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Abstract

We find a solution of the Dirichlet problem for the prescribed mean curvature equation

—div( ]VTV I2) = f(x,u) in Q with u = 0 on 9Q, where Q is a smooth bounded domain in

RY, N > 1 and f : Q x [0,00) — R is an unbounded continuous function with oscillatory
behavior near the origin.
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1 Introduction

We study the Dirichlet problem for the prescribed mean curvature equation

_div( «/XT) f(x,u) in Q,
u = 0 on 0Q,
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where Q is a smooth bounded domain in R¥, N > 1 and f : Q x [0,00) — R is an unbounded
continuous function with oscillatory behavior near the origin in the sense that follows. There are
two sequences of numbers 6, > 0 and 3, > 0 such that

6, — 0" and B, — 07; (1.2)
f(x,0,01) <0, ae.in Q Vne N; (1.3)
f(x,0,01) = 0 uniformly in Q as n — oo; (1.4)
timinf ZEBD L0 iniformly in © (1.5)
n ,Bn‘Pl
and for every w € Hé(Q), w>0,w % 0a.e. in Q there holds

liminff dex > A4 f pr1wdx, (1.6)

n Q B Q

where A, is the first eigenvalue for the Dirichlet problem in Q, i.e., 4; > 0 and ¢; € Hé Q), 1 >0
in Q satisfy
—Atpl = /l](p] in Q. (17)

The function below is an example that satisfies the above hypotheses

Fn ) = Ay \/tgol(x)sin[ go\}t(x)) , t>0

0 , t=0.

2 2
Define the sequences 6, = (m) and 8, = (m) . Then we have
—dig
J(x,6h1) = —13” <
2nm + >
and

JoBugpy) _ o (2m+ 7_r)_

ﬁn()pl 2

Therefore, f, 6, and 3, defined before satisfy (1.2), (1.3), (1.5) and (1.6).

The Dirichlet problem for the mean curvature equation has been studied in many papers e.g. [3],
[6], [8], [10] and [17]. When f(x, u) is replaced by Af(x, u), it has been proved in [10] the existence
of a solution for 4 > 0 large enough and with a very general f. One of the crucial steps is to bound
the gradient and show that it is small whenever A is large.

The existence of multiple nontrivial solutions of (1.1) with f(x,u) = Alu|’~?u and p subcritical
has been studied in [1] and [9]. The number of solutions increases for 4 > 0 large, see also [5]. A
result of different nature is obtained in [2], in fact the authors prove the existence of at least three
nontrivial radial classical solutions by variational methods.

The problem in RY has also been studied. The existence of ground states has been proved in
[16] for f(x,u) = —Au + u” with subcritical and A4 > 0 small. In [4], existence and nonexistence of
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radially symmetric grounds states and compact support solutions are investigated. The existence of
positive, not necessarily radially symmetric, solutions in R" are found in [12].

Oscillatory nonlinearities f(x, u) have been studied in [14] and [15]. In [14] Theorems 3.15 and
3.16, the authors assume that lim inf,_¢+ F(x, s)/s> > 0 for a.e. x in Q. As our example shows, we
do not assume such condition. In dimension 1, the author in [11] studied a problem with oscillatory
potential of type wsin(s) with g > 0 being a parameter. Here we can study problem (1.1) with
f being an unbounded function, and as our example shows, we are able to treat the case where
f(x,s) is not a Lipschitz function in the s variable. Also we do not assume that the nonlinearity f is
sublinear or superlinear. Roughly speaking we show the existence of a sequence of ordered sub and
supersolutions, and consequently a solution exists between them.

We are here concerned with the existence and the multiplicity of weak positive solutions of (1.1).
By a positive solution we mean a function u € C'(Q) such that u > 0 and u # 0 in Q, satisfying

u =0ondQ and
VuVw

—dx = ff(x, u)wdx,
Q /1 +|Vul? Q

for every w € Hy(Q).
We state the main result.

Theorem 1.1 Let Q be a smooth bounded domain in R¥, N > 1. Assume that f : Q x [0,1) — R is
a continuous function satisfying (1.2), (1.3), (1.5) and (1.6). Then there exists ny € N such that, for

every n > ny, the problem (1.1) has at least one positive solution u,. Furthermore, this solution can
be chosen in such a way that ”“n”cl(ﬁ) — 0asn — +oo.

2 Proof of the main result
We say that a function 8 € Cl(Q)isa supersolution of (1.8) if
B(x) =0 on 0Q

and

f a([VB*)VBVwdx > f f(x, Bywdx
Q Q

for every w € Hé(Q), with w > 0 a.e. in Q.
Similarly, a € C1(Q) is a subsolution of (1.8) if

a(x) <0 on 9Q

and

fa(lVaIz)Va/dexSff(x,a)wdx
Q Q

for every w € H&(Q), withw > 0 a.e. in Q.
To prove Theorem 1.1, define an auxiliary quasilinear problem which is uniformly elliptic

f(x,u) in Q,

{ —div (a(Vul)V u)
0 on 0Q.

u

(1.8)
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The function a : [0, o) — R is defined by

h in [0,1[,
aW)=14 b(v-2*+c¢ in [L,2], (1.9)

c in [2,+00]

with b = 8+ﬁ and ¢ = 8%5. This function a has been used in [5]. Note that a satisfies the structure

conditions of [7], therefore, every weak solution u € Hé(Q) N L*(Q) of (1.8) actually belongs to
C(Q) for some 0 < o < 1.
We also introduce the functional J : Hé(Q) N L=(Q) — R defined by

J(u)=%LA(IVulz)dx—fQF(x,u)dx, (1.10)

where A(v) = fov a(s)ds and F(x,u) = fou f(x, s)ds. The following existence and regularity result
can be easily derived by combining [15, Lemma 2.1] and [7], see also [5, Lemma 3.1].

Lemma 2.1 Let Q be as in Theorem 1.1, a : [0, 00) — R defined in (1.9) and f : QX [0,00) — R is
a continuous function. Assume that there exist a subsolution a and an supersolution B of (1.8), with
a(x) < B(x) in Q. Then problem (1.8) has at least one solution u such that a(x) < u(x) < B(x) in Q
and

J(u) = min{J(v)|v € H(l)(Q) and a(x) < v(x) < B(x) a.e. Q}.

Moreover, there are constants o > 0 and C > 0, depending only on ||al|e, ||Blle and max{|f(x, u)llx €
Q,a(x) < u < B(x)}, such that for every solution u of (1.8), with a(x) < u(x) < B(x) in Q, thus
ueCY(Q)and

il < C.

We now prove Theorem 1.1. .
Notice that for all n € N, 6, is a supersolution of (1.8). Indeed, 6,9, € C LQ), 6,1 > 01in 0Q
and by (1.2), (1.3) and (1.9)

f a(IV 011901 |2)V 9,11,01 Vwdx 2 f f(-xs 9n901 )de
Q Q

for every w € Hé(Q), with w(x) > 0 a.e. in Q. Therefore, 6,¢; is a supersolution of (1.8).

Now we prove the existence of a subsolution to (1.8). Without loss of generality we assume that
0 < B, < 1/nVn € N. In fact, we will prove that there is #, > 0 such that for every w € Hé (Q), with
w > 0 a.e. in Q such that for O < ¢ < ty we have

fa(|V t<,01|2)V to1Vwdx < ff(x, to)wdx, (1.11)
Q Q
i.e., to 0 <t < ty, ty; is a subsolution of (1.8).

Suppose that (1.11) is false. Then for every n € N, there exists w; € H(')(Q), with w; > 1 a.e. in
Q, w; # 0a.e. in Q, such that for 0 < ¢, < % we have

fa(|Vlns01|2)an901VW1dx>ff(x,lnsﬂl)wldx.
Q o
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Let ¢, = B8,. Then
f a1V g1 IV 91V widx > f wwm
Q

Q n
Note that since 8, — 0 as n — oo, then

lim a(lV Buei*) = 1 ae.in Q

and
la(IV B,e11)V @1 Vwi| < CIV @[V wi| € LY(Q).

By Lebesgue Dominated Convergence theorem and (1.7) we get

ngoleldx
f—Acplwldx
Q
/llfgolwldx.
Q

lim f a(V Bup1)V 1V widx
n—oo Q

On the other hand, from (1.5) by Fatou’s lemma

/llfgolwldx < fliminfMgalwldx
Q Q (,3;1901 )
< liminfffx’ﬂgolwldx
n n¥1
< lim supj prlwldx
n Q ﬁn‘pl
<

limsup | a(lV B.@1ll)V @1V widx
o

n

= /llfgolwldx.
Q

Therefore,

n—oo n

limewldxz/hftp]wldx,
o B o

which contradicts (1.6), hence (1.11) is true.
The sub and supersolutions « and 5 can be ordered since for each n there exists ¢, = t,(6,) > 0
such that
tn901 < Hn‘pl

and 7, is a subsolution of (1.8).
By Lemma 2.1 for each n the problem (1.8) has at least one solution u,, such that

101 <ty < Op1 in Q, (1.12)

J(u,) = min{J()|v € Hy(Q) and 1,01 (x) < u, < O,1(x) ae. Q}

and
”un”Cur(ﬁ) < C7 (113)

where C is independent of n, because 6, < §y and

0< Inp1 < Uy < 0}1‘101 < 00901;
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this is,
lua] < Oop1 < Bsupy = M, Vn € N,
Q

and C is independent of n by [7, Theorem 1].
By Arzela-Ascoli Theorem and (1.13), there is a subsequence such that

Uy, — u in CH(Q),

with # = 0 em 0Q. But as k — oo, we obtain #,, — 0 and §,, — 0. By (1.12), we conclude that
Uy, — 0 uniformly in Q and therefore u = 0.

Hence, by (1.13) the sequence (u,), has the property that every subsequence has a subsequence
that converges to zero in C'(Q). In conclusion,

u, = 0 in C'(Q).
From the above results, there exists ng such that for n > ny we have
tipr S up < 0,01 in Q

and
[Vu,(x)] < 1 in Q.

Consequently, for n > ng, u, is a solution of (1.1) and

lim [|lupll 1 g, = 0.
n—wo” ””CI(Q)
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