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Abstract: We consider the following Liouville-type equation on domains of R? under Dirichlet boundary
conditions:

Ke"
—Au = 0 ,
| Ke
u=0 on o0Q,
where p € R and K is a smooth nonnegative function having N zeros ¢, .. . , gy, which takes in a neighbor-

hood of a zero g; the following form:
K(x) = K;(x)|x - qjlzyf with Kj(x) > 0 and y; € Rsuch that 0 < y; := yj(g;) ¢ N.

Using some dynamical and topological tools from the “critical point theory at infinity” of Bahri, we study the
critical points at infinity of the related variational problem. Then we derive from our analysis some existence
results in the so-called resonant case, that is, when the parameter g is of the form 2;7:1 8m(1+yi)+ Zﬁo L1 87
forasubset(qi,, ..., qi,) of X := {q1, ..., gn}. In particular, we provide an Euler-Poincaré-type criterium for
existence of solutions.
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1 Introduction and Main Results

Let Q ¢ R? be a bounded regular domain. We consider the following singular Liouville-type equation:

K u
—-Au = g% in Q,
Jo Ke (P)
u=0 on 0Q,
where p € R and K is a smooth nonnegative function having N zeros q1, . . . , gy, which takes in a neighbor-

hood of a zero g; the following form:

K(x) = K;(x)|x - qjlzyi with Kj(x) > 0 and y; € Rsuch that 0 < y; :=yj(g;) ¢ N.
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Equation (Pg) is a generalization of the following singular mean field equation:

he N
-Av = -4 (g)64, inQ,
e [, he? & Yid1)%e (SMF)

v=0 on 0qQ,

where h is a smooth positive function, 8, is the Dirac measure at g; € Q and g, y(gq;) € Rwith 0 < y(g;) ¢ IN.
Indeed, we denote by G(g, - ) Green’s function of A under Dirichlet boundary conditions with pole at g,

-AG(g,x) =64 inQ,
G(g,x)=0 onoQ,
and set
N
v(x) = u(x) - 47 ) y;(g))G(gj, %).
j=1

Then u satisfies equation (Pg) with

N
K(0) := h(x) exp(—lm Y ¥i(a)Ga;, x)). (1.1)
j=1

In particular, the study of equation (SMF) is motivated by the study of vortex-type configurations in the
electroweak theory of Glashow-Salam-Weinberg and in self-dual Chern-Simons theories as well as the pre-
scribed Gauss-curvature problem on surfaces with conical singularities and Onsager’s statistical mechanics
description of two-dimensional turbulence in presence of vortex sources.

Problem (Pé,< ) has a variational structure. Indeed, its solutions are in a one-to-one correspondence with

the critical points of the functional
J|Vu|2 ~In ( J Ke”),
Q Q

defined on the Sobolev space Hé(Q). Moreover, the way of finding critical points of ], and the compactness
features of the related variational problem depend strongly on the range of values taken by the parameter p.
Indeed, let

Jo(u) :=

N~

2:={q1,...,qn}
be the set of zeros of K with weights y; satisfying

0 <vyj:=vyj(gj) ¢ N.

Form € N, 0 < 0 < inf(m, N)and {q;,, ..., qi,} ¢ Z we set

[
G:= {8ﬂ(m—0)+28n(1+y]~):me]N,OSOSN,asm}.
j=1

We will call problem (Pé< ) resonant if p € G, and non-resonant if p does not belong to §. The major difference
between these two classes of problems lies in the fact that solutions of (Pgig) are bounded for all € > 0 in the
non-resonant case (see [11, 17]), while blow-up phenomena occur in the resonant one.

The singular mean field equation (SMF) has attracted a lot of attention in the last two decades. But while
in the non-resonant case there are several existence results (see [12, 14-17, 22, 25, 26, 39, 42, 46] and the
references therein), in the resonant one, besides a work of Bartolucci and Lin [13] regarding the case p = 8,
there are, up to the authors’ knowledge no existence results in the literature. Furthermore, the regular case,
that is, when K is a positive function, has been the subject of intensive study starting from the seminal works
of Brezis and Merle [19] and Caglioti, Lions, Marchioro, and Pulvirenti [20, 21]; see the works [1, 18, 23, 24,
27-35, 35, 37, 38, 40, 44, 45], the monographs [41, 43] and the references therein.
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The goal of this paper is to address the resonant case, that is, when the parameter g belongs to the set §
for some 0 < 0 < N, m > 0. In contrast to the non-resonant one, in this case critical points at infinity occur;
these are noncompact orbits of the gradient flow along which the functional remains bounded.

Our strategy goes along the method initiated by Bahri, in the framework of contact form geometry and
Yamabe-type equations; see [2, 3, 5, 6, 10] and also in collaboration with Coron [7, 8]. This method consists
of identifying the “critical points at infinity” of the associated variational problem, performing a Morse-type
reduction around them and computing their contribution to the difference of topology between level sets
of the associated Euler-Lagrange functional J,. Our main existence result is derived by comparing the total
index of the critical points at infinity with the Euler characteristic of very negative level sets of J,.

To state our main results, we introduce the following notation: for q5 := (q1, ..., qs) and 0 < 0 < m we
define the function

Fq, : (Q\ )"\ Fpo(Q\Z) - R

by
g
o (@it -+ am) = Y (1+y)(In(Ki(@)) - 471 + y)H(ai, i) + 47 Y (1+)G(ai, @)
i=1 j#i
m
+ ) (ln(K(a,-)) - 4ntH(a;, a;) + 47y (1 +y5)G(ai, aj)),
i=0+1 J#i
where
yi=0 ifizo+1, ai=gq; ifi<o,

and F,,,_4(Q \ Z) denotes the fat diagonal of (Q \ Z)™ .
In the case where m = o, we denote by 3"30 the constant

g
g, = Y (1+y)(In(Ki(g0) - 471 + y)H(gi, 40) + 47 Y (1+y)G(di, ))-
i=1 ji
In the case o = 0, we define the function 7' : Q™ \ F(Q) - Rby

m

T ..., am) = Y (In(K(@)) - 47H (@i, ) + 47 Y. Glai, aj) ).
i=1 j#i
For a critical point AJ' := (a1, . . ., am) of FJ' we define in a neighborhood of a; fori = 1, ..., m the function

SrA(')",i(X) = K(x) exp(—8nH(ai, X) + 8712 G(aj, x)).
j#i
Next, for 0 < 0 < mlet z4, ..., zp be the critical points of ngf, . It is easy to see that the components of each
critical point z; := (Vg+1, - - . » Ym) Satisfy
lyj —yil=c forallj #k,
d(yx, 0Q) = ¢ forall k.

ForO<o<mweseta:=(ags1,...,0m) € Ule B(zj, n) and

AZ[ = (‘h’---,Qma) = (al!-'-’aU"-"am)EQm\IFm(Q)'

Fori=1,...,0wedefine Fyn ; in a neighborhood of g; by
Fam,i(x) := Ki(x) exp(—8n(1 +yi)H(ai, x) + 81 Z(l +vj)G(aj, x)). (1.2)
j#
Likewise, fori € {o + 1, ..., m} we define F4n ; in a neighborhood of a; by
Fag,i(x) := K(x) exp(-8mH(ai, x) + 87 Y (1+))G(a;, X)). (1.3)

j#i

Next, we introduce the following non-degeneracy condition.
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Condition (ND,,, ;). We say that the function K satisfies the non-degeneracy condition (ND, ;) if the following
conditions hold:
(i) For o = 0 all critical points of F7' are non-degenerate and at every critical point Aj := (a1, ..., am) we
have that
m
L(AG) = ) AFapiai) # 0.
i-1
(ii) For O < 0 < mall critical points of Cr"a"a are non-degenerate and at every critical point a := (ag+1, ..., am)
we have for A7 := (q1,...,4¢,) :=(ai, ..., an) that
_1
L(AF) := Z (Far, i (qi)) ™ An(Far ;. )(qi) # 0, wherey, := max y;,.
k:yi =y« 1<j<o
(iii) For 0 = m we have
_1
LAY = Y (Fagi(qi) ™ AIn(Fazi,)(gi,) #O.

k:yi =y.
We set
Km0 :=14¢ := (a1, ..., am) such that VIg'(as, .. ., am) = 0 and L(AF') < 0},
Kom,o := {AG = (a1, ..., am) such that VIY (ags1, ..., am) = 0and L(A7) <0} if0<o<m,

- 0 ifL(A9) >0,
27 149 ifL(AY) <.

To each point Af! € X, , we associate an index defined by

3m-1-ind(3F7, A7) ifo =0,
g
f— — _' m . 1
ind : %;, ; — N, AT 3m-1-20 1nd(’fﬂ,a)+2};(1+[y]]) if0<o<m,
o
0—1+22(1+[yj]) ifo=m,

j=1

where ind(F7', A7) (resp. ind(Fg, , @) stands for the Morse index of J¢' (resp. Fg!) at its critical point Af'
(resp. a).
Theorem 1.1. Let p, € § and let (qg,, M1), ..., (dg,, M), With 0; < m;, such that

i

0(qs,,my) 1= 8n(m; — 0;) + 8 Z(l +Vj) = 0«

j=1
fori < I. Assume that 0 < K € C%(Q), defined by (1.1), satisfies the non-degeneracy condition (NDp, ) for each
(g, m) such that g(q,,m) = 0+. If

I
. m; +N+m-0-2
YO ey y o p(EN 02
=1 AT g o (qq,m):
! P o<m, 8M<P(qy,m) <0+«

then problem (Pg*) has at least one solution, where g denotes the number of holes inside Q.

Remark 1.2. If for some (qq;, m;) the set X, ;. is empty, then the corresponding sum will be replaced by 0.
If g+ N = 1, then the sum on the right-hand side is O.

Remark 1.3. It turns out that when the function satisfies the non-degeneracy condition (ND,, ¢), the set of
solutions to problem (Pg*) is bounded in C%(Q) and the Leray-Schauder degree is given by

!
- ind(4g,) of8§+N+l-0-2
do=1-Y 3 cohed, oy (_1>( o),

i=1 AT €N o (9o,1): 8M<0(qy,1 <0+

Hence the assumption of the theorem is equivalent to the fact that the degree is not zero.
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Remark 1.4. For generic K and g, € G the number of solutions of (Kg* ) is lower bounded by |d,, |.
As an application of our main result, we consider the following particular cases.

Corollary 1.5. Let p.. = 871(1 + ymin) and assume that one of the following conditions hold:
(i) Qs not a simply connected domain (which implies that g > 1).

(ii) There exists q; such that y(q;) = Ymin and £(q;) > O.

(iii) N > 2 and either #{y(qi) : y(qi) = Ymin} < N O [ymin] > 1.

Then problem (Pg* ) has at least one solution.

Corollary 1.6. We take y; := y(q;) for qi € £ with 0 <yy <y, <---<yn and assume that y1 +y, ¢ N. Let
0+ :=8m(2 +y1 +Y2). If N > 3, we assume that y3 > y; + y,. Furthermore, we assume that one of the following
conditions holds:

(i) N=2,g2=0,[y1+y2]-I[y1l-[y2] = 1, and £(A3) < 0.

(i) N=2,8=0,[y1+y2] - [y1] - [y2] = 0, and £L(A3) > 0.

(i) N+ g =3, [y1 + y2] = 0 and £L(A3) < 0.

(iv) N+g=3,[y1 +y2] #0.

(V) N+g=a4.

Then problem (P ) has at least one solution.

The remainder of this paper is organized as follows: Some notations and known facts are presented in Sec-
tion 2. In Section 3 we provide some useful refined expansions of the gradient near potential neighborhoods
at infinity. In Section 4 we perform a finite-dimensional reduction, while Section 5 is devoted to the char-
acterization of “critical points at infinity”. The proofs of our main results are given in Section 6. Finally, in
Appendix A we collect the technical estimates used in the paper.

2 Neighborhood at Infinity and Lack of Compactness

For a € R? and A > 0 we define on R? the following function:

232
Baa() 1= In( 1 +8/1(2y|; - )a|}2t+2y)2 )
This function satisfies
~ASgp =|x-al?eb inR? and Jlx —al?edr = 8a(y + 1).
R
For a € Q we introduce the function P§, 4 which is the unique solution of the equation

~APSg ) = |x—al?eb inQ,
P§,0=0 on 0Q.

Forqe := (q1,...,q¢) and 1 < o < m let us define

m p
V(qg, m,¢) := {u = Z Pégyp+wiai=qiforalli<o, (agsr,...,am) € UB(z,-, ),
i=1 j=1

Wl < c1e, IVl < cae, A > ese™h, AifA < cls
where the c¢;’s are some fixed constants and C is a large positive constant. We notice that if 0 = m, the set

V(qe, 0, €) depends only on the variables A; and w.
For A7 :=(ai,...,ap)andi < o, thatis, a; = g; € £, we define

Ji(x);:_zyi-l—l 1

VFam (g (x = qi), x € R2. 2.1
Vi 1 +Ai2|X— Qi ffA{,",i(Qi) ami(gi)( ai) (2.1)



144 — M.Ahmedou and M. Ben Ayed, Critical Points at Infinity DE GRUYTER

It is easy to verify that @i satisfies

“A; = |x - gi|Piedu ($,- ¥ VFam i(g0)(x - q») in R2.

1
Fam i(qi)
We define the function ; as the projection of Ei onto H(l)(Q). It satisfies

AY; = AY; inQ,
Y;=0 in 0Q.

We point out that the function y; depends on the variables A; and all points a;.
Finally, we define the function P8y, 5, as
P80 = PSg 0 + i ifi<oa,

P84, 0, = P8, ), ifi>o+1.
For i < o it satisfies

5% — 1
“AP8, 5, = Ix — il %-m(l e YT (@) — )
gk = 1X—qil e +¢,+§A?’i(qi) am (i) (X — gi)

Following the ideas of Bahri and Coron in their proof of [8, Proposition 7], we consider the following
minimization problem:

m
min{nu - Za,-PcSa,.,,\ill ;i >0,1;>0,1<i<m,a;€Q,0+1<i< m} (2.2)
i=1

Note that in the case 0 = m the points a; are fixed as a; = g; foreachi=1,..., 0.

Lemma 2.1. Foru € V(qq, m, €) and € small the previous problem (2.2) has, up to permutation, only one solu-
tion. The variables a; satisfy |a; — 1| = O(¢).

Hence every u € V(qs, m, €) can be written as

aiPbg; 0 + W,

Mz

u=
1

where |w| < cg, |a; — 1| < ce for each i and

a}?sai;/li
0A;

if 0 < m, then (ag41,...,am) € UB(Z,-, n) and <w, a;

(w,PTSa,.,,\i):<w, >:0 foralli=1,...,m,

0P84, ), (2.3)

aa,-

oY; ,
—= ) =0forall 1
+j§;a,aai> Oforalli>o+1,

where the points z;’s are the critical points of Fg .
In the following, for a = (a1, ..., anp)and A = (A4, ..., Ay), we denote

EJ \ == {w € H{(Q) : w satisfies (2.3)}.

We point out that the set V(q,, m, €) plays a crucial role in the description of the lack of compactness
occurring in (Pg*) for p. € G. Indeed, using a result of Lucia [36], the functional J,, has a pseudo-gradient
whose endpoints are in one-to-one correspondence with the limit of blowing-up solutions of

Ke!
—AMZ(Q* _8)% inQ, X
IQ e (PQ*—S)
u=0 on 0Q.

Now using the blow-up analysis introduced in [11, 16] and refined in [25], we infer that noncompact orbits
of the gradient flow should enter in some V(q,, m, €) forsome 0 < 0 < Nand m > 0.
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3 Expansion of the Gradient in the Neighborhood at Infinity

Proposition 3.1. Letu := Y, P84, ). € V(qy, m, &) and let AT := (ay, ..., ap).

(i) Fori=1,...,0wehave
A; OPSi\ _ 1671(1 0 1)? 1 L
(71 A5 = 1670+ y0 2+ 0l = 1P+ 5 + 257577
16m(1 + Yi)z( A?A @) (1+y) IVFam i(ap)l? )
- - 77 . g [ 2 — I . R
/11.2/(1+Yi) 3(yi) Fap (@) + Yiz (?A{,",i(ai))z (2 = yil4(yi)
where -
3+2y A2 (aVe(as
In(y) _:J r — dr and Ti=1- 0+« A, ani(ai)gi(aq) ’ G.1)
] (1 +r2tay)n 8m(1+yi) 2a; - 1)(1 +y;) [, Ket dx

where Fym ; is defined in (1.2) and (1.3) and g; is defined in (A.7) of Lemma A.4.
(ii) Ifo < m,fori > o+ 1 we have

aI/I

II‘IA,’>

<V](u) A =

> - 1671— + O(lal T

Proof. In each proof, for simplicity, we will write J; and P§; instead of J4» ; and Pég, j,, respectively. Before
giving the proof, we remark that I,,(y) satisfies

n(1+yY)h(y)=((n-1y+ n-2)Iy(y) foralln=>2. (3.2)

Now, for u := ¥ a;P§;, we have

(Gt = S (P55t - s [ren

The first term is given by Lemma A.3. We focus on the second one. By Lemma A.4, we have

JP3; A x — i g — 1,2
uy. i_ i W+ a2 A3
Bj T J (s T a1+ @il 5000, + 0Ui))
OPS; . oy
(14 O<A2 )55 ot than ) G-3)

We will divide this integral into six ones. For the first one observe that, using Lemma A.1, we get

j A% Ix - ai|?idig; OP6; _ j 4% |x - a1 g + O
J a+ Aizlx — a;|2+2vi2a T 9A; : A+ Aizlx — ;|2 2vi)2a+l i
Zn)lf.‘“" )ll‘ailx a;|?i 2
= ey Tiasia) + 5 j T aprany D T0(@) - aix - a)

4 1
+ oMy 4 o( J A% 1x - a2+ )
i J (1 +Ai2|X_ ai|2+2y,-)2a,-+1

lux, 2 27_[/1401, -2 Qa2

qai—4 Ai
= i 7y (@) Sy M @) T + O~ 10) + O + i)

Concerning the second one, since

AioYi/oA; = Aiaﬁi/a/\i + 0(1//112) = 0(1//13/(1+Vi))
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and using the oddness of Aiaﬁi /0A; by expanding F;g; around a;, we obtain

j A - @il Tigi L oy
g AZ|x — agf2+2vi)2a " OAy

I/\““’Ix @il V(Figi)(a)(x - a) azpl

(1 +A7|x — a;|2+2vi)2a oA
A?ai*Z A?ailx _ al_|2yi+3 /112|X _ ailzyi+3
+O( 2 )+O<J 20y _ q:]2+2yi)2a; 20y _ .2+2-2)
A (1 + A7 [x = a;|2+2Y)2% (1 + A7 |x — a;|*+2Y1)

j/lzmxp( a; |2Y1V(3",gl)(a )(x — aj )/1 alp, O(/ﬁ'“"_2< 1 1 ))

(1 +)l12|x a;i|2+2vi)2a a/l 22

+ (3.4)
/11,2 A?/(l"‘)’i)

i

Ey

Note that g; = 1 + O(3’|aj — 1]) and Vg; = O(}|a; — 1]), hence the integral E; in (3.4) is equal to
4[11'*2

A 14y 1 A2 x — agf i+ 0F;
Ei w(W Y- 1) 4 e | e ar (2 (Ga@) w-ai)
i s

. 2 . .
Vi i 5 1+ /\i |x — a;|?t2vi)2ai+2 ko1

A2 (1+y,~ 47

=y, 5@y VI @ P (B = Ta(yi) + Ol - 1) + 0(Yla - 11)).

Thus we derive that

AIx - aiiTig . oy 1+yi 1 2 A
| e 3% =" VN it (00~ 1)
Bi

4ai—2

Lai— 1 1
+ O(Az/my Yla; - 11) + 04 (E * ))-

i i

For the third integral in (3.3) we have

J A?ailx - ai|2Yi?igi —_ .6P5aiym B J’ 4A?ailx _ ai|2yi§i§i E ( A?ai—z >
A

(1+ /\12|X _ ai|2+2yi)2a,« i oA - (1+ Alzlx _ ai|2+2yi)2ai+1 .2+1/(1+y1‘)
Bl‘ Bi t

Arguing as in the previous estimate, we get

Lai .
J 4 x - @i Tig
(1 + Az‘zlx _ ai|2+2yi)2“i+1
Bi

~ 4AT X — a;| P 5 = ol1 A% x - a;| 23
- J (1 +A7|x — a;|2+2vi)2ei+1 V(Tigiantx - aiy; + (”lpi"w J (1 +A7|x — aj|2+2vi)2ei+l )
i B;

4a;-2

= E3 + O<—A4/(1+Yx )

Arguing as in the proof of estimate E, we obtain

E;=-8

4a; 2v:

1+y; 1 J A X = aqi|
V(Figi)(ai)(x — a;))V(Fi)(a;)(x — a;

Vi ?i(ai)Bi (1+/1i2|x—a,-|2+2>'i)2“i+2 (Figi(ai)( DV(Fi)(ai)( i)

4oi—2 4oi—2
1+y; 1 ' '

_ 2 N
— s o) 2,(Hy)z;(y1)+0(/12/(1+y)2|a; 1)
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For the fourth integral in (3.3) we have
J A% x - @yl Fg; 7 61/11 B J AN - a5 g 7 a¢, ( A2 )
( o s + A2 |x — aj|>+2viy2e l AT )

1+ /112|X — a;|?*2vi)2ai Ai

As in the proof of estimate E1, we derive
J A% X — ai|idig; bl 61/)1
J @A - a2y ’

e (1+y,) A2 ((s—z-gl-)(an

2 s (e V@00 = T500) + 001+ lag = 1D ).

For the fifth integral in (3.3), as before, we derive that

A%x- ail?iFigi —2 0P8y [ ANTIx-ail®Figi 2 Adei2
i ( 2+42/(1+y;)

5 (AT afery2e T8 0A ) (L A - a2 2v2ect
i i

=16n

<1+yl>2 A ((&ﬂ-gi)(ai)

1 1
()2 .
7 T e VT i(ay)] 15()/1)+0(A—2/(1+y) 7l 1))
' i

Finally, concerning the sixth one, we have

| A -l Tig e azp,_ (17 Aazpl" %) < of pie?
Ja +A2|x — a;|2+2vi)2e T ’ © PRERD ’

4oi—2

J Al{*m|x—ai|2yifﬂ-gi "$3" B 0( /li )
2 a + A2|x — @y 2+2vy2e TR Ai3/(1+yi) '

Summing up the above estimates and using the fact that (2a; - 1)0({2 =1+ 0((a; — 1)2) as well as
Lemma A.3 concludes the proof of the claimed estimate. O

Recall that for u € V(qs, m, €) we have |VJ(u)| < ce, hence we derive the following result.
Corollary 3.2. Foralli we have |t;| = 0o(1) as€ — 0.
Summing the estimates proved in Proposition 3.1 fori = 1, ..., m, we derive the following corollary.

Corollary 3.3. Letu := Y, a;iP8,, 1, € V(Qg, m, €). Then we have

m

(v, 3 =gt ap‘s"‘ )
AIn(Fgm i)(a;)

1
=81 yb) 3 ST+ ¥ 0a =17 ¢ ) + o 7 ):
i:yi=y. i
wherey,. =max{y;:i=1,...,0}

Corollary 3.4. Letu := Z;’il aﬂm € V(qqg, m, €). Assume that (ay — 1) In Ay is small for each k. Then we get
I QP8
VI, Y aiki )
< J(u) l; il EYR

__8a(1+y.)Dh(y.)
C (M3Tapa(q) O

Z Fag i@ YIA I ap i) (qi) + Y Oai = 1 + |73l )+o(

Y«

1
/\2/(1+Y*) ).

Proof. By Corollary 3.2 we have 7; = 0.(1) for each i. Since we assumed that |ay — 1|1n Ay is small for each k,
we get that A7 Fam ;(q;) = A].Z?A;,n,j(qj)(l + o(1)) for each i, j. Therefore, we derive that

_2
AT = (W Fanm i(qi)) ™ e Far,i(qi ) = (A3 Fam, (@)™ Far, i(@) ™ (1 +0(1).
The result follows by using Corollary 3.3. O
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Proposition 3.5. Letu := Y, ai%a,—,/l,- € V(qy, m, €). Then we have the following results:
(i) Fori < o we have

(V]o. (W), P8, 0,

1
= 327(1 + yi) (@i - 1)InA; + o(ka STl + W)
k
' (e NES1V2) Loy VTapia)l® 2+ yi)
#1671+ InAi( 27+ (1+ yl)W(—A(ln?Ag,l)(cz,) T )-

(ii) Fori> o+ 1 we have
(VJp. (W), P80} = 327((@i = 1)+ T In i + O( Y Jak = 11 + i + In(A)/A7 )
Proof. For simplicity, we will write F; and Pé; instead of ¥ am i and 1376,11., 1> respectively. It is easy to see that
0- J Ke“l375i.
| Kev
Q
The first term is given by Lemma A.3. We focus on the second one. We note that the integral on Q \ (| Bx) is
bounded. It remains to estimate it on |  Bx. On B;, by Lemmas A.1 and A.4, we have

— % x - a;|?YiFg; — 1 ,— — 1
Ke'Pé; :I ! 1+a;; + —ap; + O(I1P;12,) <1+O(—))
ij ) <1+A%|x—ai|2+2w>2m( REEIS 1) A

(V],.(w), P8;) =) a;(P5;, Pb;) -

x (4104 - 2In(1 + A2x - @[*20) - 871(1 + y) H(ai, ) + ; + o(Ai)).

1

Using the oddness of ai, we easily see that

AN - @i Tig A2
1n/l-J i 1 = 0( ShsIn i),
1 . (1 + Alzlx _ ai|2+2Yi)20‘i "lpl”oo A?/(1+yi) 1
A x - ai|iFg; — 1 52\ Atai2
1+ a0 + —a2y; ), = o(_l ),
j (1 N /\lz|x - ai|2+2)’i)2ai ( + (le//l + 5 a; l/)l )l/)l /11.2/(1”")

4ai—2

- 1 ,=2
(ailpi + zaizlpi )H(ai,X) = O(W),
i

4ay .
J A X - ai| YT g
(1 +A7|x — aj|2+2v)2a

i

B[ (1}?12'];__(1;'1.2;1:2?2% (a@i + %0(12$12> In(1 + /li2|X — i = 0(%)
Now, using (A.11) and (A.12), we derive that
41n AiJ (1€2;TX__a;LT:;jii;ai (a@i + %aiz—iz)
~amna(-2 2l |vf3:i,~((;zi,~))|z izzriiy_f B+ 0(55) + 0(%))
i i
r2ma(att ) Cigla) %w&nmnﬁ%wo : 0(% Ylax - 11)).
i i

Concerning the last integral, by (A.10), we have
A?ailx - a;|¥iFig;
1+ /\l.zlx — a;|?*2vi)2a

4mmj

A (Fign)(anm o2

=4 ey

1 i
+ ZA("figi)(ai)W(lz(yz') +0(la; — 1)) + 0(1)>,
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In(1 + A7 |x — a;|**?")

4ay :
J A X - ail 1T
(1 +A7|x — a;|2+2vi)2a

i

Qai—2

b2 ly|2i rny,
=240t | Gy 0+ 0f G )
B;
_ Znai/\l{*ai—z(?igi)(a) <1 . Aaal—z )
a; - 1)2(1 +yy) AZ/(1+Y’)
J A?af|x— ail?iFigi H(as, x) mH( . O( A4a’_2 )
1+ Ai2|X — qj|?+2vi)2a P Qai-1) (1 +y) i, 2w )
B: :

Finally, we need to estimate the integral on the ball B; for j # i. We have

1 - ajl T = o
upg. _ ; 12

BjKe . _é[ (1 + A lx - aj| #2912 (1+ ajtp; + O(I; 15 ))(1 ’ O(/lj2 )>(8ﬂ(1 Fyoelan T O(sz ))
j J

3 (1 ) 4a, -2
U +
- S D AT ig)(@)6(ai, @) + 0

Qaj - 1A +vy)) A W

j
Now, using the fact that

Lay—2

oA
| Kev

we infer by the previous estimates that

= (@) = 81 +y (1 -TQRax-1) and gi(a) =1+0(Yla-11),  G.5)

— 1
VI, PSi) = 3271 + yi)(@i — DInA; + O Ylawe = 1]+ [l + W)
k

AFi(ai) L +y)h(yi) 4 1VFia)l® yi+2 (1+y)?
Fila;)  p¥ @ 3 Fi(a)? A2
i i i

+ 16n(1+y1~)ln/\i(2ﬁ— IB(Yi))-

Note that A(In F;) = AF;/TF; — IVEFiIZ/’J"i2 and 2(1 + yi)I5(yi) = yila(yi)- O
Corollary 3.6. We have

Pba. . apa
(VIo. ), # - 2aid —
1

1
A > 327(1 +yi)(ai - 1) + 0( (ka— I + AZ/(1+V*)))'
k

The following proposition is extracted from [1], by taking account of a; = g; € £ fori < o.

Proposition 3.7. Foro < mandi > o + 1 there holds

1 0P8a,\ 871 VFapi(ai) 1 1 ,
(Vo 0, 5 ) = - F0 ey +0( 55+ iy + 2l - 17 + In?).

4 A Finite-Dimensional Reduction

The goal of this section is to split the variables of the concentration into finite-dimensional ones and an
infinite-dimensional part and to obtain a good control on the infinite-dimensional part in terms of the finite-
dimensional variables. Moreover, the dynamic of the infinite-dimensional part under the gradient flow is very
well understood.

We start with a uniform expansion of the Euler—Lagrange functional around a sum of bubbles.
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Proposition 4.1. For it = Z;ﬁl aiﬁai,ﬂi +w=u+we V(qg, m, ) withw € EZ”A we have that
Jo. @) = Jo., () - f(w) + 3Q(w) + o([w]®),
where
| Ke'w
| Keu
I Ketw? . Q( f Ke“W)Z.
| Kev | Kev
Proof. The proof follows from a Taylor expansion combined with the uniform estimates in Lemma A.7. In
particular,

flw) =-p

3

Qw) = [wl* - o

JKe“leW —1-w-w?/2| < clwl? Y A,
Q

as desired. O

Now we prove that the second variation 0%J,, (u) is a non-degenerate quadratic form on the space E, A

Proposition 4.2. Letu=Y7", aiﬁsa,—,}li € V(qqg, m, €). Then there exists a constant Cq such that
Q(w) = Qo(w) + o(Ilwl?)

forallw € E}! ,, where
m

Qo(w) := [[w||* - Z le — a;|iedaniw?,
i=1g
Moreover, Qo is a non-degenerate quadratic form on E)' , whose morse index is given by

Y 201+ [yiD),
i=1

where [y;] is the integer part of y;.

Proof. We first notice that it follows from Lemma A.8 that the last term in the definition of Q(w) is o(||w/|?).
Now, we will focus on the second one.
It follows from Lemma A.1, that e* is bounded outside of the union of the B;’s. Hence we have

Ke'w? = O(|wl?).
Q\U Bi
Moreover, we have, using Lemmas A.4 and A.7, that

A{ % x — a2 — 1
Ke“wzzj ! Figi(1 + O(||Y; (1+O<—>>W2

A‘_‘ai—Z
“ 502 J Ix - @;f2¥iePun Figiw? + o(IwiPA{“ ).
1
B;

To estimate the previous integral by expanding F;g; around a;, we obtain

2
Jlx - ai?Yie’ihi Figiw? = Fy(ap)gi(ai) Jlx — aiYiedihiw? + O( I )

1/(1+yi)
B; B; A;
Using (3.5) and Corollary 3.2, we deduce that
e JKe“wz - le — aiefw? + o(Iw]?),
Jo Ke =
Q o)

therefore the first claim follows.
The non-degeneracy of this quadratic form and its Morse index are given in [26, Lemma 3.3]. O
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As a consequence of Proposition 4.2 and Lemma A.8, we have the following proposition.
Proposition 4.3. Letu := Y, ai%ai,Ai € V(qgy, m, €). Then the map
WEEZ"A — J(u+w)

has a unique critical point w. The Morse index of this critical point is Z;’Zl 2(1 + [y;i]). Furthermore, there exists

a constant C such that
_ & VFami(a)l & 1
Il < C(.Z S +Z|aj-1|+—/\2/(1+y*)).
i=0+1 j=1
Note that since w is a non-degenerate critical point for J,, in the space EZ‘ , for all fixed variables (a, a, A),
by using the Morse lemma we derive the existence of a change of variables w - w — (V*, V~) such that

Jo. (Y aiPban +w) = Jo. (Y aiP8ap, + W) + IV - V2.
Hence, to decrease the functional J,, we need to define
V+=-V* and V-=V".

This vector field will bring the variable V* to zero.
Our aim now is to construct a vector field on the remaining variables a;, a; and A;.

5 Characterization of the Critical Points at Infinity

Critical points at infinity are non-compact orbits of the gradient flow (or any other pseudo-gradient) along
which the functional remains bounded. They are besides the critical points responsible for the difference of
topology between the level sets of the Euler-Lagrange functional. The goal of this section is to identify the
ends of these orbits, to perform a Morse-type reduction around them and to associate to them an index which
enables us to compute their contribution in the difference of topology.

Inspired by the ideas introduced by Bahri in his study of Yamabe- and scalar curvature-type equations
(see [3, 4]), we look for a normal form of the gradient around such points. The way to find such a normal
form is to construct a pseudo-gradient for the functional in the neighborhood at infinity whose dynamic is
easier to understand. As a starting point in our search for such an appropriate pseudo-gradient, we perform
an accurate expansion of the functional J,, in V(qe, m, €).

Proposition 5.1. Letu = Zﬁl ai%(ai,,\i) € V(qg, m, €). Then we have

Jo.(u) = —Q*(l + ln(%*)) + 16712(1 +y)In(1 +y;) - 8713’{1'1(%“, v, am)

+167 ) (1+yi)(ai - 1)*InA; — 47 Y (1 +y)T}

I
—1 - 1
=4l (y (1 + y*)2 Z; AZ/(1+)’*) AIH(SFA{,",i)(ai) + O(Zlai _ 1|2 + |Ti|3) + 0(m),
1= i
where - )
T 0« i i hag—2
Ti:=1- withly = —— A k Fam ar).
©T sy B T K Gm DAy Canksnad

Proof. First, let I := Y I'y with

1
T

- 4ay—2
T Qax-1)(1+ yk)/\k (Frgi)(ar).

Using Lemma A.2, we have
lul® = 167 a7 (1 +y:)(2In(A;) - 1 - 47(1 + y;)H(ai, a;))

1
+ Y @Il + 647 ¥ aiey(L+y)(1+1)6(ai, @) + O ooy )
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Secondly, using Lemma A.5, we have

|va~(a,~)|2) A

ln( J’ Ke“) =In(nT) + % ;( L(yi)ATi(a;) + ;yz L(yi) Fi(ay) /1-2/(1+Yi)

Q 1
0 1 1 2 12
+0( 1+ X + WP + ol + Ylai - 112))-
Observe that

o In(nT) = p. In(w) + 87 Z(l +yi) In(T)

- . r 0+ .
=p.In(m) + 87 Z(l + y,)ln< 8,,(1+y T Ba(ls y,)rl>
=0.In(m) + 871 ) (1 + y,-)(ln(—gﬂ(f’:r Yi)ri) ~In (_Sn(f: ” 1;1' ))

=p.In(m) + 87 Z(l +y)iln(g.) — In(87(1 + y;)) - In(2a; — 1) - In(1 + y;)
+(4a; - 2)In A; + In((Figi)(ay)) — In(1 - 7))}
We remark that

0 A7 (Figi)ay)
T

=8a(1+y)” + O(la; — 1| + 7)),
2 u
In(1-#i) =~ - 5 + 0}), Y (1+yti=0,
i=1
In(2a; — 1) = In(1 + 2(a; — 1)) = 2(a; — 1) + O(Ja; — 1]?),
o(i2 =1+2(a;- 1)+ (a; - 1)?,

gi(a) =1+ 0(Yla - 11).
Combining the previous estimates, we obtain the result. O

From this proposition, it is easy to see that the function J,, will decrease if we bring the variables a; to 1 and
if we increase the parameters 7. In fact, we have the following proposition which defines a vector field W
along which the weights a; will be brought to 1, the 7 to zero, if 0 < m, the concentration points to a critical
point of the functional Fg , while the concentration speed will be kept under control everywhere but in one
specific region, where the speed will increase dramatically and leads to a “critical point at infinity.”

Proposition 5.2. Let p. € § and assume that the function K satisfies condition (NDp, ). Then there exist
a pseudo-gradient W defined in V(q,, m, €) and a constant C independent of u = Y| a;P8g, , such that the
following properties hold:

(i) We have
UL < IV’Jr m (a)l
(=Y., (), W) > CZ(|ai—1|+|Ti|+ 2,(1+y )+C Y ==
i=1 /11 i=0+1
ifo<m
(i) We have
_ ow(W) & ( ) < |V?Am z(a
-V W+ —7 1 .
< ]Q*(U+W), +a(a,/1,a) ZCl:zl |al |+|Tl|+A12/(l+y) C17;+1
ifo<m

(iii) | W] is bounded and the only region where the variables A; increase along the flow lines of W is
(@) asmall neighborhood of some critical point P := (P, ..., Pm) of F3' with P € Km0 ifo=0;
(b) the region where (ag_1, ..., an) is very close to a critical point P := (pg41,---,Pm) Of Fg, with
PeX;, ,if0<0o<m;
(c) asmall neighborhood of an m-tuple Q := (q1, . . . , qm) of zeros of the function K such that £(Q) < O if
o=m.
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Proof. We first observe that in the case o = 0 the statement is proved in [1, Proposition 5.2]. So we will focus
onthecase0 <o <m.

We start the proof by defining special vector fields which will be used to construct W. To this end we set
Wy =) Wy, where

_Q-a), 24y, Pé; ~ ..613‘51-
@ = gy (- ST e =) (g —2ah )

where ¢ is a positive cut-off function defined by &;(¢t) = 1 if |¢| < 1 and &;(t) = O if |¢| > 2. Using Proposi-
tions 3.7 and 3.1, we derive that

(Vo (W), W) = (1= &7 e = 1) (3271 + yolai - 1]

+ 0 Yimal + oy - 11+ z,my)))) (5.1)

k

Furthermore, we define

\ oPS; v Ti 2/(14y.) oP6;
== iAj w2 .=—¥% L1 &AM asAs i
4i=zlaz i oA; and A le |Ti|( {1( i |T1|))(Xl i o,

Using Proposition 3.1, we obtain
1
=V, (), Wy) = O(Z W +la; - 117 + |Ti|2>, (5.2)
i

(~V]o. (0, W3) = (1 - & ri)(167(1 + yi)lil + O +lag - 112)), (5.3)

1
A2y

In the case 0 < m, to move the points, we define

1 apa
Z VTay.ilai al
i=o+1 i
Using Proposition 3.7, we obtain
&/ |IVTi(a;
Vg0, Wy 2 ¢ 3 (M@ Zo( e+ T+l 17) ).

i=o+1
We divide the set V(qq, m, €) into two subsets and on each one we define a pseudo-gradient. The global vector
field will be a convex combination of them. Let us define

V1(qg, m, €) := {u € V(qq, m, €) : there exists an i such that |a; - 1| + |7;| > 2M//1.2/(1+y*)},

Va(dg, m, €) := {u € V(qg, m, €) : for all i there holds |a; — 1| + |T;] < 3M/)l2/ Ly 1,
where M is a large positive constant.

In V1(qs, m, €), we define
W' = We + W) + W3,

Note that, denoting A := {i : 2/(1+y la;—1| =2} and D :={i : /11.2/(1+y*)|1,-| > 2} and using (5.1)—(5.3), we
obtain that in the lower bound of (=VJ,. (u), W) the terms ¥ ; 4la; — 1| and ¥;.p|7i| appear. Moreover, since
u € V1(qq, m, €), there exists at least an index iy such that |a;, - 1| or |T10| is larger that M /)lz/ 14) Thus, in
the lower bound of (-VJ,, (u), W1y all variables |a; - 1|, |7;] and )lz/ 14y appear and we obtaln

1
(=VJp. (W), wty > CZ W +lag = 1] + |7l
i

by choosing M large enough.
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Note that along the flow lines generated by W the variables A; are decreasing functions.
In V>(qg4, m, €), for 0 < m, we observe that the tuple a := (ag41, ..., an) is close to a critical point z
of 5§ . Let AR := (g1, - - -, 4o, 2). We have

Y Filg)V I AT (gi) = LAY +o(1).
i:yi=Yy«

In this set, we define .
oP6;

W? := —sign(£ Am))z /1 T

i=1

and using Proposition 3.4, we get

(-V]o. (W), W3) > c)\z,1+ 7+ 0(a; = 117 +7il)

1
¢y ) +la; - 1] + |74l
i

since u € V,(qqg, m, €).

Now, in the case o < m, we define the pseudo-gradient W by a convex combination of W! + W, and
Wf + Wy. In the other case, that is, 0 = m, the term W, does not appear. We notice that |W| is bounded
and the only region where the concentration speeds A; increase along the flow lines of W is the subset
V3(qg, m, €) € V2(qq, m, €) where L(AY') < 0. Hence Claim (i) follows.

Concerning Claim (ii), we remark that ow/ds does not necessary lie in E;" A- Then we write

ow & ( P§; oPS; & 1 opPs; <

— = ti—— + uihi—— )+ v~~—(a~ )+W, 5.4

9s Z Jinx T oa ,.ZUZH ,.;2 Y\ o) Z ka(a i/ G4
where w € E . Hence, foru :=u+w:= Y a a;P8; + W we have

(sn.0 ‘> 3 o0 T2 0.0

a; OPS; & ax oYy
+ z Z V1]<V]g (u)x /\ a(a )] Z a(a )]>

i=0+1 j=1,2 k=1

=

since w minimizes J,, (3. a;P8; + w) in EZfA

It remains to estimate the variables ¢;, y; and v; ;. For this purpose, we multiply (5.4) by 133i/ \/m,
A,-(aﬁé,-/a)\,-) and (1/4;)(0P6;/0(ay);), respectively (the norm of each term is of the order ¢ + o(1), c is a positive
constant, and the scalar product of two of them is of order 0(1)). We get the following system:

citi + o Yltj| + ) + viijl) = (9W/0s, P&i/\InA;), i=1,...,m,
Cipi + o(ZItjl + |yl + Ivk,,-|> = (0w/ds, A;0P8;/0A;), i=1,...,m,
C,'-iji,j + o(ZItjl + |yl + |vk,]~|) = (0w/3s, A" 0Pb,4, 1, /0(ai)j), o+1<i<m,j=1,2,

where ¢, ¢} and ¢!’ are fixed positive constants.
Recall that wisin E Z‘ A+ Then we deduce that

o, —
g(W,P&) ZO,

which implies

aW P6> 0.
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Furthermore, in the same way we get (recall that A; = O(A;) and aij = O(Ai‘l))

ow oPé;
s’

Indeed,
0%P6;

M. Ahmedou and M. Ben Ayed, Critical Points at Infinity

c)/l,-as -

92P6;

oNds

Moreover, fori > 0 + 1 we have

ow 0Pé§; 0?P6;
< s > < aai,,-as

os’ aa,,

Hence we get

-2 <_ aa”a Sar o) ik = O,

ti, ui, vij = O(wl).

— 155

This implies that the term (V/,, (u), (0W)/(0s)) is small with respect to the lower bound in Claim (i) (by using

the estimate of |w| given in Proposition 4.3).

Now, we will focus on

(V]p. (u

For the second term on the right-hand side, since w is in E;’f A» We get that it is equal to o([wl)). Indeed, we

have

(W, P5,) - (W, ap51> 0

__ 0Pé¢; g
<W’Wj>:‘kzl

Now, we write

JKeH = jKe” + JKe“W+ JKe”(eW— 1-w),

and therefore, from Lemmas A.7 and A.8 we derive that

J Ke¥ = JKe” + O(Z /l;:ak_ZHW")-

Finally, observe that

I Ke W = J Ke'W + j Ke“WW + j Ke'(e" — 1 - W)W.

foralli> o +1.

Note that W is a linear combination of the functions 135a,., Ais a%ai,,\i /0A; and, if o0 < m, also 61’55“,.,;(,./ o(aj)j.

Hence, the second claim follows from these estimates and Lemma 5.3 given below.

Lemma 5.3. Letu := ¥ ;P8 5. Then there holds

u— Ai
JI(e w 1 1

J Ke"wA; ———22

u__
jKe w/1

) o(||wn YA,

- = o(Iwl Y A2,
o(llWII Z/\i’xkfz) ifo<m.

O

(5.5)

(5.6)

(5.7)
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Proof. Claim (5.7) follows from [1], since fori > ¢ + 1 the concentration point a; ¢ . Concerning claim (5.5),
by using Lemma A.4 and the fact that P&; is bounded outside of B;, we have

4(1,'—2

— = 5 1 = — _
jKe”WPfSi = W jlx - ai|2)’xe513"igifi<1 + O(W))WP&- + O(IlWII Z}(iak 2)
1 .
Bi t
{HX,'—Z
- W(fﬂgi)(ai)lt In(A;) J|x — ai|¥iedw + o(uwn Y AT+ g - 1 ln)l,-))
1

Bi

= O(IWl Y Ay (1 + lag - 1110 Ap),

by using the fact that (P&;, w) = 0. Hence Claim (5.5) follows. Claim (5.6) follows as in the proof of (5.5) by
using the fact that (1373,-, w) = 0and (0135,- /0A;, w) = 0. For more details, one can see the proof of the analo-
gous estimate in [1]. O

As a consequence of Propositions 5.2 and 5.1, we are able to identify the critical points at infinity of J,, and
to compute their Morse indices.

Corollary 5.4. Letqq := (qi,> ..., qi,) C Z.Furthermore, denote p¢,m := 8n(m - 0) + Z)‘-’:I 8n(1 + yj). Then, for
0 < 0 < m, the critical points at infinity in V(qs, m, €) are in a one-to-one correspondence with the critical points
a:=(ag+1,---,am) of Ig suchthat Af' := (a1, ..., dq,...,am) € K; p.

The morse index of such a critical point at infinity, which will be denoted by (A})w, is given by

o
ind((AJ)eo) :=3m -1 - 20 - ind(Fy ,a) + 2 ) (1 + [yi]).
i=1
If 0 = m, there are two cases: either L(AJ) < 0, and then (A9) is the only critical point at infinity in
V(qg, 0, €) with morse index
g
ind((A9)eo) :=0-1+2) (1+[yil),
i=1
or L(A9) > 0, and then there is no critical point at infinity in V(q,, 0, €).
Furthermore, for 0 < 0 < m the critical value of this critical point at infinity is

Cool(AD)o) 1= ~0am(1+10( 227 )) + 167 Y (1 + yi) In(1 + y) - 87T (Agn, - - ., Am).

8
If 0 = 0, the critical points at infinity in V(0, m, ) := V(m, €) are in a one-to-one correspondence with the
critical points A := (ax, . . ., am) of ' suchthat Af' € K .. The Morse index of such a critical point at infinity
is given by

ind((A)oo) := 3m — 1 — ind(57, AT,
and its critical level is
m m
Coo((A))eo = ~87m(1 + In(mm)) - 87 Y In(K(ap)) + 327% Y (H(ai, @) - Y. Glai, @) ).

i=1 i=1 j#i
if m>2

6 Proofs of the Main Results

Proof of Theorem 1.1. We argue by contradiction, assuming that J,, has no critical points. Hence from Corol-
lary 5.4 and [9, Theorem 7.2] we have the following:
(i) There exists L; > 0 large such that all the critical points at infinity are contained between the subsets J éi
-L
and J,,".
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(ii) ]gi retracts by deformation onto
U Wul(AP)e) U T,

where the (A]')o’s are the critical points at infinity and W, ((A]')o) denotes the unstable manifold at the
critical point at infinity (A'). Hence

! . m;
1=xUg) =Y Y (1)) 4y, (6.1)

=1 £(Agh)<0

Furthermore, for € small enough, we have y(J 5f) = X(];f,g) for L large.
Now, it follows from the a-priori estimate of [11, 16], that all the solutions u, of Jo.-¢ are bounded in
C2%(Q)and -L, < Jo.-e(ug) < L for some large L,. Taking L larger than max(L1, L), we have that

degg*—s =X(]L*—g& ]55—5)’ (6.2)

where deg, _, denotes the Leray—Schauder degree of

u

-Au=(ps-€)—— inQ,
0+ -#) N
u=0 on 0Q.
It follows from the result of Chen and Lin [26] that
g+N+m-o0-2
deg,, . =1+ Z 5 (—1)"< Mo ) (6.3)

(go,m
osm, SHSQ(CIU,M)<Q*

Combining (6.1)-(6.3) and the fact that
1=xUg") = xUg2 Jor) + XU,
we get a contradiction with the assumption of the theorem. O

Proof of Corollary 1.5. Observe that in the case p.. = 87(1 + ymin) the sum on the right-hand side of Theorem
1.1 will be on 0 =0 and 1 < m < [ymin] + 1. Moreover, the critical point at infinity will be in a one-to-one
correspondence with the g; such that y(g;) = ymin and £(g;) < 0. These critical points have an even index.
Therefore the condition in the theorem will be

N min
#{i : y(qi) = Ymin,» £(qi) < 0} = g+N+ly ]>

¢ (
i: y(qi)=Ymin, £(qi)<0 1+ [Ymin]

where the sum is zero if the set {i : y(qi) = Ymin, £(qi) < 0} is empty. Now it is easy to see that this condition
is always satisfied under the assumption of the corollary. Hence Theorem 1.1 implies the existence of at least
one solution. O

Proof. of Corollary 1.6 Observe that in the case p. = 871(2 + y1 + y2) we have A2 = (g1, q»). On the left-hand
side we have 0 if L(A%) > 0 (that s, there is no critical point at infinity) or -1 if £ (A%) < 0 (in this case, (A%)OO is
the only critical point at infinity). Moreover, the sum on the right-hand side of Theorem 1.1 will be on (g1, m)

withm =1,...,[y2] + 2 (in this case we have ¢ = 1), (g2, m) withm =1, ..., [y1] + 2 (in this case we have
o=1)andoverm=1,...,[y1 +y2] + 2 (in this case ¢ = 0). Thus, the right-hand side will be
1+[y1+§]+2(g+N+m—2>_[y§2<g+N+m—3>_[y1]+2(g+N+m—3)
m=1 m m=1 m-1 m=1 m-1 ’

which is equal to
(g+N+ [y1 + Y2l +1)_<g+N+ [yz])_<g+N+ [y1]>
[y1+y2]+2 [yl +1 yil+1 )

Under the assumption of the corollary, the assumption of Theorem 1.1 is satisfied. O
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A Appendix

In this appendix, the concentration points are assumed to be in a compact set of Q and the concentration
speeds are of the same order and large enough. Furthermore, for the sake of simplicity, O(1/A%) designs some
quantities like O(} 1 /Af‘). Moreover, we observe that for i > ¢ + 1 we have y; = 0, ; = 0 and ¥; = 0, hence
ﬁgtli,/\i = Pdgy; A

Lemma A.1. We have the following results:
(i) On Q there holds

— A 1
P5A.=1( i >81 H o(=) 1<is<m,
aA = 1n @ e - a2 (1 +y)H(x, a;) + P, + ()l ) <i<m
0P6, 1. 4 1 .
A' AL — ), 1 < s
T N (AZ) S
1 0P6, 2, 4Ai(x — a;) 8m 0H(a;, x) 1 .
1 i _ o7 +0(=), o+l<i<m.
A oa; 1+ /(12|X —ail> A 0a; (AB )

(ii) LetO < n < d(a;, 0Q) be a fixed small constant. On Q \ B(a;, n) there holds

Pdg, —8ﬂ(1+y,)G(al,x)+O(A2) l<i<m,
aPSa,A _ 1 aP5a’/1 B 1 .
it =0(p) amd AT =0() 1=ism

1 0P8y, 0 8716G(a1,x)
L oa A oa +O()l3)

(iii) For i < o we have

b=+ 0(5), PYCLZINPYCL TS N 7 N T L

o0A; oA /11.2 Ai oa; A oa; A2
and ou
C i C
il + i IOO_W’ Az|a—/h|m_w-

Proof. The first and the third assertions follow from the maximum principle. However, the second one follows
from the first one. O

LemmaA.2. For1 <i<m(fori> o+ 1wetakey; =0 andy; = 0) we have

jwﬁ(’sai,mz dx =3271(1 + y;) InA; - 1671(1 + y;) — 647 (1 + yi)* H(ai, a;) + [il)* + o(;).

2 Amm(Z 1iy)

Fori < o0 we have

Il = 1671 1+ )’1)3(2 +Yi)

I3(yi)

IVFi(ap)l* 1 N ( 1 )
i TFi(a;i)? Aiz/(lﬂ’i) Ai2+1/(1+)’i)

where I5(y) is defined in (3.1). For i # j and |a; — aj| > c let y := min(y;, y;). There holds

L
(PBa > Pbay,y) = 6472 (1 + yi)(1 +y))Glar, aj) + O(A—mm<2 )

Proof. Fori > o + 1 the result follows from [1, Lemma A3]. For i < ¢ we have

1P8 4, 4,117 = IP8a A > + [ill> + 2(P8 4, a5 i)
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From Lemma A.1 (iii) and using the oddness of 1);, we get
) — 1 ) — 1 1
(Poa a0 = [le-aie®(fi+0(5)) = | -aletigidr+0(55) = 0(53)-
Q ! 0\B(a;,n) ! !
From Lemma A.1, we have

IP&a Al = jlx - alzyeéav"(ltln)l - 21In(1 + A%|x - a|**¥) - 8n(1 + y)H(a, x) + O(Alz))
0

= Jlx —al®e%(41n A - 2In(1 + A%|x — a|**?)) + O(Alz)
IRZ

|x — a|?eb+'H(a, x)

A4
2y 84, _
- J Ix—al”e Aln((1+}l2|x—a|2+2y)2) 8m(1+y)
R2\Q

—_ 0 —

—3271(1+y)InA - 1671(1 + y) — 647%(1 + y)*H(a, a) + o( ) (A.1)

Amin(z,%y)

Indeed, the firstintegral gives 3277(1 + y) In(A) — 1671(1 + y). The second one is 0(%) (sinced(a, 0Q) > ¢ > 0).
Concerning the last one, letting B := B(a, d), we have

1
Ix — a|¥eS\H(a, x) = O(A—z), (A.2)
Q\B(a,d)
J|x —al?’eb H(a, x) = jlx - a|2yeﬁﬂ'A(H(a, a) + %DZH(a, a)(x—-a,x-a)+0(|x - a|4)) (A.3)
B B

(in equation (A.3) the terms VH and D3 H do not appear since their contribution is zero). The integral on the
right-hand side of (A.3) will be divided into three integrals. The first one is equal to 871(1 + y)H(a, a) + O(Alz).
The last one is O(1/A™in2.4/+1)) (since y # 1). Concerning the second one, we have

0%H(a, a) I X — a2’ 8A2(x — a)i(x - a)j

_ 2y 6“‘AD2H _ _ _
Ix —al?e (a,a)(x-a,x-a) ; 3x:0%; L+ 2x — a2

B(a,d) B(a,d)
_y 0%H(a, a) j 8A%|x - a¥
- 2

i

ey
T = apy * i
)

i

We notice that the integrals for i = 1, 2 have the same value. Thus, it follows that the integral vanishes since
AH(a, - )jx=a = 0. Hence the first claim is proved.
Concerning the third estimate, assuming that y; < y;, we write

(ﬁ?sai,ﬂp 13361,‘,/\,‘) = (Issa,-,/\p Pém,/\;) + (ﬁa,«,}tp lp])-

Observe that 1

— — 1 1
(PBay i ) = J—AP&ai,AiO<A—?> N j 0(5 ¥ = 0(33):
B; ] Q\B; l
For the other term, using Lemma A.1, we get

52 | 1 1\
(Pﬁai,Ai,Psa,.,A]):J|x_aj|2yze5am(sn(1+yi)G(ai,x)+o(/?))+ j O(A—;)Péai,m.
B; ! Q\B; J

Finally, arguing as in the proof of the last integral in (A.1), we derive the result.
Concerning the second claim, we have

2 _ 2yi 5644 [ 31y 1 m 1
il? =[x qii?reton (3 + e a0 ) (9 + O(A—l_z))
Q (5]
_ 1 Py 1
_J...+O<m).—A1 +A2+O(m>- (A.4)
i i

B;
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For the first integral A; we have that

(VFilgn)(x - qi)}

(1 +yp* J AZ|x — q;|¥i

—2
Ix - qi ey =
J l l v Fi(g)? 5 + A2 [x — gi2+2viyh

Q
2 .
Ai |x - Qi|2y'+2

(1+ AZlx — 27

(L+y)*
y12 I(Qi)z

(L+y)*
ylffz( i)?

where I,(y) is defined in (3.1). Concerning the second integral A,, we have

=16

V()2 j

=327 |vsf.(q,)|2)l2,(1+y Ly + 0( ¢ %) (A.5)

i i

(1+y)? j AFlx — qil?i 5
Ay =- VFi(qi)(x - qi)
2 yig:i(qi)Z J (1 + /112|X _ qi|2+2yi)3{ ilqi qi }
1 AZ|x - g;|?i+?
8( +y1)2| Sri(qi)lzj llz qil
viJi(ai) . (1+/1i |x—q,~|2+2yi)3
1+ )’1) 2
-8————|VFi(gi)|" ——1L3(y;) + O| — (A.6)
yigig? 2/<1+y> i (Af*)
Now, (A.4)—(A.6) imply the result. O
Lemma A.3. There holds
— aP5a, A oY; .
<P5ai,/1i,/\1 > = 1671(1+y,)+<1[),,)l, on > O(}l_z)’ 1<i<m,
1 6P6 e InA .
<P5ai,/1,-,/l—i_a;;,/h> :—64712/1_1.%(611, 1)+O( jE ), o+l<i<m,
where 0H/da denotes the derivative with respect to the first variable. Furthermore, there holds
— OP6g, 1 1 -
<P6a,.,Aj,)li a;“}" > = O(/\_Z)’ 1<i#j<m,
1
— 1aP6,A, 1 0G(a;, aj) 1 . .
<P5ai’/‘f’)Ti a > 64T (1+y,)—a—;i+0(/‘—2), 1<j<sm,o+1<i+j.

Proof. 1t is easy to see that

<paa,A,A"’P5M> (PO 22 Y 1 (PO SR+ (i AT ) (31, 5L,

Since 1/)1- is an odd function, we get that the second and the third terms on the right-hand side are 0(1/A2).
Concerning the first one, using Lemma A.1, we get

OPSa 1\ [ 8(1+y)°A%x—al? 4 14\ 1
a J (1+ A2[x — a>2r)2 (1 T A2x—azy O(/TZ)) =167(1+7)+0(53)-
Q

The second estimate is extracted from [1, Lemma A.2] since, for i > 0 + 1, we have y; = 0. Concerning the
third and the fourth, let d > 0 such that B; := B(a;, d) ¢ Q and B; N Bj = 0. We have

<135a,-,;xj,/li aﬁsa,i’m> = j_A%ai,AiO(Al;) + j ~AP6g;,,0(1) = 0(%)

(P6a, A

oA
l By 1 ap
1 0PSa i\ _ (1 0Pban
(PBayis 3 gt ) = [ -0 S5 PG
0
3247 (x - ai) 1
= | ————8n(1 +y;)G(aj, x) dx + O = ).
JJ(“A:'ZV—GI'IZ)3 (1+yp6laj. ) (Az)

Now, we expand G(aj, x) around aj;, as above and the result follows. O
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Using Lemma A.1, we derive the following result.

LemmaA.4. Letu := Zfil aiISEai,A,. € V(qg, m, €). On B(a;, n) there holds

u _ A?ailx_ ai|2y"3'~AZ',igiea"$“< O( 1 ))
M TRy e P = e S Ve

AL — ai T ap igie i 1.,
- (%e")

—Ke
(1 +A7|x — a;|2+2vi)2a A7
where A} :=(ai, ..., am), Fam ; is defined by (1.2), (1.3) and
8i00) 1= exp(-87(@ - (1 +y)H(ai, X) + 87 Y (& — 1)(1 + ) G(aj, X) ). (A.7)

j#i

We introduce the following function:

1
§00) = (1 + A2|x — a|2+2v)2(a-1) .
We remark that
1
4(1 - a)(1 + y)A2 12 |x — a?+%Y
1500 -11 = ” (1 + A2£2+2V|x — q|?+2y)2a-1 dt| < cla - 1/yAlx - ™. (A.8)
0

LemmaA.5. Letu := 21@1 aiﬁ?‘iai,\i +w e V(qy, m, €) and let y,. = max{y; : i < g}. Then we have

m
JKe” = Z
Q

i=1

A A (Fam g (@) AT 2m1-y}
- +E —L(y)AFam i(a;) + — LI5(y;
Qai-DA+y) & <2 2(yATap (i) + V2 3(r1)
i

+ o<1 + ZA?“"_Z(min(m, 1;—2") Wl + fow) + Yl - 1|2)>.

Proof. Letu:=u-w=3y ai%i. We have

|V3"A:,",i(ai)|2)
Fam iai)

j Ket = JKeH + jKeﬁw N I Kef(e" — 1 - w).
Q Q Q Q

Concerning the last integral, from Lemma A.7 we obtain

j Ke'le" -1-w| < ¢y A% |w|?.
Q
The estimate of the second integral is given in Lemma A.8. It remains to estimate the first one. Using

Lemma A.1, we derive that e is bounded outside of the union of the B;’s. Hence the integral in this set
is bounded. Now, using Lemma A.4, we have

JKeH B J }lf.‘“"|x - a1 Fi(x)gi (%)
(1 +AZ|x — @] 2+2vi)2a

(1 +a;; + %a%@f +0([y;1%)) + O(/li2 jKeﬁ). (A.9)

Bi B; i

For i > 0+ 1 we have y; =0 and @i =0, and therefore this integral is estimated in the estimate of I5 in
[1, Lemma A.8] and we have

_ AT (x)g;
JKe” ZJ i Ji00gi() (1 . o(i))
4 4+ AZ|x - aj]?)2 A2
_ a2 T(Ji8i)(ai) InA; e -1
= A ( Qa; - 1) +O( A2 /11-3/2 ))
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To estimate (A.9) for i < o four integrals have to be computed. For the first one, observe that

J A x - @i Fi(x0gi (%)

A1 - ag (] A = aPre )
4 s AZ|x - aj|2+2vi)2a
i

S AZ|x — aj|2+2vi)2e
i

= (Figi)(a;) I

S AZ|x — aj|2+2vi)2a
i

4ai .
A% X - aq P

(1 +A7|x — a;|2+2vi)2a

1
t3 JDz(fﬂgi)(ai)(X - aj, X - a;)
B;
_ AT Gig)aim 1 2142

_ Lo Nt
A(Tigi)(ai) Az/(“yi)

S Ga-na+y) 4 : (I2(y1) + O(la; - 1)) + O(1). (A.10)

Concerning the second one, using the facts that g; = 1 + O(}|ax — 1|) and Vg; = O(3’|ax — 1|) and the oddness
of y;, we derive

4a; .
j X - ailFigi —
§ L+ A x = a2 2v)2e

i

J Almn |x — a;|?iV(Figi)(ai)(x - aj )$ < J A?ailx — a3 @ |)
B i (1+ A1-2|X a;|>*2vi)2ai l A 1+ /ll-2|x — a;|2t2vi)2ai
1+y; 1 A¥|x = a;| PV {VFi(ay) (x - a;)) Az a2
=2 + Vi J i ;' { i(ai)( 1)} + <Z|U‘j—1| 21 — 41 — ) (A.11)
vi Jilai) 3 (1 + A7 |x — a;|>+2vi)2aitl A [(+yi) A [(1+yi)

The previous integral can be estimated as

2
(1+ A12|X — @;|2*2vi)2ai+1 = VTi(ail [(1+y:)
l

/\{mi _ iZyi VS[“I ; —a; /\4(1' -2 1
[ A e ik N s U0 + (i = 10+ 0( 35 )-

For the third one of (A.9), expanding F;g; around a; and using the definition of % (see (2.1)), we obtain

| A 1x — ail Fi(0gi(0) 2
J s AZ|x - aj|2+2vi)2e

hag-2 4ag-2
_ 4 ;izyi)z (J;g(;()c; D19, (a)? z‘}my (L(ys) + O(la; — 1)) + O(W ra) (12
Finally, the fourth integral of (A.9) can be estimated as
J/14m|x a;|2iF;(x)gi(x) ||l/) 2 = (ﬁ)
J (1 + A2|x — a;|>+2vi)2a A?/(1+yf)
Now, we sum the previous estimates and use the recurrence formula of I,,(y) (see (3.2)). O

Corollary A.6. Letu = Z;L a,-]s(dSai,Ai +w e V(qg, m, ) withw € E;"’A. Then we have

|V5tA;,",i(ai)|2)

m 0 o (Awi-2 - _y
87y (1+y)T; = * i ( AT gm i (a; + - Ly
i:Zl( Yi)Ti {Z L(y) AT 4m i(a;) - 3(y1) T (@)

2/(1+y;
J'Q Ket ~ Ai/( +Yi)

vo(1+ Y are (p,my s Wl + 1)+ Y e - 1|2))}

Proof. Recall that

o nly 1 hag—2
Tii=1l-o——~—+———, Wherely:i= — A} k=
: Qar-1)1+yp) *

Fpm .
871(1 +yi) [ Ket (Far k8r)(ax)
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Thus we get that

8 Z(l + YT = fQQI:e“ (i Ke¥ - Z 711",-).

Using Lemma A.5, we derive the claimed estimate. O

LemmaA.7. Letu = zg’;l ai%ai,m € V(qg, m,e)andw € E;”’A. Then there holds
21,6 e
( j bx = aifPiebaniwi?) < Covalwll,

Bi

x — aj?ieani (1 + &)|wl < clwl,

21+’

A .
lwl forizo+1,

In
8
e’ati|x — a||w|<c}l2

B;

. w
J|x _ aifr*2edanw] < o1
B;
B;

JKe” eV

jm ~1Ix - aj|? b |wlP < cla; - 1|IwlP forp=1,2.
Bi

P, wk 4oy—2
=Y Tl ey A forallp € N,
k=0

o

Proof. The fourth estimate is extracted from [1, Lemma A.5]. Now, arguing as in the proof of [1, Lemma A.4],
we prove the first estimate. The other ones follow from the first by using the Holder inequality. O

LemmaA.8. Letu = Zﬁl ai%ai,,\i € V(qg, m,e)and w € EZI’A. Then there holds

m m
uo haj—2 VT g i(ai)l ) 1 4a;—2
jKe W—O("W||<1+ Z A’i A—i+(2|a]—1|+m)izzl/li )).

Q i=0+1
Proof. We recall that we have

(P82, W) =0 = Jlx - ail?iebh (14 + ———VIi(a)(x - ap) )w (A.13)
Q

1)

Now, using Lemma A.4, we get

m 4111 2
JKe =3 sy Jlx — @it ETigi(1 + aihy + 02N (1 + O(E))w + 0(Iwl)

m A4al 4 1
=Y sy 5 [l @il g1+ aipw o+ n0(1+ A1 (W02, + ).
i=1 ) 1

Using (A.8) and the fact that g; = 1 + O(} | — 1|), we get

- aiPried sizigis + apow
B;
= Jlx - ail? e Fi(1 + aiy)w + O(Zl(xj -1 Jlx - ailzy"eﬁflwl)
Bi Bi
+ 0(lai = 11 [Ix - ai?re® wiax - aifon ).

Bi
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To estimate the first integral on the right-hand side, we expand the function F; around a;. Fori > ¢ + 1, as

in [1], we get
(s 13/2
[[evaw = o @, Tn22Y),
Ai /11_2

Bi
Fori < o, that is, y; > 0, we obtain
Jlx — ai|?e? Fi(1 + aip,)w
Bi
= Fi(ay) IlX - aiie% (1 + ap)w + JIX - ailie® (1 + aih)VFi(a) (x - aw

B; B
+ O( J|X - a,~|2+2y"e5f|w|)
B;
= Fi(a;) Jlx - ailzyfe5f<1 + i, + LV%(ai)(X - ai))w
Fi(ay)
B;
+0( [ b= a2 w + ko [1x - ail'* e w))
B; B;
1 1
= O =5 IWll + <755 1wl
2 R
by using (A.13) and Lemma A.7. O
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