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1 Introduction

Let Q be a bounded domain in RN (N > 2) with boundary 0Q of class C? and assume the following hypothesis
for F: Q x R? = R.

Hypothesis 1.1. (i) F(-,u,v): Q — Ris measurable for all (u, v) € R?> and F(-,0,0) = 0.
(i) F(x,-,-): R*> > Risofclass C! on R? for a.e. x € Q.
(iii) For each p > 0, there exists a, € L>°(Q) such that

IVF(x, u,v)| < ap(x) fora.e.x € Qandall (u,v) ¢ R? with |(u, v)| < P,

where VF(x, u, v) stands for the gradient of F(x, -, - ) with respect to (u, v) € R?, and | - | is the Euclidean norm
in R2.
In this paper we deal with systems of the form
M(u) = Fu(x,u,v), xe€Q,
M(V) =FV(X’ u, V)’ X € Q’ (1.1)
uloa = 0 =vlsq,

where M stands for the mean curvature operator in Minkowski space:

M) = div(\/%).
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By a solution of (1.1) we mean a pair of functions (u, v) € W»P(Q) x W>4(Q), with p, g > N, such that
[Vulleo < 1, [[VVlleo < 1 and which satisfies the equations a.e. in Q and vanishes on 0Q. Note that, since
W22(Q) c C1(Q), the evaluation at 9Q is understood in the usual pointwise sense. Here and below, | - [«
denotes the usual sup-norm on C Q).

Problems involving the operator M are originated in differential geometry and theory of relativity.
Geometrically, these are related to maximal and constant mean curvature spacelike hypersurfaces (space-
like submanifolds of codimension one in the flat Minkowski space ILN*1 := {(x, t) : x € RV, t € R} endowed
with the Lorentzian metric Zfil (dxj)* - (dt)?, where (x, t) are the canonical coordinates in RM+1) having the
property that the trace of the extrinsic curvature is zero, respectively, constant. Also, their geometric interest
is motivated by the fact that the spacelike hypersurfaces in the Minkowski space exhibit nice Bernstein type
properties (see [3, 4, 17, 18]). On the other hand, assuming that a spacelike hypersurface in ILN*! is the
graph of a smooth function v: Q — Rwith Q adomainin {(x, t) : x € RV, t = 0} = RV, the (strictly) spacelike
condition implies |Vv| < 1 and v satisfies an equation of type

M(v) =H(x,v) inQ,

where H is a prescribed mean curvature function. If H is bounded, then it has been shown by Bartnik and
Simon [7] that the above equation subjected to a Dirichlet condition has at least one solution. More recently,
the existence of additional solutions, such as of mountain pass type, was obtained in [10], and the existence
of Filippov type solutions for discontinuous Dirichlet problems involving the operator M was established in
[12]. The Dirichlet problem in a more general spacetime was considered by Gerhardt [29]. For other recent
various existence results concerning such problems with the operator M, we refer the reader to [5, 6, 14, 15,
21, 22] and the references therein.

The importance of spacelike hypersurfaces in general relativity was emphasized in the paper of Lich-
nerowicz [34], where it was shown that they are convenient as initial data for solving the Cauchy problem for
the Einstein equations. Concerning these equations, an interesting use of the spacelike hypersurfaces with
constant mean curvature can be found in [4, 19]. Other reasons justifying their importance in the study of dif-
ferent aspects (singularities, gravitational radiation, positivity of mass) from general relativity can be found
in [20, 35, 36, 38].

On the other hand, in recent time, based on a variational approach, many papers deal with the existence
of solutions for quasilinear elliptic systems of the type

—div(|[VulP2Vu) = G,(x, u, v), x€Q,
—div(JVv|972VY) = Gy(x, u, v), xe€Q, (1.2)

uloa =0 =vlsq,

with G € C1(Q x R?, R) satisfying various growth conditions. In this view, we refer to the works of Boccardo
and de Figueiredo [16], Costa and Magalhdes [23] (in the case p = g = 2), Felmer, Manasevich and de Thélin
[28], de Figueiredo [24], de Napoli and Mariani [26], and Vélin and de Thélin [39]. For other discussions
and some historical details we refer the reader to the paper of de Figueiredo [25]. When Q is a strip-like
domain, multiplicity of solutions for the A-parametrized problem of the form (1.2) was obtained in [32] by
using an abstract critical points result of Ricceri. Also, the existence of multiple solutions for some particular
systems defined on an arbitrary domain (bounded or unbounded) was proved by Drabek, Stavrakakis and
Zographopoulos [27], and for variational inclusions and hemivariational inequalities systems, we send the
reader to the papers of Kristaly [31, 33]. We mention also that, in the recent years, much attention has been
paid to more general systems of the form

—div(h1 (|VulP)|VulP2vu) = G,(x, u,v), x€Q,
—div(h, (IVVP)|IVVIP2VY) = Gy(x, u,v), x€Q,

subjected to Dirichlet boundary conditions, with hq, h, € C(R, R). In this direction, existence and nonexis-
tence of weak solutions were established in [2] for p > 2, and in [1, 40] for p = 2.
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In the light of the above and to the best of our knowledge, this is the first study of systems involving the
mean curvature operator M in a general bounded domain Q; in the particular case when Q is a ball or an
annular domain and the data have a radial structure, such type of systems were considered in [8].

First, we give a variational formulation for (1.1) and we show that (1.1) has a least energy type solution,
a result which extends the one obtained in [10] for the problem

Mu) = fix,u) inQ, ulpq =0,

with f an L® Carathéodory function, to the case of the potential system (1.1).
Next, we employ a technique introduced in [10] (also see [9, 13] for Neumann and periodic problems) to
obtain existence of multiple nontrivial (i.e., # (0, 0)) solutions for the Dirichlet problem

M) = p1 (O u - AFu(x, u,v), x€Q,
M) = po()IV|2 v = AF (X, u,v), x€Q, (1.3)
uloa =0 =vlsq,

where g1, g2 > O are fixed, u1, uo € L*®(Q) are given positive (i.e., > 0 a.e. in Q) functions and A > 0 is a real
parameter. The solutions we provide appear as global minima and as mountain pass critical points of some
suitable truncated functionals for sufficiently large values of A.

For the sake of the completeness, we conclude the paper by providing an “universal” existence result for
general non-potential systems of the form

M(u) = f1(x, u,v,Vu, Vv), xe€Q,
M) = fo(x,u,v,Vu,Vv), xe€Q, (1.4)
ulog =0 = vlsq,

with f1, f5: Q x R? x R?N — R Carathéodory functions satisfying the following hypothesis.

Hypothesis 1.2. For each p > 0, there exists a, € L*(Q) such that

Ifi6, w4, &) < ap(x) (i=1,2)

for a.e. x € Q and all (u, E) € R?2 x R?N with |(u, E)I < p; this time, |-| stands for the Euclidean norm in
R? x R?N. The notion of a solution for (1.4) is understood similarly to the one for system (1.1).

The rest of the paper is organized as follows. In Section 2 we give the variational formulation for system (1.1).
The multiplicity of solutions for problems of type (1.3) is discussed in Section 3. The obtained general mul-
tiplicity results are illustrated by concrete examples. Section 4 is devoted to the solvability of system (1.4).

2 The Variational Setting

We reduce system (1.1) to a variational inequality. To this end, let
Ko :={u e W-®(Q) : [|Vulleo < 1, ulog = 0}.

We know that the convex set K, is compact in C(Q) (see [10]). Also, notice that the functions in K are Lipschitz
continuous with uniformly bounded Lipschitz constant. This, together with the fact that they vanish on 0Q,
implies
lulleo < c(Q) forallu € Ko, (2.1)
with ¢(Q) being a positive constant.
Next, we introduce the functional ¥: C(Q) — (-0, +co] given by

“1—\[1—|Vu|2] foru € Ko,
Y(u) =149
+00 for u € C(Q) \ Ko.
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This is convex and lower semicontinuous (see [10, Lemma 2.4]). Then, in view of Hypothesis 1.1, we can
define F: C(Q) x C(Q) — Rby
F(u,v) = JF(X, u,v).
Q
Using the fact that the Nemytskii operators

(u,v) = Fy(-,u(-),v(+)) and (u,v)— Fy(-,u(-),v(-))

are continuous from the product space C(Q) x C(Q) to L1(Q), and map bounded sets from C(Q) x C(Q) into
bounded sets in L®(Q), it is easy to check that 7 is of class C' on C(Q) x C(Q) and its Fréchet derivative is
given by

(F'(u,v), (w1, wr)) = J[Fu(x, u, v)wi + Fy(x, u, v)wp| forallu, v, wy, w; € c(Q).
Q

Now, with 1: C(Q) x C(Q) — (-00, +00] defined by
Y(u,v)=¥Yu)+V¥(v) forallu,ve cQ),
the energy functional associated with problem (1.1) is
I:=¢y+7.

On account of the above, the functional I has the structure required by Szulkin’s critical point theory [37].
Accordingly, (u, v) € Ko x Ko is a critical point of I if it is a solution of the variational inequality

Y(wy, wa) - Yu,v) + J[Fu(x, u, v)(wy —u) + Fy(x, u, v)(wa —=v)] 20 (2.2)
Q

for all wi, w» € Ko. Also, we note that the compactness of K, ¢ C(Q) implies that I satisfies the Palais—Smale
condition ((PS) condition for short), i.e., a sequence {(un, vn)} ¢ Ko x Kq such that I(u,, v4) — ¢ € Rand

!
YW1, w2) = P(un, o) + (F (Un, Vi), (W1 = Un, W2 = Vi) > —&n|(IW1 = Unllcos W2 = Villo)|
for all w1, w; € Ko, where €, — 0., contains a convergent subsequence.

Theorem 2.1. If (u,v) € Ko x Ky is a critical point of I, then it is a solution of problem (1.1). Moreover, I is
bounded from below and attains its infimum at some (ug, vo) € Ko x Ko, which solves problem (1.1).

Proof. Let (u, v) be a critical point of I. Taking in (2.2) w;, = v, one gets
W) - W) + [ Fuleu, v - 1) 2 0,
Q

i.e., u € Ky is a critical point of ¥(-) + F(-, v), which by virtue of [10, Theorem 2.1] it satisfies
Mu) = Fu(x,u,v), xeQ, ulpg = 0.

Analogously, for wi = u in (2.2), we have that v € K is a critical point of ¥(-) + F(u, - ) and verifies
M(v) = Fy(x,u,v), xeQ, V]pa = 0.

Next, with constant c(Q) entering in (2.1), using Hypothesis 1.1 and the mean value theorem, we obtain
that for p = v2¢(Q), there exists ap € L*°(Q) such that

[F(x, u(x), v(x))| < ap(x)p fora.e.x € Qandallu, v € Ko,

which yields
[Fu, v)| < IIF(X, u, V)| < pllaplleo| Q.
Q

Hence, we deduce that I is bounded from below on C(Q) x C(Q). As I satisfies the (PS) condition, the result
follows by virtue of [37, Theorem 1.7]. O
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Remark 2.2. The main features of Theorem 2.1 is that it reduces the search of solutions of (1.1) to finding
critical points of I, and states that the potential system (1.1) is always solved by a least energy solution. We
emphasize this because the solvability part is actually a consequence of the more general Theorem 4.5 below.

3 Nontrivial Solutions

Under Hypothesis 1.1, in this section we study the existence and multiplicity of nontrivial solutions for the
Dirichlet problem (1.3). Associated with (1.3) is the functional I : C(Q) x C(Q) — (~c0, +00] given by

Yu,v) + 1 Jyl(x)lulq1+1 t Jyz(x)lvlq“l | J F(x,u,v) for(u,v) e Kox Ko,
Lu,v) = q1 3 q> 3 a

+00 otherwise.
Theorem 3.1. (i) If there exists R1 > O such that
Fy(x,u,v)>(=)0, F,(x,u,v)>(>)0 fora.e.x € Qandallu,v € (0,R1), 3.1)
then there exists A1 > O such that for all A > A4, one has

inf I <O, (3.2)
C@*C@)

and (1.3) has a nontrivial solution which is a minimizer of the functional I,.
(ii) If, in addition, one has either

lim F(x,u,v)

S S 0 uniformly with x € Q, (3.3)
u,v)|—

or
= essQinfyl >0, uy:= essQinfyz >0,

FOG u,v) , . (3.4)
im —=— - — =0 uniformlywithx € Q,
lw,)l—0 [u[41+1 + [v]d2+1 formly

then problem (1.3) has at least two nontrivial solutions for all A > A.

Proof. (i) Let xo € Qand r € (0, Ry) be such that B, (x0) ¢ Q. Setting
2
exp(m> forx e Br(XO),
0 for x € O\ By(xp),

nx) :=

we define
no(x) := min{r, [Vnlllin(x) (x € Q). (3.5)

As 1o € Kp and O < 1o < Ry, by (3.1) and the mean value theorem, we have

jF(x, Mo, 10) = j [F(x. 10, o) — F(x, 0, 0)]
Q B, (xo0)

= J [Fu(x, 610, 6n0) + F\(x, 619, 6n0)]no dx > 0,
Br(XO)
with 6 = 6(x) € (0, 1). Then, taking

2% (o) + i1 Jo 11000l Tt + L [ Ha (0ol 2+ }

Jo FX, 1m0, M0)

A > max{O,

and noticing that for all A > A, one has I3(no, o) < 0, the conclusion follows from I;(0, 0) = 0 and Theo-
rem 2.1.
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(ii) From (i), we can find A; > 0 such that for all A > A1, the functional I; has a first nontrivial critical
point (U/\,l, V}[,l) € I(o X KO with
In(up,1,va1) <O. (3.6)

We shall produce a second nontrivial critical point of I; by the Mountain Pass Theorem [37, Theorem 3.2].
To do this, let A > A be fixed. Taking into account (3.6) and the fact that I satisfies the (PS)-condition, it
suffices to prove that there exist a > 0 and 0 < p < |(lu,1llcos IVA,1llc0)| Such that

IL(u,v)>a forallu,v e Koy, with [(ulleo, IVlleo)l = p- (3.7)

First, we assume that (3.3) is satisfied. From the Poincaré inequality and since

2
1—\/1—522% foralls € [0, 1],

W) = ”1 N1-vul]z e j|u|2 (u € Ko), (3.8)

Q Q

one has that

with c; being a positive constant. Using (3.3), we can find § > 0 such that
C1 2
F(x, s1,52) < 331(51, 52)| (3.9)

for a.e. x € Q and all sq, s> € R with |(s1, S2)| < 8. Then, using (3.8) and (3.9), for all u, v € Ky such that
[(Itlloos IVIloo)] < 8, we obtain
c
D)= 5 [l + ).
Q

Let p € (0, min{6, [(lua,1lloo, Iva,1llc0)1}) and denote

K :={(u,v) € Ko x Ko : |(ltlloos Vlleo)| = p}.
Since the continuous function (u, v) — f 0 [lul? + |v|?] is strictly positive on the compact set X, it follows that
ap := infj[|u|2 +|v|’] >0,
K
Q

which implies (3.7) with a = a;c1/2.
Next, assume that (3.4) holds true. As above, there exists § > 0 such that

1 m m
F(x,s1,52) < (—min{ at! Lt })(Isll‘h+1 + 52|72+

21 q1+1 ’ q2+1
m m
e I e Y
2A(q1 + 1) 2A(q2 + 1)

fora.e. x € Qandall s1, s, € Rwith |(s1, S2)| < 8. Then, for u, v € C(Q) with |(Julleo, IVlleo)| < 8, One obtains

L v) > —— [ scomiet+ - ! [ racomet =2 [ Foxum
2

q1+1 +1
Q Q Q
m m
> s [t s o e,
2@+ ] 2q2+1) ]

and the proof follows now analogously as in the case when (3.3) is fulfilled.

Therefore, under assumption (3.3) or (3.4), by the Mountain Pass Theorem, there exists a nontrivial
critical point (ua,2, va,2) of Iy with Ix(uja,2, va,2) > 0. Clearly, (ua2, va,2) # (Ua,1, va,1) and the proof is com-
plete. O
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Using similar arguments (adequate handling of the bump functions +7, defined in (3.5)), we can prove the
following theorem.

Theorem 3.2. (i) If there exists R, > O such that
Fy(x,u,v) <()0, F,(x,u,v)<(<)0 forae.xe Qandallu,v e (-R>,,0), (3.10)

then there exists A, > 0 such that (3.2) holds true for all A > A,, and problem (1.3) has a nontrivial solution
which is a minimizer of I,.
(ii) If there exists R3 > O such that

Fu(x,u,v) <(2)0, F,(x,u,v)>(>)0 forae.xeQ, allue (-R3,0)andallv € (0,R3), (3.11)

then there exists A3 > O such that (3.2) is satisfied for all A > A3, and (1.3) has a nontrivial solution which
is a minimizer of I,.
(iii) If there exists R, > O such that

F,(x,u,v) >(2)0, Fy,(x,u,v)<(<)0 forae.xeQ, allue (0,Rs)andallv € (-R4,0), (3.12)

then there exists A4 > O such that for all A > M4, (3.2) holds true and problem (1.3) has a nontrivial solution
which is a minimizer of the functional I.

(iv) Assume that one of the above condition (3.10), (3.11) or (3.12) holds true. If, in addition, either (3.3) or
(3.4) is satisfied, then problem (1.1) has at least two nontrivial solutions for all A > 0 sufficiently large.

Example 3.3. Let g1, g2 > 0 and u1, pp € L*°(Q) be positive. Then, there exists A > 0 such that the system
M) +ABU?V? +v) = i1 (Olul®tu, xeQ,
M) +AQuv +u) = (|2 ly,  xeQ,
uloa = 0 =vlsa
has at least one nontrivial solution, while
M(u) +3Au*v? = (|9 tu, xeQ,
M) + 203y = ()2 ly,  xeQ, (3.13)
uloa =0 =vleq
has at least two nontrivial solutions whenever A > A.

Denoting by J; and J, one of the intervals [0, co) or (—o0, 0], next we deal with system (1.3), this time with
F: Q xJ; xJ, — Rsatisfying the following hypothesis.

Hypothesis 3.4. (i) F(-,u,v): Q — Ris measurable for all (u, v) € J; x 5.

(ii) Fora.e.x € Q, F(x,-,-) € C1(J1 x J5).

(iii) For each p > 0, there exists a, € L™(Q) such that |[VF(x, u, v)| < a,(x) fora.e.x € Qandall (u, v) € J; xJ,
with |(u, v)| < p.

(iv) F(x,0,v) = Fy(x,0,v) =0 = F(x, u,0) = F,(x, u, 0) fora.e. x € Q and all (u, v) € J; x J,.

Problem (1.3) with F verifying Hypothesis 3.4 will be referred as (1.3)* when J; = J, = [0, 00), (1.3)” when

J1 =J = (-0, 0], (1.3)* when J; = [0, c0) and J, = (-0, 0] and, respectively, (1.3)* when J; = (-co, 0] and

J, = [0, c0). Below, when we refer to (3.3) or (3.4) for F as in Hypothesis 3.4, we shall implicitly mean that

(s1,S2) € J1 x J,. As usually, we denote u™ = max{0, u} and u~ = min{0, u}.

Remark 3.5. If F verifies Hypothesis 3.4 with J; = J, = [0, co), then the problem

M) = p1(Olul?'u - AF,(x, u*,v*), xeQ,
M) = po(X)[v|% v = AF, (x, u*,v'), xeQ, (3.14)

uloa =0 =vlaq
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has at least one solution. Indeed, setting F(x, u, v) = F(x, u™, v*) (x € Q, u, v € R), clearlyF satisfies Hypoth-

esis 1.1 and
_ VE(x,u,v), (u,v)elixJs,
VE( 1, v) = ( (u,v) €J1 xJ3
o, otherwise (x € Q),

thus Theorem 2.1 applies. Similar conclusions hold true for the other three remaining cases.

Lemma 3.6. Assume Hypothesis 3.4. If (u, v) is a solution of (3.14), then u > 0, v > 0 in Q and (u, v) solves
problem (1.3)*.

Proof. This follows the outline of the proof of [11, Lemma 3.1] (see also [13]). However, for the sake of com-
pleteness, we give it below for one of the components, say u; similar argument can be used for v.

Let w € WL-°(Q), with w|sg = 0, be arbitrarily chosen. Then, multiplying the first equation in (3.14)
with w, using [10, Remark 2.1] and the integration by parts formula, one gets

Vu-vVw J 1 P
—J— = | pOu|? uw—/lJFu(x,u ,vhHw. (3.15)
_ 2
a V1 -|Vu| a

Setting O, = {x € Q : u(x) < 0}, from [30, Theorem A.1], we have u~ € WH®(Q), Vu~ = Vu in O, and
Vu~ = Ogv in Q \ Oy. So, taking w = u~ in (3.15) and using Hypothesis 3.4 (iv), we have

IVu~|? j - 1
- j — = | | > 0. (3.16)
_ 2
: V1-—|Vu-| g,

Setting O) = {x € Oy : |Vu~(x)| > 0} and assuming that meas Oy > 0, from (3.16), we obtain the contradiction

V—Z
O>_JLZO
o V1 - |Vu|?

u

Hence, meas OY = 0 and, as Vu~ = Oy in Q \ O, we get that Vu~ = Ogn a.e. on Q. As Q is a domain, we
infer that u™ is constant, so u~ = 0 in Q. But, this means u > 0in Q. As also v > 0, clearly (u, v) solves (1.3)*.
This completes the proof. O

Analogously, one obtains the following lemma.

Lemma 3.7. Assume Hypothesis 3.4.
(1) If (u,v) is a solution of
M) = pr()ul?'u - AF,(x,u™,v7), xe€Q,

M) = ()| v = AF, (x,u™,v7), x€Q,
ulpq = 0 =vlsq,

thenu <0,v <0in Q, and (u, v) solves problem (1.3)".
(ii) If (u, v) is a solution of
[ M) = pr )ul? u - AF,(x, u*,v7), xeQ,

M) = pa(OWVI2 v = AF, (x, ut,v7), x€Q,
LUlog = 0 = Vv]sq,
thenu >0, v<0inQ, and (u, v) solves (1.3)*.

(iii) If (u, v) is a solution of
M) = pr()ul? " u - AF(x,u™,v*"), x€Q,

h M(V) = VZ(X)|V|q2_1V - AFV(X’ u_’ V+)’ X € Q’

L Ulog = 0 = V]sq,

thenu <0,v > 0in Q and (u, v) solves problem (1.3)*.

We say that a solution (u, v) is positiveif u, v > 0in Q. In a similar way, (u, v) will be called negativeifu, v < 0,
positive-negative if u > 0, v < 0 and negative-positive if u < 0, v > 0.
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Corollary 3.8. Assume Hypothesis 3.4 and that (3.1) is fulfilled. If either (3.3) or (3.4) is satisfied, then there
exists A > 0 such that problem (1.3)" has at least two nontrivial positive solutions for all A > A.

Proof. This is immediate from Theorem 3.1 and Lemma 3.6. O
Similarly, from Theorem 3.2 and Lemma 3.7, we get the following corollary.

Corollary 3.9. (i) Assume that Hypothesis 3.4 and (3.10) hold true. If either (3.3) or (3.4) is fulfilled, then there
exists A > 0 such that for all A > A, problem (1.3)™ has at least two nontrivial negative solutions.

(ii) IfHypothesis 3.4 and (3.11) hold true, and either (3.3) or (3.4) is satisfied, then there exists A > O such that
(1.3)* has at least two nontrivial positive-negative solutions for all A > A.

(iii) Assume that Hypothesis 3.4 and (3.12) hold true. If either (3.3) or (3.4) holds true, then there exists A > 0
such that problem (1.3)* has at least two nontrivial negative-positive solutions for all A > A.

Example 3.10. From Corollary 3.8, with F: Q x [0, 0c0) x [0, c0) — R defined by
2
F(x,u,v) = §Vu3v3,
we have that there exists A > 0 such that for all A > A, the system

M) + AVuvd = prou’*, xeqQ,
M) + AWVBv = v, xeQ,
uloa = 0 =vlsq
has at least two nontrivial positive solutions provided that both of uT* and u7' are positive. Also, note that,

in view of Corollaries 3.8 and 3.9 (iii), system (3.13) from Example 3.3 has actually four nontrivial solutions,
two positive and two positive-negative.

By virtue of the above results one has the following theorem.

Theorem 3.11. Assume that Hypothesis 1.1, (3.1), (3.10), (3.11) and (3.12) are satisfied. If, in addition,

{F(X’O,V):FM(X’O’ V):Fu(xy u,O):O, (317)

F(x,u,0)=F,(x,u,0)=F,(x,0,v) =0 forallu,v € R,
and either (3.3) or (3.4) holds true, then there exists A > 0 such that for all A > A, problem (1.3) has at least eight

solutions with each component nontrivial — two of them are positive, two are negative, two are positive-negative
and the other two are negative-positive.

Proof. The existence of solutions follows from Corollaries 3.8 and 3.9. Now, if (u, v) is a nontrivial solution
of (1.3) and suppose that, e.g., u = 0, then multiplying the second equation in (1.3) by v, using (3.17) and
the integration by parts formula, we get

V 2
0 - [ L~ [Lommet = o,
Q

J V1 —|Vy|?

which yields v = 0, a contradiction. Similar reasoning works if we start by supposing that v = 0. This implies
that the obtained eight solutions have each component nontrivial and clearly they are also pairwise distinct.
This completes the proof. O

Example 3.12. Let y(u,v) € {1, ..., 4} denote the number of the quadrant to which (u, v) € R? belongs,
when u # 0 # v; if one of the components u or v is zero, then we may take y(u,v) = 0. Then, setting
F(x,u,v) =y(u, v)u®v?/2, we get that there exists A > 0 such that for all A > A, the system

M(u) + Ay(u, Viuv> =0, xe€Q,

M) +Ay(u, vIu’v =0, xe€Q,

uloa =0 =vlsq
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has at least eight solutions, having each component nontrivial — two positive, two negative, two positive-
negative and the other two negative-positive. Notice that the system has no oddness property, and none of
the solutions can be obtained from another one by a symmetrization.

4 Solvability of System (1.4)

For the proof of the main result of this section, we need some preliminary technical results. The following is
proved in [22, Lemma 2.2].

Lemma 4.1. If h € L*°(Q), then the Dirichlet problem
M@)=h inQ, ulpo =0 (4.1)

has a unique solution up, € W»P(Q) for all 1 < p < co. Moreover, for any given A > 0 and r > N, there exists a
constant ¢ = c(Q, A, r) > 0 such that |u|lw2r < cllhlle for every h € L®(Q) with ||h|loo < A.

By means of Lemma 4.1, we can define the solution operator S: L®(Q) — W2"(Q) c C}(Q) (r > N fixed),
which maps any h € L*°(Q) into the unique solution S(h) := uy € W>'(Q) of problem (4.1).

Lemma 4.2 ([10, Lemma 2.3]). If h € L°(Q), then S(h) is the unique solution in Ko of the variational inequality

[[Vi=1vur - \1-1wvp +hv-w] 20 forattv e Ko.
Q

Lemma 4.3. If {hy,} is a bounded sequence in L(Q), h € L*(Q) and h, — h in LY(Q), then S(h,) — S(h) in
Q).

Proof. Following an idea from [22], we will show that any subsequence of {S(h,)}, still denoted by {S(hy)},
has a subsequence {S(hp, )} with S(h,,) — S(h)in C 1(Q) as k — co. This will accomplish the proof.
As A := sup{|hnllco : n € N} < +00, from Lemma 4.1 we have that

ISCh)llwzr < cllhnllo < A foralln € N, (4.2)

hence, the whole sequence {S(h,)} is bounded in W?'(Q). Then, by the compactness of the embedding
W2r(Q) c C1(Q), the subsequence {S(h,)} has at its turn a subsequence {S(hy,,)} which (strongly) converges
in C1(Q) to some w € W27(Q) as k — oo. It remains to prove that w = S(h). By virtue of Lemma 4.2, this re-
duces to showing that for all v € Ky, we have

“\/1—|Vw|2— V1=V + hv-w)] = 0. 4.3)

Q
Let v € Ko be arbitrarily chosen. From h,,, — h in L}(Q) it is straightforward to see that
J hnk(V - S(hnk)) — J h(V - W) as k — O0. (44)
Q Q

Then, since [VS(hy,)| — [Vw|in C(Q), using (4.4) and the fact that

H\/1 ~ 195 (1n)I2 = \1 = [VVI2 + iy, (v = S(hn,))] 2 0,
Q

we get (4.3) by letting k — co. O

Remark 4.4. If {h,} is a bounded sequence in L®(Q), then, as above, from (4.2) the sequence {S(hy,)} has a
subsequence which is convergent in C1(Q). This together with Lemma 4.3 shows that S: L®(Q) — C1(Q) is
completely continuous (see also [22, Lemma 2.3].
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Now, we can state the following “universal” existence result.

Theorem 4.5. If the Carathéodory functions fi, f>: Q x R? x R?N — R satisfy Hypothesis 1.2, then system
(1.4) has at least one solution.

Proof. From Hypothesis 1.2, we have that the Nemytskii operators

Ni(u,V):fi(',u('),V('),Vu('),VV(')) (121’2)

are continuous from the product space C1(Q) x C1(Q) to L1(Q), and map bounded sets from C1(Q) x C1(Q)
into bounded sets in L*®(Q). From Lemma 4.3 and Remark 4.4, we infer that the operator

T: C1(Q) x C1(Q) — C1(Q) x C1(Q),

defined by
T(u, v) = (So Ny(u,v),SoNa(u,v)) forall (u,v) e CHQ)x CL(Q),

is completely continuous. Since the convex set
U:={ueCY(Q): Vulw < 1, ulsg = 0} ¢ Ko

is bounded in C1(Q) and T(U x U) ¢ U x U, from Schauder’s theorem, the operator T has a fixed point which
is a solution of (1.4). O

Remark 4.6. Theorem 4.5 is an extension to the non-potential system (1.4) of the ones obtained in [7, 10,
21, 22, 29] for a single potential and/or non-potential equation.

Acknowledgment: The authors are grateful to the anonymous referee for useful remarks and suggestions
which enabled the improvement of the presentation of the paper. The second author is grateful to Pierpaolo
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