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Abstract

We find a solution of the Dirichlet problem for the prescribed mean curvature equation

−div
( ∇u√

1+|∇u|2
)
= f (x, u) in Ω with u = 0 on ∂Ω, where Ω is a smooth bounded domain in

RN , N ≥ 1 and f : Ω × [0,∞) → R is an unbounded continuous function with oscillatory

behavior near the origin.
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1 Introduction
We study the Dirichlet problem for the prescribed mean curvature equation⎧⎪⎪⎪⎨⎪⎪⎪⎩ −div

(
∇u√

1+|∇u|2

)
= f (x, u) in Ω,

u = 0 on ∂Ω,
(1.1)
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where Ω is a smooth bounded domain in RN , N ≥ 1 and f : Ω × [0,∞) → R is an unbounded

continuous function with oscillatory behavior near the origin in the sense that follows. There are

two sequences of numbers θn > 0 and βn > 0 such that

θn → 0+ and βn → 0+; (1.2)

f (x, θnϕ1) ≤ 0, a.e. in Ω ∀n ∈ N; (1.3)

f (x, θnϕ1) → 0 uniformly in Ω as n → ∞; (1.4)

lim inf
n

f (x, βnϕ1)

βnϕ1

> λ1 uniformly in Ω (1.5)

and for every w ∈ H1
0(Ω), w ≥ 0, w � 0 a.e. in Ω there holds

lim inf
n

∫
Ω

f (x, βnϕ1)

βn
wdx > λ1

∫
Ω

ϕ1wdx, (1.6)

where λ1 is the first eigenvalue for the Dirichlet problem in Ω, i.e., λ1 > 0 and ϕ1 ∈ H1
0(Ω), ϕ1 > 0

in Ω satisfy

−Δϕ1 = λ1ϕ1 in Ω. (1.7)

The function below is an example that satisfies the above hypotheses

f (x, t) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩ λ1

√
tϕ1(x) sin

⎛⎜⎜⎜⎜⎜⎝ √
ϕ1(x)√

t

⎞⎟⎟⎟⎟⎟⎠ , t > 0

0 , t = 0.

Define the sequences θn =
(

1

2nπ+ 3π
2

)2

and βn =

(
1

2nπ+ π
2

)2

. Then we have

f (x, θnϕ1) =
−λ1ϕ1

2nπ + 3π
2

≤ 0

and
f (x, βnϕ1)

βnϕ1

= λ1

(
2nπ +

π

2

)
.

Therefore, f , θn and βn defined before satisfy (1.2), (1.3), (1.5) and (1.6).

The Dirichlet problem for the mean curvature equation has been studied in many papers e.g. [3],

[6], [8], [10] and [17]. When f (x, u) is replaced by λ f (x, u), it has been proved in [10] the existence

of a solution for λ > 0 large enough and with a very general f . One of the crucial steps is to bound

the gradient and show that it is small whenever λ is large.

The existence of multiple nontrivial solutions of (1.1) with f (x, u) = λ|u|p−2u and p subcritical

has been studied in [1] and [9]. The number of solutions increases for λ > 0 large, see also [5]. A

result of different nature is obtained in [2], in fact the authors prove the existence of at least three

nontrivial radial classical solutions by variational methods.

The problem in RN has also been studied. The existence of ground states has been proved in

[16] for f (x, u) = −λu + up with subcritical and λ > 0 small. In [4], existence and nonexistence of
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radially symmetric grounds states and compact support solutions are investigated. The existence of

positive, not necessarily radially symmetric, solutions in RN are found in [12].

Oscillatory nonlinearities f (x, u) have been studied in [14] and [15]. In [14] Theorems 3.15 and

3.16, the authors assume that lim inf s→0+ F(x, s)/s2 ≥ 0 for a.e. x in Ω. As our example shows, we

do not assume such condition. In dimension 1, the author in [11] studied a problem with oscillatory

potential of type μ sin(s) with μ > 0 being a parameter. Here we can study problem (1.1) with

f being an unbounded function, and as our example shows, we are able to treat the case where

f (x, s) is not a Lipschitz function in the s variable. Also we do not assume that the nonlinearity f is

sublinear or superlinear. Roughly speaking we show the existence of a sequence of ordered sub and

supersolutions, and consequently a solution exists between them.

We are here concerned with the existence and the multiplicity of weak positive solutions of (1.1).

By a positive solution we mean a function u ∈ C1(Ω) such that u ≥ 0 and u � 0 in Ω, satisfying

u = 0 on ∂Ω and ∫
Ω

∇u∇w√
1 + |∇u|2

dx =
∫
Ω

f (x, u)wdx,

for every w ∈ H1
0(Ω).

We state the main result.

Theorem 1.1 Let Ω be a smooth bounded domain in RN, N ≥ 1. Assume that f : Ω × [0, 1) → R is
a continuous function satisfying (1.2), (1.3), (1.5) and (1.6). Then there exists n0 ∈ N such that, for
every n ≥ n0, the problem (1.1) has at least one positive solution un. Furthermore, this solution can
be chosen in such a way that ‖un‖C1(Ω) → 0 as n → +∞.

2 Proof of the main result

We say that a function β ∈ C1(Ω) is a supersolution of (1.8) if

β(x) ≥ 0 on ∂Ω

and ∫
Ω

a(|∇β|2)∇β∇wdx ≥
∫
Ω

f (x, β)wdx

for every w ∈ H1
0(Ω), with w ≥ 0 a.e. in Ω.

Similarly, α ∈ C1(Ω) is a subsolution of (1.8) if

α(x) ≤ 0 on ∂Ω

and ∫
Ω

a(|∇α|2)∇α∇wdx ≤
∫
Ω

f (x, α)wdx

for every w ∈ H1
0(Ω), with w ≥ 0 a.e. in Ω.

To prove Theorem 1.1, define an auxiliary quasilinear problem which is uniformly elliptic{ −div
(
a(|∇u|2)∇ u

)
= f (x, u) in Ω,

u = 0 on ∂Ω.
(1.8)
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The function a : [0,∞) → R is defined by

a(v) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
1√
1+v

in [0, 1[,

b(v − 2)2 + c in [1, 2[,
c in [2,+∞[

(1.9)

with b = 1

8
√

2
and c = 7

8
√

2
. This function a has been used in [5]. Note that a satisfies the structure

conditions of [7], therefore, every weak solution u ∈ H1
0(Ω) ∩ L∞(Ω) of (1.8) actually belongs to

C1,σ(Ω) for some 0 < σ < 1.

We also introduce the functional J : H1
0(Ω) ∩ L∞(Ω) → R defined by

J(u) =
1

2

∫
Ω

A(|∇u|2)dx −
∫
Ω

F(x, u)dx, (1.10)

where A(v) =
∫ v

0
a(s)ds and F(x, u) =

∫ u
0

f (x, s)ds. The following existence and regularity result

can be easily derived by combining [15, Lemma 2.1] and [7], see also [5, Lemma 3.1].

Lemma 2.1 Let Ω be as in Theorem 1.1, a : [0,∞) → R defined in (1.9) and f : Ω× [0,∞) → R is
a continuous function. Assume that there exist a subsolution α and an supersolution β of (1.8), with
α(x) ≤ β(x) in Ω. Then problem (1.8) has at least one solution u such that α(x) ≤ u(x) ≤ β(x) in Ω
and

J(u) = min{J(v)|v ∈ H1
0(Ω) and α(x) ≤ v(x) ≤ β(x) a.e. Ω}.

Moreover, there are constants σ > 0 and C > 0, depending only on ‖α‖∞, ‖β‖∞ and max{| f (x, u)||x ∈
Ω, α(x) ≤ u ≤ β(x)}, such that for every solution u of (1.8), with α(x) ≤ u(x) ≤ β(x) in Ω, thus
u ∈ C1,σ(Ω) and

‖u‖C1,σ(Ω) ≤ C.

We now prove Theorem 1.1.

Notice that for all n ∈ N, θnϕ1 is a supersolution of (1.8). Indeed, θnϕ1 ∈ C1(Ω), θnϕ1 ≥ 0 in ∂Ω
and by (1.2), (1.3) and (1.9)∫

Ω

a(|∇ θnϕ1|2)∇ θnϕ1∇wdx ≥
∫
Ω

f (x, θnϕ1)wdx

for every w ∈ H1
0(Ω), with w(x) ≥ 0 a.e. in Ω. Therefore, θnϕ1 is a supersolution of (1.8).

Now we prove the existence of a subsolution to (1.8). Without loss of generality we assume that

0 < βn < 1/n ∀n ∈ N. In fact, we will prove that there is t0 > 0 such that for every w ∈ H1
0(Ω), with

w ≥ 0 a.e. in Ω such that for 0 < t < t0 we have∫
Ω

a(|∇ tϕ1|2)∇ tϕ1∇wdx ≤
∫
Ω

f (x, tϕ1)wdx, (1.11)

i.e., to 0 < t < t0, tϕ1 is a subsolution of (1.8).

Suppose that (1.11) is false. Then for every n ∈ N, there exists w1 ∈ H1
0(Ω), with w1 ≥ 1 a.e. in

Ω, w1 � 0 a.e. in Ω, such that for 0 < tn < 1
n we have∫

Ω

a(|∇ tnϕ1|2)∇ tnϕ1∇w1dx >
∫
Ω

f (x, tnϕ1)w1dx.



The mean curvature equation with oscillating nonlinearity 187

Let tn = βn. Then ∫
Ω

a(|∇ βnϕ1|2)∇ϕ1∇w1dx >
∫
Ω

f (x, βnϕ1)

βn
w1dx.

Note that since βn → 0 as n → ∞, then

lim
n→∞ a(|∇ βnϕ1|2) = 1 a.e. in Ω

and

|a(|∇ βnϕ1|2)∇ϕ1∇w1| ≤ C|∇ϕ1||∇w1| ∈ L1(Ω).

By Lebesgue Dominated Convergence theorem and (1.7) we get

lim
n→∞

∫
Ω

a(|∇ βnϕ1|2)∇ϕ1∇w1dx =

∫
Ω

∇ϕ1∇w1dx

=

∫
Ω

−Δϕ1w1dx

= λ1

∫
Ω

ϕ1w1dx.

On the other hand, from (1.5) by Fatou’s lemma

λ1

∫
Ω

ϕ1w1dx ≤
∫
Ω

lim inf
n

f (x, βnϕ1)

βnϕ1

ϕ1w1dx

≤ lim inf
n

∫
Ω

f (x, βnϕ1)

βnϕ1

ϕ1w1dx

≤ lim sup
n

∫
Ω

f (x, βnϕ1)

βnϕ1

ϕ1w1dx

≤ lim sup
n

∫
Ω

a(‖∇ βnϕ1‖2)∇ϕ1∇w1dx

= λ1

∫
Ω

ϕ1w1dx.

Therefore,

lim
n→∞

∫
Ω

f (x, βnϕ1)

βn
w1dx = λ1

∫
Ω

ϕ1w1dx,

which contradicts (1.6), hence (1.11) is true.

The sub and supersolutions α and β can be ordered since for each n there exists tn = tn(θn) > 0

such that

tnϕ1 ≤ θnϕ1

and tnϕ1 is a subsolution of (1.8).

By Lemma 2.1 for each n the problem (1.8) has at least one solution un such that

tnϕ1 ≤ un ≤ θnϕ1 in Ω, (1.12)

J(un) = min{J(v)|v ∈ H1
0(Ω) and tnϕ1(x) ≤ un ≤ θnϕ1(x) a.e. Ω}

and

‖un‖C1,σ(Ω) ≤ C, (1.13)

where C is independent of n, because θn ≤ θ0 and

0 ≤ tnϕ1 ≤ un ≤ θnϕ1 ≤ θ0ϕ1,
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this is,

|un| ≤ θ0ϕ1 ≤ θ0 sup
Ω

ϕ1 = M, ∀n ∈ N,

and C is independent of n by [7, Theorem 1].

By Arzelà-Ascoli Theorem and (1.13), there is a subsequence such that

unk → u in C1(Ω),

with u = 0 em ∂Ω. But as k → ∞, we obtain tnk → 0 and θnk → 0. By (1.12), we conclude that

unk → 0 uniformly in Ω and therefore u = 0.

Hence, by (1.13) the sequence (un)n has the property that every subsequence has a subsequence

that converges to zero in C1(Ω). In conclusion,

un → 0 in C1(Ω).

From the above results, there exists n0 such that for n ≥ n0 we have

tnϕ1 ≤ un ≤ θnϕ1 in Ω

and

|∇un(x)| < 1 in Ω.

Consequently, for n ≥ n0, un is a solution of (1.1) and

lim
n→∞ ‖un‖C1(Ω) = 0.
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