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Abstract: We prove nonexistence and uniqueness results of solutions for biharmonic equations under the
Dirichlet boundary conditions on a smooth bounded domain. We carry on the work in [10] where the Navier
boundary conditions were considered, we define the h-starlikeness of Q with respect to the Dirichlet bound-
ary conditions and a classifying number M*(Q). This allows us to give a generalized critical exponent for these
domains which play the role of the classical critical exponent %—j Our approach is based on the Rellich—
Pohozaev type identity [20, 23]. We study some examples of Dirichlet h-starlike domains with either rich
topology or rich geometry where our results can apply.
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1 Introduction

In this paper, we are interested in the following biharmonic equation:

Leu:=Au—t1Au= in Q,
{ u u-1Au=f(u) in 0.)

u=Vu=20 on oQ,

where Q is a smooth bounded domain in R, f is a smooth function and 7 > 0.

The difficulty to handle existence or nonexistence of solutions with polyharmonic operators is often due
to the fact that several fundamental tools like the maximum principle, the Harnack type inequality or the
unique continuation argument are much less available in general, comparing with the second-order elliptic
equations. When Q is a ball, under the Dirichlet boundary conditions, we already know by Boggio [3, 4] that
the Green’s function for A? is positive, hence the positivity preserving property holds true, that is, the solution
of A%u = f is positive if f is positive. On the other hand, the lack of the maximum principle in the Dirichlet
boundary case generated many research works, the readers can find many interesting discussions in the book
[9] and the references therein.
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Our interest in problem (D) comes also from its relation with microelectromechanical systems (MEMS),
modeling the electrostatic actuation for membranes deflecting on thin plates in the field of nanotechnology
detection systems. The Dirichlet boundary conditions are also called clamped boundary conditions, where
the actuator at the boundary is clamped, giving rise to zero vertical displacement and zero slope. Actually,
small deformations of a membrane clamped at its boundary are governed by

BA’u-TAu=f inQ, u=vVu=0 onoQ,

where BAZu with B > 0 accounts for bending and —-TAu with T > 0 for stretching, we refer to [7, 13, 19] for
more detailed discussions.

On the contrary, for the Navier boundary conditions, which are also called pinned boundary conditions
(u = Au = 0 on 0Q), we can easily apply the maximum principle.

For problem (Do), consider f(t) = |¢t|P"~1¢t, with p* := %, the critical exponent for the Sobolev embed-
ding H?(Q) c LP(Q). Mitidieri [15] and Oswald [16] proved that no positive solution exists when Q is a star-
shaped or starlike domain, but the nonexistence of any nontrivial solution remains an open problem, even
for general smooth bounded convex domains. Reichel generalized in [22] this nonexistence result for confor-
mally contractible domains which are not always star-shaped. Gazzola, Grunau and Squassina [8] proved the
existence of a nontrivial solution for some contractible domain with a special geometry. To conclude, simi-
lar to the classical Yamabe problem (see [1] and the references therein), both topology and geometry of the
domain Q play important roles for the existence of solutions to problem (Dy).

In the supercritical case, i.e., when f(t) = |¢[P~'t, where p > p*, results due to Van Der Vorst [25] and
Pucci and Serrin [21] show that (D) has no nontrivial solutions when Q is star-shaped. In [11], Khenissy and
Ye considered some questions about the effect of topology and geometry of Q on the existence of solutions to
A%u = f(u) under the Dirichlet or Navier boundary conditions. In particular, they proved the following result.

Theorem 1.1 ([11]). Let N > 7 and 1 < k < N — 6. Then there exist smooth bounded domains Q ¢ RN, homo-
topic to SX, such that for any continuous function f verifying tf(t) > pF(t) in R, with

t
AN-k-1)
m and F(t) = Jf(s)ds,

the only solution of (Dy) is u = 0.

For the Laplacian case, McGough and Mortensen [14] introduced the notion of h-starlikeness of a domain Q,
and Schaaf [24] introduced a generalized critical exponent through some classifying number M(Q). In [10],
Khenissy adapted these definitions to the bilaplacian case under the Navier boundary conditions and proved
some nonexistence results for h-starlike domains Q under suitable growth condition on f.

In this paper, we are again interested in the effect of topology and geometry of the domain Q for the
existence of solutions to problem (D). We will define the corresponding class of h-starlike domains for which
equations (D;) do not have nontrivial solutions, under suitable growth assumption on f. The main tool is a
Pohozaev identity computed with appropriate vector fields h.

In Section 2, we define a classifying number M*(Q) for h-starlike domains with respect to the Dirich-
let boundary conditions. This will allow us to get nonexistence results for (D;). The nonexistence theorem
we obtain for (Do) generalizes Theorem 1.1, and gives the analogues to the results in [10] under the Navier
boundary conditions. Our results show again that both geometrical and topological properties affect the ex-
istence of nontrivial solutions. In Section 3, some examples of such domains with rich geometry or topology
are studied. Section 4 is devoted to prove a uniqueness result, using again the Pohozaev identity. Precisely,
we consider the equation L;u = Af(u) with the Dirichlet boundary conditions. This generalizes, for example,
the result of Esposito and Ghoussoub for the second-order MEMS modelling (see [6]) and gives an analogous
result to the Navier boundary one in [10].
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2 Generalized Critical Exponent Under the Dirichlet Boundary
Conditions
First, we show a Pohozaev identity for solutions to L;u = f(u, x). We multiply the equation by h - Vu + au

where h : Q — RY is a smooth vector field, a € R, and integrate over Q.
We will use the notation A - B := ) ajjb;; for any matrices A = (a;j), B = (bjj) € My(R). Define also

( OF OF
F(S, X) = J-f(tf X)dt’ FX(S’ X) = (a_Xl(S’ X)’ s m(s’ X)) = VXF(S’ X)-
0

We have then the following result.

Lemma 2.1. Assume that Lyu = f(u, x) in Q and u = Vu = 0 on dQ. For any smooth vector field h = (h) from Q
intoRN and a € R,

J[F(u, x) div(h) — auf(u, x) + Fy(u, x) - hldx
Q

- J’[divz(h) - a](Au)zdx -2 J Au(Dh - VZu)dx
Q Q

. 2
_ JAu(Ah.Vu)dx+ J Au 6(hanVu)d0_ J (A;) (h-n)do
Q 00 00

TI{[divz(h) —a]IVuI2 —Vu~DhVu}dx. (2.1)
Q

Here n denotes the unit external normal vector on 0Q and Dh is the differential map of h.
In order to have more precise information, we choose the vector field h satisfying

Ah =0gy, div(h)=1 and h-n>0 onoQ. (2.2)
Moreover, thanks to the Dirichlet boundary conditions, we know that (see for example [21])

o%u 0%u

—— = ——n;jhn; onoQ,
oxjox; on2 '’

hence

. N2
JAuMdU:JAuZh‘ o°u njdo

KA on A= 0X;0X;
o%u 5
- J AuZY k- nydo = J(Au) (h-n)do > 0,
on?
0Q 0Q

where n; denotes the ith component of the normal vector n. Finally, with (2.2), we get

J[F(u, x) — auf(u, x) + Fy(u, x) - hldx
Q

2

> ! —22(1 J(Au)zdx -2 J Au(Dh - VZu)dx + T”

Q Q Q

2a |Vu|? = Vu - DhVu | dx. (2.3)

Given a bounded smooth domain Q in RY, consider the set

H(Q) := {h € C*(Q, RY) : h satisfies (2.2)}.
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When H(Q) + 0, we call the domain Q to be a Navier h-starlike domain as in [10]. In order to define h-starlike
domains with respect to the Dirichlet boundary conditions, we need more considerations on the vector field h.
As ||Aull; and |lull H2 are equivalent norms in HS(Q), there exists Cp > 0 such that

j Av(Dh - V?v)dx < Cp, J(Av)zdx forall v € H3(Q). (2.4)
Q Q

We denote by ji(h) the best constants in (2.4), that is,
fi(h) := min{Cp, : Cy satisfies (2.4)}.

First, consider the case T = 0. If u is a solution of (Dg), inequality (2.3) becomes

1 4
J[F(u) ~ auf(u)]dx > j(%‘h) - a)(Au)de. (2.5)
Q Q
In this case, we define just H*(Q) = H(Q) and
1 40
M*(Q) := sup i(h) (2.6)
hedC*(Q) 2
For 7 > 0, we choose h € H(Q) satisfying furthermore
1
Elyl2 —y-Dh(x)y = cply|*> forall (x,y) € Q xRN, (2.7)

with ¢, a positive constant. Condition (2.7) was introduced first by McGough and Mortensen in [14] to define
h-starlikeness for the second-order Dirichlet problem. Let, for T > 0,

H*(Q) := {h € H(Q) : h satisfies (2.7)}.
Definition 2.2. A bounded smooth domain Q is said to be Dirichlet h-starlike if H*(Q) # 0.

For any 7 > 0, we see that H*(Q) ¢ H(Q), hence a Dirichlet h-starlike domain is always a Navier h-starlike
domain. We denote by u(h) the best constants in (2.7), that is, for h € H*(Q),

u(h) := max{cy : cp satisfies (2.7)}.

Finally, for 7 > 0, we define the classifying number of a Dirichlet h-starlike domain Q by

M@= sup min(%ﬁ(h), y(h)). (2.8)
If u is a solution of (D), then
J[F(u) — auf(w))dx > J(%"(h) - a)(Au)de ‘T J(y(h) — @)|Vul?dx. (2.9)
Q Q Q

Assuming now M*(Q) > 0, 0 < a < M*(Q) and the growth condition F(s) < asf(s) in R, we easily con-
clude from (2.5) or (2.9) that no nontrivial solution to problem (D;) can exist.

Theorem 2.3. Let T > O (resp. T = 0) and Q be a Dirichlet h-starlike domain in RN satisfying that M* (Q) given
by (2.8) (resp. (2.6)) is positive. Assume that f = f(u) verifies F(s) < asf(s) inRwith0 < a < M*(Q). Then there
exists no nontrivial solution to problem (D).

Remark 2.4. Consider a star-shaped domain Q with respect to the origin up to a translation. Let h(x) = §.

Clearly h verifies (2.2), u(h) = 1 - & and ji(h) = 3. Therefore M*(Q) > 0 for N > 5 and we get some cor-

responding nonexistence results for (D;). In particular, M*(Q) > % for (Do), hence if f(u) = [ul’~1u, no
nonzero solution could exist to (Dy) on a star-shaped domain Q ¢ RN with N > 5, if p > ¥4 which is just

N-%>
the classical result in [21, 25].
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3 Examples

We exhibit here some examples of Dirichlet h-starlike domains with M*(Q) > 0. The first example gives some
topologically nontrivial domains, it was constructed by Passaseo in [17, 18] to show nonexistence results for
the Laplacian case, and adapted in [10, 11] for the biharmonic problem. In the second example, we revisit a
domain with rich geometry mentioned in [10, 24].

Example 3.1. Let N > 3. We consider domains Q in R¥ homotopic to spheres $X. Precisely, let > 0,1 < k < N
and consider the domain

Q =Ti(n) := {x e R : (IPk(0)| - n - 1)” + Qe I* < n*},
where, for x = (x;) € RV,
Pe(x) = (X1, .+, Xks1,0,...,0) e RN, Qr(x) = x - Pr(x).
Set By = {x € RN : Pi(x) = 0} and define the vector field h as follows:
h(x) = 1 [ (r)Pr(x) + Qk(0)]  forany x € RN \ By,

with ri(x) = [|Px(x)|| where |-|| denotes the Euclidean norm and ¢ : (0, +c0) — R is the function

0 =r(1-5)
P = rke1)”

We have Q = Ty(17) ¢ RN\ By. Clearly, Q is homotopic to Sk, since

Ti(n) = {x e RN : dist(x, Sx(n)) < n},

where Si(n) = {x e RN : ||x| = n + 1, Qx(x) = 0}. Similarly to [11], we see that h verifies (2.2). Let us prove
that h satisfies also (2.7). Let y € RN and x € Q. The definition of h and a direct calculus give

1 1 QU(rk) k+1 ) 1 1 N ) 1 k+1
—Iylz—y~Dhy=(—— )Zy-+<———) Y yi-————= ) xixjyw;.
2 2 N-k/&7"\2 N-k) &0 (N-lrt ey
Since
k+1 k+1
Z XiXjyiyj <13 Z Vi,
ij=1 i-1
we obtain .
1 5 1 <P(fk)+f;_)k+12 (1 1 ) N,
W=y Dy (5 - ) Yot e (5 - ) X o
i=1 i=k+2
As1<rr<2n+1foranyx € Q = Ty(n), we have
—k-1
1 ) +r
L ‘P( k) k > 1 B 1 S O,
2 N -k 2 N-k
forall 1 < k < N — 2. Then, we get (2.7) with ¢, = % ~ 5=+ We conclude that for k < N - 2, the domain Q is a
Dirichlet h-starlike domain, non star-shaped and y(h) > N k-2

= 2(N-k"
In order to estimate M*(Q), we now focus on inequality (2.4). For any v € HS(Q),

i 2 k+1 2y, k+1 2
thz zah a :le{ v k Za }+za.. aV

| 0X; dX;0%; k+1 ox? = 7 ox;0x;
with 5
L1 orxx ij ) ..
ajj = _N—k<r’,§+3 —(k+1)r§+1 forall1<i,j<k+1.
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Since rx = |Pr(x)|| > 1 in Q, there holds

k+1
Z az = k < k in Q.

iZ1 T N=2(k+ Dk T (N2 (k+ 1)

By the Cauchy—-Schwarz inequality, we have

k+1 2 2 k+1 2 2
o Ra% k 04V k
(!(ijz—:l 4ij axiax,-> < N Tk D) J Z (axlax,> = Nt AW

Therefore

k+1 azv k+1 azv 1
JAVZaUa o X <1V x Y ays || <\ ||Av||2\/A(v) (.1)

2 i X;0X;j

On the other hand, using Vv = 0 on 0Q and integrating by parts,

2., 32 2 2
Jﬂﬂdx=j<£) dx>0 foralll<i,j<N.
; ox? ax].2 0X;0X;j

Hence
k+1 2

ax,

k+1 az

B(v) :=I —dx= JZ

= j i=1 j=1

) dx = A(). (3.2)

Combining (3.1) and (3.2), we get

1 k 1
. 2 2 —

JAV(Dh V2v)dx < N_kH(Av) dx k+1B(v)] - k\jk 1AV, VB).

Q )

As, forany C > 0and D > 0,
D?

—Cx+DVX) = —,
n}lRa}x( X + DV/x) ac

we obtain

j Av(Dh - V2v)dx <
Q

So (2.4) holds with Cp, =
Finally, for k < N - 2,

5 2 2
N0 j(Av) dx forallv e Hy(Q).

N N hence j(h) < TR for any k < N.

1 4j(h)
2

M*(Q)zmin( 5 N—k—Z)_N—k—S

S 2(N-k)°

For N > 7, we can take k > 1 such that M*(Q) > 0. Hence we can generalize [11, Theorem 1.1] as follows.

1
”‘(h)) = mm(i TIN-K’ 2N-K

Theorem 3.2. Let T > 0. There exist smooth bounded domainsin RN (N > 7), homotopicto S with1 < k < N-6
which are Dirichlet h-starlike, satisfying M* (Q) > 0. Assume that f(u) verifies the growth condition F(s) < asf(s)
in Rwith 0 < a < M*(Q). Then there exists no nontrivial solution to problem (D).

Remark 3.3. More precisely, if f(t) = |t/’"1t and k < N — 6, then we get a nonexistence result on Ty (1) for

N-k+5
P> N

Example 3.4. Let b > 0 and ¢ € C>%(-b, b) such that ¢(t) > 0 in (b, b), ¢(+b) =0 and ¢ < 0 outside
(=b, b). For x = (x1, X) € Rx RN"1, we set ®(x) := |x|> - ¢(x1). Consider the domain

Q={x=x1,% eRxR":-b<x; <h, ) <0}.

Moreover, suppose ¢(t) = e5") in (b, b) with lim_.¢, t&'(t) = —co and assume that Q is a regular domain.
As VO(x) = (-¢'(x1), 2X) # 0 on 0Q, the exterior normal to 0Q is given by

VO

n(x) = Vo] IVCDI( @'(x1), 2X).
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For 6 > 0, we consider the vector field

1-6_
hs(x) = (8)(1, N - 1x).
We have div hs = 1 and Ahs = 0 in Q for any 8. The condition hs - n > 0 holds on 0Q if and only if

21%[:?‘/’(’(1) - 8x19'(x1) 20 forallx € 00Q,

which is equivalent to

_ !
SS%, where ¢ := max(1+N 1t(p(t)).

—b<t<h 2 ()

Note that the maximum exists and there holds always % < 1. Hence for 0 < § < =, we have hs € H(Q).

Sil=

Now, forany x €e Qandy = (y1,...,Yn) € RY, we have

1—6>| |2+1—N6 )
No1 VPN

1, 1
L2 _v.pn _ (_ _
2IyI y - Dhs(x)y >

So,forN>3,0< 8 < 6" := min(%, %), we have

1, 2 .. N-3+26
E|y| y Dh&(x)y > Ch5|y| Wlth Cp == m > 0.

Hence the domain Q is Dirichlet h-starlike, i.e., H(*(Q) # 0 and pu(hs) = Ig(’f,ﬁ;s
Ifv e H(Q), then

J Av(Vhg - V2v)dx = J Av[cvalx1 + 1—({i(Av - vxlxl)]dx

N -
Q Q
1-6 1-6
= m J(Av)zdx + <5 - m) J VX1X1AVdX'
Q Q

As§ < £, itholds 6 - =% < 0. And since Vv = 0 on 9Q, we have

N
JVxlxlAVdX = Z JVilxidX > 0.
Q i=1 Q

Therefore, we are led to

1-6
JAV(th VAdx < —— J(Av)zdx,
Q Q

so fi(hs) < =5 Thus,

M*(Q) > sup min(

N-5+46 N—3+25)_N—5+46*
0<6<6*

2(N-1) > 2(N-1) 2(N-1)

For N > 5, we have M*(Q) > 0. As ¢ is an arbitrary function satisfying our assumptions, we can obtain do-
mains with rich geometry as dumbbell shaped or multi-dumbbell shaped domains.

4 A Uniqueness Result in Dirichlet h-Starlike Domains

Our aim in this section is to study the following biharmonic equation with a bifurcation parameter

Au-1Au=A27 in Q,
{ u-T1Au=Af(u) in )

u=vu=0 on 0Q,
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where 7 > 0, A > 0, and Q c R¥ is a Dirichlet h-starlike domain with M*(Q) > 0, and f: R — (0, co) is as-
sumed to be nondecreasing and C? such that f(s) — +co as s — +oo and

llsnlfgop % =n<M*(Q), F(s):= Jf(t)dt. (4.1)
0

Our approach is again based on the Pohozaev identity. We consider only classical solutions. We use ideas of
Dolbeault and Stanczy [5] for the second-order problem with —A. The corresponding problem with 7 = 0 and
Navier boundary conditions was considered in [10].

Let AT denote the first eigenvalue of the operator Ly = A? — 7A in H(z)(Q), given by

2 2
[Aull5 + TlVul;

AT —
1= 5 2
ueH2(Q)\{0} flully

and @] a corresponding eigenfunction. A result in [2] shows that if we assume that ®] > 0 in Q, then the
operator L;! is positivity preserving in H(Z,(Q), ie.,

Liu=f,ueH}Q), f>0 = u=0inQ. (4.2)

A very simple case of a Dirichlet h-starlike domain satisfying M*(Q) > 0 and @] > Ois a ball in RV, see [12].
Assume now that the positivity preserving property (4.2) holds true and that we have a nonnegative
supersolution & for (P;). Then we are able to use the monotone iterative scheme: let wo = 0, and forn > 1,

Awy — TAW, = Af(Wpoq) in Q, Wnp=Vw, =0 onoQ

to get a monotone sequence {w,} satisfying wo < wy < --- < wy < &1 by the monotonicity of f. In particular, the
limit u; = lim w, is a classical solution of equation (P,) and u, < ii. Therefore, u, is the minimal solution of
equation (Py), in other words, any solution v to (P,) verifies u; < vin Q, since u; does not depend on & and we
can take just it = v. As any solution of (P,) is a supersolution to (Py) with A’ € (0, A), the set of A > 0 such that
(P;) admits a classical nonnegative solution is an interval I. Moreover, ¢ = L;1(1) is a supersolution to (P;) for
A > 0 but small enough. We conclude then I + 0. We can also see that the application A — u, is nondecreasing
and

im Juall ey = O- (43)

Our main result is to claim that u; is the unique solution for small A > 0.

Theorem 4.1. Let T > 0. Suppose that the domain Q is Dirichlet h-starlike with M* (Q) > 0 and L, satisfies (4.2).
Assume that the nonlinearity f(u) satisfies (4.1). Then, there exists A > 0 such that the minimal solution uj is
the unique solution of (P) for A € [0, A].

Proof. Assume that (P,) has two solutions, u, and u, + v, with v > 0, v # 0. Then v solves

A%v - TAv = Afv + up(x)) - flua(x))] in Q, 44)
v=Vr=0 on 0Q. '
Multiplying (4.4) by v, we obtain
T j |Vv|?dx + J(Av)zdx =1 J VIF(v + uyp) - f(up)]dx. (4.5)
Q Q Q
On the other hand, the Pohozaev identity (2.1) with a = 0 and h € H*(Q) yields
% j(Av)de 2 j AV(DR - V2v)dx + % j (AV)2(h-n)do + T H%wwz — Vv Dhvv|dx
Q Q 20 Q
= A [ [P0+ up) = Flan) = fan + - Vualftun +v) = fn) - /@)y dx. (4.6)

Q
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Recall that F is a primitive of f such that F(0) = 0. Set
" . 1 _
() = min(u(h), 5 - 2(h)

with u(h), ji(h) defined as in Section 2, i.e. the best constants for (2.4), (2.7). By (4.1), we have M*(Q) > 7.
We may choose a vector field h € 3*(Q) such that u*(h) > n.
Using (4.3), there holds [|h - Vujlleo < € := u*(h) — , provided A > 0 is small enough. Define H, by

He(up, v) := F(up +v) = F(up) = F' (u)v + elf(up + v) - flup) - f' w)vl - naviflua +v) - flup)l,

with 1 € (1, u*(h)). Because of the smoothness of f and (4.1), the function v-2H,(u,, v) is bounded from
above by some constant X, uniformly in A > 0 small enough. From (4.5), (4.6), and the definitions of yu(h) and
fi(h), it follows that any solution v of (4.4) satisfies

[% - 2p(h)] j(Av)de + Tu(h) j vv|2dx < j %(Av)zdx 2 I AV(Vh - V2v)dx
Q Q Q Q

o1 j (A)2(h-n)do + T “%wwz _wy. Dth]dx
Q

JHS(uAaV)+n1V[f(uA+V) flun)]}dx
Y

/IZJ v2dx + J [(Av)? + T|VV|?]dx.
Q

Applying Poincaré’s inequality, there exists Cy > 0 such that |v|; < Co||VV|,, forany v € Htl)(Q). So we get
[% —2a(h) - m] J(Av)zdx + [tu(h) - Ty - €225 J IVv%dx < 0. %.7)
Q Q

By the definition of u*(h) and 11 < u*(h), for A > 0 sufficiently small, the left-hand side of (4.7) is positive as
v # 0, which is absurd. To conclude, for A > 0 small enough, u, is the unique solution of (P,). O

In the MEMS modelling, we consider L;u = Af(u) withu € HS(Q) and f(u) = (1 — u)™P with p > 0. There holds

_F(s) o
lim %<0, F(s) = Jf(t)dt.

We can carry on exactly the same study as above to claim the uniqueness of solution for A > 0 small enough.
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