Fix a small numbers €. If there is sizable
high sharp oscillation, namely |b| goes below the level v + §; after a time span €, and goes
below this level before 2¢; again after moving above v + 26| somewhere in between. we
apply the cancellation flow 71, to this sharp oscillation to decrease J. Thanks to a modi-
fication of estimate 1 of Theorem 1, the peak of this oscillation also decreases. Therefore
we can assume that such oscillation does not occur. || remains above v + ¢, for time span
of the order of ¢ in the sinks, if we are in the zone where |b| is above v + 26,. We then
introduce the w flow 1 = wsgnb in these time intervals. But the w flow might increase the
bounds on |b|., and f (Ib| = v)* sharply. In order to overcome this problem, we introduce
m = wsgnb + M Y; 12, where we require that every oscillation of size at least 26, to con-
tribute an 71, to 17,. We claim that only finitely many such oscillations develop. Therefore
n, is well defined.

Now let us make this precise. Every oscillation of size at least 20, satisfies

fb* > 26.
1.

i

Thanks to Theorem 4.1, on the whole zone I we are considering, the contribution of the
cancellation flow } 112, towards < 7 f bt is

—fb+ C(V)Z “2’ Cz(V)Z

+C(V)e(l + f b, (6.90)
— M2 1
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The introduction of 7 = w on a time interval K larger than IOUOU add a term of the form

[
C(V) fk b*. Therefore f, b* remains bounded on bounded intervals.

‘We can choose €] so that
C1(V)(261)° = Co(V)e.

This implies for those oscillation with [x] . — x; .| < €, the first two terms on the right
side of (6.90) is non-positive. Thus we have

9 fif < C(We(1 + fif).
é)s 1 1

Solving this differential equation, we have

f bis,0%de < (1 + f b(0, 0" dne” ™ 1.
! I

Thus after an finite time s, the number of such oscillations with size of 20; is finite unless
the curves are no longer in the chosen neighborhood V.
Observe that the introduction of w implies:

V(i
fbn< fb‘“ " {p)10000°

Given that || is a priori bounded, ¢ can be bounded away from zero by (3.15) .
Now we show that with careful choice of M, then the control on |b|,, and f (Ib] = v)" is
kept. By (3.25), we have

d b1 —_ 1 I,
—(5) < @+ b= "fiw )+ war i) + M—(=C »" ———— 4+ cCo(1 + b)),
0s a a a lx7; = xz’i|

We can choose M > C»(V)|b[2, so that

L, —— ] 1 Y
E(w+b w—= HW )+w(aT—bﬂ§)—M;C1Zm<o.
Thus
_() _Ci(V) da
s a a Os

w does not destroy the control on f (Ib] = v)*, because its support does not touch the
region where |b| is less than v. With the introduction of w, we get additional terms of the

type
fi,/‘+] aa
Zf w(ar—bﬁé:)SCf(1+b2)SC(——).
ij tj 1 Os

Thus estimate 2 in Theorem 3.1 and 4.3 holds as well.

This allows to get rid of large pieces where |b| is essentially less than v — §;, because
b cannot rise to v on a large size interval. The result is that our curves have to become
v-stretched with, maybe, lots of oscillations above their limit profile, of a very small L
contribution.
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\ &+0()

] almost v-pieces

Figure 2: minimizing process

Remark 6.1 In this process, the zeroes of b never increases along a flow-line.

It is obvious that 771, and w never touch the zeroes of b. The only troublesome term is
n = cb. By (2.1) and (2.2), the contribution of this term is

ab 1
a5 (n+b(f bn—tf bn - 77#)) +atn — figbn = —b
S a

at 1y such that b(ty) = b(ty) = 0

Thus if b tries to cross zero from above at 1, ‘”’ becomes positive immediately and
therefore cannot cross zero. When b approaches 0 from below, it is the same. Thus the
zeroes of b never increases along a flow-line.

7 The last step: Arriving at [ J 'y,

Lemma 7.1 Let us consider a nearby piece of &-orbit between two points x* and x~. The
tangent vector reads as & + O(v)v, with v small. Let a be the &-length of this piece of orbit,
al(x7),---,a"(x™) be the characteristic ¢-lengths at X, where a“(x™) is the length of the
&-orbit such that v turns knt from x~ to x*. Assume that |a — a{:I > 6(v) > 0, where 6(v) is a
function of v tending to zero with v. Then, there is a unique &-piece of orbit connects them
in the neighborhood of this & + O(v)v piece of orbit.

Proof. We denote the two consecutive almost v-orbits as Q; and O, and they intersect
with the connecting & + O(v)v piece of orbit at x; and x, respectively. We also denote the
one-parameter group of & as ¢,. Then (J-q ¢5(O0)) is a surface.
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Let s; be the &-length of the [x1, x;] piece. We may assume that D¢y, (v(x2)) has a
nonzero component on —[&, v] as long as we are not in a neighborhood of a characteristic
piece, i.e., &-pieces where the Dirichlet problem i + a®tn = 0,77(x;) = n(x2) = 0 has a
nonzero solution.

Thus near ¢y, (x2), which is very close to x, the tangent plane of (o ¢5(O0;) is gen-
erated by & and D¢, (v + 0(&)), hence it is transerval to v if |b| is large enough. For
z close to x, on Oy, X(z) is equal to v + O(ﬁ). Thus O, and | Jo ¢5(0)) are of comple-
mental dimensions in M. It implies that there exists a unique xi-piece connecting O; and
O, in the L* neighborhood of the near &-piece [x1,x;]. Therefore there is a minimizing

I II
& — @
@ &
— ™ aimaostv piece H""\"\f'\-r\

@
@

v-piece might reverse
its direction III

Figure 3: reversed orientation
1 . .
process that decreases fo a from a v-stretched curve to a curve having only & and +v pieces.

An observation is in order here: along this minimizing process, an almost v-jump(its
tangent vector is v + ﬁg, with |b|., very large) could reverse orientation if it is large
enough, see figure 3.

In that case, we stop the process at phase II. We had an almost &-piece (D and another
almost &-piece @around a small almost v-jump. Taking together at phase II, they form an
almost &-piece. The process can be iterated. Of course, if the £ + O(v)v piece is not small,
this process is not minimizing. But such pieces are of finite number, bounded independent
of v. Therefore, these curves converge as v — 0 to a curve in | ['x.

8 Appendix

In order to prove Proposition 2.2, we need the following lemma:
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Lemma 8.1 Let § be a I-form and z(t) be a tangent vector along a loop x(t) on a manifold
M. Then the first variation of 6(X) is given by

——
0,0(x) = 6(z) —do(x,2). (8.91)

This formula can be proved by taking a local chart and then carrying out the computation
in the local chart. Now we proceed to prove Proposition 2.

Proof. Thanks to (8.91), we have:

% = 6Za'(x) = a’(Z) - da’(x, Z)
/—/R
= A+ y—(bn—cp),
oc == .
a = 6218()(') = ﬁ(Z) - dﬁ(x’ Z)
= i —(au—b)dBE,v) =1 — (au — bA),
and
ab ——

f—(bn — cp) — (an — cDdy(&, w) — (bn — cuw)dy(v, w).

Simple compuatation shows

dy(&,w) = =7, dy(v,w) = fig.

Thus we finish the proof of this proposition.
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