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Abstract: We prove nonexistence and uniqueness results of solutions for biharmonic equations under the
Dirichlet boundary conditions on a smooth bounded domain. We carry on the work in [10] where the Navier
boundary conditions were considered, we define the h-starlikeness of Ω with respect to the Dirichlet bound-
ary conditions anda classifyingnumberM∗(Ω). This allowsus to give a generalized critical exponent for these
domains which play the role of the classical critical exponent N+4N−4 . Our approach is based on the Rellich–
Pohozaev type identity [20, 23]. We study some examples of Dirichlet h-starlike domains with either rich
topology or rich geometry where our results can apply.
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1 Introduction
In this paper, we are interested in the following biharmonic equation:

{
Lτu := ∆2u − τ∆u = f(u) in Ω,
u = ∇u = 0 on ∂Ω,

(Dτ)

where Ω is a smooth bounded domain inℝN , f is a smooth function and τ ≥ 0.
The difficulty to handle existence or nonexistence of solutions with polyharmonic operators is often due

to the fact that several fundamental tools like the maximum principle, the Harnack type inequality or the
unique continuation argument are much less available in general, comparing with the second-order elliptic
equations. When Ω is a ball, under the Dirichlet boundary conditions, we already know by Boggio [3, 4] that
the Green’s function for ∆2 is positive, hence the positivity preserving property holds true, that is, the solution
of ∆2u = f is positive if f is positive. On the other hand, the lack of the maximum principle in the Dirichlet
boundary case generatedmany researchworks, the readers can findmany interesting discussions in the book
[9] and the references therein.
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Our interest in problem (Dτ) comes also from its relation with microelectromechanical systems (MEMS),
modeling the electrostatic actuation for membranes deflecting on thin plates in the field of nanotechnology
detection systems. The Dirichlet boundary conditions are also called clamped boundary conditions, where
the actuator at the boundary is clamped, giving rise to zero vertical displacement and zero slope. Actually,
small deformations of a membrane clamped at its boundary are governed by

B∆2u − T∆u = f in Ω, u = ∇u = 0 on ∂Ω,

where B∆2u with B > 0 accounts for bending and −T∆u with T > 0 for stretching, we refer to [7, 13, 19] for
more detailed discussions.

On the contrary, for the Navier boundary conditions, which are also called pinned boundary conditions
(u = ∆u = 0 on ∂Ω), we can easily apply the maximum principle.

For problem (D0), consider f(t) = |t|p∗−1t, with p∗ := N+4
N−4 , the critical exponent for the Sobolev embed-

ding H2(Ω) ⊂ Lp(Ω). Mitidieri [15] and Oswald [16] proved that no positive solution exists when Ω is a star-
shaped or starlike domain, but the nonexistence of any nontrivial solution remains an open problem, even
for general smooth bounded convex domains. Reichel generalized in [22] this nonexistence result for confor-
mally contractible domains which are not always star-shaped. Gazzola, Grunau and Squassina [8] proved the
existence of a nontrivial solution for some contractible domain with a special geometry. To conclude, simi-
lar to the classical Yamabe problem (see [1] and the references therein), both topology and geometry of the
domain Ω play important roles for the existence of solutions to problem (D0).

In the supercritical case, i.e., when f(t) = |t|p−1t, where p > p∗, results due to Van Der Vorst [25] and
Pucci and Serrin [21] show that (D0) has no nontrivial solutions when Ω is star-shaped. In [11], Khenissy and
Ye considered some questions about the effect of topology and geometry of Ω on the existence of solutions to
∆2u = f(u) under the Dirichlet or Navier boundary conditions. In particular, they proved the following result.

Theorem 1.1 ([11]). Let N ≥ 7 and 1 ≤ k ≤ N − 6. Then there exist smooth bounded domains Ω ⊂ ℝN , homo-
topic to Sk, such that for any continuous function f verifying tf(t) ≥ pF(t) inℝ, with

p >
2(N − k − 1)
N − k − 5 and F(t) =

t

∫
o

f(s)ds,

the only solution of (D0) is u ≡ 0.

For the Laplacian case, McGough and Mortensen [14] introduced the notion of h-starlikeness of a domain Ω,
and Schaaf [24] introduced a generalized critical exponent through some classifying number M(Ω). In [10],
Khenissy adapted these definitions to the bilaplacian case under the Navier boundary conditions and proved
some nonexistence results for h-starlike domains Ω under suitable growth condition on f .

In this paper, we are again interested in the effect of topology and geometry of the domain Ω for the
existence of solutions to problem (Dτ). Wewill define the corresponding class of h-starlike domains for which
equations (Dτ) do not have nontrivial solutions, under suitable growth assumption on f . The main tool is a
Pohozaev identity computed with appropriate vector fields h.

In Section 2, we define a classifying number M∗(Ω) for h-starlike domains with respect to the Dirich-
let boundary conditions. This will allow us to get nonexistence results for (Dτ). The nonexistence theorem
we obtain for (D0) generalizes Theorem 1.1, and gives the analogues to the results in [10] under the Navier
boundary conditions. Our results show again that both geometrical and topological properties affect the ex-
istence of nontrivial solutions. In Section 3, some examples of such domains with rich geometry or topology
are studied. Section 4 is devoted to prove a uniqueness result, using again the Pohozaev identity. Precisely,
we consider the equation Lτu = λf(u)with the Dirichlet boundary conditions. This generalizes, for example,
the result of Esposito and Ghoussoub for the second-order MEMSmodelling (see [6]) and gives an analogous
result to the Navier boundary one in [10].
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2 Generalized Critical Exponent Under the Dirichlet Boundary
Conditions

First, we show a Pohozaev identity for solutions to Lτu = f(u, x). We multiply the equation by h ⋅ ∇u + au
where h : Ω → ℝN is a smooth vector field, a ∈ ℝ, and integrate over Ω.

We will use the notation A ⋅ B := ∑ aijbij for any matrices A = (aij), B = (bij) ∈ Mn(ℝ). Define also

F(s, x) :=
s

∫
0

f(t, x)dt, Fx(s, x) := (
∂F
∂x1

(s, x), . . . , ∂F
∂xN

(s, x)) = ∇xF(s, x).

We have then the following result.

Lemma 2.1. Assume that Lτu = f(u, x) in Ω and u = ∇u = 0 on ∂Ω. For any smooth vector field h = (hi) from Ω
intoℝN and a ∈ ℝ,

∫
Ω

[F(u, x)div(h) − auf(u, x) + Fx(u, x) ⋅ h]dx

= ∫
Ω

[
div(h)
2 − a](∆u)2dx − 2∫

Ω

∆u(Dh ⋅ ∇2u)dx

− ∫
Ω

∆u(∆h ⋅ ∇u)dx + ∫
∂Ω

∆u ∂(h ⋅ ∇u)
∂n

dσ − ∫
∂Ω

(∆u)2
2 (h ⋅ n)dσ

+ τ∫
Ω

{[
div(h)
2 − a]|∇u|2 − ∇u ⋅ Dh∇u}dx. (2.1)

Here n denotes the unit external normal vector on ∂Ω and Dh is the differential map of h.

In order to have more precise information, we choose the vector field h satisfying

∆h ≡ 0ℝN , div(h) ≡ 1 and h ⋅ n ≥ 0 on ∂Ω. (2.2)

Moreover, thanks to the Dirichlet boundary conditions, we know that (see for example [21])

∂2u
∂xi∂xj

=
∂2u
∂n2

ninj on ∂Ω,

hence

∫
∂Ω

∆u ∂(h ⋅ ∇u)
∂n

dσ = ∫
∂Ω

∆u
N
∑
i,j=1

hi ∂2u
∂xi∂xj

njdσ

= ∫
∂Ω

∆u ∂
2u
∂n2

(h ⋅ n)dσ = ∫
∂Ω

(∆u)2(h ⋅ n)dσ ≥ 0,

where ni denotes the ith component of the normal vector n. Finally, with (2.2), we get

∫
Ω

[F(u, x) − auf(u, x) + Fx(u, x) ⋅ h]dx

≥
1 − 2a
2 ∫

Ω

(∆u)2dx − 2∫
Ω

∆u(Dh ⋅ ∇2u)dx + τ∫
Ω

[
1 − 2a
2 |∇u|2 − ∇u ⋅ Dh∇u]dx. (2.3)

Given a bounded smooth domain Ω inℝN , consider the set

H(Ω) := {h ∈ C2(Ω̄,ℝN) : h satisfies (2.2)}.
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WhenH(Ω) ̸= 0, we call the domain Ω to be a Navier h-starlike domain as in [10]. In order to define h-starlike
domainswith respect to theDirichlet boundary conditions,weneedmore considerations on the vector field h.
As ‖∆u‖2 and ‖u‖H2

0
are equivalent norms in H2

0(Ω), there exists Ch > 0 such that

∫
Ω

∆v(Dh ⋅ ∇2v)dx ≤ Ch ∫
Ω

(∆v)2dx for all v ∈ H2
0(Ω). (2.4)

We denote by μ̄(h) the best constants in (2.4), that is,

μ̄(h) := min{Ch : Ch satisfies (2.4)}.

First, consider the case τ = 0. If u is a solution of (D0), inequality (2.3) becomes

∫
Ω

[F(u) − auf(u)]dx ≥ ∫
Ω

(
1 − 4μ̄(h)

2 − a)(∆u)2dx. (2.5)

In this case, we define justH∗(Ω) = H(Ω) and

M∗(Ω) := sup
h∈H∗(Ω) 1 − 4μ̄(h)

2 . (2.6)

For τ > 0, we choose h ∈ H(Ω) satisfying furthermore

1
2 |y|

2 − y ⋅ Dh(x)y ≥ ch|y|2 for all (x, y) ∈ Ω × ℝN , (2.7)

with ch a positive constant. Condition (2.7) was introduced first by McGough andMortensen in [14] to define
h-starlikeness for the second-order Dirichlet problem. Let, for τ > 0,

H∗(Ω) := {h ∈ H(Ω) : h satisfies (2.7)}.

Definition 2.2. A bounded smooth domain Ω is said to be Dirichlet h-starlike ifH∗(Ω) ̸= 0.

For any τ ≥ 0, we see that H∗(Ω) ⊂ H(Ω), hence a Dirichlet h-starlike domain is always a Navier h-starlike
domain. We denote by μ(h) the best constants in (2.7), that is, for h ∈ H∗(Ω),

μ(h) := max{ch : ch satisfies (2.7)}.

Finally, for τ > 0, we define the classifying number of a Dirichlet h-starlike domain Ω by

M∗(Ω) := sup
h∈H∗(Ω)min(1 − 4μ̄(h)

2 , μ(h)). (2.8)

If u is a solution of (Dτ), then

∫
Ω

[F(u) − auf(u)]dx ≥ ∫
Ω

(
1 − 4μ̄(h)

2 − a)(∆u)2dx + τ∫
Ω

(μ(h) − a)|∇u|2dx. (2.9)

Assuming now M∗(Ω) > 0, 0 < a < M∗(Ω) and the growth condition F(s) ≤ asf(s) in ℝ, we easily con-
clude from (2.5) or (2.9) that no nontrivial solution to problem (Dτ) can exist.

Theorem 2.3. Let τ > 0 (resp. τ = 0) and Ω be a Dirichlet h-starlike domain in ℝN satisfying that M∗(Ω) given
by (2.8) (resp. (2.6)) is positive. Assume that f = f(u) verifies F(s) ≤ asf(s) inℝwith 0 < a < M∗(Ω). Then there
exists no nontrivial solution to problem (Dτ).

Remark 2.4. Consider a star-shaped domain Ω with respect to the origin up to a translation. Let h(x) = x
N .

Clearly h verifies (2.2), μ(h) = 1
2 − 1

N and μ̄(h) = 1
N . Therefore M

∗(Ω) > 0 for N ≥ 5 and we get some cor-
responding nonexistence results for (Dτ). In particular, M∗(Ω) ≥ N−4

2N for (D0), hence if f(u) = |u|p−1u, no
nonzero solution could exist to (D0) on a star-shaped domain Ω ⊂ ℝN with N ≥ 5, if p > N+4

N−4 , which is just
the classical result in [21, 25].
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3 Examples
We exhibit here some examples of Dirichlet h-starlike domains withM∗(Ω) > 0. The first example gives some
topologically nontrivial domains, it was constructed by Passaseo in [17, 18] to show nonexistence results for
the Laplacian case, and adapted in [10, 11] for the biharmonic problem. In the second example, we revisit a
domain with rich geometry mentioned in [10, 24].

Example 3.1. LetN ≥ 3.Weconsider domains Ω inℝN homotopic to spheresSk. Precisely, let η > 0, 1 ≤ k < N
and consider the domain

Ω = Tk(η) := {x ∈ ℝN : (‖Pk(x)‖ − η − 1)2 + ‖Qk(x)‖2 ≤ η2},

where, for x = (xi) ∈ ℝN ,

Pk(x) = (x1, . . . , xk+1, 0, . . . , 0) ∈ ℝN , Qk(x) = x − Pk(x).

Set Bk = {x ∈ ℝN : Pk(x) = 0} and define the vector field h as follows:

h(x) = 1
N − k

[φ(rk)Pk(x) + Qk(x)] for any x ∈ ℝN \ Bk ,

with rk(x) = ‖Pk(x)‖ where ‖⋅‖ denotes the Euclidean norm and φ : (0, +∞) → ℝ is the function

φ(r) = 1
k + 1(1 −

1
rk+1

).

We have Ω = Tk(η) ⊂ ℝℕ \ Bk. Clearly, Ω is homotopic to Sk, since

Tk(η) = {x ∈ ℝN : dist(x, Sk(η)) ≤ η},

where Sk(η) = {x ∈ ℝN : ‖x‖ = η + 1, Qk(x) = 0}. Similarly to [11], we see that h verifies (2.2). Let us prove
that h satisfies also (2.7). Let y ∈ ℝN and x ∈ Ω. The definition of h and a direct calculus give

1
2 |y|

2 − y ⋅ Dhy = (
1
2 −

φ(rk)
N − k)

k+1
∑
i=1
y2i + (

1
2 −

1
N − k)

N
∑
i=k+2

y2i −
1

(N − k)rk+3k

k+1
∑
i,j=1

xixjyiyj .

Since
k+1
∑
i,j=1

xixjyiyj ≤ r2k
k+1
∑
i=1
y2i ,

we obtain
1
2 |y|

2 − y ⋅ Dhy ≥ (
1
2 −

φ(rk) + r−k−1k
N − k )

k+1
∑
i=1
y2i + (

1
2 −

1
N − k)

N
∑
i=k+2

y2i .

As 1 ≤ rk ≤ 2η + 1 for any x ∈ Ω = Tk(η), we have

1
2 −

φ(rk) + r−k−1k
N − k

≥
1
2 −

1
N − k

> 0,

for all 1 ≤ k < N − 2. Then, we get (2.7) with ch = 1
2 − 1

N−k . We conclude that for k < N − 2, the domain Ω is a
Dirichlet h-starlike domain, non star-shaped and μ(h) ≥ N−k−2

2(N−k) .
In order to estimate M∗(Ω), we now focus on inequality (2.4). For any v ∈ H2

0(Ω),

Dh ⋅ ∇2v =
N
∑
i,j=1

∂hi

∂xj
∂2v
∂xi∂xj

=
1

N − k{
∆v − k

k + 1

k+1
∑
i=1

∂2v
∂x2i

} +
k+1
∑
i,j=1

aij
∂2v
∂xi∂xj

with
aij =

1
N − k(

xixj
rk+3k

−
δij

(k + 1)rk+1k
) for all 1 ≤ i, j ≤ k + 1.



180 | H. Ben Omrane et al., Biharmonic Equations Under Dirichlet Boundary Conditions

Since rk = ‖Pk(x)‖ ≥ 1 in Ω, there holds
k+1
∑
i,j=1

a2ij =
k

(N − k)2(k + 1)r2k+2k
≤

k
(N − k)2(k + 1)

in Ω.

By the Cauchy–Schwarz inequality, we have

∫
Ω

(
k+1
∑
i,j=1

aij
∂2v
∂xi∂xj

)
2
dx ≤

k
(N − k)2(k + 1)

∫
Ω

k+1
∑
i,j=1

(
∂2v
∂xi∂xj

)
2
dx := k

(N − k)2(k + 1)
A(v).

Therefore

∫
Ω

∆v
k+1
∑
i,j=1

aij
∂2v
∂xi∂xj

dx ≤ ‖∆v‖2 ×
"""""""

k+1
∑
i,j=1

aij
∂2v
∂xi∂xj

"""""""2
≤

1
N − k

√ k
k + 1 ‖∆v‖2

√A(v). (3.1)

On the other hand, using ∇v = 0 on ∂Ω and integrating by parts,

∫
Ω

∂2v
∂x2i

∂2v
∂x2j

dx = ∫
Ω

(
∂2v
∂xi∂xj

)
2
dx ≥ 0 for all 1 ≤ i, j ≤ N.

Hence

B(v) := ∫
Ω

∆v
k+1
∑
j=1

∂2v
∂x2j

dx = ∫
Ω

N
∑
i=1

k+1
∑
j=1

(
∂2v
∂xi∂xj

)
2
dx ≥ A(v). (3.2)

Combining (3.1) and (3.2), we get

∫
Ω

∆v(Dh ⋅ ∇2v)dx ≤
1

N − k [∫
Ω

(∆v)2dx − k
k + 1B(v)] +

1
N − k

√ k
k + 1 ‖∆v‖2

√B(v).

As, for any C > 0 and D ≥ 0,

max
ℝ+ (−Cx + D√x) = D2

4C ,

we obtain
∫
Ω

∆v(Dh ⋅ ∇2v)dx ≤
5

4(N − k) ∫
Ω

(∆v)2dx for all v ∈ H2
0(Ω).

So (2.4) holds with Ch = 5
4(N−k) , hence μ̄(h) ≤

5
4(N−k) for any k < N.

Finally, for k < N − 2,

M∗(Ω) ≥ min(1 − 4μ̄(h)
2 , μ(h)) ≥ min(12 −

5
2(N − k)

, N − k − 2
2(N − k) )

=
N − k − 5
2(N − k)

.

For N ≥ 7, we can take k ≥ 1 such that M∗(Ω) > 0. Hence we can generalize [11, Theorem 1.1] as follows.

Theorem 3.2. Let τ > 0. There exist smooth boundeddomains inℝN (N ≥ 7), homotopic toSk with1 ≤ k ≤ N−6
which are Dirichlet h-starlike, satisfying M∗(Ω) > 0. Assume that f(u) verifies the growth condition F(s) ≤ asf(s)
inℝ with 0 < a < M∗(Ω). Then there exists no nontrivial solution to problem (Dτ).

Remark 3.3. More precisely, if f(t) = |t|p−1t and k ≤ N − 6, then we get a nonexistence result on Tk(η) for
p > N−k+5

N−k−5 .

Example 3.4. Let b > 0 and φ ∈ C2,α(−b, b) such that φ(t) > 0 in (−b, b), φ(±b) = 0 and φ < 0 outside
(−b, b). For x = (x1, x̄) ∈ ℝ × ℝN−1, we set Φ(x) := |x̄|2 − φ(x1). Consider the domain

Ω = {x = (x1, x̄) ∈ ℝ × ℝN−1 : −b < x1 < b, Φ(x) < 0}.

Moreover, suppose φ(t) = eξ(t) in (−b, b) with limt→±∞ tξ �(t) = −∞ and assume that Ω is a regular domain.
As ∇Φ(x) = (−φ�(x1), 2x̄) ̸= 0 on ∂Ω, the exterior normal to ∂Ω is given by

n(x) = ∇Φ
|∇Φ|

=
1

|∇Φ|
(−φ�(x1), 2x̄).
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For δ ≥ 0, we consider the vector field

hδ(x) = (δx1,
1 − δ
N − 1 x̄).

We have div hδ ≡ 1 and ∆hδ = 0 in Ω for any δ. The condition hδ ⋅ n ≥ 0 holds on ∂Ω if and only if

2 1 − δ
N − 1φ(x1) − δx1φ

�(x1) ≥ 0 for all x ∈ ∂Ω,

which is equivalent to

δ ≤
1
φ̄
, where φ̄ := max

−b<t<b
(1 +

N − 1
2 t φ

�(t)
φ(t) )

.

Note that the maximum exists and there holds always 1
φ̄ ≤ 1. Hence for 0 ≤ δ ≤ 1

φ̄ , we have hδ ∈ H(Ω).
Now, for any x ∈ Ω and y = (y1, . . . , yN) ∈ ℝN , we have

1
2 |y|

2 − y ⋅ Dhδ(x)y = (
1
2 −

1 − δ
N − 1)|y|

2 +
1 − Nδ
N − 1 y

2
1.

So, for N ≥ 3, 0 < δ ≤ δ∗ := min( 1φ̄ ,
1
N ), we have

1
2 |y|

2 − y ⋅ Dhδ(x)y ≥ chδ |y|2 with ch :=
N − 3 + 2δ
2(N − 1) > 0.

Hence the domain Ω is Dirichlet h-starlike, i.e.,H∗(Ω) ̸= 0 and μ(hδ) ≥ N−3+2δ
2(N−1) .

If v ∈ H2
0(Ω), then

∫
Ω

∆v(∇hδ ⋅ ∇2v)dx = ∫
Ω

∆v[δvx1x1 +
1 − δ
N − 1 (∆v − vx1x1 )]dx

=
1 − δ
N − 1 ∫

Ω

(∆v)2dx + (δ − 1 − δ
N − 1)∫

Ω

vx1x1∆vdx.

As δ ≤ 1
N , it holds δ −

1−δ
N−1 ≤ 0. And since ∇v = 0 on ∂Ω, we have

∫
Ω

vx1x1∆vdx =
N
∑
i=1

∫
Ω

v2x1xidx ≥ 0.

Therefore, we are led to
∫
Ω

∆v(∇hδ ⋅ ∇2v)dx ≤
1 − δ
N − 1 ∫

Ω

(∆v)2dx,

so μ̄(hδ) ≤ 1−δ
N−1 . Thus,

M∗(Ω) ≥ sup
0<δ≤δ∗ min(N − 5 + 4δ

2(N − 1) ,
N − 3 + 2δ
2(N − 1) ) =

N − 5 + 4δ∗
2(N − 1) .

For N ≥ 5, we have M∗(Ω) > 0. As φ̄ is an arbitrary function satisfying our assumptions, we can obtain do-
mains with rich geometry as dumbbell shaped or multi-dumbbell shaped domains.

4 A Uniqueness Result in Dirichlet h-Starlike Domains
Our aim in this section is to study the following biharmonic equation with a bifurcation parameter

{
∆2u − τ∆u = λf(u) in Ω,
u = ∇u = 0 on ∂Ω,

(Pλ)
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where τ ≥ 0, λ > 0, and Ω ⊂ ℝN is a Dirichlet h-starlike domain with M∗(Ω) > 0, and f : ℝ → (0,∞) is as-
sumed to be nondecreasing and C2 such that f(s) → +∞ as s → +∞ and

lim sup
s→+∞

F(s)
sf(s)

= η < M∗(Ω), F(s) :=
s

∫
0

f(t)dt. (4.1)

Our approach is again based on the Pohozaev identity. We consider only classical solutions. We use ideas of
Dolbeault and Stanczy [5] for the second-order problem with −∆. The corresponding problem with τ = 0 and
Navier boundary conditions was considered in [10].

Let Λτ1 denote the first eigenvalue of the operator Lτ = ∆2 − τ∆ in H2
0(Ω), given by

Λτ1 = inf
u∈H2

0(Ω)\{0}

‖∆u‖22 + τ‖∇u‖22
‖u‖22

> 0

and Φτ
1 a corresponding eigenfunction. A result in [2] shows that if we assume that Φτ

1 > 0 in Ω, then the
operator L−1τ is positivity preserving in H2

0(Ω), i.e.,

Lτu = f, u ∈ H2
0(Ω), f ≥ 0 â⇒ u ≥ 0 in Ω. (4.2)

A very simple case of a Dirichlet h-starlike domain satisfyingM∗(Ω) > 0 and Φτ
1 > 0 is a ball inℝN , see [12].

Assume now that the positivity preserving property (4.2) holds true and that we have a nonnegative
supersolution ū for (Pλ). Then we are able to use the monotone iterative scheme: let w0 = 0, and for n ≥ 1,

∆2wn − τ∆wn = λf(wn−1) in Ω, wn = ∇wn = 0 on ∂Ω

to get amonotone sequence {wn} satisfyingw0 ≤ w1 ≤ ⋅ ⋅ ⋅ ≤ wn ≤ ū by themonotonicity of f . In particular, the
limit uλ = limwn is a classical solution of equation (Pλ) and uλ ≤ ū. Therefore, uλ is the minimal solution of
equation (Pλ), in otherwords, any solution v to (Pλ) verifies uλ ≤ v in Ω, since uλ does not depend on ū andwe
can take just ū = v. As any solution of (Pλ) is a supersolution to (Pλ� )with λ� ∈ (0, λ), the set of λ ≥ 0 such that
(Pλ) admits a classical nonnegative solution is an interval I. Moreover, ξ = L−1τ (1) is a supersolution to (Pλ) for
λ > 0 but small enough.We conclude then I ̸= 0.We can also see that the application λ Ü→ uλ is nondecreasing
and

lim
λ→0

‖uλ‖C1(Ω) = 0. (4.3)

Our main result is to claim that uλ is the unique solution for small λ > 0.

Theorem 4.1. Let τ ≥ 0. Suppose that the domainΩ is Dirichlet h-starlikewith M∗(Ω) > 0 and Lτ satisfies (4.2).
Assume that the nonlinearity f(u) satisfies (4.1). Then, there exists λ̄ > 0 such that the minimal solution uλ is
the unique solution of (Pλ) for λ ∈ [0, λ̄].

Proof. Assume that (Pλ) has two solutions, uλ and uλ + v, with v ≥ 0, v ̸≡ 0. Then v solves

{
∆2v − τ∆v = λ[f(v + uλ(x)) − f(uλ(x))] in Ω,
v = ∇v = 0 on ∂Ω.

(4.4)

Multiplying (4.4) by v, we obtain

τ∫
Ω

|∇v|2dx + ∫
Ω

(∆v)2dx = λ∫
Ω

v[f(v + uλ) − f(uλ)]dx. (4.5)

On the other hand, the Pohozaev identity (2.1) with a = 0 and h ∈ H∗(Ω) yields

1
2 ∫
Ω

(∆v)2dx − 2∫
Ω

∆v(Dh ⋅ ∇2v)dx + 1
2 ∫
∂Ω

(∆v)2(h ⋅ n)dσ + τ∫
Ω

[
1
2 |∇v|

2 − ∇v ⋅ Dh∇v]dx

= λ∫
Ω

[F(v + uλ) − F(uλ) − f(uλ)v + h ⋅ ∇uλ[f(uλ + v) − f(uλ) − f �(uλ)v]]dx. (4.6)
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Recall that F is a primitive of f such that F(0) = 0. Set

μ∗(h) = min(μ(h), 12 − 2μ̄(h))

with μ(h), μ̄(h) defined as in Section 2, i.e. the best constants for (2.4), (2.7). By (4.1), we have M∗(Ω) > η.
We may choose a vector field h ∈ H∗(Ω) such that μ∗(h) > η.

Using (4.3), there holds ‖h ⋅ ∇uλ‖∞ ≤ ε := μ∗(h) − μ, provided λ > 0 is small enough. Define Hε by

Hε(uλ , v) := F(uλ + v) − F(uλ) − F�(uλ)v + ε|f(uλ + v) − f(uλ) − f �(uλ)v| − η1v[f(uλ + v) − f(uλ)],

with η1 ∈ (η, μ∗(h)). Because of the smoothness of f and (4.1), the function v−2Hε(uλ , v) is bounded from
above by some constant Σ, uniformly in λ > 0 small enough. From (4.5), (4.6), and the definitions of μ(h) and
μ̄(h), it follows that any solution v of (4.4) satisfies

[
1
2 − 2μ̄(h)]∫

Ω

(∆v)2dx + τμ(h) ∫
Ω

|∇v|2dx ≤ ∫
Ω

1
2 (∆v)

2dx − 2∫
Ω

∆v(∇h ⋅ ∇2v)dx

+
1
2 ∫
∂Ω

(∆v)2(h ⋅ n)dσ + τ∫
Ω

[
1
2 |∇v|

2 − ∇v ⋅ Dh∇v]dx

≤ λ∫
Ω

{Hε(uλ , v) + η1v[f(uλ + v) − f(uλ)]}dx

≤ λΣ∫
Ω

v2dx + η1 ∫
Ω

[(∆v)2 + τ|∇v|2]dx.

Applying Poincaré’s inequality, there exists C0 > 0 such that ‖v‖2 ≤ C0‖∇v‖2, for any v ∈ H1
0(Ω). So we get

[
1
2 − 2μ̄(h) − η1]∫

Ω

(∆v)2dx + [τμ(h) − τη1 − C20λΣ] ∫
Ω

|∇v|2dx ≤ 0. (4.7)

By the definition of μ∗(h) and η1 < μ∗(h), for λ > 0 sufficiently small, the left-hand side of (4.7) is positive as
v ̸≡ 0, which is absurd. To conclude, for λ > 0 small enough, uλ is the unique solution of (Pλ).

In theMEMSmodelling, we consider Lτu = λf(u)with u ∈ H2
0(Ω) and f(u) = (1 − u)−p with p > 0. There holds

lim
s→1

F(s)
sf(s)

= 0, F(s) :=
s

∫
0

f(t)dt.

We can carry on exactly the same study as above to claim the uniqueness of solution for λ > 0 small enough.
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