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Abstract

In this paper, we consider the following poly-harmonic system with Dirichlet boundary
conditions in a half space R’} :

(=A)Y"u(x) = u® (xX)V*1(x), xeRY,
(=A)Y"v(x) = u®2 (x)v*2(x), xeR],
u=§7‘;=f7§=~~-=§:”;1?=0,xe6Ri, 0.1
v === 2 =0, xedR],

where ; + ; = Zf;'z > 2, @;, f; > 1 fori = 1,2. First, we show that, under some mild

growth conditions, (0.1) is equivalent to the IE system

0.2)

u(x) = [, GLex Yt V1 )y,
v(x) = [, GLOu U= G2 (3)dy,

where

4xnyn

c oy mel
GL(xy) = —"f =
0

—dz
|x — ylr=2m (z+1)2
is the Green’s function in R’} with the same Dirichlet boundary conditions. Then, inspired
by the work [12] of Y. Fang and W. Chen on the Dirichlet problem for (-A)"u = u” in R’}
we use method of moving planes in integral forms to prove the nonexistence of nontrivial
nonnegative solutions for IE system (0.2), and as a consequence, we derive the nonexistence
of nontrivial nonnegative classical solutions for problem (0.1).
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1 Introduction

In this paper, we investigate the following system for poly-harmonic operators with Dirichlet bound-
ary conditions in the half space R’} :

(=A)"u(x) = u (x)? (x), xeR,
(=AY"v(x) = u (V2 (x), xeR, (1.1)
2 m—1 .
M:(,?Tu”:g;:: SMIII_O,XE(?R'L
2 il
v:%:gx,%:.“:gx’:’lzo’ xeaRﬁ’

where m is an arbitrary positive integer, 2m < n < 6m, «;, f; > 1 fori = 1,2 and R} is the
n-dimensional upper half Euclidean space defined by

R} :={x=(x;,x2, -+ ,x,) €R": x, >0}

In particular, if we set u = vand a; + 8; = g € (1, 2*%’2] for i = 1,2, the system (1.1) will

degenerate into a Dirichlet problem of one single poly-harmonic equation

{(—A)mu(x) =ui(x), xeR", 12

W= = gj;,fl 0, xe€dR".

It is well known that Liouville type theorems (nonexistence of nontrivial nonnegative solutions)
are very important in deriving a priori estimates for the solutions to the corresponding family of
equations or systems either on domains in Euclidean spaces or on Riemannian manifolds with
boundaries. The Liouville type theorems for PDE or IE problems associated with higher order
or fractional order Laplacian similar to (1.2) have been extensively studied by many authors (see
[1,2,7,12, 13, 14, 17, 23, 24, 25, 28, 30] and the references therein). When m = 1, B. Gidas and
J. Spruck [17] proved the nonexistence of positive solutions for (1.2) in the subcritical cases, their
proof works for critical case g = Zf%;’i as well. In [24], under some global integrability conditions,
G. Lu and J. Zhu first used the method of moving plane in integral form to derive axial symmetry
and proved that the solutions of the equivalent integral equation of (1.2) with general nonlinearity
f(u) instead of u? are axially symmetric with respect to some line parallel to the x,-axis and nonde-
creasing in the x, direction, which further implies the nonexistence of solutions. G. Lu and J. Zhu
[25] also established Liouville type theorems and decay estimates for viscosity solutions to a class
of fully nonlinear elliptic equations or systems in half spaces. By using the Green representation
formula in a half space, W. Reichel and T. Weth proved in [28] that there are no bounded classical
positive solutions to problem (1.2), they also obtained the following equivalence between Dirichlet
problem (1.2) and its corresponding IE problem under some boundedness assumptions.

Theorem 1.1 (/28]) Suppose that u € sz’l(@) n leolf 1R, g > 3, Is a function with the follow-
ing properties:

(i) u and all partial derivatives of u of order less than or equal to 2m — 1 are bounded,
(ii) u satisfies the equation and Dirichlet boundary conditions in (1.2),
(iii) (=AY"u € L! (R") is nonnegative in R7.

loc
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Then
u(x) = f GL, AN "u(y)dy, xeR!,
R

n
+

where Green’s function in R’} with the same Dirichlet boundary conditions is given by

4xnyn

C =y Zm_l
Go(x,y) = —nf s
0

rdz.
|x — y[n=2m (z+1):

In [29], W. Reichel and T. Weth were able to remove the boundedness assumptions on « in the
subcritical case by using a doubling lemma.

In [12], under some weaker growth conditions, Y. Fang and W. Chen proved the Liouville type
theorems for Dirichlet problem (1.1) and its equivalent IE problem in both subcritical and critical
cases. One of the ingredients in their proof is that, in Theorem 1 of [12], they were able to remove
Reichel and Weth’s boundedness assumptions on u and all its partial derivatives up to the order
2m — 1 and obtain the same results on equivalence as W. Reichel and T. Weth [28] under much
weaker assumptions, which require only the (i — 1)-th partial derivatives of u grow slower than the
linear way, more precisely, for multi-indices |a| =m — 1, m > 2,

|D%u| = O(ly|*), for largely|, and for some 0 <a < 1. (1.3)

For more related results involving the quantitative and qualitative properties of solutions for PDE or
IE problems associated with higher order or fractional order Laplacian, we refer to the works, e.g.,
[4,5,7,9, 10, 15, 16, 17, 18, 20, 21, 23, 24, 26, 29] and the references therein.

One can observe that a modification of the proof of Theorem 1 in [12] shows that the following
similar results for corresponding IE and PDE systems (0.2), (1.1) also hold.

Theorem 1.2 Suppose that u € C*"~'(RL) N W,"(R") and v € C*" 'R N W, (R, ¢ > 5= are
a pair of functions with the following properties:

(i) Forla|=m—1,m > 2,
|D%ul = O(ly|"), |D%V| = O(y|*), forlargely|, and for some 0 <a <1, (1.4)

(ii) (u, v) satisfy the equations and Dirichlet boundary conditions in (1.1),
(iii) (=A)"u € L! (R}) and (=A)"v € L! (R}) is non-negative in R’}.

loc loc

Then for every x € RY, (u,v) satisfy

u(x) = [, GLoxyu )V (y)dy,
v(x) = [, GLxy)u v (3)dy.
As an immediate consequence of Theorem 1.2, we have

Corollary 1.1 If (u,v) is a pair of nonnegative classical solutions of the Dirichlet problem (1.1)
satisfying (1.4), then (u,v) satisfies IE system (0.2). The growth condition (1.4) is not needed when
m= 1.

We can also prove easily the following result.

Theorem 1.3 If (u,v) € sz(@) X CZ’”(M) is a pair of solutions of IE system (0.2), then (u,v)
satisfies the Dirichlet problem (1.1).
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Since there is no corresponding maximal principles available for differential equations involving
higher or fractional order Laplacian, we need first to exploit global properties of the integral equa-
tions and apply the method of moving planes in integral forms to prove the Liouville type theorems
for the equivalent IE problems. Then, thanks to the equivalence between the IE system (0.2) and
Dirichlet problem (1.1) obtained in the above Corollary 1.1 and Theorem 1.3, we can deduce the
Liouville type theorems for (1.1) from the corresponding results of IE system (0.2).

In this paper, inspired by the work [12] of Y. Fang and W. Chen on the Dirichlet problem for
(=A)"u = u” in R}, we use method of moving planes in integral forms presented by W. Chen, C.
Li and B. Ou in [9] to prove the nonexistence of nontrivial nonnegative solutions for IE system
(0.2), as a consequence, we derive the Liouville type theorem for classical solutions of the Dirichlet
problem (1.1). For more related results about the method of moving planes in integral forms, see
[5, 6,9, 8, 20, 24, 32] and the references therein.

Our main results are the following Theorem 1.4 and Corollary 1.2.

Theorem 1.4 For a; + B; = 232 >2 a,Bi=>1,i=1,2, and p = ﬁ, if (u,v) satisfying u €
Lfo R} andv e L? (R") is a pair of non-negative solutions of IE system (0.2), then (u,v) = (0,0).

loc

Combining Theorem 1.4 with Corollary 1.1 and Theorem 1.3, we conclude the following corollary.

Corollary 1.2 Fora; +; = Z:’% >2, a,B; > 1,i= 1,2, if (u,v) is a pair of non-negative classical

solutions of the Dirichlet problem (1.1) satisfying (1.4), then (u,v) = (0,0). For m = 1, the growth
condition (1.4) is not needed for the conclusion to be valid.

For more related results on PDE or IE systems, see [3, 6,7, 8, 11, 19, 22, 25, 27, 31, 32, 33] and the
references therein.

This paper is organized as follows. In Section 2, We prove Theorem 1.3, combining with Corol-
lary 1.1, we derive the equivalence between the PDE system (1.1) and the IE system (0.2). In Section
3, we will use the method of moving planes in integral forms and Kelvin transforms to prove Theo-
rem 1.4, and thus obtain the Liouville type theorem for PDE system (1.1).

2 Equivalence between PDE system and IE system

Proof. (of the Theorem 1.3). Since

(=A)"GL(x,y) = 6(x—y) in R,
66; 6”(—]G; n
G;:axn:...:W:O 0116R+,

by (0.2), we have
(=A)"u(x) = fR AL u™ G )y
= [ str=yun o ay
= u” (P (x)
and

ou B Oy
0x,  Oxm!

=0 on JR].
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Similarly, we derive from (0.2) and the above properties of Green’s function G, that
(=A)"v(x) = u® (V2 (x),

and

v B oy

v=axn = P =0 on JR].

This completes the proof of Theorem 1.3. H
Combining Theorem 1.3 with Corollary 1.1, we obtain the equivalence between PDE system
(1.1) and IE system (0.2).

3 Non-existence of the positive solutions of IE system

Proof. (of the Theorem 1.4). In this section, we will prove Theorem 1.4 by using the method of
moving plane in integral forms. To this end, let A be a positive real number and let the moving plane
be

Ty={xeR]:x, =2}

We define
Y= {x =, ,x) R0 <X, < A,
and let
'x/l = (XI,.XZ,"' ,ZA_xn)
be the reflection of the point x = (x1, x2,- - - , X,,) about the plane T, and

T=RIE, Epi={xtixeXy),

u (x) := u(xﬁ), va(x) = v(x/l).

To prove the Theorem 1.4, we need the following lemma about properties of the Green’s function
proved in [13] and [24] independently.

Lemma 3.1 ([13, 24]) (i) For any x,y € ), x #y, we have
GL(, yYH > max{GEL(x, y), GL(x, yY))

and
GL(xyY) = GL(x,y) > IGL(x, y) = GL(x,y).

(ii) For any x € £, y € X, it holds
GL(y) > GL(x,y).

Lemma 3.2 For any x € X, it holds

u(x) = ua(x) < fE [GLO YY) = GO yHIu™ O () = u! (1A' (3)]dy,

MPWWSIWU%ﬂ—@Mﬂmﬂwﬁw—ﬁ®ﬁ®W~

Z,
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Proof. (of Lemma 3.2). Since

ulx) = f GLCe U V' ()dy + f G4, yOus V) (dy

2, 2,

+ f - GLL U™ WV (y)dy,
>

\Za

u(e) = fz GLOA DU W ()dy + fE GGy () ()dy
+ f ~ GLE L y)u o)V )y,
Z0\Za
by Lemma 3.1, we have
U — 1(x) = f (G(x.3) — GL )™ G0 ()dy
)
. f (G (x. ) — GHOA YO (0 ()dy
Z)
#1650y - Lty 0 vy
< f (G2(x.3) — GL )™ (0P ()dy
2\

. fZ (G ) — Gy (VP (3)dy

< f (G0 ) — G (r yDTu™ () ()
Z)

- f [GL(x' y") = GL(x, yH1uS G)VS ()dy

2

= f [GL(xyY) = GLx yHI U™ VP () — u )V () ]dy.

O

Similarly, we obtain
v(x) = v (x) < f [GL(x",yY) = GL(x yONU W2 () — ul W2 ()] dy.
P

This ends the proof of Lemma 3.2. ®

Since we don’t assume global integrability on the pair of solutions (i, v), in order to apply the
method of moving planes in integral forms, we need to properly use the Kelvin transforms. For
0 n
7’ € ORY, let

1 x-72° 1 x-2°

0 = _ 0
( +2), W(x) = |x—z°|”‘2’”v(|x—zo|2 +2)

u(x) =

u
|x_Z0|n—2m |)C—ZO|2

be the Kelvin transforms of u and v centered at point z°. We will consider two different possible
cases and derive a contradiction in both cases.
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Case 1. If there is a 20 = (z‘l), e ,12_1, 0) € JR’} such that both &# and ¥ are not singular at 2,
then we can deduce
u(x) = O(

), v(x)=0( ) for |x| large. 3.1

|)C _ Z0|n—2m |X _ ZO|n—2m

Since u € L} (R?)andv e L) (R%)and p = 2 we infer from (3.1) that

loc n-2m
‘fR

In this case, u and v are globally integrable, we will move the planes in the direction of x,-axis to
show that © and v are monotone increasing in x, and thus obtain a contradiction with (3.1). The
proof consists of two steps.

Step 1. Define

u’(y)dy < oo, f vP(y)dy < co. (3.2)
R

n
+

Ti={xeZy () —ulx) <0}, T ={xeZy:vy(x) —v(x) <0}

For positive A sufficiently small, we will show that the measure of XY and 2! must be zero. Indeed,
for any x € X%, by the mean value theorem and Lemma 3.2, we obtain

u(x) — ua(x) < f [GLENL YY) = GL L YOI OV () — uS )V (1)]dy
2
< f (G YY) = G yH ™ )P () — V2 ()]
4
+ A O ) - us )]y
; f (6L — G (e ) (I ) — P ()]
XY

= | [GLGA YY) = GLx YY) 0 () — u% ())dy

u
X

+ L 1G04y = GLln y e 1) - i 0)ldy o
< | IOLG Y = GLlny IV O™ 0) = 3! )]y

o [ I6LG ) = GLl " 0 ) = ] 0y
< [ G O )~ Ol

v [ GLO I O 0) = 0y,
For 0 < 2m < n < 6m, we have |
G;Q{ﬂ):57j%W3; O/MV?”aégé_z (3.4)
k

< — .
|x = yl2m
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From (3.3) and (3.4), we obtain
w0 < [ " 0) - 1 )My
s [x =yl
+ f — i mA) - 0)ldy
=y

= f B et W) — wa()]dy
= lx =yl
B

s =y

< fz B T ) () — ua(y)ldy

’ |X yln 2m A

3.5
U WS V) = va)ldy

. fz B e (B ) — v 1dy.

N |X yln —2m

where ¢, (y) is valued between u,(y) and u(y), and () is valued between v,(y) and v(y), therefore
on X and X', we have

0<u;(p) <) < u), 0<v(y) <y <v().

Now, for a; + 8; = % > 2, ;, B; > 1,i = 1,2, we apply Hardy-Littlewood-Sobolev and Holder

inequalities to (3.5) and obtain

1
llu = wllzpcey < Crllu™ V= v = vl

Ln+7mp (039)
+ Gl u ™ = )l
Lrl+7mp () (3 6)
| .
< Cl”u”L[J(Z‘)”v”ﬁlp(zl)”v V/?”L/’():'
+ C2||u||Lp(zu)“V/l”Lp(Zu)”u M/IHLP Z"
Similarly, we have
||V - V/l”LP(Z;) < C3”u”Lp(Z»)”V”€p(zt)||v V,IHLP(Z‘ (3 7)
: .
+C4||u||zlzl(zu)“v/l||Lp(zu)||u ualler .-
By (3.2), we can choose sufficiently small positive A such that
1 1
Cl”””[lp(z‘)”‘}”lzp(zt < Z7 CZHMHLp(zu)”V/l”Lp(zu < Zv (3 8)
1 1 '
4

1
C3||M|IU(2»)|IV|IIZP(E»)S 4 C4||M||Z,2,(ZL,)HV,1|I€F(Z,, <

By inequalities (3.6), (3.7) and (3.8), we obtain
lle — wallrsy = 0, v =vallry =0,

and therefore X' and X" must be measure zero. Therefore, for positive A sufficiently small, we must
have
uy(x) = u(x), vi(x) >v(x), VxeZ,. 3.9)
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Step 2. Inequality (3.9) provides a starting point to move the plane 7) = {x € R"} : x, = 4}. Now
we start from the neighborhood of x,, = 0 and move the plane up as long as (3.9) holds.
Define

Ao = sup{d : u,(x) > u(x), vy(x) >v(x), u <A, Vx €X,}.

We will prove
Ap = +oo. (3.10)

Suppose on the contrary that 1y < oo, we will show that u and v are symmetric about the plane 7,
that is

uy, (X) = u(x), vy (x) =v(x), VxeZ,. (3.11)
Otherwise, on X,
13, (3) 2 u(x), v, (3) 2 V), but g, (x) % u(x) and v, (x) # V(). 312)

We show that the plane can be moved further upward. More precisely, there exists an € > 0 such
that for any A in [y, Ay + &),

ur(x) > u(x), vix) =>v(x), YxeZ,. (3.13)

Indeed, by the integrability conditions, we can choose ¢ sufficiently small so that for all A € [, Ao+
&),

1
Clll”'hp(z!)”"”ﬁlp(z\ < -, C2”u”Lp(2u)”V/l”lzp(zu <

(3.14)

.J;l»—i-h“—‘

ﬁzlg

1
Callull g It < 7 Callull

Lp(zu)”Vﬂ”Lp(Zu) =
For the continuity of our work, let us postpone the proof of (3.14). Now together with (3.6) and
(3.7), we arrive at

lw — wallr ey = 0, [lv =vallry) =0,

and therefore X and X must be measure zero. Hence, for 4 > Ay and sufficiently close to 19 we
have

u(x) > u(x), vi(x) >v(x), VYxeZ,.

This contradicts with the definition of Ay, thus (3.11) must hold.

By (3.11), we derive that the plane x, = 24 is the symmetric image of the boundary JR’} with
respect to the plane 7,,, and hence (u(x),v(x)) = (0,0) when x is on the plane x, = 21y. This
contradicts with our assumption u(x) > 0 and v(x) > 0. Therefore, (3.10) must hold.

Now, we prove inequality (3.14). For any small 6 > 0, we can choose R large enough so that

S Null

1
LR \BR(O))HVAH@(RK\BR(O)) <9,

””“U(R’*\BR<0>>”V”LF<R"\BR<0>> (3.15)

<6, full?!

LP(RY \BR(O))”W”L”(R” \Be(0)) < d.

el g g o I o

We fix R and then show that the measure of £ N Bg(0) and X N Br(0) can be arbitrarily small as 4
tends to Ag. First, for any x € X, we have

Uy, (x) = u(x) >0, vy, (x) —v(x)>0. (3.16)



126 Z. Liu, W. Dai

Indeed, from Lemma 3.1 and the proof of Lemma 3.2, we have
1, (%) = u(x) = fz | [GL(x", %) = GL (e, Yy WA () — u™ ) () ldy
. 5 [GRE4) = G I O 0¥y (3.17)
= . o [GLE) = G 9 .

Similarly,
v, (%) = v(x) 2 f _[GLO",y) = GLEe U™ )V ()dy. (3.18)
29\

¢ \$
2 =10
If we suppose that inequality (3.16) does not hold, then there exists some point x” € X, such that
u/lo(xo) = u(x") or vdo(xo) = v(x?).

Combining this with (3.17) and (3.18), for any y € 230 \ flln, we have

u™ (W' (y) =0 or u™ (YW (y) = 0.

Thus we obtain
u(y) =0 orv(y) =0, Yy eXi \Xy.

This is a contraction with our assumption that # > 0 and v > 0. Therefore, (3.16) must hold.
For any n > 0, we define

E, = {x € Z), N Br(0) : uy,(x) — u(x) > n}

and
Fy =1{Z N Br(O)}\ E,,.
Obviously, (3.16) yields that
lim u(F,) = 0.
n—0
For A > Ay, let
D, = (Z3\ Zy) N Br(0).

Then it is easy to prove that
{ZNBr(0O)}) c EYNE)UF,UD,. (3.19)

Apparently, the measure of D, is small when A is close to 1g. We will show that the measure of
24 N E,, can be arbitrarily small as A tends to Ay. Actually, for any x € X N E,, we have

up(x) — u(x) = uy(x) — ug, (x) + 1y, (x) — u(x) < 0.

Therefore,
U, (X) = u(x) > ugy(x) — u(x) > n.

So, we obtain
(I NE,)) CGy:={x € Br(0) : ug,(x) — ua(x) > n}. (3.20)
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By the well-known Chebyshev inequality, we have

u(G,) <

f|uﬂo<x)—uﬂ<x>|f'”dx< f (0 — P dx. (321)
! Br(0)

np+l

For each fixed 7, the right hand side of inequality (3.21) can be sufficiently small as A close to Ay,
and our conclusion for X N E, follows from (3.20) and (3.21). Therefore, by (3.19) and (3.20),
the measure of X N Bg(0) can be made sufficiently small if 4 is close enough to 4y. Similarly, the
measure of 2 N Br(0) can also be made sufficiently small if 4 is close enough to 1y. Combining this
with (3.15), we derive (3.14).

Now, by (3.10), u(x) and v(x) are monotone increasing with respect to x,. This contradicts with
(3.1). So Case 1 is impossible, and what remains is the following.

Case 2. For all 20 = (z(l), cee 12—1’ 0) € JR”, at least one of & and ¥ is singular at 2. Without
loss of generality, we fix an arbitrary point z° and assume that both & and ¥ are singular at z°. We
will prove that (i, ¥) is rotationally symmetric about the line passing through z° and parallel to the
Xp-axis. By straightforward calculations, we have

1 x=20

- 0
ux) = u +Z
( ) |X _ Z0|n—2m (Ix _ Z0|2 )

1
:mfn +(| o|2+2’y)“"‘(y)v8‘(y)dy

__ 1 GL(Sr + 2 i + &)
= |x _ ZO|n—2m N |y _ Z0|2n
0 v —
)t (275 i (LT 0y
- 2°P [y — 2l
+ ~
_ = z°\2+z’b ZO\Z+Z) ! u(y_zo + 20
- w lx— Op=2m|5 — 0p=2m F|5 — Op=2m |5 — 02
1 V= 0N1B1 %
: % +2)1”'d
Foor g TN
= f G (x, ) )V ()d5.

Similarly,
0= [ GLa P 0y

Therefore, if (u, v) is a pair of solutions of

{u(x) = fo GLx U™ )V ()dy, 3.22)

V() = [, GLx () ()dy,

then (i1, ¥) is also a pair of solutions of (3.22). Since u € L?
Q that is a positive distance away from z,, we have

(R")and v € LI (R™), for any domain

loc loc

f i’ (x)dx < oo, f\‘z”(x)dx < o0, (3.23)
Q Q
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Now, we apply method of moving planes to (i, v).
In this case, for a given real number A, we redefine

fl/lz{xz(xl,xg,---,xn)ERﬁ:xl</l}, T/]:{XGRZ:.Xl:A},

and let
= (2/1 — X1, X2, 7-xn)'

For x,y € fl/l,x #y, we have
GL(xy) = GL(x\yY > GL(x,yY) = GL(x y).

Obviously, we have

u(x) = fz GLG ™ )P (y)dy + f 50y )P (0)dy,

2,

i(x") = f GLO, i ()W (n)dy + f G4 yHal T (n)dy.
2

2,

From (3.24), (3.25) and (3.26), one can easily derive that

i(x) — ia(x") = | [GL(x,y) = GL(X, »]a™ ()P (y)dy

2,

fz (G0 y") = G yDIE ()P (y)dy

[GL(xy) = GLE I )P (v) = i@ )T ()]dy.

2,

Similarly, we have

P(x) = (') = fz [GL(x.y) = GL IE )P (v) — i ()P (3)]dy

W. Dai

(3.24)

(3.25)

(3.26)

(3.27)

The proof consists of two steps. First, we will move the plane 7, along the direction of x;-axis
until A = z(l). Then, we can show that the solutions #(x) and ¥(x) are rotationally symmetric about

the line passing through z° and parallel to x,-axis.

Step 1. In this step, in order to provide a starting point to move the plane 7, along the direction

of x;-axis, we will show that for A sufficiently negative, and € > 0 arbitrarily small,
i(x) —i(x) >0, 7,(x)—v(x) >0, VYxeZ,\BAY.

First, let us define the sets

2= (x € T\ Bo((2)Y) ¢ ia(x) — ii(x) < 0}

and
2= {xr e £\ B : alx) — 9(x) < 0},

(3.28)
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We only need to prove that for A sufficiently negative, the sets flj{ and f)fl must be measure zero.
Indeed, for x € ﬁﬁ by (3.27) and the mean value theorem, we obtain

0(x) = () = fz [G,(6,y) = GLO I 0P () = i) )P )1y
< fz GLO T O () — 77 (0)]dy

+ fz GLx A O ) = 7 0)dy

P~ W) - aa()ldy

Z“ |x y|n —2m

+j; - a® P ) — 7a)]dy.

s e —yprm

Similarly, we get
P(x) = 7a(0) sf T C;yli_z,,,v?(ym%"@)[u(y)—um]dy
S X =

" f P2 g B ()[(y) - Ta) 1.
2

N |x yln 2m

We apply the Hardy-Littlewood-Sobolev inequality and Holder inequality to the above two inequal-
ities and get

|ﬁ1

|liz — ﬁd”u(zﬂ CIHMHZ;(Z‘ [l LG ” - ‘_’/l”Ln(ﬁ;) (3.29)
) '
+ Calllly g 1AM 5 17 = Ball s
and
19 = Faliosyy < Callallys s, 9165, 17 = Pl
el 5 (3.30)
+ C“”u”u(z" ||V4||Lp(2“ llit = &all sy
By (3.23), we can choose N sufficiently large such that for 4 < —N,
Cllll o P < 20 ol Il < -
W @ WMl = 30 F 21 @ WAl gy = 3
; ) , | 3.31)
@ 2 < — -1 2 <
C3||M||L,,(Z‘ ||V||L,,(Z‘ < C4||M||U(Zu “V/IHL,,(ZH <7

Now inequalities (3.29), (3.30) and (3.31) imply that
llia — ﬁﬁ”y(ﬁ;ﬁfl) =0, [v- \_’/l”Lp(ﬁ:'l) =0,

and hence f)j{ and ﬁ‘ﬂ must be measure zero.
Step 2. We now move the plane 7, continuously toward the right as long as inequality (3.28)
holds to its limiting position. Define

Ay = sup{d < z? it (%) 2 u(x), Vu(x) 29(x), p< A, Vxe ﬁ#}~
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We will prove that 1y = z‘l). On the contrary, if we suppose that 1y < z(l). We will show that # and ¥
are rotationnally symmetric about TAO, that is,

i3, () = @(x), T3,(x) = (x), Yo € 3 \B(O)"). (3.32)
Otherwise, on £\ B.((z°)),
i3, (X) 2 @(x), 2,(x) 2 (x), but i1y, (x) # @(x) and ¥y,(x) % H(x).

We will show that the plane can be moved further to the right. More precisely, there exists an ¢ > 0
such that for any A in [y, A9 + 0),

aa(x) = a(x), (%) > 9(x), VYx € EN\BA((O)Y. (3.33)

The proof is similar to Step 2 in Case 1. We only need to use $0\Bs((2%)%) instead of £, and
fl,lO\Bg((zo)AO) instead of X, therein. Obviously, (3.33) contradicts the definition of Ay. Therefore,
(3.32) must hold. That s, if 4y < 2!, for any £ > 0,

L, (X) = A(x), (%) = P(x), Yx € Ly \Be((2°)Y).

Since both # and ¥ are singular at 70, 1 and ¥ must also be singular at ()%

it is easy to see that g = Z?.

. This is impossible. Thus

Now we consider two arbitrary points X' and X2, where X' = (x!, x,) € R*1 x[0,00), i = 1,2.
Let z° be the projection of the midpoint X° = XI%XZ on JR". Set Y’ = l}f'_’zzo(}z +2% i =1,2. From
the above process of moving plane in x; direction, notice that the direction of x;-axis can be chosen
arbitrarily, it is easy to see that #(Y') = #(Y?), and hence u(X") = u(X?). This implies that u(x) only
depend on the x,-variable. Similarly, we can deduce that v(x) only depend on the x,-variable.

In the situation of Case 2, we aim to prove that (u,v) = (0,0). For x = (', Xn),y = (y’,y,,) €
R x [0, +00), we assume (u(x), v(x)) = (u(x,), v(x,)) is a pair of solutions of

{u(x) = Jor GLGa ) )V (9)dy, 334

V() = [, GLx DUV ()dy,

where

4xnyn

Cn = Z

x—y=2m Jo @+ D3

m—1

Gh(x,y) = dz

is the Green’s function in R}.
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For each fixed x € R}, we set |x, — yal> = h? and |x’ —y'|*> =: r*. We have the following estimate:

+00 > u(x) = u(x,)

4xnyn

m—1

Cy = Z
= —_— -dzu® (Y)W ()d
fm |x — yp=2m fo (z+1)? e

4xnyn

1 o ,
. f{y I fo 2Nz (WA ()dy

Y
2 —— " (y )V (y)dy
LERZ: =215 Ay} 1% = YI" ! !

. f U )P )y
100x,

I , (335)
X ’ /12 2\5 dy dyn
(R Ly —x'|= \4x,y0) Iy = X* + [yn — x4]%)2

00 00 rl’l—2
N f ———drdy,
fll)Oxn V4x,Yn (,,2 + h2)§

f‘x’ u GV Oy YT dydy
100x,, |yn _xnl '4)(”)” (1 + 2)2 "

Ivn

o @y Vﬁl m 0o n—2
o f u YV (Y)Y f 04 _dydy,
100x, [V — Xl 1 (1+92)2

Zfoo ua](yn)vﬁl())n)ynmdyn
1

00x,, Ixn —Vn |

>

=

It follows that there exists a sequence {y'} such that

u" Y 050" = 0, as y, > .
Therefore, we must have

u(y,) » 0 or v(y;,) — 0, asy, — co.

Without loss of generality, we may assume
u(yt) =0, asy — oco. (3.36)

For simplicity, we set u(x) = u(x,) = u(t) and v(x) = v(x,) = v(¢). If one of u(x) and v(x) is zero,
by (3.34), we can infer that both of them are zero. From now on, we may assume that u(x) # 0 and
v(x) # 0. Therefore, there exists a 7y > 0 such that u(79) > 0 and v(zp) > 0. By (3.34), we can deduce
further that u(t) > 0 and v(¢) > O for all ¢ € (0, o). In the following, we will consider two different
cases.

Case (a). m = 2k (k = 1,2, ---) is an arbitrary even integer. From (3.34), we get

um(t) = (=A)"u(x) = f (=A)"GL(x, )u OV ()dy = u® (P! (x) > 0, (3.37)
R}

which implies
u(z’”‘l)(t) is strictly monotone increasing. (3.38)
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Now we claim that
u® D) <o0. (3.39)

If not, there exists a ; > 0 such that u®"~V(z;) > 0. By (3.38), we have
u? V(@) > u® V() >0 fort>1 > 0.

By integrating several times, and let 1 — oo, we have u(f) — oco. This contradicts (3.36). Thus our
claim (3.39) holds true. Now (3.39) implies

u®™=2)(1) is nonincreasing. (3.40)

Moreover, we will prove that
u®=2(1) > 0.

If not, there exists a f, > 0, such that u®"2(z,) < 0, by (3.40), we have
uCm=2(1) <u® (1) <0 fort>1 > 0.

By integrating several times, and let 1 — co, we have u(f) — —oo. This contradicts u(t) > 0 for
t € (0, o). Continuing this way, we derive that

u(t) is nonincreasing. (3.41)

Since u(0) = 0 and u is a non-negative solution, by (3.41), we have u = 0. Combining this fact with
(3.34), we obtain v = 0.

Case (b). For any odd integer m = 2k — 1 (k = 1,2, ---), one can infer from (3.34) that u®"(t) <
0, then by a similar process as above, we can obtain that

u(t) is nondecreasing.
Now by (3.35), we have for each fixed point x € R,

+00 > u(x) = u(x,)

Zf“ u"‘(yn)vﬁ'(yn)y?d
1

0r, -yl " (3.42)
00 VB] n m
2 M(ll(looxn) (y—)yndyn-
100x, %0 = Yal

From (3.42), we can infer that there exists a sequence {yf;} such that
VIanom™ =0, as y, — .

Absolutely, we have . ‘
Vigyl) =0, asy, — oo. (3.43)

From (3.34), we obtain
V(1) = (=A)"v(x) = f (=A)"GL(x, Yu” O ()dy = u®™ () (x) > 0. (3.44)
R!

Combining (3.43) with (3.44), one can deduce similarly as above that

v(t) is nondecreasing, (3.45)
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from which and the estimate (3.42), we can deduce that, for each fixed point x € R,

+00 > u(x) = u(x,)

00 VBI " m
> um(looxn) ﬂd n
100x;, |xn - ynl
00 ym
> u® (100x,)V"' (100x,) —__dy,
100x,, [x, — yn|

= +o00.

This is a contradiction. Therefore, we must have (u, v) = (0, 0). This completes the proof of Theorem

1.4.
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