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Abstract: In this paper we are mainly concerned with the persistence of invariant tori with prescribed fre-
quency for analytic nearly integrable Hamiltonian systems under the Brjuno—-Riissmann non-resonant con-
dition, when the Kolmogorov non-degeneracy condition is violated. As it is well known, the frequency of the
persisting invariant tori may undergo some drifts, when the Kolmogorov non-degeneracy condition is vio-
lated. By the method of introducing external parameters and rational approximations, we prove that if the
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1 Introduction and Main Results

Consider the following Hamiltonian dynamical system:

X = Hy(x,y) = Ny(y) + Py(x, ),
y = —HX(X, )/) = —PX(X, )/),

(1.1)

where H(x,y) = N(y) + P(x, y) is the Hamiltonian function, and (x, y) € T" x D, with T™" being the usual
n-dimensional torus and D a bounded connected open domain of R". Suppose N(y) and P(x, y) are real
analytic on the complex neighborhood of D and T" x D.

If P = 0, the Hamiltonian system (1.1) is integrable and has invariant tori T" x {yo} for all yo € D, on
which there exists a linear flow x(f) = xo + w(yo)t, ¥(t) = yo with the frequency w(yo) = Ny(yo).

If P # 0, the Hamiltonian system is in general no longer integrable, and we are interested to know whether
these invariant tori persist under small perturbation.

The classical KAM theorem asserts that if the frequency w(y) satisfies the Kolmogorov non-degeneracy

ow 02N
det(a—y):det(a—yz)qﬁo (1.2)
and the Diophantine condition
Kk, w())] = % forall 0 # k € Z", (1.3)
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where a > 0, T > n — 1, then most of the invariant tori can persist, being only slightly deformed, when the
perturbation P is sufficiently small.

The natural question to ask is whether these conditions (1.2) and (1.3) are necessary for the persistence
of invariant tori in Hamiltonian systems.

During the development of Hamiltonian systems and KAM theory, a lot of scholars are dedicated to
weakening the non-degeneracy condition and non-resonant condition. First, there are various well-known
results on the degenerate Hamiltonian systems, i.e. det(dw/dy) = 0. Brjuno [5] proved that the majority of the
invariant tori of unperturbed Hamiltonian systems are preserved if rank(w, dw/dy) = n. Cheng and Sun [10]
obtained the persistence of invariant tori under the following assumptions:

(i) rank(ow/oy) = mforally € D, where O < m < n,

(ii) there exists a twist curve on the range of any neighborhood of yq for all yo € D, where twist curve means
that its every curvature component is not zero.

Riissmann [22] announced the following result: system (1.1) possesses many invariant tori, if w(y) do not lie

in any hyperplane passing through the origin, i.e.

arw1(y) + awr(y) + -+ apwy(y) #0 onDforall (a,...,a,) € R"\ {0} (1.4)

Condition (1.4) is usually called the Riissmann non-degeneracy condition and it is the sharpest one for
the KAM theorem. Its detailed proof was given in [23, 25]. Later, Xu, You and Qiu [30] demonstrated that
in the real analytic case, the Riissmann non-degeneracy condition is equivalent to the fact that there exists
a positive integer m depending on N(y) and D such that

Puw(y)
oyB

rank{w()/), 1Bl < m} =n

for all y € D. Especially, for the case m = 1, condition (1.4) is equivalent to the Kolmogorov non-degeneracy
condition. Moreover, from [30] we have that the Riissmann non-degeneracy condition is also equivalent to
the fact that there exists a point yg € D such that

Pw(yo)

a—yﬁ:IﬁISn—l}zn.

rank{w(yO),

On the other hand, the Diophantine condition (1.3) can also be weakened. For the case of dimension

two, Hanflimann and Si [14] investigated the existence of quasi-periodic solutions of non-autonomous two-
dimensional reversible and Hamiltonian systems under the Brjuno condition defined as

(o)
z % < 00, (1.5)
ko 9k

where {qy} are the denominators of the continued fraction expansion of the rotation number w. Gentile [13]
showed that the invariant curves of analytic exact symplectic twist maps of the cylinder with Brjuno rota-
tion number are preserved under small perturbation. For the high-dimensional case, Riissmann [24] and
Poschel [21] proved the persistence of invariant tori of vector fields and Hamiltonian systems under the
Brjuno—Riissmann non-resonant condition

[<k, wy))| = forall k e Z™ \ {0}, (1.6)

a
A(lk])
where a > 0, and A is called Brjuno—Riissmann approximation function. These are continuous, increasing,
unbounded functions A : [1, co) — [1, o) such that A(1) = 1 and

(o]

J InA(f)

2 dt < oo

1

Recently, Bounemoura and Fischler [3, 4] used rational approximations to prove the same results.
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Remark. The non-resonant condition (1.6) is equivalent to the Brjuno condition (1.5) in the case of the plane.
Moreover, if we choose A(t) = t7, the Brjuno—Riissmann non-resonant condition (1.6) corresponds to the
Diophantine condition (1.3).

Recently, the Liouvillean frequency received a lot of attention in the literature on small divisor problems
arising in the context of analytic dynamical systems. Let u € (0, 1) be irrational and denote by p,,/q, the n-th
convergence of u. Define

Ingni1

n

L(u) = limsup 1.7)
n—oo

Then L(u) measures how Liouvillean yu is. Notice that L(u) = 0, if p satisfies the Diophantine condition (1.3)
or Brjuno conditions (1.5) and (1.6). Moreover, L(u) has an equivalent definition:

lim sup ”—1(' In = L().

|k| =00 |92ﬂiky - 1]

For the well-known results on Liouvillean frequency, Avila, Fayad and Krikorian [2] proved the rotation
reducibility of SL(2, R) cocycles with one frequency p, irrespective of any Diophantine condition on the base
dynamics. Hou and You [16] proved that a quasi-periodic linear differential equation in sl(2, R) with two
frequencies (1, u), where u is irrational, is almost reducible provided that the coefficients are analytic and
close to constant.

In all the above results in [3, 4, 13, 14, 21, 24], the frequency satisfies the Kolmogorov non-degeneracy
condition. Under this condition, the frequency can be regarded as parameters. However, under the Riissmann
non-degeneracy condition, the frequency can not be regarded as independent parameters, so the previous
methodsin [3, 4, 13, 14, 21, 24] are not valid. By an improved KAM iteration with parameters, we proved that
the results in [21, 24] also hold under the Riissmann non-degeneracy condition [34, 35], but the frequency
of invariant tori may undergo some drifts.

In fact, the difference between the two kinds of non-degeneracy conditions is that under the former con-
dition the invariant tori with prescribed frequency can persist, but under the latter condition one can only
get the existence of a family of invariant tori, while there is no information on the persistence of any torus
with given frequency.

In this paper, without assuming the Kolmogorov non-degeneracy condition, we are mainly concerned
with the persistence of invariant tori with prescribed frequency, which satisfies the Brjuno—Riissmann non-
resonant condition. The method of rational approximations in [3, 4] is closely related to the fact that the
frequency of each KAM step remains the same. But under the Riissmann non-degeneracy condition, the fre-
quency of invariant tori may undergo some drifts. So the methods in [3, 4] can not be directly applied. By the
method of introducing external parameter and rational approximations, we will prove that if the Brouwer
topological degree of the frequency mapping is nonzero at some Brjuno—Riissmann frequency, then the
invariant torus with this frequency persists under small perturbation.

First, with any approximation function A we define two other functions

A(Q)=QA(Q), and A'(t)=sup{Q=1:AQ) <t} fort=A(1).

The following theorem is the main result of this paper.

Theorem 1.1. Let H(x,y) = N(y) + P(x, y) be real analytic on the complex neighborhood of T™ x D, with the
frequency w(y) = Ny(y). Suppose that wo = w(yo), Yo € D, is the prescribed frequency, satisfying the Brjuno—
Riissmann non-resonant condition

<k, wo)| = forallk e ™\ {0},

_a
A(lkI)

where the function A satisfies
o0
1
< j nAD 4 5
In2 t? 2

Q
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and the Brouwer degree of the frequency mapping w(y) at wo on D is not zero, i.e. deg(w(y), D, wo) # 0. Then,
if the perturbation P is sufficiently small, the Hamiltonian system (1.1) has an invariant torus with wq as its
frequency.

Remark. The power function ", A > nm-1,and exponent function e’A, 0 < A < 1 canbe chosen as a Brjuno—
Riissmann approximation function.

Remark. Recently, the authors [2, 16] obtained a series of important results on the reducibility of quasi-
periodic cocycles in the case of Liouvillean frequency. We conjecture that when L(u) = O, the persistence
of invariant tori with Liouvillean frequency w = (1, u), u is an irrational number, in Hamiltonian systems can
also be obtained.

At first we introduce some parameters and change the Hamiltonian system (1.1) to a parameterized system,
and at the end we take some suitable parameters to guarantee the convergence of KAM iteration. For any
¢ € D, we expand N(y) in a small neighborhood of ¢: writing y = & + I for I close to zero, we get

1
N(y) = N() + (VN(&), I) + j(l ~ O(V2N(£ + tDL, I).
0

Let x = 6. We can eventually define
H(8,1;§) = e(§) + (w(4), I) + P(6, 5 §),
where e(§) = N(é), w(é) = VN(£), and

1
PO, 1;&) = j(1 — t)(VAN(£ + tDI, I) + P(6, £ +I).
0

Note that & € D are regarded as parameters, e(£) is an energy constant, which is usually omitted, and
w : & — w(é)is called frequency mapping.
As usual, we denote by Z and Z., the set of integers and positive integers. We define the variables and
parameters domain by
D(s,r)={6,1) e C"/Z" x C" : |Im O], < s, [I|1 <1},

where | Im 0|, = maxi<i<p | Im 64, |11 = leisn |I;], and
IT = {¢£ € D : dist(&, 0D) > a},

where o > r > 0 is a small constant.
Define II,; as the complex neighborhood of II in C" with the radius o, that is

[y ={¢ e C": dist(&, II) < g}.

Now the Hamiltonian function H(, I; ) is real analytic on D(s, r) x II5. The corresponding Hamiltonian sys-
tem becomes

(1.8)

0=Hr=w() + P16, 1,
j: —HG = —PG(G, I;{)’

where

[Hlp(s,nxm, = sup |H(6, I; &)|.
(0,1;6)eD(s,r)xIl,

Thus the persistence of invariant tori for Hamiltonian system (1.1) is reduced to that of the family of invariant
tori for Hamiltonian system (1.8) depending on parameters & € II.
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Theorem 1.2. Let H(O, I; ¢) = (w(&), I) + P(0, I; &) be real analytic on D(s, r) x 1, where Il ¢ R" is a bounded
simply connected domain. Let wo = w(&y), &y € II. Suppose that wo satisfies the Brjuno—Riissmann non-
resonant condition

<k, wo)| = forallk € 7™\ {0},

a
A(lk)
where the function A satisfies

(o0]

C In A(t) S
m j [’2 dt < —.

N

Q
Moreover, the Brouwer degree of the frequency mapping w(¢) at wo on Il is not zero, i.e.
deg(w(‘f), H’ CU()) # 0.
Then there exists a sufficiently small € > 0 such that if |P|ps,rxn, < €, there exists &, € II such that the Hamil-

tonian system (1.8) at & = ¢, has an invariant torus with wy as its frequency.

Remark. Another direction is to weaken the analyticity of Hamiltonian systems. Popov [18] obtained the per-
sistence and Gevrey smoothness of invariant tori for Gevrey Hamiltonian systems. Wagener [26] gave a more
general conclusion. We proved that the results in [18, 26] also hold under the Riissmann non-degeneracy
condition [28, 32, 33]. For the persistence or destruction of invariant tori for finitely differential Hamiltonian
systems, we refer to [9, 11, 12, 19].

Remark. In [27], we consider the following reversible system with normal degenerate equilibrium point:

X =wo+ QX)y + P1(x,y,u,v),

y=P(x,y,u,v),

(1.9)
U= yomt 4 y2m0 4 po(x, y, u, v),
V=u+Pix,y,u,v),
where (X, y,u,v) e T" x R" xRxR,(m>n+1),y = (¥1,...,¥Ym) € R™, ng > 0 is a positive integer, Q(x) is

an n x m-matrix, and P; (i = 1, 2, 3, 4) are small perturbations. The corresponding involution G is
Xy, u,v) = (=X, ¥, -u,v).

By the KAM method and the special structure of unperturbed nonlinear terms, we proved that the reversible
system (1.9) has at least one n-dimensional invariant torus with wg as its frequency, when w, satisfies the
Diophantine condition (1.3). By the methods in this paper, the above results can be generalized to the Brjuno—
Riissmann non-resonant condition (1.6).

2 Proof of the Main Results

It is effective to introduce an artificial external parameter y and consider the following Hamiltonian system:

{QZH,:w(.,r)+y+PI(9,I;s‘), (2.1)

I= —Hy = -Pg(0, I; ¢),
where H(O, I; €, y) = (w(é) +y, I) + P(6, I; ¢). The Hamiltonian system (2.1) with y = O returns to the original
Hamiltonian system (1.8).

The idea of introducing parameters was proposed by Herman [15] and heavily employed later on by oth-
ersin[6-8, 17, 20, 29, 31]. We will first give a KAM theorem for the Hamiltonian system (2.1) with parameters
(¢, y) and then prove Theorem 1.2.

Let d = maxg, ¢, e, lw(&1) — w(&)], and define

B(w, d) = {y € C" : dist(y, w) < d}.
Let M = I, x B(0, 2d + 1). The Hamiltonian H(6, I; £, y) is real analytic on D(s, r) x M.



724 =—— D.Zhang,).Xuand H. Wu, On Invariant Tori with Prescribed Frequency DE GRUYTER

Suppose that wg = w(&y) satisfies the Brjuno—Riissmann non-resonant condition
a
<k, wo)| = ——— forallk € Z" \ {0},
01 = A(kD)

where the function A satisfies
(o]

J In A(t) dt < oo
t2
1
Leth = ZQ+(Q)‘ Then for all w € B(wy, h) it follows that
a
k,w)| > ——— forall0 < |k| < Q. (2.2)
K¢ )| 2A(KD k|

Theorem 2.1. There exists a small € > 0 such that if
IPllpes,rnxm < &,

then we have an analytic curve
{Toe :y=v(), £} c M,
which is determined implicitly by the equation

w(§)+y+N*(£’Y) = Wo,

where IN*({, VI < 2¢gfr, IN*g(.{, I+ IN*y(.{, Y)| € 1/2, and a parameterized symplectic mapping

D, £,y) D(g, %) — D(s, 1), (& y) € Tuy»

where @ is C*°-smooth in (¢, y) on I, in the sense of Whitney and analytic in (0, I) on D(s/2, r/2), such that
foreach (¢,y) € T'y,, we have

H(®(0,1;4,y);4,y) = (wo, I) + P.(0,[; ¢, y),

where P, satisfies P.(0,0) = 0;P. (6, 0) = 0. Therefore, the Hamiltonian systems (2.1) have an invariant torus
@O(T™, 0; ¢, y) with wy as its frequency.

Now we first use Theorem 2.1 to prove Theorem 1.2. In fact, we only need to prove that the external param-
eter y has at least one zero point, so that the Hamiltonian system (2.1) returns to the original Hamiltonian
system (1.8). By the estimates of N, (¢, y) and using the implicit function theorem, the equation

w@ +y+ N y) = wo

determines an analytic curve
(&) = wo — w(§) +y(4),
satisfying
POI< 25, Ipg@rs 2L

Assuming
deg(wo — w($),11,0) + 0,

if we choose Qg sufficiently large such that ¢ is sufficiently small, we have
deg(y(¢), I1, 0) = deg(wo — w(é), 1, 0) # O.
Then we have at least one &, € II such that y(&.) = 0. Therefore, the Hamiltonian system (1.8) with
H(6,1;4.) = HO, L; §., y(5.))

has an invariant torus with wg as its frequency.
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Now we begin to prove Theorem 2.1; its detailed proof consists of a KAM step, setting the parameters and
iteration, and the convergence of iteration.

The idea is to use the method of introducing an external parameter to have a good control of frequency
drift, so that we can obtain a Cantor-like family of analytic curves in KAM iteration, on which the frequency
remains the same and satisfies the Brjuno—Riissmann non-resonant condition. Every KAM iteration is carried
outin the neighborhood of one curve, the radius of the neighborhood gradually tends to zero. When the radius
of the neighborhood shrinks to zero, the family of curves can converge the curve, on which the frequency is
prescribed and satisfies the Brjuno—Riissmann non-resonant condition.

2.1 The KAM Step

In this section we describe our linear iterative scheme with respect to the Hamiltonian system (2.1) for one
KAM step. Suppose we are now in the n-th step, and in what follows the quantities without subscripts refer to
those at the n-th step, while the quantities with subscripts “+” denote the corresponding ones at the (n+1)-th
step. We will use the same notation c to indicate different constants, which are independent of the iterative
process.

Suppose that at the n-th step, the Hamiltonian system is written as

(2.3)

0=H;=w+y+N(Ey) +Pi6,1; ),
I: _H9 = _Pe(ey I; ‘f)y

where H = (Q(&,y), I) + P(0, I; £, y), the frequency Q(¢, y) = w(é) +y + N({, ¥). We summarize one KAM step
in the following lemma.

Lemma 2.2 (KAM Step). Consider the real analytic Hamiltonian system (2.3), with
IPllpes,nxm < &,

and
ce

a
—<h, h=——,
r 2QA(Q)

where 0 < p < s, Q > 1is a sufficiently large constant, which will be chosen below. Let w(ép) = wo = (1, @o) be

the prescribed Brjuno—Riissmann non-resonant frequency (2.2). Suppose that the function N(¢, y) satisfies

Qp > 1, (2.4)

. . 1

INe(&, V)| + [Ny (&, y)l < 5 forall (§,y) e M (2.5)

such that the equation
w@) +y+N(§,y) = wo

defines implicitly an analytic curve

T:y=y(), éelly—>y) eB0,2d+1)
such that

I'={(y(§): § ellg} c M.

Moreover, for h = ZQ+(Q)’ L =2 + maxgcn, lwe(é)], we define 6 = % such that
B([,8) ={(¢",y) el xC": |&' =&l +1y' - y(§ <8, y) €T} c M.

Next, we define

1 6
Sy =S8S—-p, Try=71r, h+:Zh’ o+:a—§,

A+ = 2A(QO), Q+ = Ail(A+); P+Q+ =C> 1,
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where 1 is a fixed small constant. Then there exists

M, = (€ )) €Tly, <€ [~ g+ 1/ - YOI < 2, (E P eT) oM 2.6

such that for any (¢, y) € M., there exists a symplectic mapping @©(-, -; &, y) : D(s4, ry) — D(s, r), which trans-
forms the Hamiltonian system (2.3) to

H+ = <Q+(€’ Y),D +P+(9’ I; 51 Y),

where the new frequency Q. (¢, y) = w(&) +y + N, (&,y), N, (&, y) = N(&,y) + AN(Z, y), the new perturbation P,
and the drift term AN(&, y) satisfy

|P+|D(s, v )xM, < E4 = gg

and
BN Yl < > forall (€,y) € M, (2.7)
ARE(E I+ AR V)l < 25 forall (£,) € M.. 2.8)
Moreover, the symplectic mapping @ has the estimates
W@ = id)ts vy, < 525, IWD® = T)W sy, < 522,
where W = diag($1,, l—l)In).
Thus if
% < % (2.9)

the equation
w(é)+y+ N y)+ AN, y) = wo
defines implicitly an analytic curve

Tiiye=y(:&elly, -y () eB(0,2d+1)

with o, = 0 - 18, satisfying

ly+(§) -yl < z—f < %6 (2.10)
and
Ty ={(y+(9) : £ € g, } c M,. (2.11)
If
5, < %6, 2.12)

then we have B(T'y, 6,) ¢ M,.

Proof. We divide the proof of the KAM step into several steps. First notice that condition (2.4) implies the

following inequalities:
cpr cr

c
h< ———, €< , €< s
QA(Q) A(Q) QA(Q)
A. Linear Approximation. Let R be the linearizationof PinI atI =0, i.e.

1< Qp. (2.13)

R(8,1) = P(6,0) + (0/P(0,0), I).
Using the Cauchy estimate, it is easy to see that |R|s,, < ce. Moreover, using Lemma A.3, we have

@n? _ne

ot 16 (2.14)

[P = Rls,2pr <

where 7 is small enough.
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B. Rational Approximations. Since wy is non-resonant, by Lemma A.1, given Qg > 1, there exist n rational
vectors vy, . . ., vV, with denominators q1, . .., qn, such that q;v1, ..., gnv, form a Z-basis of Z", and satisfy

Iwo—v,-|<quQ, 1<gj<cAQ), 1<j<n.

C. Extension of rational approximations. First note that the mapping
Q: (&, y) € BT, 6) — Q(4, y) € B(wo, h)
is well defined. In fact, for any (¢’, y') € B(T, 8), there exists (¢, y(£)) € T such that
1§ =&+ 1y -yl <8,
so that

12",y - wol = lw(@&) +y + NE&',y) - (W@ +y + N, y))l
<2+ ?%xlwg(é,’)l)é <h.

Thus, for any Q(¢, y) € B(wo, h), using the conditions h = and g; < cA(Q), we have

ZQA(Q)

C
Q& y) - vjl <1Q(, y) — wol + lwo —vjl < h + 7.0
J

a C Cc

<2000 T ga " gQ

Remark. As the classical KAM iteration in [10, 20, 21, 23, 25, 35], this step is equivalent to the following
step.

C. Extension of the Small Divisor Estimates. We can extend the small divisor conditions to the neighborhood
B(T, 8). Forany (¢’,y') € B(T, 8), 0 < |k| < Q, we have

Ik, Q(¢', y))l_ (Ikl) (2.15)

In fact, for any (¢’, y') € B(T, 8), there exists (&, y(&)) € T such that [’ — & + |y' — y(&)] < 6. So it follows that

Kk, (&', Y') = wo)| < Ikllw(E) +y' + N(&',y") = (w(&) +y + N(&, )l

a
< lklh < D)

Note that wy satisfies the Brjuno—Riissmann non-resonant condition. This proves claim (2.15).
D. Construction of the Symplectic Mappings. Let P, = R, and define inductively
Pji1 = [Pjly; = [+~ [Rlv, - 1v;> 1<j<n,

where [-],; denotes the average in the direction of v;. The symplectic mapping @ is the composition of the
time-1 mapping of the Hamiltonian flow Fj, i.e.

D =Xp o0 X .

In the following we will construct the symplectic mapping by induction. For j = 1, write H = Ny + S; + P1,
where Ny = (vi, I), S1 = (Q(&, y), I) — (v1, I), P1 = R. Next we expand l’:IoX}1 with respect to t at zero, and
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write

Ho X} =(Ny+S1+P1)oXp,
1
= Ny + N Fa) (L= 0Ny, P, Fi o X, de
0

1 1
+51 + J{SlyFl} OXf;ldt+P1 + j{PlyFl} OXIt;l
0 0

1
=N+ {Nl,Fl} +P1 + J{(l - t){Nl,Fl} +P1 +81,F1} °X}t;ldt.
0

The point is to find F; such that
{N1, F1} + P1 = [R]y, = P>. (2.16)

Equation (2.16) can be solved without Fourier expansions by the following integral formula:
1
Fi(0.1) = g1 [Py - P)O + tqrvy, Det.
0

Then, (1 - t){N1, F1} + P1 + S1; = (1 - t)P, + tP1 + S1, and altogether we obtain
Ho®=N+P;+P],

where

1
PI = Pl = J{(l - t)Pz + tPl +51,F1} OXf;ldl’
0

will be put in the new perturbation.
Moreover, we have the estimates |P1]s,r < |R[s,r < ce and

[F1ls,r < q11P1ls,r < cA(Q)e. (2.17)
Next, forany O < j < n, define s]f' =s- él; and r;' =r- % Using (2.17) and the Cauchy estimate, we have

cA(Q)e

c
|()9F1|s",r‘r < —|F1|s,r <
v

and AQ)
Cc C &
|aIF1|sI,rI < ;|F1|s,r < . .

Let X}l = (U1, V7). As R is affine in I, therefore U; is affine in I, V; is independent of I, and we have the
estimates

. cA(Q)e . cA(Q)e
Uy - ldls;,ri’ < |60F1|s;,r1’ < o , V1= ldls{,r{ < |aIF1|si’,r1’ < r (2.18)
The Jacobian of X}l is given by the matrix
o;U; 09Uy
DXL = .
k ( 0 dgh
If we define sj = s - "ﬁ andrj=r- %, then (2.18) and the Cauchy estimates imply that
cA(Q)e cA(Q)e cA(Q)e
<———, logVh-Idls,,r, < . (2.19)

lojU; - 1d |51’71 < p P |69U1|S1J1 = p2 ’ rp
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Together with the inequalities (2.4) and (2.18), we can ensure that

Uy —id|s,,r, < Vi —idls,,r, <

S|

r
2n’ ’
which implies that the time-1 mapping X}l of the Hamiltonian flow of F; defines a symplectic real analytic
mapping

Xllrl = (U1, V1) : D(s1,11) — D(s2, 12).

The estimates (2.18) and (2.19) can be conveniently written as

. cA(Q)e B cA(Q)e
|W(X%‘1 _ld)|51;r1 S :p) b |W(DX11:1 _Id)W 1|51,71 S ( ) )

P

where W = diag(r ' 1d, p~' Id).
Let Nj = (v;, I), Sj = (Q(&, y), I) — (vj, I). By induction, we have

I 1 1 1 1
HoXp ow-oXp  oXp=(N+Pj+P)oXp = (Nj+Sj+Pj+P)oXp

1
=Nj +{Nj, Fj} + j(l — O{{N;, Fj}, Fj} o Xp dt
0

1 1
+Sj + j{s]-, Fj} o Xpdt + Pj + J{P,-,Fj} o Xpdt+ Pl o Xp
0 0

1
=N+ (N;,Fj} + Py + J{(l ~ 0N, Fj} + Py + S, Fj} o X dt + PL o X}
0
Similarly, the equation

{Nj, Fj} + Pj = Pjy1 = [+ [R]y, -+ ]y

can be solved by the integral formula
1
Fj(0,1) = g; J(P,- - Pj+1)(0 + tgjv;, Dt dt,
0
which yields that

HoXp o o Xp = N+ Pjsa + P,

where P} = B+ Py o X}j will be put in the new perturbation, and
1
. J{(l ~ OPju + tP; + ), Fy) o X dt
0

satisfies
cA(Q)e? ¢ L ce

mQpQp

|Pjls;.r; < (2.20)

The symplectic mapping
X}:). = (Uj, V) : D(sj, 1j) = D(Sj1, Tjs1)
is well defined, and

cA(Q)e

P

_ cA(Q)e
. WXL - 1)W1, < ﬁp’ ,

(WXE, i)l , <

where W = diag(r~' Id, p~! Id).
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Altogether, let ® = X}, o---o X} . Note that @ : D(s - p, §) — D(s, 1), 50 @ : D(s - p, 1) — D(s, r) when
n is small enough. Moreover, we have the estimates

W@~ id)ls e < S2DE

and

cA(Q)e
rp
E. Construction of Parameters Domains. Let M, be defined by (2.6). It follows that M, is closed and

[W(D® - I)W ™ |s_p,pr <

M, cB(I,6) c M, dist(M,,oM) > g,

where oM is the boundary of M.
Let AN(&, y) = [01P(8, 0)]. By the Cauchy estimates, the estimates (2.7) and (2.8) hold. Set

Ni(&y) =N ) +ANE, y).
By the implicit function theorem, if
oN,
oy
which will be verified in (2.22), the equation
w@ +y+Ni(&,y) = wo

< % forall (&,y) € M,

defines implicitly an analytic curve
Iy =yi(§): § ellg, - y.(§ €B(0,2d +1).
Note that y, and y satisfy
W@ +y: +No(&y) = w(@ +y+ N, y) = wo.
Then it follows that
y+(&) = ¥(®] <IN+ (&, y+(§) - N&, y(§)

<IN y+(8) = N(& y(@)] + 1AN(E, y+(9)]

< %Ih(f) -Vl + ?
Hence the conclusions (2.10) and (2.11) hold. By (2.12), we have B(T';, §;) ¢ M,.
F. Estimates of the New Perturbations. AsH=N+P=N+R + (P-R)=H +P - R, this gives

Ho®=Ho®+((P-R)o®=N+Pp1 +P}+(P-R)oD.
By Lemma A.2, Pyyq = [---[R]y, - -+ Iv, = [R], we arrive at
Ho®=N+[R]+P, =(Q;(&,y), ) +P,,

where Q. (&, y) = w(&) +y + N+({, ¥), Pt =P} +(P-R)o®.
Concerning P}, using (2.20) and the inequalities (2.13), we can ensure that

ce ne
|P;|s—p,m < Q_p < 16

Using the inequalities (2.13), we may assume that the image of @ actually sends D(s — p, nr) into D(s, 2nr),
and together with (2.14), we obtain the estimates

|Pils—p,nr < |P:,-|s—p,nr +|(P=R) o Dls_p,pr
ne ne
< |P;|s—p,r1r +|(P=Rls,opr £ 7>+ 7> < —.

Thus this ends the proof of the KAM step. O
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2.2 Setting the Parameters and Iteration

In this section we choose some suitable parameters and verify some assumptions in Lemma 2.2 so that the
above iteration can go on infinitely.
At the initial step, let

a

~ 2Q0A(Qo)’

h
0o=0, Qopo=C=>1, &=-> e

So=S, Tro=r, po=p<Ss, ho £y =€,

L~ 2LQoA(Qo)’

where L = 2 + maxecn, lws(é)], Qo is a sufficiently large constant, which will be chosen below.
Recall that 7 is a fixed small constant, and now we define the following sequences of parameters:

o ii i i
sl—(16)e, ri=n'r, A;j=4"A(Qo),
Qi = A1 (7)) =sup{Q > 1: A(Q) < A},

i .
l)h, 5 =

a
h= 5o = "= 4 L

1 _
Ois1 = 0j — 551', pi=CQ*,  Siv1=Si-pi,

where L = 2 + maxgcy, |w¢ ()], C = 1is a sufficiently large constant, depending only on n.
In the following we will check all the assumptions in Lemma 2.2. By induction and the definition of ;, r;
and 6;, we have

CEj 61 1
< h.’ < —
ri ! 61' 2
and .
2¢&; !
i:E(l) sl foralli > 0.
rib; rh \ 4 4

Thus the assumptions (2.4), (2.9) and (2.12) hold.

Lemma 2.3 (Iterative Lemma). Let Hy = (w(&) +y, I) + Po(6, I; &) be real analytic on D(s, r) x M, satisfying

[Polp(s,rxm < €o

and ce a
0
— <hg, hop==———,
ro 0 "~ 2Q0A(Qo)
where Qq is sufficiently large such that (2.21) is satisfied. Then, for each i € N, there exists a real analytic
symplectic mapping

@' : D(sj, 1) x M — D(s, 1) x M
such that H o ®' = N + P; with N; = (Qi&, ), D), Qi(&,y) =w(@® +y+ Ni(f, y), and

7\
[Pilp(si,ryxm; < € = <§> &

Moreover, we have the estimates

CEj

[Wo(@™* = ®) by it < s
e

where Wy = diag(% Id, pio 1d).

Proof. The proof follows by applying Lemma 2.2 repeatedly. So we only check the assumptions in Lemma 2.2
such that the KAM step is valid for any i > 0. By induction and the definition of the parameters, we obtain the

following relations:
61’ +1

foralli > 0. O

N|

<
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2.3 Convergence of Iteration

We first verify that the sequence of s; tends to a positive limit, if Qo is sufficiently large. Indeed, let
x = A1 (2YA(Qp)), we have

1 [ dy 1 T dAk)
%E ) j ATIAQy) ~ In2 OJ XA

Integrating by parts and requiring A(Qo) > Qo > 1, we get

+00

y Lo L],
= Q; IHZQ X
0

Now as p; = CQ;, it follows that

Hence, by choosing Qg sufficiently large , we can achieve that

¢ [InA
nA(x S
Zp,' < — J #dx <=, (2.21)
= In2 X 2
= Qo
and thus s
S, = lim s;> —.
iSto0 L2
By the Iterative Lemma 2.3, we have
: . CE;
|W()(q)l+1 _ (Dl)|D- XMy < bl
i+ i+ rihi
and ce:
[WoD(@™ — ®Y)|p,, xmyy < —o-
rl-h,-

Note that D, = D(s., 0), M, = ;50 Mi, and @, = lim;_,o, ®'. Thus the mappings @' converge uniformly on

() Di x M; = D(s., 0) x M.,

i=0
to a mapping ®@.., which is real analytic on D(s., 0) and uniformly continuous on M,. Moreover, we have

. ce
[Wo(D. —id)|p.xm, < —
rh

and

[WoD(®, —id)[p.xa. < %

Since @' is affine in I, the symplectic mappings ®! converge to @, on D(5, %), and satisfy

ce

[Wo(®@. —id)Ips., pyxu. < -5

Leto. =0- % ¥ 6:. It follows that 0, > 0 - %60. By the definition of §(, we can choose Qo sufficiently
large such that 6 < o. Therefore 0. > %0, and I, € (iso Ho;-
By iteration, we have

i-1
Ni(€,y) = ). ANk(&, y).
k=0
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Now we prove the convergence of N, (¢, y). Combining with estimates for AN;, we have that for all (&, y) € M,

NS

k=0

IN:i(&, y)l < Z S
Similarly, for all (¢, y) € M;,

i-1 i-1 k
R R 2e G 2Lef1 4Le
|N.g(€,y)|+|Nzy<s,y>|sk§)m-kgo g (4) <=

Thus if Qg is sufficiently large such that ¢ is sufficiently small, we have

forall (¢,y) € M;, (2.22)

N|

INie(&, p)] + [Ny (&, y)l <

and assumption (2.5) holds.
Let N, = lim;_,, N;. Then for all (&, y) € M, we have

. 2 N - 1
INLEI< = NI+ Nyl < 5.

Similarly, we can prove the convergence of y;(¢) on I1,, . In fact, we can choose Qg sufficiently large such
that % < % for all i > 0. Then for j > i, it follows that

1) - (&)l < Z r—" <
k=i

._.
N|°’J

Let y. (&) = lim;_, yi(&). Then we have
8.
ly«(§ -yi®l < =,

which implies T'* = {(£, y«(&)) : & € [I,} ¢ M;, and therefore I'* ¢ M, = (;5o M. Moreover, for (¢, y) € I'* we
have
w@+y+N.(§y) =w

Therefore, for any (&, y) € I'* with wg satisfying the Brjuno—Riissmann non-resonant condition, the sym-
plectic mapping ®@..(, -; &, y) transforms the Hamiltonian system (2.1) into

H* = <(l)(),I> +P*(951;§)s

where P, satisfies P, (8, 0) = 0;P.(6, 0) = 0. This completes the proof of Theorem 2.1.

A Appendix

In this section we formulate some technical lemmas which have been used in the previous section.

LemmaA.1. Letwq = (1, @o) € R be the Brjuno—Riissmann non-resonant frequency, with o € [-1, 1]""1. For
any Q > 1, there exist n rational vectors v1, . .., v, with denominators q1, ..., qn, Such that q1v1, ..., qnvn
form a Z-basis of Z", and satisfy

|wo—vj|sq%, 1<gj<cAQ), 1<j<n.
]

Now given a g-rational vector v and a function P defined on D(s, r) x M, we define

1
(P18, I; €, y) = j P(0 + tqv, I; £, ) dt.
0
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Similarly, given n rational vectors vy, . .., vy, we define [P],, ... v, = [--- [Py, --- ]v,, and

[PII; £, y) = j P(6, I; £, ) d6.
Tn

The fact that the vectors qy1v1, . . ., gnv, form a Z-basis of Z" yields the following lemma.

LemmaA.2. Letvy,..., Vv, be rational vectors with denominators q1, . . ., qn, Such that g,v1, ..., gnv, form
a Z-basis of Z", and let P be a function defined on D(s, r) x M. Then

[-+-[Ply, -~ v, = [P].
For the detailed proof of the above two lemmas, we refer to [3].

Lemma A.3. Let P be an analytic function defined on D(s, r) x M, and R be the linearization of PinI at I = 0,
ie.
R(6,I) = P(6,0) + (0;P(6,0), I).

Then, for any 0 < n < 1, we have the estimate

r12
[P~ Rls,yr < E|P|s,r-

This lemma deals with the estimates of the remainder of the Taylor expansion at order one of an analytic
function. A proof of this lemma can be found in [1].
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