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Abstract

We study the existence of solutions of elliptic systems of the type
ue WyA(Q) : —diviM(x)Du) + (O)lul2u = f(x) >0,
u, p=>0:
¢ € Wy (@)1 ~div(M(x0)Dg) = |ul",

and we examine how the structure of the system gives rise to a regularizing effect on the
summability of the solutions; following the theory of elliptic (single) equations, the regu-
larizing effect is unexpected.
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1 Introduction

1.1 STARTING BLOCKS

In the first page of [1]', Vieri Benci and Dino® Fortunato write: “we are reduced to study
the existence of real numbers w and real functions u, ¢ satisfying the system

{ —%Au—xﬁu:wu,

A¢=47ru2, .1y

with the boundary and normalizing conditions
u(x) =0, ¢(x)=g ondQ, |lul , =1.7

Moreover, in section 3, they write: “Let g = 0 and define ¢ = —¢. Then the above system
reads
—%Au+¢p(x)u =wu, 1inL;
~Ap = 4nu?, in Q; (1.2)
u=0, ¢=0, on 0Q; ||u||L2 =1.7

Our starting point is the above system; we study the related Dirichlet problem: the differ-
ence concerns only the presence of the source f(x). We examine how the structure of the
system gives rise to a regularizing effect on the summability of the solutions of the bound-
ary value problem (1.3); following the theory of elliptic (single) equations, the regularizing
effect is unexpected.

We consider the semilinear (the nonlinearity of the system does not involve the gradi-
ents) system

{ e W(Q) : —~div(M(x)Du) + a(0)g(x)g(u) = f(x), 03

¢ € WHQ) : ~div(M(x0)D) = a(x)G(u),

where Q is a bounded, open subset of RV, with N > 2, M(x) is a symmetric measurable
matrix such that, for @, 8 € R,

P < M(0)éE,  IM(x)| < B. (1.4)

Moreover on the functions a(x), f(x) we assume that
0 < a(x) € LY (Q), (1.5)
0< f(x) € LM (Q). (1.6)

Then we assume that the real functions g(s) and G(s) are continuous, increasing, positive
and verifiying g(0) = 0 = G(0) and

there exist £ > 0, A > 0 such that s > X implies G(s) < Ag(s)s. (1.7)

We point out that we prove that a(x)¢(x)g(u) € L'(Q), a(x)G(u) € L'(Q) without any
assumption on the growth assumption on the real functions g(¢) and G(z).
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1.2 RELATED PAPERS

In the papers below it is possible to find developments of the paper [1] by V. Benci and D.
Fortunato: [6], [8], [9], [10], [11], [12], [13], [14], [15], [17], [18], [7]. In general, they
deal with problems in R>; always, g(s) = |s|* and the right hand side of the first equation it
is not a given function (source) f(x), but a nonlinear (with polynomial growth) function of
u.

1.3 SEerTING

First of all, we recall some classic results on solutions of elliptic problems.

The positivity of the right hand side in the second equation in (1.3) implies the positivity
of its solution, so that, in the first equation, the lower order term does not destroy the
coercivity (see [5]) and all the summability or boundedness results on  still hold; of course,
if u and ¢ exist.

1.4 POLYNOMIAL NONLINEARITIES

Let (s > 0)
gls)=as", A>0,
G(s)=+s", (1.8)
a(x) =1.

As consequence of the above remarks, we make use of the results by Guido Stampacchia,
our common “maestro”, in [16] (see also [4], [2]) and we can say that if f(x) belongs to
L"(Q), then

o if m > %, then u € WS’Z(Q) N L>(Q), which implies, for every r > 0, that ¢ €
Wy (Q) N L (Q);

o if 2L < m < &, then u € W,*(Q) N L"" (), which implies that ¢ belongs to

12 oo N 2N
W, (Q), if — 2 gt that is m > oo

o ifl <m< 2 thenu € W“” (Q), which implies that ¢ belongs to W”(Q) if

N+2°
m** 2rN
il —N+2,thatls again m > Voot

Thus it is interesting to find finite energy solution of the second equation if

< 2rN
ms< ————.

T N+2+4r
That is if

2N < 2rN N+2< (1.9)
m r. .
N+27 7 N+2+4r N-2"

Note that the inequality r > ¥ +§ assures that the interval [ 2% i3 Nf;’jr’ W51 1S not empty.
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Moreover a solution (i, ¢) of

{ ue Wyt (Q) : ~div(M(x)Du) + r e(x)lul2u = f(x), (L.10)
€W, P(@Q) : ~div(M(0)Dy) = Jul’ '
is a critical point of the indefinite functional
1 1
J(v,w):—fM(x)Dva— —fM(x)Dwa +fw|v|r—ff(x)v
2 Q 2 Q Q Q
with v, w € W) *(Q). Note that the functional J is well defined in W}(€Q) if
1 r
—+—<1;
> s
that is if N2
P2 1= 2 (1.11)
N-2

Thus our interest in the study of the (non variational) system (1.3) is motivated by the
interest in the variational (and particular) case (1.10).

2 Regularizing effect on existence of finite energy solu-
tions (second solution)

In this section we study the unexpected regularizing effect on existence of finite energy
solutions of second solution, if we work in the framework of the Remark 1.4.
The first existence result is concerned with the case of a bounded datum.

Proposition 2.1 Let F € L*(Q). Then there exists a weak solution (z, ¢) of the system

{ Z € Wé’z(Q) o —=div(M(x)Dz) + a(x) p(x) g(z) = F, 2.12)

@ e WSAQ) : ~div(M(x)Dy) = a(x)G(2).
Moreover, if F > 0, then 7 > 0; of course ¢ > 0.

Proof. Fix ¢ € Wé‘z(Q) and consider the Dirichlet problem
2€ Wy (@) ~div(M(0)D2) + a(x)ly(x)lg(z) = F.

The solution z exists and it is unique and bounded. Thus there exists a unique, positive
solution ¥ of the Dirichlet problem

e W, (Q): —div(M(x)D¥) = a(x)G(2).

We denote by C; > 0 positive constants depending only on the data. Then (see [16]) there
exists Cy, C, > 0 such that

< CillF| llzIl < GIF]

IIzI] @ @) @)

Wy (Q)
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”‘P” ,a) < CF,a~

, o =C
Wi = Gl g,

Thus the map S : ¢ — ¥ is well defined and the ball B(0, Cr) is invariant for S. Moreover
it is easy to prove that S is strongly continuous. Then the Schauder fixed point theorem
yields the existence of a fixed point ¢ (which is a positive, bounded function).

Corollary 2.1 Define
f

To+lf

o

There exists a solution (u,, ¢,) of the system

{ 0< u, € Wy (Q) : —div(M(x)Duy,) + a(x)@n(X)g(u,) = f, (2.13)

0< @€ Wp(Q): ~div(M(x)Dg,) = a(x)G(uy),
Theorem 2.1 (Regularizing effect on ¢) Assume (1.4), (1.5), (1.6), (1.7). Then there ex-

ist (u, ) weak solution of (1.3), with u € Wy*(Q), ¢ € Wy*(Q), a(x)p(x)gu) € L'(Q),
a(x)G(u) € LY(Q), in the following sense

f M(x)DuDv + f a(x)e(x)g(u)v = ff(x)v, Yve Wé’z(Q) N LT (Q),

? ? . (2.14)
f M(x)DpDw = f a(x)Gww, Y we Wy (Q) NL Q).

Q Q

Proof. Step 1 - Note that every u,, ¢, is a positive function. The sequences {u,} and {¢,}
are bounded in W(; ‘2(9). Indeed, the use of u,, and ﬁ% as a test functions in (2.13) yields

2 2 %
@ [ 0wl + [ st < [ fun < Cisl gz, | [ DuP]

@ (puped Ll o)
z fg Dl < 5 fg a0Ge < 5 [ a0, + g,

22
(2.15)
Note that ¢, > 0, since the right hand side of the second equation is positive. Then we have
[ouk+ [DaP+ [ awGwie+ [ awgwme, e @16)
Q Q Q Q

Thus there exist u € Wé ’Z(Q), pE Wé ’Z(Q) and two subsequences (not relabelled) such that

R
{ u, converges weakly in W;*(Q2) and a.e. to u, (2.17)

@, converges weakly in WS’Z(Q), strongly in L*(Q), and a.e. to ¢.

Thanks to the weak convergence and the Fatou Lemma and (2.16) we have

f |Dul?, f IDgl?, f a(x)Gu)p, f a(x)guyup < Ci. (2.18)
Q Q Q Q
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Step 2 - Now we prove that

a(x)p,(x)g(u,) strongly converges in L'(Q) to a(x)p(x)g(u). (2.19)
We point out that the above convergence is related with some techniques of [5] and [2].

Indeed, since ¢,(x) converges a.e. to ¢(x) and u,(x) converges a.e. to u(x), we prove
the L'(Q) convergence thanks to the Vitali theorem.

We use as a test function in the first equation

{ 0, if 0<u(x) <k

“"gk, if k<u,(x)<k+e
1, if u,(x) >k + ¢

and we have, dropping a positive term and taking the limit as € — 0,

ﬁ a0 s [ f (220

We fix o > 0. Since f € L'(Q) and the sequence {u,} is bounded in L'(Q), there exists
ks € N such that for k > k,

f f <o
k<u,

Thus, for every measurable subset £, we have

f a(x)en(x)g(un) < g(k) a(x)gn(x) + f a(x)en(x)g(un)
E En{u, <k} <u,

SUn

M[fg%(x)z«];* +fkﬁunf,

ﬂwu}m%”
E

Sng(k)[f a(x)%]” to
E
which implies that (recall that a(x) € L¥2(Q))

lim a(x)p,(x)g(u,) < o, uniformly with respect to n,
meas(E)—0 Jg

and then a(x)g,(x)g(u,) converges strongly in L' (Q) to a(x)¢(x)g(u).
Step 3 - Now we prove that

the sequence {a(x)G(u,)} converges in LY(Q) to a(x)G(u). 2.21)
The use of ¢, in the first equation and the use of u, in the second equation of (2.13) give

jﬁmamWﬂfﬁmmm=fﬁ%
Q Q Q
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which implies

fg (G unn < If1| 25 Il

L nll 2 ) S Cr (2.22)

Then

f ()G ) < GE) f a(x) + f (DG < Gy f a+ 2
E E k<uy, k E k

As a consequence of this estimate and the a.e. convergence of the sequence {u,(x)} we have
(2.21).

SteP 4 - Note that the nonlinearity of the system does not involve the gradients, so that
we can pass to the limit in the principal parts thanks to the weak convergence of u,, and ¢,
in the Sobolev space WOI’Z(Q). For the lower order terms we use the convergences (2.19),

(2.21). Then we have, for every v € W,*(Q) N L¥(Q) and w € W, *(Q) N L¥(Q),

f M(x)Du,Dv + f a(X)on(X)g(itn) v = f v,
Q Q Q

fM(x)Dgoanzfa(x)G(un)w,
Q Q

and then

fM(x)DuDv+fa(x)<p(x)g(u)v:ffv,
Q Q Q

f M(x)DpDw = f a(x)G(u)w.
Q Q

Remark 2.1 We point out that we proved that a(x)¢(x)g(u) € L'(Q), a(x)G(u) € L'(Q)
without any assumption on the growth assumption on the real functions g(#) and G(7).

Remark 2.2 (Test functions) In the above weak formulation of (2.14), we take v = Ty (u)
in the first equation and we have

fg M(3)DuDT,(u) + fg a(x)e(0g(u) Te(u) = fQ FTew).

Then the Levi theorem (as k — o) gets

fM(x)DuDu+fa(x)tp(x)g(u)uzffu, (2.23)
Q Q Q

which implies that it is possible to use u as test function (despite his unboundedness) and
that
a(x)p(x)guyu € L'(Q). (2.24)

Remark 2.3 In the above weak formulation of (2.14), we take w = Ty(¢) in the second
equation and we have

fg M(x)DpDT(p) = fQ a(xX)GW)Ti ().
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Then the Levi theorem, used two times as k — oo, gets
f M(x)DpDyp = f a(x)G(u)p(x), (2.25)
Q Q

which again implies a(x)G(u)¢(x) € L' (Q) (compare with (2.24)).

Remark 2.4 We observe that, if we take v = u,, in (2.13) and then we use the weak lower
semicontinuity in W(;’Z(Q) and the Fatou Lemma then we have

fM(x)DuDu+fa(x)ga(x)g(u)u
Q Q

< liminf f M (x)Du,Du,, + lim inf f a(x)e, g(uy)uy,
n Q n Q

Sliminfffnun:ffu:fM(x)DuDu+fa(x)cp(x)g(u)u,
n Q Q Q Q

which implies

lim | M(x)Du,Du, = f M(x)DuDu
n Q Q

lim f @n a(x)g(un)ty = f palx)guu.
n Q Q
That is

the sequence {u,} converges strongly in W(;’Z(Q) to u;
the sequence {a(x)y, g(u,)u, } converges in LY(Q) to a(x)e(x)gu)u.

This convergence, the Vitali theorem and the inequality
a()nGuy) < Aa(X)pg(un)uty + a(x)pnG(X)
imply that
the sequence {a(x)@,G(u,)} converges in L' (Q) to a(x)¢o(x)G(u). (2.26)

On the other hand, if we take w = ¢,, as a test function in the second equation of (2.13) we
have

lim f M(x)Dgn D, = lim f @n a()G(un) = f e a(x)G(u)
n Q n Q Q

= L M(x)DpDyp(x) .

That is
the sequence {¢,} converges strongly in Wé’z(Q) to .

. oomt N . 2N
Remark 2.5 Thus, in the case (1.8), if '”7 < 313, thatism < m, we are able to prove

that the sequence {¢,} converges strongly in WS’Z(Q) to ¢ even if the right hand side of the
second equation does not converge strongly in the dual of W(} 2(Q).
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3 Regularizing effect on the summability of the first solu-
tion
Theorem 3.1 (Regularizing effect on the summability of 1) Assume
a(x) =1,
(1.4), (1.8), with

Ferm@), 2<m< =DV N, (3.27)

Then the solution u of the first equation belongs to W(}’Z(Q) N L™(Q).

Proof. Note that the inequality r > 5= assures that the interval [2, DN I)N =] is not empty.
Let B(t),t > 0, a C! real convex 1ncreas1ng function, with B(O) = 0 In (2.13) we use
as test functions

en(X)B’ (un),
B(uy)

and we have
M(x)Du, D, (x)B’ (u,) + f 0ag(uy)B (1) < f fen(X)B (uy),
Q Q (3.28)
\f}M(-x)D‘PnDunBl(un) = f G(un)B(un)
Q Q

Then
fg G(un)B(uy,) + fg @n(0)g(uy) B (u,) < fg S lon(0)B' ()] (3.29)

<[ FenoB )+ [ Fen(B ()
IB ()< 500 g(un) B (1) IB (un)> 500 g(un) B’ (i)
1 , B'(uy)
< E f ‘pi(x)g(un)B (un) + f oy 2f2—n
TB (1)< L 0u8(u) B (1) o< 2LB i) 8(uy)

8lun)B’ (un)

f Glun)B(uy) <2 f B
g(un)

B(s)=s"

f Gun)Bluy) = f Y
Q Q

is bounded. If m > 2, with the choice

Then we have

If m = 2, with the choice

we have that

B(S) = gm-r
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we have

m

B B’ NGk
fG(”n)B(””)<2ff ) ”f”z"@)[f g((uu))

and again the right hand side is bounded. Thus, for every m > 2, we have

f ()™ < Cy. (3.30)
Q

Thus we proved the boundedness of the sequence in L™ () of the sequence {u,}. The
summability result on u is then a consequence.

Remark 3.1 We are not able to prove the estimate (3.30), if 1 < m < 2. We point out that
an estimate of the type

1
m ~ 1
[f(u)] <Cp ifl+-<m<2, (331)
Q r

f |Dun| + f SDnG(”n) < ff(un) < Cf”f”L o I(Q)

< m.

implies
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