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Abstract: The paper is concerned with the slightly subcritical elliptic problem with Hardy-critical term
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-Au—-pu u inQ,

in a bounded domain Q ¢ RY with 0 € Q, in dimensions N > 7. We investigate the possible blow-up behav-
ior of solutions as u, € — 0. In particular, we prove the existence of nodal solutions that blow up positively
at the origin and negatively at a different point as y, € — 0*. The location of the negative blow-up point is
determined by the geometry of Q. Moreover, the asymptotic shape of the solutions is described in detail. An
interesting new consequence of our results is that the type of blow-up solutions considered here exists for
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1 Introduction

The paper is concerned with the semilinear singular problem

u *
— =u***u inQ,
Ix] (1.1)
u=0 on 0Q,

-Au—-pu

where Q ¢ RY, N > 7, is a smooth bounded domain with 0 € Q; 2* := A%—fvz is the critical Sobolev exponent.

Ghoussoub and Yuan [23, Theorem 1.2] used variational methods to prove that this problem has infinitely
many solutions provided 0 < € < 2* — 2 and 0 < u < § where ¥ is the best constant in the Hardy inequality,
ie.

IQ |Vu|2dx

u= .
oueH}@) [, |ul?/|x|2
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The main goal of this paper and subsequent work is to understand the possible blow-up behavior of solutions
as U, € — 0. In particular, we construct nodal (i.e. sign changing) solutions that blow up as y, € — 0 at pre-
cisely two points: one is the origin, the second blow-up point is away from the origin and determined by the
geometry of the domain. The shape of the solutions will be described in detail. We use singular perturbation
techniques and a Lyapunov-Schmidt type reduction. An interesting and new feature of our type of solutions
is that their existence depends on the relative speed of ¢ — 0 and u — 0. This will be made precise below.

It is well known that the blow-up of solutions near singular parameter values is closely related to Bahri’s
[2] theory of critical points at infinity. The existence of a positive solution in domains with nontrivial homology
and when u = € = 0 has been shown in the seminal work [3] of Bahri and Coron. Around the same time the
blow-up phenomenon for positive and for nodal solutions to problem (1.1) has been studied extensively in
the case u = 0, € — 0. It was proved in [10, 22, 26, 32, 33] that as € — 0™, the positive solution u. blows up
and concentrates at a critical point of the Robin’s function of Q. In [4, 34], the existence of positive solutions
with multiple bubbles was considered. In convex domains a positive solution cannot have multiple bubbles,
see [24]. The existence of nodal solutions with k bubbles at k different points was proved in [8] in the case
k = 2, in [6] in the case k = 4 when Q is convex and satisfies a certain symmetry, and in [7] in the case k = 3
when Q is a ball. Bubble tower solutions, i.e. solutions with multiple bubbles concentrating at the same point,
were obtained in [29, 31], based on an idea from [16]. All these papers only treat the regular case u = O.

When u # 0, the Hardy-critical potent1a1  cannot be regarded as a lower order perturbation because
it has the same homogeneity as the Laplace operator and because it does not belong to the Kato class. This
makes the analysis much more complicated compared with the case p = 0. For the existence of positive and
nodal solutions for the problem with Hardy type potentials and possibly critical Sobolev exponent we refer
thereaderto[11,12, 18,21, 23,25, 27, 35, 36, 38] and the references therein. However, concerning blow-up
solutions to the problem involving Hardy type potentials very few results are known. We are only aware of
the papers [19, 20], dealing with the problem

- Au- |y|2u = k(x)u® 1,

ueDY2(RY), u>0inRY\ {0}

(1.2)

here DV2(RN) := {u € L2 (RN) : |Vu| € L2(RN)}. In [19] the existence of a positive solution to (1.2) blowing
up at a critical point of k(x) was obtained as 4 — 0%.In [20] the existence of positive bubble tower solutions to
(1.2), blowing up at the origin, was proved for k(x) = 1 + eK(x) as € — 0; here K(x) is a continuous bounded
function. These solutions, called fountain-like in [20], are superpositions of positive bubbles. On the other
hand, for fixed 0 < pu <y = v ;2)2 , Musso and Wei [30] considered (1.2) when k(x) = 1 and proved the exis-
tence of entire sign changing solutions by gluing together a large number of positive and negative bubbles
distributed along the vertices of a regular polygon. In [13] Cao and Peng investigated the asymptotic behavior
of positive solutions to (1.1) in a ball.

In this paper we investigate the existence of nodal solutions to problem (1.1) that blow up, as u, € — 0,
positively at the origin and negatively at a point staying away from the origin. Compared with [19, 20] the
location of the blow-up points does not depend on the shape of a coefficient function k(x) but on the more
subtle influence of the geometry of the domain. Since we look for solutions of a special form, we make a
corresponding ansatz and derive a reduced finite-dimensional variational problem via a Lyapunov-Schmidt
reduction scheme. The reduced functional depends on k different points in Q \ {0}, the blow-up points, and
on k + 1 real parameters. We shall then prove the existence of a critical point of the reduced functional in
the case k = 1. The case of k > 1 bubbles outside the origin will be treated in subsequent work. Though these
singular perturbation techniques have of course been used in a variety of other problems we would like to
emphasize that there are not only major technical difficulties due to the Hardy-critical term. We also discover
a new phenomenon concerning the existence of solutions of the special shape we are looking for. Namely,
as mentioned above this depends on the speed p — 0 and € — 0. More precisely, if we fix up > 0 and set
U = UoeY, the solutions exist for a > N 2, and do not exist for 0 < a < N 2 Thus u has to converge to 0 like a
power of € (or faster), and we have a precise threshold value for this power.
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The paper is organized as follows. In Section 2, we state and discuss our main theorems. Then in Section 3
we collect some notations and preliminary results, in particular concerning the limit problem when &€ = 0
on RY. In Section 4 we perform the finite-dimensional reduction. This will be done for multiple blow-up
points (not just two). Section 5 is devoted to the proof of the main theorems, that is, the existence of nodal
solutions with two bubbles blowing up at two different points. Finally, various useful technical lemmas are
collected in the appendix. Section 4 and Proposition 5.1 together with the computations in the appendix form
the core of the paper. We point out that the reduction results in Section 4 and the lemmas in the appendix
will also be used in future work on solutions with more than two blow-up points and solutions with bubble
towers.

Throughout this paper Q c RN, N > 7, is a smooth bounded domain. The results can be extended to the
case N = 6, but this requires a separate treatment which we avoid in order to not to make the presentation
too heavy. We do not know whether our results hold in dimensions N < 5.

2 Statement of Results

In order to state our results we introduce some notations. By Hardy’s inequality, the norm

5 u? 3
lul o= (j(Wul ‘“W>d")
Q

is equivalent to the norm [Julg = (fQ |Vu|2dx)1/2 on Hé(Q) providedO < p < = M This will of course be
the case for y — 0. As in [21] we write H,(Q) for the Hilbert space consisting of Hé(Q) functions with the
inner product

uv
U, v)y = !(Vqu - yw)dx.

It is known that the nonzero critical points of the energy functional

. 1 2 _ u? _ 1 2*-¢
e i= 5 | (19ul Mo Jax - g [ It
Q Q

defined on H,,(Q) are precisely the nontrivial weak solutions of problem (1.1).
Next we introduce two limiting problems. The first one is

{—Au =u?2u inRV,

(2.1)
u—~0 as |x| — oo.

It is well known that the nontrivial least energy (positive) solutions to (2.1) are the instantons
N-2
2

05200 = o )

withd >0, ¢ € RY and Cg := (N(N - 2))#, cf. [1, 37]. These solutions minimize the Rayleigh quotient
|Vu|2dx
So = mi —'[]RN " T
ueD 2RV} ([ [ul?* dx)2/?
Moreover, there holds
. N
J VUs ¢ 2dx = J Us.el dx =S¢
RN RN
The second limiting problem, dealing with u > 0, is
Lz =ul*2u inRV,
Ix| (2.2)
u—0 as |x| — oo.

-Au—-pu
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For O < u < we know from [14, 38] that all positive solutions to (2.2) are given by

N-2
2

Vi,o(x) = Vg(x) = Cy<;>

o2 [x|Pr + |x|P2

V- \F - 8, i VA - c ,:(4N(ﬁ—u)>¥
\/}:1 s 2 \/}:1 s - N_2 .

We drop the index p if it is clear from the context. These solutions are minimizers of

with

0>0, pBp:=

Ji (VU = pir)dx

min
ueD2 @O} ([ [ul? dx)2/2*

Sy =

and they satisfy

2 Vol? 2 b
J (|vv,w| H )dx - I Vyol? dx = S
RY RV
Clearly Vo — Ugpaspu — 0.

Now we can formulate the goal of this paper: We investigate the existence of solutions u, of (1.1) close to
Vy,0 — Us,e with u, 0, 6, £ all depending on €, and y, 0, § — 0 as € — 0. Thus u, blows up positively at the
origin and negatively at . The precise blow-up rate is determined as is the location of ¢ in the limit € — 0.

The Green’s function of the Dirichlet Laplacian can be written as G(x, y) = W H(x,y), forx,y € Q,
where H is the regular part. The regular part is symmetric, i.e. H(x, y) = H(y, x), and satisfies H(x, x) — co as
x — 0Q. An important ingredient of our results will be the map

:Q\{0} >R, @) :=H2(0,0)H?(x,x) + G(x, 0).

Observe that 0 < ¢p(x) —» coas x — 0 or x — 0Q, hence ¢ has a minimum in Q \ {0}.

Theorem 2.1. Suppose &* € Q \ {0} is an isolated stable critical point of ¢. Then for fixed a > and Uo >0
the following holds. For € > 0 small, problem (1.1) with pu = uoe® has a solution u, of the form

N-2 N-2
2

6¢ E
- C()(m) + 0(1) as € — 0; (2.3)

O-E
-l )
400 = Ol (oo + P
here 8¢ = Aee™2 and o€ = A ¥ with A and \° bounded away from 0 and oo, i.e. A%, e (n, %) for some
n € (0, 1). Moreover, &4 € Q \ {0} converges as € — 0 towards £* € Q \ {0}.

Remark 2.2. (i) Here £* being a stable critical point means thata C!-function i : B,(¢*) — R thatis close to
@ in the C'-norm on a neighborhood B, (¢*) must have a critical point close to £*. This is clearly the case if
¢* is a non-degenerate critical point of ¢. It is also the case if the index of £* or, more generally, the critical
groups of & as critical point of ¢ are not trivial. We expect that for a generic domain all critical points of ¢
are non-degenerate. We also expect that if £* is a non-degenerate critical point of ¢ with Morse index m(¢*)
then the corresponding solution u, has Morse index k + 2 as critical point of J,, . Below we state more results
where we do not require any a-priori knowledge about the existence of isolated stable critical points of ¢.

(ii) The assumption a > % 3 is essential for the result to hold. From a technical point of view it implies that
the interaction between the bubbles Us ¢, V,, and the Hardy potential is negligible. This is not just technical,
however. Setting u = poe®, po > O arbitrary, and making the ansatz for u, asin Theorem 2.1 leads to a reduced
function ¥ = Y(A, A, ¢) defined on R* x R* x (Q \ {0}). Then problem (1.1) has a solution u, with a limiting
behavior for € — 0 as in Theorem 2.1 if, and only if, 1 has a critical point. We shall see that critical points of
Y correspond to critical points of ¢ if a > N“' . On the other hand, for0 < a < N > 3 critical points of i do not
exist; see Remark 5.2.
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The next two theorems apply to any bounded smooth domain.

Theorem 2.3. For fixed a > % and po > 0 the following holds. For € > 0 small, problem (1.1) with u = poe®
has a solution u, of the form (2.3). Moreover, (¢ € Q \ {0} converges as € — O towards a minimizer &* € Q \ {0}

of .

In Theorem 2.3 it is not required that ¢ has an isolated minimizer. Next we state a multiplicity for solutions
of the form (2.3) in terms of the Lusternik—Schnirelmann category of Q \ {0}.

Theorem 2.4. For fixed o > % and po > 0 the following holds. For € > 0 small, problem (1.1) with u = poe®
has at least cat(Q \ {0}) solutions ug) of the form (2.3). The parameters A* = A?, = Zf € (n, %) and the blow-
up points & € Q \ {0} depend oni € {1, ..., cat(Q\ {0})}. Moreover, & — & with & € Q \ {0} being a critical
point of .

More can be said when the domain is symmetric in the following sense:
(S1) Qisinvariant under a compact Lie group I' ¢ O(N), i.e. gQ = Qforall g € I.

A simple example is when Q = —Q; here T = {+id}. If (S;) holds then any solution generates a I'-orbit of solu-
tions in the following way. If u solves (1.1) then for any g < T the function g * u defined by g * u(x) = u(g~'x)
solves (1.1). In that case one can use the equivariant category catr in Theorem 2.4; see [5, 15] for definitions
and properties.

Theorem 2.5. .If (S1) holds then in the setting of Theorem 2.4 for € > 0 small there exist at least catr(Q \ {0})
T-orbits T = ug) of solutions of (1.1) of the form (2.3). The parameters and the blow-up points depend on i as in
Theorem 2.4.

Remark 2.6. It is well known that 2 < cat(Q \ {0}) < N for any smooth bounded domain Q c R¥ with 0 € Q.
For Q diffeomorphic to a ball one has cat(Q \ {0}) = 2. On the other hand, if Q = -Q, so that (S1) holds with
I' = {#id}, then catr(Q \ {0}) = N.

In the symmetric case one can also say something about the localization of the blow-up point £* € Q \ {0}.

Theorem 2.7. Suppose (S1) holds andlet S c T be a subgroup suchthat Q* ={x € Q : gx = x for all g € 3} # {0}.
Then there exist solutions u as in Theorem 2.3 with &€ € Q* and &¢ — &* as € — 0 where &* is a minimum of
@|Q%. Moreover, g * u. = u. forall g € X.

Remark 2.8. (i) In the setting of Theorem 2.7 one can also formulate a multiplicity result as in Theorems 2.4
and 2.5. Let N be the normalizer of X in I and WX = NX/X the Weyl group. Observe that WX acts on Q7 so
that the equivariant category catyz(Q* \ {0}) is defined. Then one obtains at least catyz(Q \ {0}) different
orbits of solutions as in Theorem 2.7 with ¢¢ € Q. The blow-up points converge towards critical points of
®|QF. We leave the details to the reader.

(i) In order to illustrate Theorem 2.7 suppose Q is invariant under the reflection T; : (x1, x') — (x1, —x');
here x; € R and x’ € RV-1, Then setting I' = £ = {id, T1}, we see that Theorem 2.7 vields a solution u, with
&€ € O n (R x {0}) and such that §&¢ — &* where ¢* is a minimizer of ¢ in Q% \ {0} = (Q \ {0}) N (R x {0}). More-
over, ug(T1x) = us(x). In fact, there are at least catyx(Q* \ {0}) such solutions with blow-up points {f - &
Here catys(Q* \ {0}) = cat(QZ \ {0}) is simply the number of components of Q% \ {0}. The point & is a mini-
mizer of ¢ constrained to the i-th component of (Q \ {0}) N (R x {0}).

(iii) Suppose Q is invariant under T; asin (ii) and under T,, where T is the reflection at the x,-axis. Then
onecansetI' = {id, Ty, T», T1 T>} and Xy = {id, Ty} for k = 1, 2. Then NX; = I' and WXy = Z/2, and one can
count the number of solutions using (i). Details and further examples are left to the reader.
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3 Notations and Preliminary Results

Throughout this paper, positive constants will be denoted by C, c. Let ¢;; : L*N®+2(Q) — H,(Q) be the ad-
joint operator of the inclusion 1, : H,(Q) — L*N/(N=-2)(Q), that is,

1;(11) =v = Vo= ju(x)¢(x)dx forall ¢ € H,(Q). (3.1)
Q

There exists ¢ > 0 such that
Ie* Wl < cllullanyave2)- (3.2)

Then problem (1.1) is equivalent to the fixed point problem
u=1(fe(w), ueH(Q), (3.3)

where f.(s) = |s|2 2 ¢s.
In order to continue, we first solve an eigenvalue problem.

Proposition 3.1. Let 0 < u < H be fixed, and let A;,i =1, 2, ..., be the eigenvalues of

LS AV 2u inRY,
Ix| (3.4)

lul - 0 as |x| —» +oo,

-Au—-pu

in increasing order. Then A1 = 1 with eigenfunction V4, Ay = 2* — 1 with eigenfunction aa‘(/;,.

Proof. Direct computations give that V, and aa'f;’ are eigenfunctions corresponding to 1 and 2* — 1, respec-

tively. Now as in [39], it is enough to prove that the eigenfunction u corresponding to the eigenvalue A < 2* - 1
has to be radial.

Denote by ;, i € Ny, the sequence of spherical harmonics, i.e. the eigenfunctions of the Laplace-
Beltrami operator on SN-1:

—Agn-1h; = 115
It is well known that 79 = 0, 71, ..., Ty = N - 1, Ty+1 > Tn. We prove that for every i > 1,

j u(r, O)P;(6)d6 = 0.

1

S

Setting ¢;(r) = Jstl u(r, 0);(0)d6, we have

Ap; = Avg; = J Aru(r, O)i(6)d6

SN-1

—A *

- j eur(zr, % yi(6)d - j(uu(rg, 0, Av2 g, 9)>¢i(9)de
SN-1 SN-1

= I w0 00 6)t0 - I(f‘—zmvg*-z)u(r, 0)pi(0)do

r2
SN-1 SN-1

(- (8 vz o

This implies for any R > 0,

0= J A(pl%+(%+/\v§*_2_2>¢%

or r2)7 or
Bgr(0)
B N2 u - r,-) oV, J' <aV,, 00; .GZVG)
B J (PIA( or >+<r2+AV" 2 )%t or or Pion

Bg(0) 0Br(0)
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B N-1 0V, 0 Ve 271) (y 29 Ti) Vg
- J —rz ‘P’W“”ﬁ( Hz Ve 2 PAVe - e

Bg(0)

or or Pion

J (an o0Q; _aZVg)

0Br(0)
N-1-1; oV, oV 2uV,
= J ik (S PR Dl et ” “—=Zoi

Br(0)

J (an 0pi _62V0>
or “or P )
0Bg(0)

Now let R be the first zero of ¢;; R := +c0 if ¢; is never zero. Without loss of generality we assume ¢;(r) > 0
forr € (0, R). Then %(R) < 0, and we finish the proof. O

Let us define the projection P : HY(RY) — Hg(Q), thatis, APu = Auin Q, Pu = 0 on 0. Consider the function
H satisfying
AH(0,x) =0 in Q\ {0},
1
H(O,X) = W on 0Q.

Finally, set dinf := inf{|x| : x € 0Q} and dsyp := sup{lx| : x € 0Q}.

Proposition 3.2. Let 0 < u < u be fixed. Then for o > O the function ¢4 := V; — PV satisfies

0<py<Vy and @u(x) = C,J(E(x))ﬁ‘ﬁH(o,x)o¥ + hg(x), (3.5)
with
— N+2 6hg N
dinf < d(x) < dsyp, and hg=o0(0"72), S0 - o(0z) aso— 0. (3.6)

Proof. It is easy to see that ¢ satisfies

Aps(x) =0 in Q\ {0},

(0
(pU(X) = VU(X) = Cy(m) on 0Q.

N-2

Then the first part of (3.5) holds by the maximum principle. It also follows that ¢,0~ "2 is increasing. Now
for x € 0Q and for 0 > 0 small, we estimate
H=\p—p H-\H
m(f "H0, 107 —qo(X)_Ca_z( fgr 1 )
=tu

e XIN=2 (02| + |x|f2) T

< C1(1, dint, dsup)0™ ( ﬁ F (2 [xlPr + [x1P2) T — x|~ 2)

inf

< Co(t, din, dsup)cfz(|x|ﬁfvﬁ*“(az|x|ﬁl N |x|N*2)

< (4, din, dup)o™ (e PPN QiP5 €, i, deu)o?) - V2
<C=C(u, dinf, dsup)-

The constant C(y, dint, dsup) can be chosen independent of x € 0Q and of 0 € (0, 0), some 0 > 0. Similarly
we have for o > 0 small and x € 0Q,

\E WH(O x)a 7 \/; \/T

sup - po(x) —C.o2 sup 1
o g V2 (o2 xf 4 xlf)

> C (i, ding, dsup)0™ ( ﬁ; VR G2 4 By — - 2)
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> Cy(4, din, doup)o™ (I PV (2P 4 ) — 12

> 40, din, deup)o™ (I N4 (O 4 o, din, dp)0?) ~ 102
>C = C’(H, dint, dsup)-

Thus we have
H=yH-H N-2 H=\H-p N-2
iy " 0,002 . 9o _ Cud aly 10, 007

N+2 - - N+2 — N+2
0 2 0 2 0 2

-C.

Defining d(x) by the equation

a(x)ﬁ’\/; = min{max{ (pg—(x)’ dinf}, dsup}

C,H(0,x)0'

and using the maximum principle, we deduce diuf < E(x) < dsup and kg = o(0¥) as 0 — 0. The estimate

‘y:;’ = o(a#) as 0 — 0 follows similarly. O

Remark 3.3. (i) If u — 0", then
Puo(X) = CoH(0,X)0° 7 + O(uo' 7 ) + hy g, (3.7)

where hy, , satisfies (3.6) uniformly in p.
(ii) A similar result has been obtained in [33] for Us ¢:

0<@ssi=Uss-PUsg<Uss and @p¢=CoH(£, )67 +0(8'7) (3.8)

as 6 — 0, uniformly in compact subsets of Q.

4 The Finite Dimensional Reduction

This section is more general than necessary for the proofs of the results in this paper in that we deal with arbi-
trarily many blow-up points. This is needed for subsequent work. We fix an integer k > 0, the case k = 1 corre-

sponds to our main theorems. Throughout this section we assume u = uoe®. ForA = (A1, As, .. ., A, A) € R¥+!
we set
8; =Aiev2 and o =Aeva. (4.1)
ForA e R and ¢ = (¢4, ..., &) € QX we now define
k * *
Weag = Y Ker(-A— (2" - DU ) + I(er( A W RN )
i=1

where 8; = Aiev2, 0 = Ae¥2. According to [9], the kernel of the operator —A — (2% — 1)U2* on L2(RN) has
dimension N + 1 and is spanned by
oUs,¢ oUs,,&
06; T oy’

j=1,2,...,N,

where (¢;) is the j-th component of &;. Combining this with Proposition 3.1, we have
Were =span{¥W, W0, W:i=1,2,...,k j=1,2,...,N},

where fori=1,2,...,kandj=1,2,...,N,

) _Wss o s g Vs

e e e (4.2)
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For simplicity of notation here we dropped the dependance on the parameters. Next we define for n € (0, 1),
Op :={A, O e R xQ s e ("), Ae (g, n7Y), dist(&, 0Q) > n, 1&] > 0, 1&, - &,1 > 7,
i,i1,i0=1,2,...,k, i1 #lz}

Let us introduce the spaces
Kep e := PWe ¢

and
Koy =19 € Hu(Q): (¢, P¥) =Oforall ¥ € Wepeh

as well as the (-, -),-orthogonal projections
Hg,/\,‘f : HH(Q) — Kg,/(,sr

and
Hé_,/\.f =1d - e a6 2 Hy(Q) — K;—,A,{'

We want to find solutions of (1.1) close to
k
Vere = Y TiPUs, ¢ + PVo, (4.3)
i-1
where (4, §) € Oy for some n € (0,1), 7; =1 or —1. This is equivalent to finding n > 0, (4, §) € O, and
Peri € Kj’ﬂ,f such that Vg 3 ¢ + ¢ 2,¢ solves (3.3), hence solving

Mg e(Vers + Peng = i(fe(Vere + Pene))) =0 (4.4)

and
e e (Vee + Pene — 4 (fe(Vere + Pene))) = 0. (4.5)
We solve (4.4) first for ¢ 2,¢. Let us introduce the operator Lg p,¢ : KS{A,{ — Ké/\,f defined by

Leae(@) = Iy s (fo(Vere)9) = ¢ — e e (fo(Ver,0)9).

Proposition 4.1. For any n € (0, 1), there exist £o > 0 and c > 0 such that for every (A, &) € Oy and for every
€€ (O’ 80)’
ILeae (D)l = clplly  forall ¢ e Kj’u.

In particular, L )¢ is invertible with continuous inverse.

Proof. We argue by contradiction, following the same line as in [28]. Suppose there exist n > 0, sequences
en >0, (A", &) € Oy, P € Hy(Q) satisfying

En =0, A= (AL, AL o Ay A A),  ET = (E ) (e &),

as n — oo, and such that

Pn € Kg puor Inlu =1, (4.6)
and
Le, A gn(¢n) = hn  with |yl — O. (4.7)
Thus we have
bn — 4 (fo(Ve,angn)pn) = hn = Mg, an en (5 (Fo (Ve an,60) ). (4.8)

Setting

asin (4.1) and

oUgn gn oUsn ¢
L8 forj=1,2,...,N, (WO i= — % (@), =

- —
(\Pi)n - a({ln)] i ao_n ’
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where (& Y is the j-th component of &', we obtain
kK N )
" i= e, angn (G (Fo(Vey an,gn)Pn)) = Y. Y ¢l P(¥)n + cGP(W)y
i=1j=0
for some coefficients clff i cg- Now we argue in three steps.

Step 1. We prove lim,_,oo[w"[l, = 0. Multiplying (4.8) by AP(¥!), + uP(¥1),/Ix|?, we get
P(¥M),

j %(AP(\P?)n 0 ) - j l,’i(fé(Vs",An,fn)¢n)(AP(‘I’?)n + HP(;]Z)H )
Q

Q
¢ Q

and then

S (P(¥Dn, PO¥)n),, + Ch(P(P)n, (Y1),

Mz

>

i=1j

1l
o

= (¢n, P¥In),, = (4 (Fo(Veypn,g0)n)s PC¥ ), = (B PO¥In),-
From Lemma A.1 we deduce
— 1 1
i+ amy7) = (G0 Ver 00, POV, (4.9)
where E?, , > 0is a constant. Next Proposition 3.2 implies

0 = (¢n, P(¥Mn)y

nP(¥ 1)
S ALSHIE %
VnV(¥M), — ¢"|X|2’ " 4 o(1)

foUsp &) (¥ )npn + 0(1),

I
gk

and then

— (4 (Fo (Ve an,60)n)s PO¥ ), = = | fo(Veyan,60)pnP(¥])r

o) S—

< [ oV m60) = Fo (Ut ) ¥ Dn +|[ £6(Vir060)0 POV = (CE110)| 4 001
Q Q
=0(1)

by Lemma A.2 and Lemma A.3.
Combining the above inequality with (4.9) yields c}', — 0 as n — co. Similar arguments show that
¢y — 0asn — oo, and limp_c[W" |, = O follows.

Step 2. Lety : RN — [0, 1] be a smooth cut-off function, such that y(x) = 1if |x| < %,X(x) 0 if |x| 2 ,and
V()| < % Let a1, a, be positive constants to be determined later. We set

N-2 Q-&n
Pr(X) := ((en)™) 2 Pn((en) x + & )x((en)x) forx e QF := 5 i=1,...,k

(En)0”’
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and

N2 Q
Do) = ((n)™) T Pu((en)®x)x((€n)®x) forx e Qf := A

Since ¢!" is bounded in D*+?(RV), we may assume, up to a subsequence,
¢! — ¢ weaklyin DVX(RYN), i=0,1,...,k
Now we claim that
¢ =0, i=0,1,...,k (4.10)
Firstly we prove (4.10) fori = 1, ..., k. Notice that

Clen) _

[Vx((en)™x)| = |(en)™ VX ()| < o(1).

Thus we have for any ) € C(RY),

N-2

((en)™) 7 j VX((en)"x)(Pn((en)* x + &)V = PV Pn((en) M x + &) = 0(1). (4.11)

of
On the other hand, taking a; = ﬁ and noticing that N > 7, we get

G (Ve ar n )P — EMP( Lty
lyl?

=0(1). (4.12)

(™) 7 u [

Q

By (4.11) and (4.8), we have for any y € C3°(RV),

[ Vo199 = (€0™)'%" [ (vgu(enx+ g)viEn™00)

Qr Qr

+ VX ((en) " X)(Pn((en)™ X + &)V — YV Pn((en) ™ x + {{’)))
= ((en™)'T j Vn((En)®x + ENV(X(En) ™ X)1) + 0(1)

ar

= (™)™ J Vi (fo(Vean, 0 ((6n) 1 x + &) (€)M x + &)V (X ((en) 1 X))
a

N-2

+ ((en)®)'T j Vhn((en)™x + ENV(L((en) X))

+((en)®) T j VWa((En)™ x + EMV(X(€)™ X)) + 0(1)

ar
=: I1 +Iz +I3+O(1). (4.13)

By (4.7) and Step 1 it is easy to see that I, = o(1) and I5 = 0o(1). On the other hand, (4.12) and (3.8) imply

(En)%t

I = ((en™) 7 J Vi, (fo(Ve, an g0 (y))¢n(y))V(x(y - &")l//(y i )) +0(1)
Q

— ay % ! _¢n y_'{ln
= (™) ifo(vgn,m,ﬁ OB - (T2 ) o)
! (s wyy( V4
- (en)™) Fo(( 2. TPUsy.gr ) + PV () )bty = §100 (T ) + 0(1)

y-grll<n2 71

2-N

(@™ | HUsg e - v

ly=&l'l<n/2

y-§&
(en)®

)+ o(1)
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= BUee0(E™) T Bl x + (e 000 + 0(1)

[(en)®1x]<n/2
. j £ (U0 (00X 0P(0) + o(1). (4.14)
]RN

Therefore we have
[ vorvw = [ fiwroterempm +ow,

Qr RN
1

which implies that ¢7° is a weak solution of

~ A = fi(Up,0)9°  in DV2(RY). (4.15)
In order to continue we denote
; oUx o . oUx o
) . is _ 0 . is
1.0 = 5y forj=1,...,N, \Ij/\,»,o Ryt
Now we claim that .
J VECOVY, (0 =0, j=0,1,...,N. (4.16)
IRN

In fact,

| iU 00)B1 00 400

ar

j £ (U0 00)(En)™) T Gn((E) X + EX(E) )W)y 4 (6)

Qf
_ ! a2 a ay n\y) ‘flrl
_ j FUae ensenyn (0)(en)™)'T r((en) ™ x)x () x — &) )‘I’A?’O(X o ) . (417)

(en)™M1Q

Noticing that
' a2 a j 5111
Fo (Ut g CONEn™) ™ fnl(en) x) ¥y o (x - 207 )
(en)™1Q
=~ [ Fo (st 1) En ) (¥Da) = o(1),
Q
we see that (4.17) equals
I J fo(Un & j(enyn (0)((E2)™) T pal(En)™ X)(x((£n)* X - &) - 1)W;?,0<x - (‘fﬁ) +0(1)
(en)™1Q
' a\ 2 a; j fln
< || B g CONE™) T dul(en)™ )W o (x - 25 )|+ 01
N\ ¥ ; &n 5\
n gn aq N-2 ]n - L

<t [0 ) (Pl ) )

=o0(1),
where the last three integrals are taken over |x — {f [(En)*] = % Therefore (4.16) holds. Using this and

(4.15), we conclude that (4.10) holds fori =1, ..., k.
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Now we turn to the proof of ¢5° = 0. Setting a, = ﬁ, we obtain, as in (4.13) and (4.14),

j VOLVY = ((en)2)T Jf(')(Vgn,A",.f"()/))¢n()/))(()/)ll’((8n)_a2)’) +o(1)

o} o)

2-N k
= (™)™ [ (X TP 0) + PV ) ) aXDI((En) ) + o)

isn2 7t

(en)®) 7" j £ (Vor () bn XD ((En)2Y) + 0(1)

lylsn/2

f(’)(UX",O(X))((Sn)aZ)¥¢n((Sn)azx))(((gn)azx)l/)(x) +0(1)

[(en)*2x|<n/2

- [ w500 + o).

RN

Therefore ¢’ is a weak solution of
-ApY = fo(Uy )9 in DH2(RY).
Similarly to (4.16) there holds

J VROOVE. (=0 forj=0,1,...,N,
IRN

where I U
lo= M forj=1,...,N, WO .= A0
A,0 ox! A,0 I
This shows that ¢3° = 0 as claimed.
Step 3. We obtain a contradiction. Firstly we claim that
T [ £(Veya0.000)@a)? = 0. (4.18)
Q
In fact, (3.7) and (3.8) imply
k
Jfé(ven,A",f"(,V))(¢’n()’))2 = J fé( Z TjUsr en(y) + Vo"(Y)>(¢n(Y))2 +o(1).
0 Bo.Hul Be )

Notice that f§(Upr,0) € L% (RV) and (4.10) imply

k
j fé( Y TiUsne ) + Van()’))(¢n(y))2 = j fo(Usp en () (@n())* + 0(1)

B, 7t B, 1)

= J fo(Upn,0(0))(} (X)) + 0(1)

I(en)®1 x|<

=o(1). (4.19)
Similarly we obtain

k
[ 727057500+ V) J@ur)? = 0. (4.20)

Bo, ) 7t

Now we obtain (4.18) from (4.19) and (4.20).
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On the other hand, (4.8), (4.7), and Step 1 imply

J Vu|? = Jvl*(fg Ve, an,en)Pn) Ve + Jthwpn + JVW"V(pn

Q Q Q
l*(f’(Vsn, n&n)Pn)Pn
:Jvl;; Ve, Ar.e)n) Ve — I" o ety PP o)
|x]

Q Q

— [ £3(Verao, )00 + 0D,

Q
which contradicts (4.18) using (4.6). O

Proposition 4.2. For every n € (0, 1), there exist €9 > 0 and co > O with the following property: for every
(A, &) € Oy and for every € € (0, €o) there exists a unique solution ¢, ¢ € K- eAE of equation (4.4) satisfying

1+2a

Penellu < co(e D + &™),
Moreover, @, : Oy — K, ¢ defined by @¢(A, §) := Pep ¢ is cL.

Proof. As in [8] solving (4.4) is equivalent to finding a fixed point of the operator T¢ ;¢ : K; pe " KS{ W
defined by
Tepe(P) = L;’l/l’fl—l:/l’{(l; (fs(Vs,A,f + @) _f(g(Vs,/\,f)(ﬁ) - Vs,/\,{)~
We claim that T¢ 4, is a contraction mapping.
First of all, Proposition 4.1, Lemma A.4 and (3.2) imply

I Te,/\,f(qb)"u < Cnl;(fs(ve,/l,{ +¢) _f(g(Vs,/l,f)(p) - Vs,/\,f"y

i Tifo(Us,,&) +f°(V”)))H

i=1 H

< c(Hl;; (Ve + ) - foVen e - (

+

l;< é Tifo(Us;,4) +f0(V")) N VS’A’{“;,)

k

< C( feVers + )~ foVen o - ( Y 7ifoUs.0) + folVo) )|
i=1

2N/(N+2)

k
+Y 0usy) + 0((;101“22)%))

i=1
< C“fe(Vs,A,{ + @) = fe(Vepe) —fé(Vs,A,g‘)(pNZN/(NJrZ)

+C[|(fz(Ve6) _fé(foA,f))¢||2N/(N+2) + C|[fe(Ve,a,6) _fO(V&Ayf)l|2N/(N+2)
k

k
+ ClfoVere) - (Y ifo(Us,e) +fo(Vo) )| +Y 0ud)) +0((uo

i=1 2N/(N+2) i3

N-2
2

)?).
Using Lemma A.5 and noticing that

"fs(Vs AET ¢) fe(Ve A {) fg(Vs A f)¢"2N/(N+2 < C”¢"2 _1,

we deduce

k
ITen (@l < CIGIZ ™ + Cellpll + Ce + O(0™F Z (8,7 )+ Y O(wby + 0((no™)?)
i=1

= Cllpll; " + Cell gl + 0(20°7) + 0(e%).

The remaining argument is standard, see e.g. [8]. O
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Now we consider the reduced functional

LA, &) = Je(Vere + e p o).

Proposition 4.3. If (A, §) € Oy is a critical point of I then V¢ 3 ¢ + e,p,¢ s a solution of problem (1.1)fore >0
small.

Proof. It is enough to prove that Vg ¢ + ¢ a,¢ satisfies (4.5). As in [29], equation (4.4) implies that there
exist constants ¢;j,i=1,...,kandj=0,...,N,and cg so that

k N . o
VIe(Verg + $epo)lw] = Z Y ¢ jPY, + coPVY.
j=0

It remains to prove that ¢; j = 0 and ¢ = 0, provided € > 0 is small enough.
Let 05 denote one of 0;,, c);, a(f,.),-, i=1,...,kj=1,...,N.If (A, & is a critical point of I (A, ¢), then

M~
Mz

Ci J(P‘I’l, 0sVepe + 0se,n ‘f) + Co(Pw, OsVere + as(;bg,/\’{)y =0. (4.21)

I
[N
—~.
I
(=}

Observe that

0 Vere = TiEVTPYY,  95Vers =€V PY, OpyVere=TiPY, j=1,...,N. (4.22)
On the other hand, (P‘P}l:, ¢Pere)y=0forj=0,1,..., N, Proposition 4.2 and Lemma A.6 imply

(P¥), 0spe 6 = ~(0sPW), e o) = OUI0sP¥lIllpe e 1) = 0(10sPEL) = 0(872).

Similarly we have
(PY, 3s¢e 1.6)u = 0(10sPY]ly) = 0(e72072).

Now Lemma A.1, (4.21) and (4.22) yield

0-Y

i=1j

1

Cl,j(P\P o7 V£A§)+C0(P\P o~ VE/\{)‘I'O( eEN207 2)

Mz

Il
o

k N
= sﬁ( Z Z ,](P‘I’ PV¥) + co(PY, PT)) +o(ev2072)
i=1j=0
= CoCoeN2 0™ 2(1+0(1)),
which implies ¢ = 0. Similar arguments show that ¢;j=0fori=1,...,kj=0,1,...,N. O

5 Proof of the Main Results

As in Section 4 we assume u = uoe® and we use the notation §; = Aieﬁ, o = Ae¥= from (4.1). We continue
to consider Ve p ¢ = - Zf;l PUs, & + PV asin (4.3). The reduced energy is expanded as follows.

Proposition 5.1. For ¢ — 0™ there holds
I:(A, &) = a1 + aze — aze® — aselne + P(A, e + o(e) (5.1)
C*-uniformly with respect to (A, &) in compact sets of O,,. The constants are given by

(k+1)
2*

. k+1 N2 k+1 .
J‘ Uioln U1,()— W 0> S 2 SFO’ as = j U%,O'

RN RN

1 N
=N(k+1)52, ap =
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The function  is given by

N-2 N-2
2

YA, &) = b1<H(O, or 4 Z H(&, &AN2 -2 Z 7;G(&, 0)A ¥Z -2 Z 7T G(&, §HA A
i=1 i,j=1
i<j

— by In(A, .. AT

with 1 1
bi=5Co J Ul ba=o; J Ul
RN RN

Proof. Observe that

1 5 Verel? 1 o 1 2 1 2%
JeVerd) = 5 [(19Versl? - n=s=) - 5o [1Vers® o (55 [ Wensl® - 5o [ Wenst?
Q Q

Q Q

=Il +12+I3.

By Lemma A.7, Lemma A.10, and noticing that y = pype%, € — 0", we obtain

1 IPV,12\ & ,  |PUs,gl?
L=< (VPVZ— ) (va.. - —)
1= 5 [(IvPval - ) 2 (IVPUsg - i
) -
T,'J
N

k
N2 .
- —(k+ 1)52 ~ —5,% Spoe® + %co J Uf,()*l( H(0,0)0" Z H(&, &)6N 2

PV;PUs, ¢,
o2

s

+ VPV4VPUs, ¢, - ) Z TiTj j(VPUai,f,»VPUs,-,g,- - M

i,j=1
i<j

|x|?

i=1

©

4

RN

2 105 T 6@ 042 Y TG, )67 6 5,7 )+ o).
i=1

i,j=1
i<j

By Lemma A.8 and Lemma A.10, and again using u = uoe%, € — 0%, we obtain

1ok FON-2 2o o 271 N-2
122_2_*( +1)S; +TSO Spoe® +Co | Ui H(0,0)0
]RN
N-|

¢ Y H £)8Y2 - zzn 6765, 0-2 Y 1,G(En )67 6 57 )+ o).

i=1 i,j=1
i<j

Next Lemma A.8, Lemma A.9 and Lemma A.10 yield

E ® E *
=5t j Veael + 5 j Ve el 1nVerel +0(e)
Q

¥ e/ N-2
=& )2(k+1)S +2—(—

N -

. 2 .
lno-IV% - ln(61...6k)-JUi0
RN RN
" j v InVy +k I U3 InUs0 ) + o)

RN RN

_ 5 (N -2)¢e
= )z(k +1)S; >3

J U2y - In(6s . .. 10) + I U2 In Uy o + 0(e).

RN RN

(k+1)e
2%

N-2
2)

)

PUs,;,&PUs; ¢ )

(5.2)

(5.3)

(5.4)
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Arguing similarly to [29, Lemma 6.1], we deduce from Proposition 4.2, (3.7), (3.8), and Lemma A.5 that

1 Ve Pen,
Te(Veng + $ene) ~Je(Verd) = 5 0penell + [ (VVeneVbens - prekifens)
Q
1 2*—¢ 2% _¢
Q
= o0(¢). (5.5)

Now (5.2)—(5.5) imply (5.1). That (5.1) holds C*-uniformly with respect to (A, &) in compact sets of O y can be
seen as in [29, Lemma 7.1]. We omit the details here. O

Remark 5.2. If0 < a < % then a + ﬁ < 1. From the proof of the above proposition we can see that in that
case
2 2
I.(A, &) = a1 + aze — aze” — azelne + P(A, e® 7z + o(e?* 72)
with
k AZ
YA, 9 =-bs Yy L,
& 14l
where
bs = o3 | U2
]RN
and a1, ay, as, a, are the same as in Proposition 5.1. Clearly ¥ has no critical points, hence I, has no critical
points for & small, as stated in Remark 2.2. If a = §=2 then a + 3% = 1, and we have

I:(A, &) = a1 + aze — aze® — aselne + P(A, e + o(e)

with
N2 & N-2 X b2 N2 . N2 N2
YL 9 = ba(HO,OT "+ Y HE, EN -2 ) 16 0N 717 -2 Y. 1imG& 547 4,7 )
= =1 i.j=1
o ko2 “
- by 11’1(/(1/12 .. AkA)T - b3 z —12
& 14l

Also in this case i does not have critical points, hence the functional I, does not admit critical points for
€ > 0 small.

As a corollary of Proposition 5.1 we obtain the following.

Corollary 5.3. If (A, &) is a stable (non-degenerate) critical point of ) then I has for € > 0 small a critical point
(Ag, &) that converges towards (A, &) as € — O.

Proof of Theorem 2.1. When k =1, 71 = -1, so ¢ = £3, the reduced function (A, &) from Proposition 5.1 be-

comes
N-2 __N-2
2 2

YA, &) = by (HO, 08 +HE O 2 +26(£, 04,7 A * ) - b In( 1) 7.
Observe that i is coercive, that is, (A, §) — co as (4, &) —» o(R* x R* x (Q \ {0})); here oR" = {0, co}. From

) (N—Z)bz
2

Alw = (N - 2)by(H(E HAY2 + G, 01,7

N-2
2

A

and
Z—a‘l’;;’ -2 (0,01 v G o, T ) - 2

we deduce that V (A, &) = 0 implies

A2 & =T H(0,0),
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and then )
b, 1 3
A= Aq(8) = [ == .
! 1('{) (Zbl H(é’ £)+G(§ 0)( h(t,[));)
) » Y\ R(0,0)
and )
- = bz 1 N-2
=2 = <— : ) .
2b H(0,0)\%
1 H(0,0) + G(¢,0)( H(&a)

Thus for fixed & € Q \ {0} the function (-, &) has a unique critical point A(¢) = (11(¢), Z(é)), which must be
its global minimum. An elementary computation shows that A(¢) is a non-degenerate minimum of (-, ¢).

Now we consider the reduced function v : Q \ {0} —» R defined by v(¢) = Y (A(é), &). The above considera-
tions show that (A, ¢) is a critical point of i if, and only if, A = A(¢) and ¢ is a critical point of v. Moreover, (4, &)
is a stable or non-degenerate critical point of Y if, and only if, ¢ is a stable or non-degenerate critical point
of v. Also the critical groups are isomorphic, the Morse indices, nullities are the same. A direct computation
gives

V() = by — by In 22 4 by In ().
2b;

Consequently, v and ¢ have the same critical points with the same Morse indices, nullities, critical groups.
Theorem 2.1 now follows from Corollary 5.3. O

Proof of Theorem 2.3. Since 1 is coercive, one can minimize I, for € > 0 small, as in [8, Theorem 1.1 (i)]. O

Proof of Theorem 2.4. The idea is as in the proof of [8, Theorem 1.2]. There exists a compact subset C ¢ R*x
R* x (Q\ {0}) with cat(C) = cat(Q \ {0}) =: k. Since ¥ is coercive, there exists a compact neighborhood U of C
in R* x R* x (Q \ {0}) such that minyy ¥ > max¢ . Then minyy I > maxc I, =: ¢ for € > 0 small. Now stan-
dard Lusternik-Schnirelmann theory implies that I, has at least k critical points in the sublevel set IS. Theo-
rem 2.4 follows now from Proposition 4.3. O

Proof of Theorem 2.5. The invariance of Q under the action of I' ¢ O(N) implies
Je(@xu)=Je(u) and g= Vepx= Vg forallgel.

Then Proposition 4.2 yields g # ¢¢ ,x = Ve 1 gx, and consequently I (A, gx) = I¢(A, x), for all g € I'. Now the
proof proceeds as the one of Theorem 2.4 using catr instead of cat. O

Proof of Theorem 2.7. Using the equivariance properties proved above, we see that the principle of symmetric
criticality implies that a critical point (A, £) of I, constrained to the fixed point set R* x R* x (Q* \ {0}) is a
critical point of I, hence induces a critical point u; = V¢ 3 ¢ + ¢e a,¢ Of J¢. Clearly we have

Vere€ (H)*={ueH,:g+u=uforalg ez}

because ¢ € QF. This implies u, € (Hy)*. O

A Appendix

In this appendix we prove several lemmas that were used in the proofs of our main results. The lemmas are
more general than needed and will be of use also in subsequent work. We fix

0 < n < min{|¢|, dist(&;, 0Q), &, = &, i,i1,i2=1,..., k}.

Recall the functions ¥, ‘{”l: defined in (4.2) and their dependence on y, g, §; € R, & € Q.
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LemmaA.l. Fori,l=1,...,k,andj,h=0,1,...,N, withi+lorj+ h, there are constants ¢y > 0, C;j > 0
such that the following estimates hold uniformly for O < u < pu:
(PY, PY), = EO% +0(07%) aso—0, (A.1)
(PVY, P‘If’:)y = 0(0‘2)0(5{2) as o — 0, 8; — 0, uniformly for &; in a compact subset of Q, (A.2)
(P‘P’ P‘P’)}, =Tij 512 +0(8;%) as 6; — 0, uniformly for & in a compact subset of Q, (A.3)
i
(P‘P] P¥M, = 0(67%) as 8; — 0, uniformly for &, & in a compact subset of Q. (A.4)

Proof. We only prove (A.1), and (A.2) with j = 0; (A.2) with j # O is similar. Parts (A.3) and (A.4) are from
[29, Lemma A.5]. In order to prove (A.1), recall that ¥ is an eigenfunction to (3.4) with A = 2* — 1. Then by
Proposition (3.2) we have

. PY|?
(PY¥, PY), JlVP‘Iflz | |2|
Q
JV TYPT YPY  (PY-Y)PY
|x|? x|
Q
_2 - [ve2 P oo o [vew@w - py) - EY - DPY
[ o 2
Q Q |X|
—2 -1 j V229 4 0(0'F)
Q
_ (N? - 4)Cy o’ oN-4 (IxIB2 — 02 |x|P1)2 +0(0™?)
- 4 L@+ P2 (02|x|Pr + [x|B2)N
_ W -ag | L 1L RS
- 4 a2 (lylPr + [ylP2)2+N
o
(N -4y ji' (ylP> - lylPr)? +0(0™)
- 2 B B2\2+N
4 ) oyl + lylP2)
1
=Co3 + o(07?),
for a positive constant €. Here
Qo = {y o ViEy L x Q}
Similarly we compute
. _ o PY.-p¥?
(P¥, P¥Y), = JVP‘I’ - VPY! M
Q
_ (vevpyo YPY?  (PY-W¥)PY?
'J P TR
Q
=" —1)JV2 29904 0(0'7)
Q
G2t - 1) 0’ N-2 (Ix|P2 — o?|x|P1)
= Lot @2 2T G2+ )
a 02 |x[Pr + [x]F2) 2
N-2 x4 (|x 2-62) _
.T.siz |2€l—|+0(0¥)
(65 +Ix - &2 )2

= 0(07%)o(8;?). O
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LemmaA.2. (i) Fori=1,...,k,andj=0,1,...,N,there holds

N-2

o 0(6.) ifj=1,2,...,N,
1P}~ ¥ill2nyv-2) = { ( ’N—a)

06,7) ifi=0

as 8; — 0 uniformly for &; in a compact subset of Q.
(ii) There holds
[ — N-4
IPY - ¥ll2n/v-2) = 0(0 )

as 0 — 0, uniformly for 0 < u < .

Proof. Assertion (i) can be proved as [28, Lemma B.4], and assertion (ii) can be obtained similarly using
Proposition 3.2. O

LemmaA.3. (i) Fori,l=1,...,kthereholds

(53w 7))

2N/(N+2)
N2 k 2 )
0(c7)+%i210(5;° ) ifh=1,...,N,
= B2 k 2 N
0(07)+%i,,0(6; )+0(6,* ) ifh=0
il

as o, 6;, 6; — O uniformly for 0 < u < p and & in a compact subset of Q.
(ii) There holds

k k N—Z

— Ned N2
f’( 1;PUs, ¢ + PV )—f’(v ))‘PH <0(a™s) 3
H( 0 l; l K ’ 0rne 2N/(N+2) l;
as g, 6; — O uniformly for 0 < u < pand & in Q.
Proof. We only prove (ii):

N
N+2

(fg( é iPUs, ¢, + PVU> —f(;(Uﬁl,g,))qf

l

2N
N+2

(ra( i TiPUs, &+ PV ) - f3(Us, 6 | ¥}

i=1

B(1,%)

]

B(0, g)UUf‘{:L w B D)

S

o\(BO,HuUL, BG, D)

2N
N+2

(f(;( i 1PUs, ¢ + PV(,) —fg(Ugl,f,))\y?

i=1

2N
N+2

(f(;( i 7{PUs, &, + PVU> —fé(Ughg,)>‘~I’

i=1

First of all, (3.5) and (3.8) yield

k e
[ (7 X riPUs.& +PVo) - FoUs 60 )i
B(&, D) =t
h NV k (N- 2)
< J |(f0(PU51 &) fo(U51 51))‘1’ |N+2 + O 0 e z 5 N2
B(&, 1) o
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For i # [, we have

2N
N+2

(fé( zk: TiPUs, ¢ + PVU) _f(’)(Utsz,fl))\Ij;l

i=1

J

B(&,%)
! N2 d 2 e
- | ‘(fO(PU,s,.,gi)+O(0 F)e Y 06,7 )+ 06 ¥
B¢ 3) i¢ji=,i1¢1

Nv-2)

0(8,"*) ith=1,...,N,

= Nv-4)
0(5,"7") ifh=o0.

At last,

2N
N+2

J

a\(Bo,1uUL, B, 1))

k
<f6< Y TiPUs ¢ + PV") _f(,’(Us"f’)»y?
i=1

%722) AN k e .
0(8," )(0(o%2) + XX, 0(877)) ifh=1,...,N,

= N(N-4)

4N
0(6," )(0(o%) + 3L, 0(87)) ifh=o0.
Now (ii) follows.

Lemma A.4. There holds

N-2
2

i ( S tifolUsc) +o(Ve)) - VS,A,¢||F < 3 06 + 0((ro™ ™))
1 i=1

i=
as y, o, 6; — O uniformly for & in Q.
Proof. By (3.1), there holds

4 (fo(Vo)) (4, (fo(Vg)) — PVy)
|x]2

| vtV (G fotVa) - Vo) - |
Q

Q

= [V (GGoVe)) - PV
Q
We also have

v, .
—APV, = -AV, = yﬁ +fo(Vy) inQ,

PV,;=0 on 0Q.
Now we obtain

Vo(l; (fo(Vy)) - PVO’)
x|

| vPVev(ittove - PV - |
Q Q

Combining (A.5) and (A.6) yields

(4:(fo(V4)) = Vo) (1, (fo(Vi)) = PVy)
|x]2

[wGiGovon - PYo)? =i

Q Q

Next (3.5) implies

I(Vo—PVo)(l}j(fo(Va))—PVa)I>% 3 N2
|x|2 -

I (fo(Vo)) = PV, , = (,1 J

Q

= [V GGV - PV).
Q

(A.5)

(A.6)

(A.7)
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Similarly to (A.5) and (A.6) we also have

4 (fo(Us,e)) (4 (fo(Us, &) — PUs, ;)

j Vi (foUs, e WV (L (fo(Us, ) — PUs, &) - j

[x|?
Q Q
= | folUs, ) o(Us,.6)) - PUs, )
)

and

JVPUﬁi,fiV(l;(fO(U5i,fi)) - PU&,&) = JfO(Uﬁi,fi)(l;(fO(Uﬁi,fi)) - PU5i,fi)'

Q Q
Then

u J l;(fO(Usl,&))(l;(fO(UlS;,fl)) - PU@{,{,‘)

J|V(‘Z(fo(U5i,§i)) _PU&,E,-)|2 - =

o) Q
Therefore, by the Hélder and Hardy inequalities, we get

PUSi,fi(l;(fO(Uﬁi,&)) - PU,;X.,{I.) >%
Ix|2

|5 (Fo(Us,.)) = PUs, il = (H J
Q

sy%( J (PUa,-,e,-)z)i(j (l;’i(fo(Uﬁf,&))-PU&,&)z)i

|x|? |x|2

Nl

< C(H(Sl"l;(fO(U&,,&)) - PU&,&"]I) ’

which implies
I (fo(Us,,)) = PUs, I, < O(uéy). (A.8)
Hence, Lemma A.4 follows from (A.7) and (A.8). O

Lemma A.5. The following estimates hold uniformly for 0 < y < pand (A, &) € Qy:

"(fe’(vg,}l,g‘) —fé(Ve,A,s))¢||2N/(N+2) = O(£)||¢||y ase — 0, (A.9)
"fs(vs,/l,{) _fO(VS,/\,f)||2N/(N+2) = 0(¢) ase — 0, (AlO)
k k N+2
fotVero) - (X, ifoUs.) +f0(Vo))||2N/(N § )+ 2. 005;7) as,8i—0. (A.11)
i + i

Proof. We only prove (A.11), since (A.9) and (A.10) are easier. Using (3.7) and (3.8) we can estimate
2N

2N N+2
N+Z) 2N

* * 2N 5 k N+2
s [ v tovE )T 4y o)

i=1

J |fO(V£ AE) = i Tifo(Us,,&) +f0(Vo)>
B,

. i=1
7)

N+2 k

sco?( | )T Y o)
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We also have

k o\ 5
(| [overo- (X rtoWae + fotv)| ™)
B, =t
* * 2N % N+2 k N+2
< C( j (PUs, )2 " - U§i,;,i1|N+2) +0(c")+ Y 0(5,7 )
B(&, 1) o
N+2 k N2
=0(c7 )+ ) 0(6;%)
i=1
and
. vo . & we
( | foVero) - ( X, tifolUs.e) + folVo) )| 7)™ = 0(0") + Y 0(8;7).
o\(BO, DU, B D) = o
Now (A.11) follows immediately. O

Lemma A.6. The following estimates hold fori=1,...,k, j,l=1,..., N with j # I, uniformly forO<u <pu
and (A, &) € Qy:

102, P¥ll, = O(e7267%) ase, 6 — O,

||a(&)fp‘1’;||y = 0(67%) as 6; — 0,

106 Pl = 0(67) as 6 — 0,
102, PW0l, = O(e72672) ase, 8 — O,

10y P¥?Nl, = 0(6;2) as 6; — 0,

|05P¥l, = O(e¥2072) ase, o — O.

Proof. We only prove the first and the last estimate here because the proofs of the others are analogous. For
the first estimate we compute

= £77 (05, PY)|

Cev JV()@,‘*I’]VO&P\I’I

loa P¥II;

IN

Q
Ceis J (" - 1Q" -2V PY¥? + (2"~ )UZ 205, %)) 05, PY)
Q

= 0(e72 874).
And the last estimate is obtained as follows:

_ .
10xPYIl;; = €72 |9, PV

06V, PY  0,P¥(0,¥ - 0,P¥)
[x|? [x|?

e Jva TV, PP
Q
- gﬁ( (2" - 1)@ - 2)VZ 3 4 (2° - V2 20,¥)0,PY + 0(1))
Q

0(ev207%). 0
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LemmaA.7. Fori,j=1,...,k, i+ ], the following estimates hold uniformly for (A, §) € Qy:
(i) Forp,o — 0:

PVyol> & . 1
J IVPV,ol* - y% =S - CoCp "'H(0,0)a"2 J ———— +0(ua""?) + 0("). (A.12)
2 x| (2P + |z1P2) F

(ii) For u, 6;,0 — 0:

PV, cPUs, ¢
JVPV}J,UVPU(SI‘,&'_ T
Q
. L, N2 ! L, N2 L, N2
= CoC2 16T 5,2 _ 660 O(uo'= 68,7 Y+o0(0°2 6.7 ). (A.13)
g bz 121 : ’
N
(iii) For 6; — O:
|PUs, &> €367 1 4
2 = 0(6}). A.14
[ = J @iz o0 (A1
R
(iv) For 6; — O:
PUs,,&PUs, ¢, N-2 N-2
j 05,7 87). (A.15)
(v) For 6;, 6j,0 — 0:
2oy 2 N-2 1 N-2
jIVPUgi,&.l =53 - C2 H(&, &)6! J e o8, (A.16)
o 1+]z12)7
(vi) For u, 6;, 5]', o— 0:
2 2 1 N2 N2
jVPUﬁi,{iVPUéj,§ CO G(“:”l, é'])a ’ 2 J m +0(5i2 6]2 ). (A.17)
Q N

Proof. The proofs of (A.16) and (A.17) are from [3]. We prove the remaining estimates.

Proof of (A.12). Integration by parts yields

PV,|? PV,|?
j|vpvg|2— IPVol (-AVg)PVy — @
2 |x]2 |x]2
VgPVy — |PVg|2
|x|?

|x]2

g!

_ j VZ-1pV, +
Q
j v - J V2 g, 4+ j $oWVo ~po)
Q Q

Next we compute
jvg“lH(o,x): j VZ1H(0,x) + 0(c'7)
Q B(0,1)

= H(0, 0) J V2 110(07)
B(0,

1y
02)

= H(0,0)C; j n
sy (@2 Xl

l
2
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H/\H-H )
- H(0,0)C2 ! J — 7 i 0(0™)
0.p (P +121P2) 7

= H(0, 0)C2 1™/ VK J 00",
) (IzIBr + |z1B2) 2

where in the second to last line we use

_ N EEu

Now, using (3.7) yields

— 79

Jv2 —1(po_ C0C2 —lH(O 0)0((( r)/r J e O(HU\/ﬁ(\/i*—\/ﬂ)/\/ﬂ) + O(O'N)

(Iz1Pr + IZIﬁZ) 2

+0(ua™2) + 0(a™).

N+2

= CoC2 "1H(0,0)0" 2 j -
. (121Pr + |21P2) "5

Moreover, we have
‘ j E\E—H(X)H(O,x)( 1 B 1 )
a bl? (@2xlfr + xiP) ™5 i
<CJ 1 ||x|ﬁ+@—(oz|x|ﬁ1+|x|ﬁz)¥|
- _2‘
X (G2 (x5 g VP

B(0,p)
P O et i
o T (@218 + xppe) '
O I S L L J 1 Ve g2 2 o
R N T L L e e

= (o FOFF-RE1) 4 0(02),

where p = 0‘/5/ ‘/ﬂ It follows that

) Vi
u j oo _ (1 + o(1)uC2o"2 j (d) HO0 _ ouo"-2).
Q

i B Il

It is also easy to see that

2
Py - N-2
n | s = oguat)

and .
I V2 = S7 +0(aV).
Q

Now (A.18), (A.20), (A.21), and (A.22) yield (A.12).

Proof of (A.13). Using (3.8) and integration by parts yield

PV,PUs, & _ . Po(Us;.¢ — 5.4
JVPVUVPU&.,& - y‘]Tf j V2 1Us, g - j V2 s s+ u I Yo bk~ Tk |i|2 &
Q Q Q Q

(A.18)

(A.19)

(A.20)

(A.21)

(A.22)

(A.23)



80 —— T.Bartsch and Q. Guo, Slightly Subcritical Elliptic Problems with Hardy-Critical Term DE GRUYTER

Now we estimate these three summands:

JVﬁ*’lUsf,s,:( J + J + J )Vﬁ*’lUsf,s,-

0 BO,1) BE,1) O\BO,1)UBE,D)
o N2
:( J + J )vg W, p + 0(0"6,7). (A.24)
B(0,7) B}

For p — 0* we have

. oy N N2 1 1
J Vg _1U5i’fx C0C2 o : Z5i2 J Nez
BG,1) BG,) (@2[x|B: + x|B) T (82 + |x - &12)'T
g N N2 1 1
- oG Mo e | ( o+ 0(xP))
pony @I+ 1) TR 6F 4 1612) 5
%)
RPN i = 1 1 T 52
_ Cocﬁ -1 H/\H uéiz — . — +0(011/ u 1451_2 )
o (2P izl 1G0T
and
. g N N2 1 1
J Vg _1U5i"fi = COC}ZJ _10¥5' ’ j N2 N2
) e @XHEP oGP (8 4 D)
ir7 'y
o N2
< O(0¥6i2 )

Therefore (A.24) gives

. e 1 1 i 2
[ v 1us.6 = coci s T | : N CAT R

b 2Bz 16N

Q

Next we treat the second summand in (A.23):

9% 1 25 _ N2 (N2
JVU_¢5i,§i= J Vs~ (p5&+0(026i2)

Q B(0,1)
* +. N-2 i + N-2
— COC}ZI -1 ¥6i2 J’ H(sly X) O(O'NZZ 51' 2 )
5. (02|X|ﬁ1 + |x|B2) "5
-C Cz*_l N 2 I H({UO) + O(O_Nfs%)
’ (02 xlPr + o) % ’
BO.3)
N2 H(¢; =, N2
=Co C2 ’10“/F6 el (R — 0(0”/\/;61.2 ). (A.25)
av (2l +1z1P2)
Concerning the third summand in (A.23) we observe that similarly to (A.19)
“ a\/ﬁ‘\/ﬂ(x)H(O, x)( 1 B 1 ) - 0(62)
2 2 @ +x-&1'T  (x-&»T/lm T

which yields

\/; \/T(X)H(O X) ‘o N2 N

|x|2|x — &|N-2

=0(uoz 6:%). (A.26)
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It is also easy to see that

J'(Pﬁgoﬁi,fi _ N-2 %)
|x|2 '

Now (A.24), (A.25), (A.26), (A.27) imply (A.13).
Proof of (A.14). We have

J M J
2 2(K82 2\N-2
2 |x] QIXI(5 +|X &il?)

=CcioN2( ¢

+

j |x|2 (62+Ii &[N~ 2)

”I

4

2(
_CO5N 2(C+ Jn X+ &2 (621+|X| 2)N-2 )
'

1+ 0(|x| )
=CioN2(C+ I )
° ,, 6P+ )2
B(0,1)
s N O(|x|
_ 5N 2 j J) J
=G (C+ &\ ) asve IEIZ 6L+ X2
]RN\B(O,ALEX_) RN 0%)
c3 1
= 0 52 J — 4+ 0(6Y).
&% | @repyie T 00D
]RN

On the other hand, the equalities

(péi»fi N-2 ?5:.6Usi.6 N-2
J|x|2 =007 and JTzO(Si :
Q

hold, which together with (A.28) imply (A.14).
Proof of (A.15). This is similar to the proof of (A.14) and will therefore be omitted.

LemmaA.8. (i) For u, o — O there holds

+0(ua™=2) + 0(a™).

N+2

N .
PV, 02" = S - 2" CoC2 " H(0, 0)0" 2 j -
Jpvnet” =, ’ (I +1218)'F

Q
(ii) As 6; — O there holds, uniformly for &; in compact subsets of Q,

. N . N2 1
[ 1PUs, e =5 - 27 ¢ Hegi, 608, j 0.
a (L+1z1)>

(iii) For u, 0, 6; — O there holds, uniformly in compact subsets of Q,

2 N . 1
HZTPU5 &+ PVuo| =83 -2"CoCh ' H(0,0)0" 2 J _—
= o (2P 2P
£20 Y Coct 16 6 [Pl
=R L (2l 1z
LN . 1
+y (sg 27 CE H(&, &)V J S
- (1+1z1)=

L 2" ZC 6767 J TiT66 §)
57 ) A+
j#i R

— 81

(A.27)

(A.28)
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HJ 7iG(4i, 0) )

* N-2
+2%C,Cy o 5,7 8
a1z

+ Y (00" 6,7 ) Z 087 8,7 )+ 0(8Y)) + 0(u0" ) + 0(a").

i=1
}#l

Proof. (i) By (A.18) we have

v, -2 jﬁ,";lcoo+0<aN)

Q
=5 - 27 CoCZLH(0, 0)g VA F/FJ

j|va o

(IzIBr + |z|/32) 3
+ O(uo FOFNEWNEH) | o(gM),

(ii) This equality is from [3].
(iii) Here (3.7), (3.8), (A.24), (A.25) imply

I (PVy,0)* "'PUs, g = J (Vio' +0(Vi5?90a)(Us,.& ~ 95..2)

B(0,1) B(0,1)

b))
N% J G(&,O) O(O_ 2 #).

= CoCZ 10’78
(1z1Br + |21P2) "2

Then using part (i), we deduce

k 2% k
|z TiPUs, & + PV, 6| = J (PVuo)* +2% ) J Ti(PVy,,6)* "'PUs, ¢,
B(O,%) i=1 B(O,%) 1:1 %
k *
+ Z O( J (PVy,U)Z 72(PU514,},’1~)2>
i= B(0,1)

N
= §3 - 2" CoCZ T H(0, 0)0N 2 j
’ ! (IzlF + |z|ﬁz

k
* 2% -1 N=2 055
+2* ) CoC o7 6,

i=1 R

N-2

k
+Y 0(0"7 8,7 )+ 0(ua™2) + 0(a™).

1
i=1

We also have
N-2

| ®Use T PYe= | U Vo 00) + 05,7 0'F)

B(&,1) B(&,1)

1 Vel

yae 2 G(E,0) wa 12
. j m +0(U 61- ),

) A +122)F

- o, N2
J 1(U5i,fi —P5,8) + O(O'\/;(NQJr el yiy&i ’ )
B(0,

N2 J 7;G(¢;, 0)
) (zlBr + [21B2)

12 MJ L ( ! —|H(X)|ﬁ_\/ﬂH(0,{i)>+o(0¥6i2_2)

DE GRUYTER

(A.29)
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DE GRUYTER
hence
k 2% k 2%
j ’Z 1iPUs, & + PVyuo| = J ‘PU&.,&. + Y TTPUs ¢ + TPV
=1 B(,1) S

B(&, 1)
k

j=1,j#i

B, %)
. k 2
+0 j (PUs, ¢)? *2( Y 7iPUs, 5 + PVM) )
B, 1) i
5 2 N-2 1 N
=S, - 2"Cy H(&;, &)6; J Py +0(6;")
3 1+l

k ., N-2 N2 iTiG (&, & N2 N2
j=1 et (1+]z]%) f
J# i
N , N2 . . e
+27C,C5 10T 8, j M+o(a¥5-z )s
1+1z12)=
]RN

where the last equality was obtained by the results in [3]. Finally, we have
9+

k
J |Z 1iPUs, & + PVyg

a\(Bo, HuU, BG& D)

Now (A.29), (A.30), (A.31) yield (iii).
Lemma A.9. For u, g, §; — O there holds, uniformly in compact subsets of Q,

k 2+ k
”Z TiPUs,.¢, + PV 0 ln|z TiPUs.¢, + PV 0
i i=1

I (PUs.&)* +2° Y 1i1j(PUs,&)* "'PUs; 5 + 2*Ti(PUs, ) ' PVyo

k
<) 0(8Y) + 0(a™).
i=1

(A.30)

(A31)

Q i=1 =
N-2 - . .
In(8; ... 61) - j U2+ j V2 IV, +kJ U2 In Uy +o(1).

N-2 .
) lno-JVy,l—T
RV RV

]RN
Proof. Similarly to [17] we obtain

k
J lz iPUs, &, + PVy

i=1

2* k
ln|z 1iPUs,.¢, + PVyug
i=1

B(0,1)
S . J V2 + j V2 In V1 +0(1)
H—HU RN RN
N-2 . .
=- Ino- j Vii+ J ViV, +o(1)
RN RV

and
2+ k
ln|z TiPUs, &, + PV )6
i=1

k
J IZ TiPUs,& + PV, o

i=1
B(&;,1)

RN RN

N-2 . .
In 6; - J Uiy + J UioInUso+o0(1)
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and

=o0(1).

k
j lz TiPUs;, & + PV, o
a\(Bo.HuUs, B&. D)

The lemma follows now. O

2+ k
1n|Z TiPUs,& + PVy0
i=1

Lemma A.10. For u — O™ there holds

J v, = J Ujo+o(1) and J Vi InVy, = J Uy oInUy o +0(1)
RN RN RN RN
forp > 1 aswell as

C —
c,,:co-N_Oz,u+0(y2) and Sy = So - S+ 0(u?),

for some positive constant S independent of .

Proof. These equalities can be obtained by direct computations. O
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