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Abstract: Let (M, g) be a smooth compact n-dimensional Riemannian manifold (n > 2) with smooth (n - 1)-
dimensional boundary oM. We prove that the stable critical points of the mean curvature of the boundary
generates H' (M) solutions for the following singularly perturbed elliptic problem with Neumann boundary

conditions:
-’ Agu+u=uP"! inM,

u>0 inM,
0

—u:O on oM,
ov

when ¢ is small enough. Here p is subcritical.
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1 Introduction

Let (M, g) be a smooth compact n-dimensional Riemannian manifold (n > 2) with boundary oM, which is
the union of a finite number of smooth, connected and boundaryless n — 1 submanifolds embedded in M.
Here g denotes the Riemannian metric tensor. By the Nash theorem [17], we can consider (M, g) as a regular
submanifold embedded in RV.

We consider the following Neumann problem:

2 Agu+u=ul inM,

u>0 inM, (1.1)
a_u =0 on oM,
ov

wherep > 2ifn=2and2<p<2* = % ifn > 3, visthe external normal to oM and ¢ is a positive parameter.
We are interested in finding solutions u € H(M) to problem (1.1), where
HY(M) = {u: M->TR: JIVuIé +u?dug < oo}
M
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and ug denotes the volume form on M associated to g. More precisely, we want to show that, for € sufficiently
small, we can construct a solution which has a peak near a stable critical point of the scalar curvature of the
boundary, as stated in the following.

Definition 1.1. Let f € C1(N, R), where (N, g) is a Riemannian manifold. We say that K ¢ N is a C!-stable
critical set of f if K ¢ {x € N : Vf(x) = 0} and for any y > O there exists § > 0 such that if h € C'(N, R) with

max |f(x) - h(x)| + |Vf(x) - Vh(x)| < 6,
dg(x,K)<p
then h has a critical point xo with dg(xo, K) < u. Here dg denotes the geodesic distance associated to the
Riemannian metric g.

Now we can state the main theorem.

Theorem 1.2. Assume K c OM is a C'-stable critical set of the mean curvature of the boundary. Then, there
exists gy > 0 such that for any € € (0, &), problem (1.1) has a solution u, € H' (M) which concentrates at a
point & € K as € goes to zero.

Problem (1.1) in a flat domain has a long history. Starting from a problem of pattern formation in biology, Lin,
Ni and Takagi [14, 18] showed the existence of a mountain pass solution for problem (1.1) and proved that
this solution has exactly one maximum point which lies on the boundary of the domain. Moreover, in [19]
Ni and Takagi proved that the maximum point of the solution approaches the maximum point of the mean
curvature of the boundary when the perturbation parameter € goes to zero.

Thenceforth, many papers were devoted to the study of problem (1.1) on flat domains. In particular, in
[3, 20] it was proved that any stable critical point of the mean curvature of the boundary generated a single
peaked solution whose peak approaches the critical point as & vanishes. Moreover, in [10, 12, 13, 22] the
existence of multipeak solutions whose peaks lies on the boundary was studied. We also mention the series
of works [8, 9, 11, 21], in which the existence of solutions which have internal peaks was proved.

For the case of a manifold M, problem (1.1) was first studied in [2], where Byeon and Park proved the ex-
istence of a mountain pass solution when the manifold M is closed and when the manifold M has a boundary.
They showed that for € small, such a solution has a spike which approaches — as ¢ goes to zero — a maximum
point of the scalar curvature when M is closed, and a maximum point of the mean curvature of the boundary
when M has a boundary.

For the case of a closed manifold M, Benci, Bonanno and Micheletti [1] showed that problem (1.1)
has at least cat M + 1 nontrivial positive solutions when & goes to zero. Here cat M denotes the Lusternik—
Schnirelmann category of M. Moreover, in [15] the effect of the geometry of the manifold (M, g) was examined.
In fact, it was shown that positive solution of the problem are generated by stable critical points of the scalar
curvature of M.

More recently, for the case of a manifold M with boundary oM, we proved in [6] that problem (1.1) has
at least cat oM non trivial positive solutions when & goes to zero. We can compare the result of [6] with Theo-
rem 1.2. In fact, in [7] the authors proved that, generically with respect to the metric g, the mean curvature of
the boundary has nondegenerate critical points. More precisely, the set of metrics for which the mean curva-
ture has only nondegenerate critical points is an open dense set among all the CK metrics on M, k > 3. Thus,
generically with respect to the metric, the mean curvature has P;(0M) nondegenerate (hence stable) critical
points, where P1(0M) is the Poincaré polynomial of 0M, namely P;(0M) evaluated in ¢ = 1. So, generically
with respect to the metric, problem (1.1) has P; (0M) solution, and we have P;(0M) > cat oM, where for many
cases the strict inequality holds.

The paper is organized as follows. In Section 2 some preliminary notions are introduced, which are nec-
essary for the comprehension of the paper. In Section 3 we study the variational structure of the problem,
and we perform the finite dimensional reduction. In Section 4 the proof of Theorem 1.2 is sketched, while the
expansion of the reduced functional is carried out in Section 5. Finally, the Appendix collects some technical
lemmas.
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2 Preliminary Results

In this section we give some general facts preliminary to our work. These results are widely present in the
literature. We refer mainly to [2, 4, 5, 15] and the reference therein.

First of all we need to define a suitable coordinate chart on the boundary.

We know that on the tangent bundle of any compact Riemannian manifold M it is defined the expo-
nential map exp: TM — M which is of class C*®. Moreover, there exist a constant Ry > 0, called radius of
injectivity, and a finite number of x; € M such that M = Ule Bg(xi, Ry) and expy. : B(0, Ry) — Bg(xi, Ry)
is a diffeormophism for all i. By choosing an orthogonal coordinate system (y1, ..., y) of R" and by identi-
fying Ty, M with R" for xo € M, we can define using the exponential map the so-called normal coordinates.
For xg € M, gy, denotes the metric read through the normal coordinates. In particular, we have g, (0) = Id.

We set |gx, (y)| = det(gx,(y)); and gffo W) = ((8xo )it

Definition 2.1. Assume that q belongs to the boundary oM, andlety = (y1, ..., yn-1) be the Riemannian nor-
mal coordinates on the (n — 1)-manifold oM at the point g. For a point & € M close to g, there exists a unique
& € OMsuch thatdg(&, oM) = dg(¢, §). Weset (&) € R*! the normal coordinates for £ and y,(£) = dg(&, OM).
Then, we define a chart 1/)3: R} — M such that (J(£), yn(&)) = (1,03)‘1({ ). These coordinates are called the
Fermi coordinates at q € oM. The Riemannian metric g4(y, yn) read through the Fermi coordinates satisfies

g4(0) =1d.

We denote by dg and exp?, respectively, the geodesic distance and the exponential map on by oM. By the
compactness of 0M, there exist R? and a finite number of points g; € oM, i=1,...,k, such that

I4,(R%, Ry) := {x € M : dg(x, OM) = dg(x, &) < Ry, d2(gi, &) < R%}

form a covering of (OM)gm := {x € M : dg(x, OM) < RM}, and on every I,, the Fermi coordinates are well de-
fined. In the following, we choose R = min{R?, Ry} in order to have the finite covering

k 1

Mc {UB(q,-,R)} U { U Igi(R,R)},
i=1 i=k+1

where k,l € N, g; € M\ oM and &; € oM.

For p € oM, consider the projection 7, : T,M — T,0M on the tangent space T, 0M. For a pair of tangent
vectors X, Y € T,0M, we define the second fundamental form Il (X, Y) := VxY - m,(VxY). The mean curva-
ture at the boundary H), where p € oM, is the trace of the second fundamental form.

If we consider the Fermi coordinates in a neighborhood of p, and denote by (h;j); j-1
the second fundamental form, then we have the well-known formulas

n—1 the matrix of

.....

gU(y) = 8 + 2h;j(0)yn + O(ly|*) fori,j=1,...,n-1, (2.1)
g"(y) = 8in, 2.2)
VE(Y) = 1~ (n - 1HO)yx + O(yl*), (2.3)
where (y1, ..., yn) are the Fermi coordinates and, by definition of h;;,
PRI (2.4)
n-1 ;

Also, by [4, equation (3.2)], we have that
62

o0H
=-(n-1)—(0) fori=1,...,n-1. 2.5
5oy VEW| == D50 (2.5)

Itis well known that in R" there exists a unique positive radially symmetric function V(y) € H'(R") which
satisfies
-AV+V=VP" onR". (2.6)
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Moreover, the function V as well as its derivative decay exponentially at infinity, that is,

Tim VAT M = c and  lim VDT e = —c
y|—00 y|—00

for some ¢ > 0. On the half space R} = {(y1,...,¥n) € R": y, > 0}, we can define the function

U(y) = Vly,>o0-
The function U satisfies in R7 the following Neumann problem:
-AU+U=UP" inR",

oU 2.7)
=0 on = 0}.
oyn {vn }

We set Ug(y) = U(2).
Lemma 2.2. The space solution of the linearized problem

-Ap+@=(p-1)UP?p inR",

o0p ~ (2.8)
oyn " 0 on {yn = 0}

is generated by a linear combination of
i oU
i .
=—(y) fori=1,...,n-1.
¢ Vi ) f

Proof. lItis trivial that every linear combination of (pi is a solution of (2.8). We notice that g—}fjn is not a solution
of (2.8) because the derivative on {y,, = 0} is not zero.
For the converse, suppose that ¢(y) is a solution of (2.8). Then, by even reflection around y,, we can
construct a solution ¢ of
-Ap+P=p-1)UP%p inR" (2.9)
with g—ﬁ =0 on y, = 0. But all solution of (2.9) with zero derivative on y, = O are linear combinations of g—%

withj=1,...,n-1. O

We endow H' (M) with the scalar product

(U, v)e = ! Jezg(Vu,Vv)+uvdyg

_g_n
M

and the norm |ul; = (u, u)é/z. We call H, the space H' equipped with the norm | - ||.. We also define L’; as

the space LP (M) endowed with the norm |ul,, = (& IM uP dug)/p.

Forany p € [2,2*)if n >3 or for all p > 2 if n = 2, the embedding i, : He — L is a compact, contin-
uous map, and |ul¢,p < c|ulle holds for some constant ¢ not depending on £. We define the adjoint operator
ig:Lgp — Heas

" 1
u=iz(v) & U, )= ) j v dug,
M

so we can rewrite problem (1.1) in an equivalent formulation
u=is((uP).
Remark 2.3. We have that [|i; (V)ll¢ < c|V]pr,e.

From now on we set, for the sake of simplicity,

fw) =@HP' and f'(w)=(@p-1)uH?P>
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We want to split the space H, into a finite dimensional space generated by the solution of (2.8) and its or-
thogonal complement. For £ € oM and R > 0 fixed, we consider on the manifold the functions

e¢ (2.10)
’ o, elsewhere,

. _{coé((z/z?)*(x))x;e((l/)?)-l(x», x € Ig(R) := I¢(R, R,

where @L(y) = ¢'(%) and yg: B""'(0,R) x [0, R) — R" is a smooth cut off function such that yzg =1 on
B"™1(0,R/2) x [0, R/2) and |Vy] < 2.
In the following, for the sake of simplicity, we denote

D*(R) = B*1(0, R) x [0, R). (2.11)

Let

Ke s := span{Z;,f, cee Z;"‘;}.

We can split H, into the sum of the (n — 1)-dimensional space and its orthogonal complement with respect
of < Tt >£s i.e.,

Kipi={ueH:: (u,Z ) =0}

We solve problem (1.1) by a Lyapunov-Schmidt reduction, defined by

Ue() " COWR(WP (1), x € I¢(R) := [¢(R, R,
0, elsewhere.

We,{(x) = {
We look for a function of the form W, ¢ + ¢ with ¢ € K; ¢ such that

0} AWeg + ¢ - ii[f(Wee + )1} = O, (2.12)
e e{Weg + @ — i [[(We g + @)1} =0, (2.13)

where II; ¢ : H; — K ¢ and Hg’ gt He — Kgl’ ¢ are, respectively, the projection on K ¢ and K ,. We see that

&,&"
We,¢ + ¢ is a solution of (1.1) if and only if W s + ¢ solves (2.12) and (2.13).
Hereafter, we collect a series of results which will be useful in the paper.

Definition 2.4. Given &, € oM, using the normal coordinates on the sub manifold oM, we define
_ O N\-l/iy _ Py -1 O o\ _ Bl
0 ) = (exp)) 00 = (expl ) (expf, ) = 20, ),

where x, &(y) € OM, y, ij € B(0, R) c R" 'and &(y) = expg0 Y, X = expgO 7. Using the Fermi coordinates around
¢y, in a similar way, we define

900 = W) 00 = (W2, ) W (1) = F 7 ) = € ). ),

expg y
where x € M, n = (7], 1,) with 7 € B(O,R) c R™*and 0 < n, < R, &(y) = exp?o y € OMand x = l[)?o()’[).

Lemma 2.5. Letx = lpgo(sz), where z = (z, z,) and &(y) = expg0 (y). Then, forj=1,...,n-1, we have

0

i d d d -
— W, x‘ = [— e2)—U(z) + U(z) — 82]—8 ,eZl .
oy, Wesn@| = X | oxn(en) 3 U + U@ 3xn(en) |50 &t ed)

In order to prove Lemma 2.5, we need some preliminaries.
Lemma 2.6. We have that
£(0,7) =1 forij e R 1,
08

—(0,7) =6 foryeR" ' jk=1,...,n-1,
on;
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agk(o 0)=-6jx forj,k=1,...,n-1,

628k
oy;on

Proof. We recall that &(y, ) = (expf(y))‘ (exp?0 i1), so the first claim is obvious. For y, fj € B(0, R) ¢ R 1, let
us introduce

(0 0)=0 forj,h,k=1,...,n

F(y, 7) = (expy )" (exp}, () and T(y, 7) = (y, F(y, 7))
We notice that T=(y, ), = (¥, &y, B)). We can easily compute the derivative of I'. Given y, fj € R""!, we have

) Id]Rnfl 0 y)
F ) ’ = (5 '(vV. 7 ’
&y, Bl (Fy(y, 7) F,,(y,n)><ﬂ
Id n-1 0
Ffl’A,A P = A']R 7 V, 1] )(y>
T, wly, B (_(F;l(y’ M F,W, 0 (Fy@, )t ) \B
Here y, B € R""1. Now by direct computation we have that

and thus

Fy(0,7) =Idgm-1  and  Fy(y,0) = Idgn-1,

and so a'Sk(O n) = ((F’ 0, 1)) Hjk = 8jx and %—%(O, 0) = (—(F{Y(O, 0))‘1F,’,(0, 0))jk = —6jk. For the last claim,
we refer to [15, Lemma 6.4]. O

Lemma 2.7. We have that
(0, 7, nn) = (7, mn)  fori e R”" L my € Ry,

a:Hk(O 0,Mn) =—=6jx forj,k=1,...,n-1,np € Ry,

fl,r[n):O forj=1,...,n—1,y,)_1E]Rn_l,)]nG]R+,

Z—Q’f{(y,ﬁ,ﬂn)=0 forj,k=1,...,n-1,7 € R" 1, n, e Ry,
n

e
M3y, K  yfn) =0 forjk=1,...,n-1,f1€R" n, eR,.

Proof. The first three claims follow immediately by Definition 2.4 and Lemma 2.6. For the last two claims,

observe that Hy(y, M, Mn) = ék(y, 1), which does not depends on 1, nor its derivatives. O

We now prove the claimed result.

Proof of Lemma 2.5. By Definition 2.4, let x = l/)?o(r[) = l,b?o(f], nn) with n = (7, 1) € R, and é(y) = exp?o(y)
with y € R™1. Then, we have that

We,e)(X) = ( o )XR(fH(y, n)).

For fixed j, by Lemma 2.7, we have

0 L0 - . o -
w X|:—£}C,U9{,| —F(y,
5y, Wesn®)| k21 3y XROe UG M| 0 Hey )]
n-1 a
=Y s rU:)] 5 - sk(y, n)]
iz Onk
n-1 d
=2 om (Xr(e2)U(2)] —Ek(y, SZ)|
k=1 9%
Because F(x(y, 11, 1n) = Ex(v, 1) for k = 1, ..., n — 1, using the change of variables n = £z = (2, £2,,), we get

the claim. O



DE GRUYTER M. Ghimenti and A. M. Micheletti, Construction of Solutions on Riemannian Manifolds —— 465

3 Reduction to Finite Dimensional Space

In this section we find a solution for equation (2.12). In particular, we prove that for all £ > 0 and for all
& € OM there exists ¢, ¢ € K solvmg (2.12). Here and hereafter, all the proofs are similar to [15]. So, for the
sake of simplicity, we will underhne the parts where differences appear, and sketch the rest of the proofs (we
will provide precise references for each proof).

We introduce the linear operator L¢ ¢ : K, — K, with

Ls,{((p) = H‘Jg_,g{d) - g [f,(Ws,£)¢]}'
Thus, we can rewrite equation (2.12) as follows:
LE,f((p) = Ne,f(‘l’) +Re ¢,

where
Ne g := H:gj{i; [f(Ws,f +¢) _f(Ws,f) _f’(Ws,f)(p]}

is the nonlinear term and
R := I iZ [f(We, )] - We e}
is the remainder term. The first step is to prove that the linear term is invertible.
Lemma 3.1. There exist €y and c > O such that for any ¢ € oM and ¢ € (0, &y), we have that

ILe.gle > cligplle  forany ¢ € K ,

The proof of this lemma is given in the Appendix. We estimate now the remainder term R ¢.
Lemma 3.2. There exists €y > 0 and c > O such that for any & € oM and for all € € (0, ),
IRc.glle < ce*™?',

Proof. We proceed as in [15, Lemma 3.3]. We define on M the function V¢ ¢ such that W ¢ = i} (Ve ¢), and
thus —?AgWe g + Wee = Ve .

It is well known (see [16, p. 134]), by the definition of the Laplace—Beltrami operator, that in a local chart,
we have that

-Av =-Agv + (g? - 0ij) ax?f)xj - g;I‘..—kv,
where A is the Euclidean Laplace operator. Thus, if we define
Vee(y) = Vee3(v), v € D*(R),
then we have
Ve e(y) = —€*Dg(Uexr) + Uexr
= UZ ' n - € Uetn = 267 VU - €2(8¢ - 8i) 35 S Uee) + €° P 2 U, G
Also, by Remark 2.3 and by the definition of R, ¢,
IRe,¢lle < ligf(We,e) - Weelle < CIWP; —Veelp e

Finally, by the definition of W, ¢ and by (3.1), we get

W Veelli = [ 102 00 00 - VeI 60l dy
D*(R)
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j [T )& () - xr )P dy

D*(R)
+ce?r j UﬁllAXRlp' dy + ce??’ j VU, - Vxgl?' dy
D*(R) D*(R)
2p' s 0’ U p,d
tce j 187 - 85 S35, X0 dy
D*(R)
2p’ P 0 P
vee [ 1glnrhml |- Waww)| ay.
D*(R)

By the definition of y, and the exponential decay, using (2.1) and (2.2), we have

' i i p' '
S R S5 <ngR)(y)| ay=e [ gl -sit|5 a]Ug<y>| dy + 0("7)

D*(R) D+(R)
az
Jlg (e2)- 651" |5 U(z)' dz + 0(e"?')
R!

, 2 p' ' ’
< g™Pp J’ 0 U(z)| dz + O(e™P) = 0(e™P).
aziaz,-

The other terms can be estimated in a similar way. O
Using the fixed point theorem and the implicit function theorem, we can solve equation (2.12).

Proposition 3.3. There exist €y > 0 and c > O such that for any & € OM and for all € € (0, &), there exists a
unique ¢¢ ¢ = ¢(¢, &) € KEL{ which solves (2.12). Moreover,

Ipe,elle < ce™*mP'.

Finally, £ = ¢¢ ¢ is a C! map.

Proof. The proof is similar to that of [15, Proposition 3.5], which we refer to for all details. We want to solve
(2.12) by a fixed point argument. We define the operator

Tei: Kpp = Kipy Te(@) = L e (Neye(@) + Re,).
By Lemma 3.1, T¢ ¢ is well defined and we have
"Te,r.‘,'(d))”s < C(”Ns,{((p)"s + ||R£,§'||€)’
[Te,e (1) — Tee(h2)lle < C(INe,e(P1) — Nee(p2)lle)

for some suitable constant ¢ > 0. By the mean value theorem (and the properties of i*), we get

INe,£(h1) — Neg(@)lle < clf' (We,g + b2 + t(pr — $2)) ' (We )|y |1 — P2l

By [15, Remark 3.4], we have that |[f'(We, ¢ + 2 + t(1 — 2)) — f' (We,6)lp/p-2),¢ < 1, provided |¢1 ] and
l$2lle are small enough. Thus, there exists 0 < C < 1 such that | T¢, ¢(¢1) - Te, e (¢2)lle < Clip1 — @2l Also,
with the same estimates we get

INeg(@)lle < cCIplZ +1PIE ™).
This, combined with Lemma 3.2, gives

ITe.e(@)le < cINe£(@)le + I1Re.glle) < c(lpl2 + NpIE™ + /P,

So, there exists ¢ > 0 such that T, ¢ maps a ball of center 0 and radius ce'* n/p' in K+ ek into itself and it is a
contraction. So there exists a fixed point ¢ ¢ with norm [¢ ¢l < gy’
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The regularity of ¢, s with respect to ¢ is proved via the implicit function theorem. Let us define the
functional

G:OMxH, - R, G u)= Hi{{w&f + Hifu + 1 [f(Wee + Hj,gu)]} + g su.

We have that G(¢, ¢, ¢) = 0, and that the operator %G('S, ¢e,¢): He — H, is invertible. This concludes the
proof. O

4 Sketch of the Proof of Theorem 1.2

In Proposition 3.3 we found a function ¢, ¢ solving (2.12). In order to solve (2.13), we define the functional

1 (1 1, 1
Je HYOD — R, o) = I SEIVUIE 507 = ) dpg.
M

In what follows, we will often use the notation F(u) = Ilj(u’f)p .
By J., we define the reduced functional J, on oM as

je(f) = ]a(Ws,{ + ¢s,§),
where ¢, ¢ is uniquely determined by Proposition 3.3.

Remark 4.1. Our goal is to find the critical points for J, since any critical point ¢ for J. corresponds to a
function ¢, ¢ + W, ¢ which solves equation (2.13).

At this point we give the expansion for the functional J with respect to €. By Lemma 5.1 and Lemma 5.2,
Je(&) = C—eH(§) + o(e), (4.1)

C! uniformly with respect to £ € OM as ¢ goes to zero. Here H({) is the mean curvature of the boundary oM
at &.If & is a C'-stable critical point for H, then in light of (4.1) and by the definition of C*-stability, we have
that for € small enough, there exists a critical point &, for Je close to ¢y , and we can prove Theorem 1.2.

5 Asymptotic Expansion of the Reduced Functional

In this section we study the asymptotic expansion of J(¢) with respect to €.

Lemma 5.1. We have that
Je(§) =]s(Ws,¢'+¢s,¢') =Je(We¢) + 0(e), (5.1)
uniformly with respect to £ € OM as € goes to zero. Moreover, by setting é(y) = exp?(y), y € B0, r), we have

0 - 0
a—yh]s(f()’)) yoo = a—yh]s(Ws,{(y) + ¢s,{(y))|y=0

0
- a—y}luwg,;(y))]y:o +o(e) (5.2)

Proof. We split the proof into several steps.

Step 1: We prove (5.1). Using (2.12), we get

- 1 1
Je(&) _]s(Ws,{) = 5"4’8,{”3 + g_n ngg(vwe,{, V(ps,g’) + Ws,f‘ps,{ _f(Ws,{)(l)s,f d}lg
M
1
Ten JF(Ws,f + ¢£,¢') - F(Ws,f) _f(Ws,{)¢s,{
M
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1 1
= S0l + o [UWes + bes)  AWe )b s

M
1
- [ FWeg s de) - Fep) - W0 e
M
By the mean value theorem, we obtain that
- 1
Te(®) ~JeWe,l < S1beel? + | [ £ Weg + tigep)2 ] + jf (Weg + e )92

M

for some t1, t, € (0, 1). Now, by the properties of f’, we can conclude that

Je(€) = Je(We £)l < cllegll? + I de.ll?),
and in light of Proposition 3.3, we obtain (5.1).

Step 2: In order to prove (5.2), consider that

0 0
w + - —J.(W,
ayh]‘g( e.i0) + Peiw) ayhk( £,60))
W, +i¢ ]—]’(W )[iw ]
£,¢(y) Vn £,¢(y) e\We &(y) Vn £,¢(y)

0
ayh ¢’&5(,V)j|

0
= ]é(nyf(y) + ¢s,$(y))[a—m

)
= Ue(We,g) + Pei) — Je(We (1)) [a—ths,ay)] + ] (We 9 + ¢e,£<y>)[

=: L1 +L2.

Step 3: We estimate L;. By (2.12), we have that

Te(We,g) + e, s‘(y))[ P, ay)] <Z£¢'y)’ oy 2o £<y>>

We prove that
n-1
Y lckl = 0(e). (5.3)
=1

Indeed, by (2.12) and (A.10), for some positive constant C, we have

n-1 n-1

JeWe g + Deso)IZ5 )] = . CH(ZE 1) 22 5y))e = C D CL(Bis +0(1)). (5.4)
1= 1=1
Also, since ¢ gy) € K- z.¢(y)» We have
1
Je(We,g) + Pe,e00) [ Z; ol = Je 8VWe,s), VZ3 gy) + Wes) 22 gy ~ fWe i) Z;, g Mg

M

1
- o Wk + Berion) - FWeg)122 g e
M

By (2.1), (2.2) and (2.3), after a change of variables, we have

1
pry ngg(vwaf(y)» vZ; )+ We, e Ze, &y) f(WE,f(y))ZZ,g(y) dpg
M

- j VUVl + Ug! - f(U)pldz + O(e) = O(e).

R!
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Besides, by the mean value theorem, for some ¢ € (0, 1),

1 1
o J[f(Ws,c’(y) + Gesy) ‘f(Wsyf(y))]Zf:,{(y) dﬂg’ T |en I[f’(Ws,f(y) + t¢s,§(y))]zz,§(y)¢s,f(y) dug
M M

1 _ .
< C | UWe g2 + e sl IZE g1, ditg
M

< cIWe,g) 127> + e, s IENZE gy el e g le
= 0Py = o(e).

Hence, JL(We &) + Pe,e() [Zi,;(y)] = O¢) and, comparing with (5.4), we get (5.3). At this point, by (A.5), (5.3)
and Proposition (3.3), we have that
-1
0
1/l
Ce<Zg,§<y>’ Svn ¢e,f(y>>£|

¢£ f(y)> I

=N 1
2 ool
(1;' 8')” oyn &4W) E”‘l’&f(y)"s

< 0Py = o(e).

|Ly| <

Step 4: We estimate L;. We have

F) 0
Ly = <¢s 3.~ We s<y>> J[f(We &) + Pe,en) — fWe,g) aJ/h 5o We s dg
M

<¢s &y — 2L (W, é’(}/))(l)sfy)], ng >

P)
- J[f We &) + e &) —f (Ws,ay)) -f' (Ws,f(y))(f’s,f(y)]a—ths,E(y) dug
M

<¢s &) — iz [f (We,g0) e, fy)]’ Ws §) Zg,f(y)>£
- E(‘l)s,{(y)r ey ~elf (Ws,f(y))¢s,$<y> )e

1 0
~ J[f (We, &) + @e,e00)) — fWe,ep) — f '(We,s‘(y))fl’a,f(y)]a_the,f(y) dug
M

:A1 +A2 +A3.

For the first term, by (A.7), we have
Ay < ||pe,zy) - iz

< ce| e,y - i [f' (Ws,ay))ﬁbs,s(y)]llg
< ce(llpe, s lle + =If (We,g00) e, | )
< €||¢£,£(y)"£ =o0(e).

WS &) + € £ () ||

For the second term, in light of Proposition 3.3 and equation (A.4), we have

1 . '
Ar < g"‘l’s,é'(y) ||£||Zg,£(y) e U'(Ws,f(y))zg,g(y)]”g = 0(e"?"P) = o(e).

In order to estimate the last term, we have to consider separately the cases where 2 < p < 3 and p > 3.
We recall from [15, Remark 3.4] that

c(p)lvP2, 2<p<3,

' (We g +v) ~ f (We g)l <
’ ’ {(p)[wp v+ WP, p23.
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For p > 3, by the growth properties of f and using (A.5), we get

c _ _14] O
Az < o J[|We,€(y)|p 3¢§,5(y) +19e,c0l” l]ya_the,f(y)’ dug
M

0
sy Weiw], + 1ol |55 We

< 0(81+2"/P ) + O(gp—2+(p—1)"/p ) = o(e),

since p > 3.
For 2 < p < 3, in a similar way, we get

0
qus £(y)| We,s() |dllg < el ll oy We &) l| = o(e),

which concludes the proof. O

Lemma 5.2. We have that
Je(We¢) = C - eaH(&) + o(e),

CO-uniformly with respect to & as € goes to zero, where

e . , _(n-1) U'(I21) \? 3
C:= J SIVU@)F + U (2) - Up(z) dz and a:=— J< 2| ) wndz
R} A

Proof. By the definition of ], we have

S gii(ez) AU RE@) QUENRIe()

JeWee) == lg(e2)|? dz

D*(R/e) B o %
1 ;1 p 1/2
+ J [E(U(Z)XR/E(Z)) —I;(U(Z)XR/e(Z)) ]Ig(SZ)I dz.
D*(R/¢)

By (2.1), (2.2) and (2.3), we easily get

z": o(U(2)xr/(2)) a(U(Z)XR/e(Z))
0z; 0z;

]s(Ws,é’) =
D*(R/e) )
+€ J Z h(0)zy,
D+(R/e) PI=1
n-1 o(U(2)xRr/=(2)) a(U(Z)XR/s(Z))
T2 € H)zn Z 0z; 0z;

1 1
E(U(Z)XR/s(Z))Z - ;(U(z)xR/s(z))P dz
D*(R/¢)
O(U()Xr/e(2)) AU@NKR/())
aZi aZ]

1:1

D*(R/e) =1

18 J H(&)zn(U(2)xr/e(2))? dz + n-1 € j H(&)zn(U(2)xr/e(2))P dz + o(e)
R/s D+(R/¢)
_ J 1 2 1 P 1 2 2 P
= | Sivue@r+ U (2) - U (2)dz - e(n - DH(E) J zn(EIVU(z)I Lo - U (z)) dz
RY RY

n-1
+e Yy hi(0) J ( U/(|Z|) )Zz,-z,-zn dz + o(e).

i |z|

n-

RY
Using Lemma A.1, finally we have

Je(We) = J =IVU@))? + 5 UZ(Z) —Up(Z) dz
]RYI

-&e(n-1)H() j ( U'|(Z!|Z|) ) 3dz+e Z hi(0) J ( Ull(z!lzl) )Zz,-z,-zn dz + o(¢).
R" Lj=1 R?
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Now, by symmetry arguments and by (2.4) we have that

Z hY(0) j < U’(|Z|)> zizjzn dz = nil hij(0)6i,~ j <M>zziz,-zn dz

R AT & AN
n-1 U 2
_ Z hit(0) J(U (|Z|)) Z,-ZZn dz
i=1 Iz
R}
U'(|z]) \?
= (n-1)H() J( Igl D) 23z, dz,
R}
and, by simple computations in polar coordinates,
U'(lz)\?_» 1 (U 2D\ 5
J( E ) z{zndz = 5 J( E ) z, dz. (5.5)
R! R"
Concluding, we get
1 2
Je(Weg) = J %|VU(Z)|2 Ly - —Up(z) dz - eH({)[(n D) J(U|(Z||Z|)> z?,dz] roe). O

R? R?
Lemma 5.3. Let &(y) = exp?(y) withy € B (0, r). Then, we have
O geWeg)|  =ea(soHEw))| + o6,
OYh y=0 OVh y=0
uniformly with respect to & as € goes to zero.

Proof. For simplicity, we prove the claim for h = 1. The cases where h = 2, ..., n — 1 are straightforward. Let
us consider first

) 1, 1 )
Y J 2en e WHe| = J g—nWe,ea—ylWe,ay)L:O dpg-
L(®R) =0 L®

By Lemma 2.5 and by the exponential decay of U, we have

2 (L 10U
Y1 I 2en Wﬁ,f(y)"l‘glyzo = J U(Z)XR(sz)[U(z) (e2) + 255 @ )XR(gz)] 2 &, ez)’ lg(e2)| 2 dz
-2 U(Z)S—U( )—aa o, eZ)| Ig(e2)|2 dz + o(e)
R}

- % J U(Z)U|(|Z)Z’(igk(y’ 32)’ lg(e2)|Y/2 dz + o(e),

R

where € is defined in Definition 2.4. Expanding in &, by Lemma 2.6 and by (2.3), we obtain

0 1 2 _ U’(Z) 2 ok 1
a_yljﬁwsrf(y) dygly . J U(z) i ( b1k + = s E; jZiZ )(1 en—-1)Hz, + 28 Glszlzs)dz+o(£)

!
j Uz )U (Z) —21(1 —¢e(n-1)Hzp + %szGlszlzs) + %zkezEf.‘jziz,-] dz + o(e),
where 2 52
Ek = ,zl and Gy = ——|g(2)|/?
i~ 32:07 oyt Exly )y oo 5= 3207 lg(2)| .
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By symmetry, the only terms remaining are the ones containing z2z,, thus

0 1, ~ U'(2) K
6_)/1 j Z_Q’Ws’f(”) d]15,|y:0 =€ [ U(z)—— i [-z1Gn1znz1 + zkE, Zk2n] dz + 0(€).

+

By (2.5) we have that G,1(0) = —(n - 1) (O), and in light of Lemma 2.7 we get E" = 0. We conclude that

aiyl J z_inwg,aw dllg|y:0 = J U(2) U|,(|Z)( - 1)( (0)>znzl dz +o(e)
=¢ J %(%Uz(z))(n - 1)(;—5(0))2,121 dz + o(¢)

R}

- _g(n- 1)3—2(0) J %Uz(z)zn dz + o(e).

R’
In the same way, we get that
0 1 4 _ p-1 U (Z) ( )
V1 _[pgn We s dﬂg|y:0 = J UP(2) 2 (n-1) H(0) )znz? dz + o(&)

+

- —&(n- 1)3—2(0) J %U”(z)zn dz+0(e).

Now we look at the last term

0
Ii=—- J 5o VWes) g dug

0
Y1 I:(R) =0 L®)

and, again using Lemma 2.5 and the decay of U, we have

J gl(e )a_Ui<6_U e gk(y,gz))| lg(e2)|V/? dz + o(e).

I= 0z 0zj \ 0zk 0y1 y=0

R

Recall (2.1) (2.2) and (2.3), and set, with abuse of notation, h;, = h,j = Oforalli,j =1, ..., n. Then, we have

1 1 i 1
I= - J (é‘i,- + 2€hijzy + zezy’,}[zrztxl —&(n-1)Hz, + 5826152125)

n

oU o (oU 1,5 )
X — oz az]<azk( 61 + 28 EVWZVZW) dz + o(g),
where
LI D . Gum g le@]and - 52
v aZvazw oy1 ’ y=0,z= 0 *7 oz aZs z=0 rt 02,02¢ z:O.
More explicitly,
oU o oU oU o oU 1 oU o oU
= | == — -1)Hz - = ——
J 0z; 0z; 021 dz j(n Hzng - 0z; 0z; 021 dz 2¢ J Giszi2s 0z; 0z; 021
]R" R" R"
oU o oU ,oU o oU 1 ij oU o oU
J hl] naZl aZ] 621 dz + 2¢ J(n - 1)Hh”Z”a_zia_zia_zl zZ— EE J yrtZtha—Zia—Zja—Zl
R" R" R"
1 oU o oU
J 0z; 0z; ( 0Z) EVWZVZW) dz+o(e)
]RH

=1L+ +I3 +I4+I5 +I6 +I7.
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We easily have

1 (0oU o oU 1 0
L=-x-|222% 4o — | L vuPdz=o,
! jazi 0z; 0z1 dz 2¢e j 021 IVUI"dz =0
R" R"

and, in a similar way and by integration by parts,

=(n- = —|VU?dz =0,
I, =(n 1)H(O)2 J Zn 621| Ul- dz
]Rn
I = —%e J GIS(O)zlzs—IVUIZ dz=¢= J G15(0)zs|VU|? dz.
R} ]R"

Moreover, by symmetry, the only nonzero contribution comes from the term containing z,, so by (2.5),

1 1
L=ex I G1n(0)2aVU? dz = —£(n — 1)—(0) j S0Pz, dz.
IR" ]R"
Since hj; is symmetric, we have

0 <aU ou
0z1 \ 0z; 0zj

Iy =— J hij(0)zn 5—

R!

)dz=0,

and, similarly, by integration by parts, we also obtain that Is = 0.
For I, we have

1 ou oU 1 oUu oU ,
I7 j az, aZlaZkEVW vEw dz+3 g J' a a (Evz v+ Zw) z,
R @
and, since §7 = U|,z(|2) i,
oU oU U'(2)\2
j a—Zia—ZkE’;iZV = J( |z(| )> EXziziz, dz. (5.6)

The only nonzero integrals are the ones of the form z2z,, and, since E?. = 0 (Lemma 2.7), all the terms in (5.6)
are 0. With a similar argument, since
W _U@,  U'@lk-U
oziozk | lz] K |z|3 k=i

we can conclude that I7 = 0.
Finally, let us consider I¢. Since g¥ is symmetric, integrating by parts gives

j 1 j 0 <6U 6U>dz_ 1£J ij(U’(Z))ZZ'Z‘Z iz
6Ty y” r tazl 0z; 0z; =28 ) Y 1z| il
R R
By (2.2), we have that y;”t =y"=0foralli,j, t=1,...,n.Inaddition, by symmetry, only the term which
contains z2z, gives a nonzero contribution. Thus, by (2.1) and (5.5),

1% U@\
=3¢ 3 [ () e

i=1

RY
350 (%) s
=¢g(n- 1)—(0) J( ) zlzn dz
= —e(n - )—(O j U’(Z)
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Concluding, we have

0 oH 1 1 1
— (W, =—e(n-1)— ZIVUPR + =|UP? - = P]
sy Weson)| | =—ei= D@ [ [SIVOP + S0P 0P o dz

R}
1 oH U'2)\? ;
+ ES(H— 1)6_21(0) J(_IZI ) zy dz,
R}
and, by Lemma A.1,

d 1 o0H U'(2)\?
—J (W, =——£n—1—Oj< >z3dz. O
6)/1 e( af(y))yzo > ( )621( )IRn |Z| n

A Technical Lemmas

Here we collect a series of estimates that we used in the paper as well as the proofs of some lemmas which
were previously claimed.

Lemma A.1. We have that

j (05, U)*zy dz = j < Ullz(iz) )223, dz

R" R"
1 1 1
== j IVU|?z, dz + = J Uz, dz - = J UPz, dz.
2 2 p
R" R" R"
Proof. We multiply —AU by z20,, U and integrate by parts over R”, obtaining
- J AUZ2d, Udz = J(Aazn 022U dz+2 J AUz, U dz
R" R" R"

n

n
- J Y (02,02, U)720,, U dz - 2 J Y (82,02, U)za8inU dz

R i=1 R i=1
n n
2 j Y (05 U)2n0,U dz - 2 J Y (05, U)8inU dz
R i=1 R i=1

n
. J Y (92,02, U)220,,U dz - 2 J(agn U)zaU dz
R" i=1 R"
2 j VUPzy dz -2 J(azn U)U dz.
R R

Now, again by integration by parts,

n n
- j Y (02,02, U)720,,U dz = J(azn U)22AU dz + 2 J Y (02, U)Binzn05, U dz

R i=1 R? R? i=1
- J(azn U)22AU dz + 2 J(azn )2z dz.
R R

Thus,
- I AUZ20, Udz = I (0, U)z2AU dz + 2 J (02, U)%zn dz
R R R
-2 [0z dz-2 [WUPzadz-2 [ @, DUz,

R" R" R"
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that is,
- J AUZ20, Udz = J (05, U)%zn dz - J (02 U)zyU dz - J IVU|?z, dz - J (0, U)U dz.

RY RY R" RY RY

Now
_ J 3, (znUd,, U) dz = J U02,U + zn(05,U)? + 2, UD2, U dz,
RY RY
and we get
- j AUZ23, Udz =2 J(azn U)2zn dz - JIVUIZZ,, dz. (A1)
R" R" RY

In a similar way, we prove that

J Uz20,, Udz = - J U?z, dz, (A.2)
R R
j UP1z20, Udz = 2 J UPz, dz. (A.3)
R pm

Now, multiplying by z20,, U both terms of (2.7), integrating over R” and using (A.1)-(A.3), we obtain the
claim. O

The following lemma collects several estimates on Z Ay

Lemma A.2. There exist o > 0 and ¢ > O such that for any &, € OM and for any € € (0, &), we have

"Zg,.g‘i*[f'(Ws 5)255 . < celNIp' (A.4)
[y Zianl, = 0) [y e, = o2) s
<Z?fo’(ayh ffm)ly:) -—zeon+o(g), 89)
e+ (5 wem), | = )

forh=1,...,n-1,1=1,...,n

Proof. The proof of (A.4) is similar to that of Lemma 3.2, and will be omitted. The other three estimates are
similar to [15, Lemmas 6.1-6.3], which we refer to for the proof of the claim. O

Proof of Lemma 3.1. We will prove it by contradiction. We assume that there exist sequences g — 0, & € OM
with & — & € OM and ¢y € Kglk’{k with [|¢l¢, = 1 such that

Lgk’gk((bk) =Py with [[ille, — O for k — +oo.
By the definition of L., ¢, there exists { € K, ¢ such that
¢k - l;k [f,(WEk,éfk)(pk] = l/)k + (k- (A.8)

We prove that ||{i[ls, — O for k — +co. Let { = Z] ] akZ’

- with Z’ being defined in (2.10). By using
the fact that ¢y, Yy € KLk’ & and (A.8), we have

Za@w Z8 ede = (iU We )il Z0 o),

1
=g [ £ otz g e (a9)
M
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By elementary propetties of ¢/, we have that

<Z gk fk)ek Céjn +o0(1) forallj,h=1,...,n-1, (A.10)

eks8k’

where C is a positive constant.
We set

b :=

o, otherwise.

- {¢k(¢2k<ekz))xR(ekz), z € D*(R),

We get easily that |||z @ < cll@ille, < c for some positive constant c. Thus, there exists ¢ € H'(R") such
that ¢ — ¢ weakly in Hl(lR") and strongly in LP _(R") forall2 <p <2*ifn>3orp>2ifn=2

loc
We recall that ¢ € K, &
1
el Jf,(WSkyfk)¢kZ£k,fk dug = (Px, ng,fk>£ St J’f’(ng’fk)(l)ngk"fk dpg
k M k M
1
82 J[SkV(ﬁkV enbc T ng fk(’bk _f,(ng’gk)d)ngky{k] dpg
M

a¢k Ap"(2))

3 h 1/2
oz + Pre"(2) |1g(ex2)|'* dy

= J Z g (erz) 5

D*(R/gy) - bm=1
- I Fl(U@xr(Ex2) Pro" (2)Ig(erz)|V/? dz + 0(1)
D*(R/ew)
= [ V@V + de" - £ o dz + o(1) = 0(1),
IR"

because ¢" is a weak solution of the linearized problem (2.8). So we can rewrite (A.9), obtaining
cak +o(1) = Z A jf (Weps)PiZ8 . dpig = 0(1),
ki

SO a’fl — 0 for all h while k — +o0, and thus [|{k[l;, — O for k — +oco.
Setting uy := ¢x — P — (&, (A.8) can be read as

—e7Agui + uk = f' (We, e )ur + f' (Weye) (i + §)  in M,

(A.11)
auk =0 on oM.
ov
Multiplying (A.11) by uj and integrating by parts, we get
1
luklle, = o Jf'(Wsk,gk)u,z( + ' (Wepe) Wi + G k. (A.12)
k
M

By Holder’s inequality, and recalling that |ul¢,, < c|ulle, we have

2/n
2)/(2 2)/(2
o [ Wes)wes dous (7 jf(W SUE) IR A

k M
< C(g_n Jf’(Wsk,é'k)n/z) ”uk"(n 2) /(Zn)"l/)k " (k"(n 2) /(2n)' (A.13)
k
M
Now,
1 1
g—nff’(Wsk,sk)"’z dpg < — j (Ue(@2) ™ 00)" P72 dyg
‘ “lg®
cc [ wayePizse (&.14)
D*(R/¢)

for some positive constant c.
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Combining (A.12), (A.13) and (A.14), and recalling that |uls, — 1 and [« + {klle, — O while k — +co0,

we get
1
1 Jf’(ng’fk)ui 1 whilek — +oo. (A.15)
k
M

We will see how this leads us to a contradiction.
We set
i (2) := un(Pg, (exz)Xr(exz) forz e R,
and have
Il ey < clluklle, < c.

So, up to subsequence, there exists it ¢ H'(R") such that ity — & weakly in H'(R")and strongly in Lfoc(ll{ﬁ),
pe2,2%)ifn>3o0rp > 2ifn=2.By(A.11) we deduce that

~Au+@=f(U)a inR",

i (A.16)
ou =0 on {x, = 0}.
0Xn
We prove also that
(", Wy =0 forallhel,...,n—1. (A.17)

In fact, since ¢y, Y € Kj{ and [|¢klle, — O, we have

KZD e wided = K20 g Sdal <122 g leliGille, = 0(1). (A.18)

On the other hand, by direct computation, we get

1
h h h
(Z2, e Udey = g Jeig(Vng’kauk) + 20 g Uk

M
1 (M (2)xr(ex2)) it 1 ) 1
= Y ¢Men)  EED Sl aze [ pMenmeidges)tdz
- 0z; 0Zm
D*(R/ey) b=t D*(R/ex)
= J(V(phVﬂ+(phﬂ)dz+o(1). (A.19)

R}

So, by (A.18) and (A.19), we obtain (A.17).
Now (A.17) and (A.16) imply that & = 0. Thus,

1 1 -
o [P s0edus < o | PO 0 dug=c [ FUDBE o),
k i 1. (R) D*(R/ex)
which contradicts (A.15). This concludes the proof. O
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