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1 Introduction

We consider positive solutions of the problem

-Au = ‘% +h()f(u) inQ,
u>0 in Q, (1.1)
u=0 on 0Q.

where y > 0 and Q is a bounded smooth domain. The following assumptions will be needed throughout the
paper:

(Hy) fis alocally Lipschitz continuous function, nondecreasing, f(s) > 0 for s > 0, and f(0) > 0,

(Hyg) g is alocally Lipschitz continuous function, g € L} (Q), and there exists ¢ such that g > ¢ > 0in Q,
(Hy) his alocally Lipschitz continuous nonnegative bounded function.

Starting from the pioneering works [13, 27], many authors studied semilinear, quasilinear, and fully
nonlinear singular elliptic equations (see also [1, 3-12, 14-24, 26]). Generally, the solution of (1.1) does not
belong to Hé(Q). Even in the case g = 1 and h = 0, it occurs that solutions of (1.1) are not in Hé(Q) fory >3
(see [23]). In [7], a general approach to the variational characterization of (1.1) with g = 1 was developed for
any y > 0. The technique exploited in [7] works in the same way for (1.1) under our assumptions. In particular,

following [7], we can consider the decomposition of the solution u € C(Q) n Hlloc(Q) of (1.1) as

U=1up+Ww, (1.2)
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where w € H(Q) and uo € C(Q) N HY, (Q) is the (weak) solution of the problem

—Auo = ﬂ in Q,
uOY

Uy >0 inQ, (1.3)
Up=0 on 0qQ,

i.e.,

j VuoVe = j g_(x)go forall ¢ € C°(Q).

Ll()y

Q Q
The solution ug is unique (see [10]) and can be found via a sub-supersolution method (see [7]) or as the limit
of an increasing sequence of positive solutions of a regularized problem, via a truncation argument (see [5]).
By [7] it follows that the solution ug is continuous up to the boundary and by [5] it follows that ug is bounded
away from zero in the interior of Q, i.e.,

for all w cc Q there exists ¢, such that ug > ¢, > 0in w.

In [8], symmetry and monotonicity properties of solutions of (1.1) have been proved in the caseg = h = 1.
In this paper, we study qualitative properties of solutions of singular semilinear elliptic problems when the
singular term is not precisely of the form %, but has mixed behavior. In particular, we deal with nonau-

tonomous equations of the form

-Au = ‘% +h(x)f(u).

We point out that our proofs depend strongly on the monotonicity assumptions on the functions g and h,
which follow directly from the decreasing nature of the term % and by the fact that we assume that f is
nondecreasing, as in [8]. Following [8], our result is proved using a modification of the well-known moving
plane method (see [25]).

Let us introduce some notation. Let v be a direction in RN with |v| = 1. Given a real number A, we set

Ty={xeRV:x-v=21}, Qj={xeQ:x-v<i},
and
Xy = Ry(X) =x+2(A-x-v)v,

i.e., the reflection of x through the hyperplane T}. Moreover, we set (QX)’ = R} (Q}). Observe that (QX)’ may
not be contained in Q. Also, we take
a(v) =inf x - v.
xeQ

When A > a(v), since QX is nonempty, we set
A (v)={1:(Q}) cQforanya(v) <t <A}
and
A1(v) = sup A1 (v).
Moreover, we set
uy (x) = u(xy)
for any a(v) < A < A;(v). Recalling the decomposition (1.2) of the solutions of (1.1), we set uo}(x) = uo(x})

and wj (x) = w(xj).
Now, we can formulate our main result.

Theorem 1.1. Let u be a solution of (1.1). Assume that the domain Q is strictly convex with respect to the
v-direction and symmetric with respect to Tg. Moreover, assume that

g(x)>g(xg) and h(x) < h(x§) forallx € QY.

Then, u is symmetric with respect to Ty and nondecreasing with respect to the v-direction in Qf. If Q is a ball,
then u is radially symmetric with ‘3—’;(r) <Oforr#+0.
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2 Symmetry Properties of u,

We begin by proving some results on ug.

Proposition 2.1. Let ug be the solution of (1.3). Then, for any a(v) < A < A1(v), we have

uo(x) < ug;(x) forallx e Q] (2.1)
and 5
%(x) >0 forallx e Qxl(v). (2.2)

Proof. Let uy € C(Q) N H(Q) be the unique solution of

—Auy, = gn—(x) forx € Q,
(un + %)y
up >0 forx € Q,
U, =0 for x € 0Q,

where g,(x) = min(g(x), n). The existence of u, was proved in [5] and the uniqueness follows by [7]. Since
the problem is no more singular, by standard elliptic estimates it follows that u, € C2(Q). Therefore, we can
use the moving plane technique as in [2, 18, 25] to deduce that

Un(x) < upy(x) forallx e Qj.

By [5] we have that u,, converges to ug a.e. as n tends to infinity and, therefore, (2.1) follows by passing to the

limit. In the same way, we obtain
auo

v

and, therefore, (2.2) follows via the strong maximum principle. O

(x) >0 forallxe Qxl W

As an immediate consequence of Proposition 2.1, we easily get the following result.

Proposition 2.2. Let uq be the solution of (1.3). Assume that the domain Q is strictly convex with respect to the
v-direction and symmetric with respect to T¢. Then, uo is symmetric with respect to Ty and nondecreasing with

respect to the v-direction in Q. Moreover, if Q is a ball, then uy is radially symmetric with %(r) <Oforr+0.

3 Comparison Principles
We need the following technical result.
Lemma 3.1 (see [8, Lemma 4]). Lety > 0. Consider the function
hy,y,z, ) =X (x+ )z + ) + X2z + ) -2/ (x +y) (2 + 1) = X2 (x +y)Y
and the domain D c R* defined by
D:={(x,y,z,t):0<x<z0<t<y}

Then, it follows that hy < O in D.

Lemma 3.2. Let u be a solution of (1.1) with y > 0 and let w be given by (1.2). Then, it follows that

w>0 inQ.
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Proof. Sinceu € C(Q)and ug € C(Q), thenw € C(Q) N H}(Q). By the hypotheses on f and h it is easy to check
that u is a supersolution, in the sense of [7, Definition 2.5], of the equation

s

-Av

Arguing as in [7, Lemma 2.8], we get
ux=>uy inQ

and
w>0 inQ.

We show that w > 0 in the interior of Q making use of the maximum principle in regions where the problem is
not singular. Assume by contradiction that there exists a point xo € Q such that w(xo) = Oandletr = r(xg) > 0
such that B,(xg) cc Q. We have

—Aw = -Au + Aug = £ S+ h(x)f(u) - g(—)y() > g(x)<; ! )
u

(uo +w) Y (o +wy — u

in B, (xp). Since ug(xo) > 0, we can assume that ug is positive in B;(xo) so that ug + w is also positive in B;(xo).
By (Hg) we have
1

(uo +w)r  uj

g(X)( ) = k(x)w

for some bounded coefficient k(x). Therefore, we can find A > 0 such that

1
———)+Aw20
(uo +w)Y  ul

g(X)(

in By(xg), so that
-Aw + Aw >0 in B,(xg).

By the strong maximum principle (see [19]) we have w = 0 in B,(xo) and by a covering argument we have
w = 0in Q. But w = 0 in Q implies that f = 0, and we get a contradiction. O

Proposition 3.3. Let a(v) < A < A1(v) and let Q' be a connected subdomain of Q}. Assume that
g(x) > g(x}y) and h(x)<h(x}) forallxeQ'.

Let u be a solution of (1.1) and let w be given by (1.2). If

0

a_:/v >0 inQ,
then the alternative 5

w

- in Q'

5v >0 in
or 5

a—i" -0 inQ'
holds.

Proof. We begin by observing that by the monotonicity assumptions on the functions g and h it follows that

a—gso and %20 a.e.in Q'.
ov ov

Set
og h s oh _ow dup

8v = 5’ v = E, Wy = E; Ugy = W
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Sincef' >0a.e.by (H ), we have ug, >0in Q' by Proposition 2.1, u > ug by Lemma 3.2, and, by differentiating
the equation in (1.1), we get that w,, solves

(X) 1 1
A OO + RO @y ) = 8100 gy = iy )+ v800( g = g o

_yg
uy+1

-Aw, =

We recall now that g € L
A > 0 such that

o (Q) by (Hy) and that u is bounded away from zero in Q. Therefore, we can find

-Aw, > —);gy(ﬁ) wy > —-Aw,,

so that the conclusion follows by the standard strong maximum principle (see [19]). O
Proposition 3.4. Let a(v) <A < A1(v) andlet Q' ¢ QX Assume that
g(x) = g(x}y) and h(x)<h(x;) forallxe Q.
Let u be a solution of (1.1) and let w be given by (1.2). Assume that
w<w) onoQ'.
Then, there exists a positive constant § = 6(u, f) such that, if L(Q') < 6, then
wswy inQ.
Proof. We have

—AN(ug +w) = m + h(X)f(up +w) inQ

and

—A(uoy +wy) = +h(x))f(uoy +w)) inQ.

(uoy +wj)Y
Since (w - WX)Jr € Hcl,(Q' ), we can consider a sequence of positive functions ¥, such that

o€ COQ) and o 22 o whyr.

We can also assume that supp ¥, < supp(w — w})*. Choosing i, as test function in the weak formulation of
the above equations and subtracting, we get

J oo 0wt swyen = [ (& oot -

O\ _ e AN v v vV
(up+w)Y (o +w})Y h(X")f(uOAJrWA))l/)" dx.
o Q

Recall that ug solves (1.3). It follows easily that uo; solves

8(xy)
—Augy = —-4- inQ,
A (uo})Y
uoy >0 in Q,
upy =0 on 0Q.

Moreover, since g(x) > g(xX) and h(x) < h(xX) in Q' by assumption, we get

oy - [(EXD _ gx) gk 80xy)
J vow = wDPn = QI ( o}~ (o) " (o + W) (uo} + W)Y

>ll)n dx

+ J(h(x)f(uo +w) — h(x))f(uo) + w}))Pn dx
Q’
1 1 1
- QI 80 Gty ~ ol r W * Wy o o Jn s

" j RGO (Flito + W) — f(uo! + W)y dx.

Q'
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Since uo < uo; in Q) and w > w) on supp ¥, by applying Lemma 3.1 with up = x, w = y, uo; = z, and wj = ¢,
we obtain

(u0)” (uo +w)Y (uoy +wy) + (uo)? (uoy)? (uoy +wy)¥ — (uoy)? (uo +w) (uoy +w}y)? — (uo) (uo;)" (uo +w)” <0,

so that

1 1.1 1 )
(uoy)”  (uo)’  (uo+w)  (uoy+wy)y /=

g(X)(

since g(x) > 0 in Q. Therefore, by (Hy) and (Hy) there exists C > 0 such that

J V(w - WV, < j h(x)(f(uo +w) - fluoy +w}))Pn

Q' Q'
< J h(x)(f(uoy + w) - f(uo} + w}))Pn
Q/
<C I(w - W) Yn.
Ql

Passing to the limit as n — oo, we get
Vy+|2 Vy+|2
JlV(w—wA) | SCJl(W—WA) |
o Q'
and, by the Poincaré inequality, we can find C'(Q') > 0 such that
J |V(w - wX)Jr|2 <c'@" J |V(w - WK)+|2-
o o

For sufficiently small 8, it follows that C'(Q') < 1. This shows that (w - w})* = 0 in Q’, which gives that
w<wyinQ'. O

Lemma 3.5. Let u be a solution of (1.1). Assume that
g(x) =2 g(xy) and h(x)<h(x;) forallx e Q]
and for any a(v) < A < A1(Q). Let w be given by (1.2) and assume that
w<swy inQ)
for some a(v) < A < A1(Q). Then, w < w} in Q} unless w = w} in Qj.

Proof. Letus assume that there exists a point xo € QX such that w(xg) = WX (xo) and let r = r(xg) > O such that
B;(x0) cc Qj. Since g > ¢ > 0 in Q by (Hg), we have g(x) > g(x}) and h(x) < h(x}) by assumption, w > 0 by
Lemma 3.2, w < wj in Q) by assumption, and ug < uo; in Q) by Proposition 2.1. Using the above, in B,(xo)
we have

—A(wy —w) = -A(u) — uoy) + A(u — up)

1 1 , V V V
- g(X)<u_g - m> ‘3(X,1)< AR WX)Y> + h(xX)f(uoy + wy) — h(O)f(uo + w)
1 1 1 1 ) V
> g(X)<u_g T o rwy (ol + WY 010})”) +h()(fluo} + W) - fluo +w))
1 1 1 1 ) )
> C(u_g - (HOX))’ + (uOX + w)Y B (uo + W)Y> + h(X)(f(ll()A + WA) — flug + W))

+g(X)( ! ! )

(uoy +wh)Y  (uoy +w)
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Since f is nondecreasing by (Hy) and h is nonnegative by (Hy), we get

h()(fluoy + wy) — flug + w)) = 0.
Moreover, since the function
ht):=a??-b7V+b+t)V-(a+)7
is increasing in [0, co) for O < a < b, we also have

1 LI 1 1
uy  (Woy)”  (uop +w)Y  (uo+w)” ~

It follows that

vV 1 1
~Aw; - w) > g0 (woy + W)~ (uoj + W)Y )

Since uoj{(xo) > 0, arguing as in Lemma 3.2, we find A > 0 such that, eventually reducing r, we have

g(X)( ) +A(W) -w) >0

(uoy +wy)Y  (uoj +w)Y

in By(xp), so that
-A(w) - w) + A(w) —w) >0 in B,(xo).

By the strong maximum principle (see [19]), we get WX —w=0in B,(xg). Using a covering argument, it follows
that wj — w = 0in Q] and the result follows. O

4 Symmetry

Proposition 4.1. Let u be a solution of (1.1) and let w be given by (1.2). Assume that

800 = g(xy ) and h(x) <h(x} ) forallxeQj ..

Then, for any
a(v) <A< A(v),
we have
w(x) < wj(x) forallx € Q. (4.1)
Moreover,
W) s0 llx e QY 2
W(X) >0 forallx e Qy . (4.2)

Finally, (4.1) and (4.2) hold true replacing w by u.
Proof. Let A > a(v). Since w > 0in Q, by Lemma 3.2 we have
w<w), onoQj.
Therefore, using Proposition 3.4, for £(Q]) sufficiently small, we obtain
w<w) inQjf (4.3)
and w < w} in Q) by Lemma 3.5. Set
No={A>av):w<w/inQfforallt e (a(v), A},

which is not empty thanks to (4.3), and

Ag =sup Ag.
By the definition of A1 (v), to prove our result we have to show that Ao = A;(v). Assume that A9 < A1(v) and
observe that, by continuity, we obtain w < w/V10 in QXO. By Lemma 3.5 it follows that w < w/V10 in QXO unless
w= WXO in QXO. Because of the zero Dirichlet boundary conditions, since w > 0 in the interior of the domain,
the case w = WXO in QXO is not possible. Thus, w < WXO in QXO.
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We can now consider §, given by Proposition 3.4, so that the weak comparison principle holds true in
any subdomain Q' if £(Q') < 8. Fix a compact set K ¢ QXO so that L(QXO \K) < g. By compactness we find
o > 0 such that

wxo—w220>0 inX.

Take now & > O sufficiently small so that Ao + & < A1(v) and, forany 0 < € < &,

(a) WX0+€—W >0>0inX,

(b) L(QX0+£ \XK) < 6.

Taking (a) into account, it is now easy to check that, for any 0 < € < &, we have w < WXO L 011 the boundary
of QXO .« \ X. Consequently, by (b), we can apply the weak comparison principle (Proposition 3.4) to deduce
that

\ X.

v : v
w=< W/lo+£ mn Q/Io+£

v : v
Thus, w < W) 4 ID QAWS

with the definition of Ag and this shows that Ag = A;(v). Thus, (4.1) is proved.

and, by applying Lemma 3.5, we have w < WXO e I Q) .. We get a contradiction

Ao+€*

By simple geometric considerations and by (4.1) it follows that w is nondecreasing in QXl(v) in the
v-direction. This gives
MW )20 inQ!
E(X) 20 inQj
so it is easy to deduce (4.2) from Proposition 3.3.
To prove that (4.1) and (4.2) hold true replacing w with u, just recall that
u=up+w
and exploit Proposition 2.1. O

Now, we are able to prove our main result.

Proof of Theorem 1.1. We can prove Theorem 1.1 as a consequence of Proposition 4.1. By assumption
we have 1; (v) = 0. By Proposition 4.1 we obtain

u(x) <uf(x) forallx e Qf

and, replacing v with -v, we get
u(x) = ug(x) forallx € Qf.

Then, u(x) = uf(x) in Q. The monotonicity of u follows by (4.2). O
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