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Abstract: In this paper, we use a suitable transform of quasi-conformal mapping type to investigate the sharp
constants and optimizers for the following Caffarelli-Kohn—-Nirenberg inequalities for a large class of param-
eters (r,p,q,S, 4, 0)and 0 < a < 1:
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We compute the best constants and the explicit forms of the extremal functions in numerous cases. When
0 < a < 1, we can deduce the existence and symmetry of optimizers for a wide range of parameters. More-
over, in the particular cases r = p g%} andg=p ;,%11, the forms of maximizers will also be provided in the
spirit of Del Pino and Dolbeault [14, 15]. In the case a = 1, that is, the Caffarelli-Kohn—Nirenberg inequality
without the interpolation term, we will provide the exact maximizers for all the range of 4 > 0. The Caffarelli—
Kohn-Nirenberg inequalities with arbitrary norms on Euclidean spaces will also be considered in the spirit
of Cordero-Erausquin, Nazaret and Villani [13]. Due to the absence of the classical Polya—Szego inequality
in the weighted case, we establish a symmetrization inequality with power weights which is of independent
interest.
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1 Introduction

Geometric and functional inequalities have a wide range of applications and play a crucial role in geometric
analysis, partial differential equations and other branches of modern mathematics. In many situations, the
validity of the inequality and some explicit bounds for its best constant are enough to run the process. How-
ever, there are numerous circumstances where we need to know the exact sharp constant and information on
extremal functions.

Among those inequalities, the Caffarelli-Kohn—Nirenberg (CKN) inequality is one of the most important
and interesting ones. It is worth noting that many well-known and important inequalities such as Gagliardo—
Nirenberg inequalities, Sobolev inequalities, Hardy-Sobolev inequalities, Nash inequalities, etc. are just spe-
cial cases of CKN inequalities.

The CKN inequalities were first introduced in 1984 by Caffarelli, Kohn and Nirenberg in their celebrated
work [6].
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Theorem A. There exists a positive constant C = C(N, 1, p, q, ¥, a, B) such that for all u € C8°(]RN),

lxull, < CIIIXI“IVuIIIZIIIXIﬁull,l[“, (1.1)

where

p,g=1, r>0, 0<ac<l,

1 a1 B 1 y

. 4+ E 4L = 1-—

p+N’q+N’r+N>0’ y=ao+(1-a)B,

1y 1 a-1 B

7+N—a(5+ N )+(1—a)(—+ﬁ)
and

O<a-o0 ifa>0,

. 1 a-1 1 vy
- 1 0and - ==+ =,
a-0< ifa > 0an » + N - + N
If we perform, as in [37], the change of exponents
U 0 S
a=-—, =T ==
b p q Y r

then (1.1) can be written in the following equivalent form:

(e =l fme e fur )
I

RN RN

where
_ [IN-8)r-(N-s)qlp
[(N-8p-(N-pu-p)qlr
In this paper, we will restrict our consideration to the case 1 < p < N.
When s = y = 8 =0and a = 1, we recover the well-known Sobolev inequality

( j|u|ﬂ" dx)p% < S(N,p)( JIVqu dx)l%,

RN RN

where p* = NN—_‘;. When p > 1 the best constant S(N, p) was found in the works of Aubin [3] and Talenti [34],
using rather classical tools such as Schwartz rearrangement. The case p = 2 was explored more by Beckner
in [4], due to its conformal invariance. For p = 1, it has been known that the Sobolev inequality is equivalent
to the classical Euclidean isoperimetric inequality.

Whena=1,u=0,0<s<p<Nandr=p*(s) = ﬁ—;ﬁp, the CKN inequality becomes the Hardy—Sobolev
(HS) inequality:

() dX \7® »

(J|u|1’ “’ﬁ)" © sHS(N,p,s)( JIVqu dx)p. (1.3)
RN RN

In this situation, Lieb in [26] applied the symmetrization argument to study (1.3) in the case p = 2 and gave

the best constants and explicit maximizers. The study of the best constant HS(N, p, s) and extremal functions

for inequalities (1.3) in the general range goes back to Ghoussoub and Yuan [25] and maybe even earlier (see

the references in [25]). The maximizers for the HS inequality when O < s < p < N are the functions
ps _Np
Uca(X) = c(A+ |x|rT) 7 forsomec + 0, A > 0.

Actually, u. ) (after rescaling) is the only positive radial solution of
p*(s)-1

x|

u
—div(|VulP~2Vu) = onRM.
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Whena = 1and O < u, s < N, the CKN inequality does not contain the interpolation term. There are great
efforts to investigate the sharp constants, existence/nonexistence and symmetry/symmetry breaking of max-
imizers in this situation, especially when p = 2 See [5, 9, 12, 21, 35], among others. For instance, Chou and
Chu [12] considered the case p = 2 and “ “ + 1, and provided the best constants and explicit optimiz-
ers. In [35], Wang and Willem studied the compactness of all maximizing sequences up to dilations in the
spirit of Lions [28-31]. In [9], Catrina and Wang investigated the class of p = 2 and u < 0, and established the
attainability/unattainability and symmetry breaking of extremal functions. In [7], Caldiroli and Musina stud-
ied the symmetry breaking of extremals for CKN inequalities in a non-Hilbertian setting. In a recent paper,
[16], Dolbeault, Esteban and Loss studied the characterization of the optimal symmetry breaking region in
HS inequalities with p = 2. As a consequence, maximizers and best constants are calculated in the symmetry
region. Their result solves a longstanding conjecture on the optimal symmetry range.

In the case 0 < a < 1, the CKN inequality includes the interpolation term. This situation is much harder
to study. When there is no singular term, i.e., s = 8 = y = 0, the nonweighted CKN inequality, namely, the
Gagliardo-Nirenberg inequality, has been studied at length by many authors. Especially, for very particular
classes, the best constant and the maximizers for the Gagliardo— Nirenberg inequality are provided explicitly
by Del Pino and Dolbeault in [14, 15]. Indeed, in the special class r = p = e , Del Pino and Dolbeault proved
that the max1mizers for the Gagliardo—Nirenberg 1nequa11ty have the form A(1 + B|x — x| 1 P ) = , while in the
case q = pp 1, the maximizers are A(1 — B|x — xlp 1), = for some A € R, B> 0 and x € RV. See also [1, 2],
where Agueh gives a proof by studying a p-Laplacian type equation by transforming the unknown of the
equation via some change of functions. We also cite [13] where Cordero-Erausquin, Nazaret, and Villani set
up a beautiful link between optimal transportation and certain Sobolev inequalities and Gagliardo—Nirenberg
inequalities.

However, as far as we know, there are only a few papers concerning the full weighted CKN inequalities
(i.e., 0 < a < 1and at least one of s, p, 6 is nonzero). Compared with the special cases of Gagliardo—Nirenberg
inequalities without the interpolation term (i.e., a = 1), dealing with such CKN inequalities is considerably
more difficult. For instance, the Fourier analysis techniques cannot be applied in this setting. Moreover, the
classical Schwarz rearrangement, which is based on an isoperimetric inequality, is unavailable due to the
presence of singular terms (i.e., the weights #, ﬁ and - T LY. Itis worth noting that symmetrization has been a
very useful and efficient (and almost inevitable) method when dealing with the sharp geometric inequalities.
Hence, in general, we are not able to reduce our problem on CKN inequalities to a radial setting. Actually,
the problem of symmetry and symmetry breaking of optimizers for CKN inequalities has been investigated by
many researchers, see, for instance, [7, 10, 11, 16].

Concerning inequality (1.2), for the special class

_pr-1

1+a_9)w K p
p-1

s:—+1+;19,
P P p

, l<pc<r, N—6<( r=p »

prove that these are all possible optimizers. Moreover, this case does not cover the 1nterest1ng situations in
[14, 15].

In [8], Catrina and Costa studied best constants and explicit optimizers for the CKN inequality when
p=q=r=2,u=2a,0=2bands=a+b+1. They were able to show that when a < b+ 1, b < Y2, or
a>b+1,b> sz, the optimizers are of the form

x|b+1-a
Dexp(ltuﬁ),
whileifa >b+1,b< %52 ora<b+1,b > Y32, the extremal functions are
[P 14
briza)

We note that the case a = b + 1 was treated in [10]. More precisely, in this case, the best constant is +/ m,
and is not achieved.

D|X|2(b+1)—N eXp(
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In [37], Zhong and Zou studied the existence of extremal functions for the CKN inequality under a wider
region, and used it to set up the continuity and compactness of embeddings on weighted Sobolev spaces.
However, there is no information about the maximizers provided there.

In a very recent paper, [17], Dolbeault, Muratori and Nazaret studied the CKN inequality in the regime
s=60>0,p=2andr =2(q - 1) > 2. In this case, they were able to show that for s = 8 > 0 small enough, the
CKN inequality can be achieved by optimizers of the form (1 + |x|>~S )’q%z , up to multiplications by a constant
and scalings.

In [18, 19], when dealing with the sharp singular Trudinger—Moser inequalities, which can be consid-
ered as limiting Sobolev embeddings, where again the classical Schwarz rearrangement could not be used,
the authors in collaboration with Dong proposed a new approach. Namely, we used suitable quasi-conformal
mappings to convert those sharp singular weighted Trudinger—Moser inequalities to the nonweighted ones.
(We will not discuss in detail weighted Trudinger—Moser inequalities here, but we refer the interested reader
to, e.g., [32] for more references on weighted Trudinger—Moser inequalities for singular weights.) Moreover,
in [19], we established the existence of the optimizers for weighted Trudinger—Moser inequalities for all func-
tions which are not necessarily spherically symmetric by using this type of quasi-conformal mapping to re-
duce to the case of inequalities for spherically symmetric ones, and in [18], we treated successfully CKN
inequalities in the special case p =N, y=0,0<s=0<N,1<g<randa=1- %, using this new trans-
form. Especially, for a 1-parameter family of inequalities, the best constants and the maximizers for the CKN
inequality are calculated explicitly there.

Motivated by the results in [18, 19] and [1, 2, 13, 15, 17], in this paper, we will use convenient vector
fields to investigate the CKN inequality in some special regions. Our main idea is that under our suitable
transforms, CKN inequalities can be converted to simpler versions, namely, the Hardy-Sobolev inequalities
and the Gagliardo—Nirenberg inequalities. Since the sharp constants and optimizers of those inequalities are
easier to study, and are known in some particular classes, we can get the best constants and maximizers for
CKN inequalities in the corresponding regions.

More precisely, we study the extremal functions for the CKN inequality involving the interpolation term
(i.e., 0 < a < 1). We will consider the following class:

N,
l<p<p+uc<N, GsN’l <s <N,

C1
fegere No L IN-O)r-(N-9)qlp )
- N-p’ [(N-0)p—(N-p-p)lr
We denote by Dizg(IRN ) the completion of the space of smooth compactly supported functions with the
norm ) X
dx \» dx \1
v i)+ (i)
(J' P ) U M
RN RY
and set 1
Jul" &)
CKN(N, 4, 6,5, p,q, 1) =  sup (e M ) — (1.4)
weDGRY) ([ I VUUlP E0) 7 ( o luld 56) @

Then we have the following result.

Theorem 1.1. Assume that (C1) holds. Then CKN(N, u, 0, s, p, q, r) can be achieved. Moreover, all the extremal
functions of CKN(N, u, 0, s, p, q, r) are radially symmetric.

We will also give the explicit forms for all maximizers and the exact best constant for CKN(N, u, 8, s, p, g, 1)
in the following special cases.
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Theorem 1.2. Assume that (C1) holds with6 = s = N—” Ifp<r= p < N_p, then, for 6 = Np — q(N - p), we
have

CKN(N, u, 0,s,p,q,r)

1

¢ N-p 1ed-la bll-a) g —p\a pq sr 6N\t (g )F(¥+1) i
_(N——p—y) (p\/ﬁ) (N(q—p)) (p_q) (r(P 1i)r(zvl%ln)) ’

and all the maximizers have the form

iR

N-p-u L p-
-1

Vo(x) = A(1 + B|x| ™7 ) a7 forsomeA € R, B> 0.

Theorem 1.3. Assume that (C1) holds with 6 = s = ” fl<g= p— < p, then, for 6 = Np — r(N - p), we
have

CKN(N, u, 0,s,p,q,71)

Nep b re e i pry( T DI ) v
(=) G o) ) (o e o) -

p-r

Ifr>2- 1%’ then all the maximizers have the form

Npy p_ P2
Vo(x) = A(1 - B|x| ™ »1),"" forsomeA € R, B > 0.

We also provide the explicit optimizers for CKN inequalities in the following regime:

pP=2<2+u<N, 2<r=2(q- 1)<N >
N N- 2] €2)
y+2>s=0>—ﬂ, a= (N - 5)lg - .
N-2 [(N-5)2-(N-pu-2)ql(g-1)
Again, we define
( [ lul2@-D) dx)y s
CKN(N, 1, 5,q) = sup R i . (1.5)

2 Ta
ueDy; (RN)(I]RN|VM| |X|u 2 _[]RNlul Igi(fs) !

We will prove the following theorem.

Theorem 1.4. There exists s* = s*(N, q, ) € (0, N - (q — 1)(N — 2 — w)) such that CKN(N, u, s, q) is attained
for all N” < S < s* by optimizers of the form

Vo) = A(1 + Bx|**>=S) 72 forsome A € R, B > 0.

2 Preliminaries and Some Important Lemmata

To carry through our argument, it is necessary to show that our quasi-conformal changes of variable can
indeed be used to reduce CKN inequalities with more complicated weights to simpler ones and vice versa.
This interchange is nicely done through the following lemmata which are of independent interests and can
be found useful in other settings as well.

Lemma 2.1. We have that |x - Vu(x)| = |x||Vu(x)| for a.e. x € RN if and only if u is radially symmetric, that is,
u(x) = u(y) when |x| = lyl.
Proof. If u is radial, then we have

(X) =u (IXI)H-
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Hence, |Vu(x)| = |u'(|x])|. Also,

N

0
Y X0
j=1

3 = ' (IXDIIx] = Ix]|Vu(x)].
Xj

= |/ (Ix1)]

N
2% f;—’|
j=1
Now, assume that |x - Vu(x)| = |x||Vu(x)| for all x. This means that Vu(x) has the same direction with x. That
is, we can find a scalar function g(x) such that Vu(x) = g(x)x. Now, let a and b be two points on the sphere
with radius r > 0 (that is, |a| = |b| = r). We connect x and y by a piecewise smooth curve r(t) on this sphere,
ie., [r(t)] = r, r(0) = a and r(1) = b. Then we have Vu(r(t)) = g(r(t))r(t). Note that since |r(t)| = r for all t, we
can get that Vr(t) - r(t) = 0. Thus,

Vu(r(t)) - Vr(t) = g(r(6)r(t) - Vr(t) = 0.
So,

1
u(b) —u(a) = u(r(1)) - u(r(0)) = JVu(r(t)) -Vr(t)dt = 0.
0

This completes the proof of the lemma. O

Let d > 0. We define the vector-valued function Ly 4: RN — RY by

Ly,a(x) = x| 2x.

This is a quasi-conformal mapping type of transform, which was used earlier in [20] to establish weighted
Poincaré and Sobolev type inequalities for powers of the Jacobian of a quasi-conformal mapping (these are
not necessarily of Muckenhoupt A, type weights), in particular, for appropriate power weights. The results of
[20] have been subsequently extended in a greater generality to weighted Sobolev inequalities with a prod-
uct of power weights by Gatto and Wheeden [22], and then further by Chanillo and Wheeden for weighted
Poincaré inequalities [10]. We note that the best constants and maximizers of the inequalities were not of
concern in the aforementioned works. The determinant of the Jacobian of this type of map was already calcu-
lated in the literature (see, e.g., [20, 23]). Since the calculation is quite elementary, we include below another
elementary and simple way of calculation by using the characteristic polynomials of a matrix for the reader’s
convenience.
The Jacobian matrix of the function Ly 4 is

d-1
Jiwe = X[ In + A,

where
@d-DIxI93x2 @-DIXPxaxa ... (d- DX xgxy
d-DIXPxox; d-DIX%3x3 L. (d- DX Pxaxy
d-DIx|93xyx1 (d-DIXIPxyxa ... (d-DIxX|9xE
It is easy to check that

rank(A) =1 and tr(A) = (d - 1)|x|%L.
Hence, its characteristic polynomial is
det(ALy — A) = AN — (d - 1)|x|T AN,

For A = —|x|"*, we get det(Jr,,,) = dlx|"@-1).
We now define the mapping Dy, q,p, with p > 1, by

1\%* N
Divapu() = (=) 7 ullya0) = (5) 7 ulx0).
We also define
Dl_\l,ld,pu =v ifu= DN,d,pv.

Under the transform Dy, 4, ,, we have the following result that will play an important role in our paper. This
is a powerful replacement of the classical Polya-Szeg6 inequality in the weighted case with power weights.
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Lemma 2.2. (1) For a continuous function f, we have
p-1
(@7 ue) o fDnaput)
x|t N | x|N+td-Nd X
IRN
In particular, we obtain that u € L%(dx/|x|") if and only if Dy,q,pu € LS(dx/|x|N+td-Nd),
(2) Ford > 1,if Vu € LP(dx/|x|*), then VDy,q,pu € LP(dx/|x|4®P+#-N+N=-P)_ Moreover,

j IVDp,a,pu(x)IP dx < J [Vu(x)P

— dx.
x| 4N Xl
N

RN

The equality occurs if and only if u is radially symmetric.

Proof. (1) We have

J fDy.apu0) J F(B'F u(ixI-1x)

|X|N+td—Nd |X|N+td—Nd dx.
]RN
Using the change of variables y; = Ix|91x;,i=1,2,...,N, we have
1 d
dy = det(J,, ) dx = dx@Ddx and dx=—-—2_.
‘ |y
Hence,
= NS
Jf(DN,d,pu(X)) P J (@ uy) 1 I ()7 uy) dy
o |X|N+td—Nd |y|Nd 1| IW d |y|t
(2) Now we begin to consider the gradient of Dy, 4, pu. After calculations, we have
)
SDdpl (x) axl(|x|d 1x)
"Dg’;’;“(x> TN 145 S (xI910)
= VDnapu() = (5) 7 vl = () "7,
aDgX;p”(x) S (Ix1*x)

Hence, we have
0DN,a,pu 5 (1gd-1 O a1
0= (3)7 ( g W0 + A1)
fori=1,2,...,N, where
S d-3 ou a1
A= ) (d = DI x = (x40,
j=1 X

Hence, we obtain

oD
WDy apu? = Y et )’
i=1
N

ot _1 Ou _ 2
a2 Y (I (x40 + 45)
i=1

oX;
-2 i |2(d*1)(ﬂ(|x|d*1x))2 +§:2A.|X|d 1 (|X|d L)+ ZAz
aX,‘ !

i=1 i=1 i=1

= d7 T(11 +Iz +I3).

Direct computations show

N
_1y/ ou _ 2 _ t
L= Y P4 (S0 ) = P4Vl oo .
i=1 !
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By applying the Cauchy-Schwarz inequality to estimate the second term, we get

L= ZZA iIx|% 1 (|x|d 'x)

i=1
J d- 1 d-1 d-3 d-1
:Zz|x| (|x| x)]zlm 1)lx| xx, 5%, 2 (1x191x)

_ 2(d - Dl ZZZ X 2 (i S i

2
11]1 |a

2
= 2(d - DIx* 2(Z| ¥ T2 (x4t ))

< 2(d - 1)|x|29-2 J Xi\2 d-1, 2
< 2(d - 1)l ;(M) Z(ax (Ix"10)
= 2(d - 1)|x?2|Vu(|x|4 X)) 2.

Similarly, for the last term, we have

N a 2
13—2‘42 Z(}Zl(d Dix4x 3% ——(Ix* 1x>)
N
s(d—1)2|x|2d-6z[ (Xix;) H —(|x|wrx)) ]
i=1

= (d - 1)*|x**¢ Z|x|2x,-2|Vu(|x|d-1x)|2
i=1

= (d - D’ IXP2Vu(x .
Combining them together, we have
VDapuCOP < d2% dxP42 Va0l
This leads to
IVD,4,p(0] < d? [x|9|Vu(lx|d1x)|.
Using the change of variables again, we get

D d-1,\p
J|VU()’)| dv — J [Vu(lx]*=x)| dIx|N@-D gy
|y [# [1x]4-Lx|¥

RN

1J VD, pu(x)P x|V gy

d ) |x|p-D||x|d-Tx|x
N

_ | IVDN,apu(x)PP
- |x|d@+u-N)+N-p
N

Finally, by Lemma 2.1, it is easy to check that the equalities hold if and only if u is radial. O

3 The CKN Inequality when 0 < a < 1 Under Condition (C1)

Theorems 1.1-1.3 will be proved via the following series of lemmata. Recall that the conditions on the
parameters are given in (C1), and CKN(N, y, 6, s, p, q, r) is defined in (1.4). We now set

(o =il dx)”
GN(N, p, ¢, 1,14, 6,5) = sup Ju e - -
ueDgN, pa-yaRY) (IRN|Vu|p dx)p( RN MNW% dx) @

>
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where
__N-p

CN-p-u’
It is important to note here that since 6 < NN—_’; < s < N, we have

N+6d-Nd<O0<N+sd-Nd< N.
Lemma 3.1. The variational problem
A(N,p,q,1,1,0,5)

=inf {I(u) = 1 J |VulP dx + 1 J
b q

RN RN

[ul?

. p.q N |ul” B
[x[N+0dNd dx:ueDyy,gqng(RY) and j e dx =1
R

|X|N+sd—Nd
N

has a minimizer. Moreover, A(N, p, q, 1, U, 8, s) > 0.

Proof. By the classical Schwarz rearrangement, we can assume that there exists a sequence of radial func-
tions (u,) such that

[un|"
I(un) L AN, p, g, 1,11, 6,5) and J W dx = 1.
]RN
We can assume, without loss of generality, that u, — u in u € Dg’f\, 0 d_Nd(]RN ). Since it is evident that

I(u) < A(N, p, q, 1, 4, 0, 5), it is enough to show

|ul"
J |x|N+sd-Nd dx = 1.

RN

But this is easy to observe since for R > 0 sufficiently large, we can write

[un —ul’ e [+ [un —ul dx
|X|N+sd—Nd - |X|N+sd—Nd .

RN Br B

Then, by the radial lemma, we get
[un —ul”
J |X|N+sd—Nd dx — 0.
By

Also, by the compactness of Sobolev embeddings, we can deduce

[un — ul’
J |X|N+sd—Nd dx — 0.

Br

As a consequence, u + 0 and A(N, p, g, 1, U, 8, s) > 0. Moreover, noting that uj(x) = A u(Ax) for A > 0, we

have

Nd=sd , p-N Nd-sd _N
IVualp =A"7 "7 [Vulp, lualle=A"7 "llullk
and wlr
uj
J |x|N+sd-Nd dx = 1.
]RN
Also,
1 1 [ual?
I(uy) = = JquAlp dx + = I —
p q |X|N+9d—Nd
RY RN
1. Nasdy N p 1, Nasd_N.Ni0d-Nd |ulq
= AT N gy o S0 N Jm"
p q |x]
IRN

=A"A +A "B,
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with
Nd sd Nd - sd 1 1 lul?
N, n=Nd-6d- , A==|vulb, B=—J-—d.
prp= " 4 r p" u"p q | |X|N+0d—Nd X
Hence,
A(N’p’ q, 1 U, 6, S) = /i‘ngl(u/\) = I(U/]O),
>
where 5
n m+n
Ao = (mA> .
This means that .
m+n/N\—mm ,n _ m
A(N,p’q,r,ﬂ,9,5)= (E) Amn Bmen J

Lemma 3.2. GN(N, p, q, r) can be achieved and

men ()= (L) (L) ]/M

GN(N,p,q,T,Il,Q’S):[ A(N,p,q,1, 14, 6,s)

Proof. For any v with
[v|”
J |X|N+sd—Nd dx =1,
N

we use the above process and get

m

.  m+n/ny-gml p\m (1 |ulq e
A(N,p, q,n U, 9, S) < /lll;l(f;I(VA) = m (E) (I;"VV"P> (a J W dX) .
RN

n/(m+n) _ _a/p :
Noting that i) = (-a)g® We obtain

1
T

v|" S N a/p
RN Mll’%dx) %(%) m+n(5)m+n (E)m+n ]n/(mwl)

<
(J.]RN|V]/|P dx)%( de)% [ A(N)py q, 1, U, 0’ S)

RN [x|N+04-Na

Combining this with the previous lemma, we conclude that GN(N, p, g, r, i, 8, s) can be achieved and

m+"( )‘m( )m+n( )m+n m
AN, p, g, r,y,G,S) )

GN(N,p,q,1,u,0,s) = [

This completes the proof. O
Using Lemma 3.1 and Lemma 3.2, we will now show that CKN(N, u, 6, s, p, g, r) can be achieved.

Lemma 3.3. Under condition (C1), CKN(N, y, 6, s, p, g, r) can be attained and

-p )%“%1—177“"%1(1—@

CKN(N, u, 0,s,p,q,71) = (m

GN(N, p,q,1, 4, 0,5).
Proof. We begin by the observation that if u > 0 is a maximizer for GN(N, p, g, 1, 1, 6, s), then we can assume
that u is radial. Indeed, this fact is just a consequence of the Schwarz rearrangement; see, for instance, [27].
Now, let us assume that Uy > 0 is a radial maximizer of GN(N, p, q, 1, i, 0, s). We set V = D‘1 Uo with
d= N p B . This means that Uy = Dy,q,p Vo. We will show that Vy is a maximizer of CKN(N, u, 0 s p,q,71).
Indeed, for any v, we need to show

1

(J-IRN|V|r|l)ch5) (JIRN|V0|'|%)

—.
(S VVIP )P (fou VI 25) T (o VVolP )7 ( [l Volr £5)

1 1
T r
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By Lemma 2.2, bynotmgthatwhend—Np H,le ,dp+u—-N)+N-p =0, we get

| Ir _ 1+p’%lr |DN,d’PV|r dX
|x|5_ |x|N+sd-Nd ="

RN RN
e X _ gretita [ 1DNanv®
= —_— X’
[x |0 |X|N+0d—Nd
RN N

vy|P
J ||x‘|/i|‘ dx > JIVDN,d,va’ dx,

RN RN
and
|V, |r dx _ d1+”’%1r |Uol" dx
SE |x[N+sd-Nd ©
RN
q
q 1+2= q |UO|
J|V0| |x |9 =d J |X|N+9d—Nd dx,
RN N
[VVol|P
J o dx = JlVUolp dx.
RN RN
Hence,
1+ |Dn,a,pvI”
I]RN|V|Y|X|S < (G I]szmd x)7
d 1* 1+21 |Dy, 4, v|‘1 la
( J.]Rvavlp |Xﬁl) J.]RN|V| |X|9 K J-IRNIVDNdpvlp dX) (d q IRN |X|x+9§ Nd ) 1
|Uo|” 1
< lerE,l;ﬂ,E(l,a) ( RN |X|N+sd| Nd dx)r
r p q p
< o =
('[]RN|VU0|I’ dX (J.]RN |X|Ll+91|1 Nd dX) !
r
J-|V0| |X|5)

- =
(JIVVolr &) ([IVola2s) s

We note that the last equality holds because Uy and Vj are radial. Hence, CKN(N, u, 0, s, p, g, r) is attained.
Moreover, it is easy to see that

1 -1
1.p l-a_p

CKN(N, 1, 8,5, p, g, 1) =d"*» @ 5 ""UGN(N, p, g, 1, 4, 6, ). O

Lemma 3.4. Assume that (C1) holds. If Vy is a maximizer of CKN(N, u, 0, s, p, q, r), then Vy is radially
symmetric.

Proof. let Vg be a maximizer of CKN(N, u, 0, s, p, q, r). We set Uy = Dy,4,p Vo where d = N p B . We will show

that Uy is a maximizer of GN(N, p, g, 1, i, 0, s). Indeed, for any radial function u (we can just choose radial
functions because of symmetrization arguments), we define

1 : _
V= DNdp ie., u=Dygpv.

By Lemma 2.2, we get
1+—r [ul”

J |X|s - J | x|N+sd-Nd dx,
RN RN

dX d1+p 1 Iulq dX

| |0 - |X|N+9d—Nd ’

]RN

RN

IVVI

J [VulP dx,
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and

_ r
J|V0|rﬁ — d1+”71r j |U0| dX,

|X|N+sd—Nd
N

[ 1ot = ot [ _IoT
i

|X|N+6d—Nd
N

VVol|P
J l IXI(’)‘l dx > leUolp dx.

RN

Hence,

G- (1-a) (Jgo p(#f%dx)%
fRN|VUO|p dX)’ﬂ’( RN w#{% dx)%a
JRNWov;—;;)%

oo SR ) JRN|V0| )3

(V" Z5)7

(o St 403 (fplvin )

Jul’ L
P LA e e ALC) (S s 4%)°

([ IVUIP dx)? ( jul

1l-a *
RN [x|N+0d-Na dX) !

Moreover, it is easy to see that

-1 —
1yl La_

_1Uo”
> 7 p’%l(l—a) (J.]RN |X|N+sd -Nd dX)

1

_ (IRN|Vo|f,§—,§)r
=

(j]RNlVUO|p dX)P( RN M!\J[{% dX) q JRN [VVolP

=
Ix]¥ dx)? (g Vol |x|9) !
VVp|P
J l |X|(’)‘| dx = leUolp dx.

RN RN
So, V, is radial.

d

Hence,

OJ
Lemma 3.5. Assume that (C1) holds with s = 6 = pr <r= pl% < NN—_‘;, then, with 6 = Np — q(N - p), we
have

CKN(N, s, i, p, q, 1)

pva’/ \N(q-p)

_( N-p \bEeriaag-pyas pg i85\ Tl p;l)r(ﬂ*l
- (755 G Gat) Go) (v

and all the maximizers have the form

L

P p-
-1

) » forsomeA e€R, B>0,

h.b—'

Vo(x) = A(1 + Blx|a»

N-p
where d = Npii-

Proof. Whenr =

Z lands=0= " , from [1, 2, 14, 15], we have that

_pra o6 TG+ F
oot .00 - (12 (2 (5 (s )

p-

T —p)F(Np 1 +1
and all the maximizers have the form

Uo(x) = A(1 + Blx—-X|71) %5 forsomeA ¢ R, B>0, X € RV.
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Now, let Vy be a maximizer of CKN(N, s, u, p, q, r). By Lemma 3.4, Dy 4,, Vo is a maximizer of GN(N, p, g, r).
Hence, )
—, 2 _p-1
Dn,a,pVo(x) = A(1 + Blx = Xx|p-T) a7,

This means that

o _pl
Volx)=A'(1 +B||x| Iy —X|p-1) .

Noting that Vj is radial, we conclude that x = 0. O

Lemma 3.6. Assume that (C1) holds with s = 6 = If 1<qg= pp— < p, then, with § = Np — r(N - p), we

have

CKN(N, s, 4, p, q, 1)

N - i el la_plq_gy _ a la —
=<N——Ppil‘> R (I;_vﬁr)a(N(ﬁr— ﬂﬂ%) q (r(rl’p‘lirl)r(zv

Ifr>2- %, then all the maximizers of GN(N, p, g, r) have the form

Npy p -2
Vo(x) = A(1 - B|x| ¥» #1),"" forsome A € R, B > 0.
Proof. When q = p and s =0= g, from [1, 2, 14, 15], we have that

p-rya r ryse( I( ;1p67+1)( +1)
GNN, p, 4,7) = (7 H (N(ﬁ—n) (5) ( P(rf=; + DO(NZG )>

Also, whenr > 2 - 1—1), all the maximizers of GN(N, p, g, r) have the form

_p-1
Uo(x) = A(1 - Blx-X|77),”” forsomeA ¢ R, B >0, X € RV.
Now, let Vy be a maximizer of CKN(N, s, u, p, q, r). By Lemma 3.4, Dy 4,5 Vo is a maximizer of GN(N, p, g, r).
Hence,
J— -l
Dn,a,pVo(x) = A(1 - Blx = X|»T),"".

This means that

=[S
N

1

Vo(x) = A'(1 - Bl|x|a~1x = X|7T),

Noting that V) is radially symmetric, we conclude that x = 0. O

4 CKN Inequalities in the Region (C2)

In this section, we will be concerned with CKN inequalities in the class (C2). Recall that CKN(N, y, s, q) is
given by (1.5). We also define

1
( f N |u|2(l] b |X|N+sd -Nd ) 2

a

CKN; (N, u,s,q) = sup 2
ueD3 1) ([ VU2 dX) ([l i) T

_ _N-2
where d = N2+

Proof of Theorem 1.4. Forany v € Dijg(]RN), with u = Dy 4,2V, we have that

dx
IVv|?== > | |Vul?dx,
x|#
]RN

]RJI;

2(q-1
lelz(q—l)ﬁ :dq j |u| (q )
RN
[l
RN

|x|$ |X|N+sd—Nd
N

q
q “* 1+iq |ul
vl x|’ _d : J |x|N+sd-Nd dx.
]RN
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By a result in [17], we have that U(x) = Dy 4.2 Vo(x) = C(1 + D|x|2-N-5d+Nd)~73 for some C € R, where D > 0
is the maximizer for CKN; (N, u, s, q) for 0 < N + sd — Nd < 2 small enough. Hence, by Lemma 2.2, we have
that

_ . _a_ 2(g-1)_d T
( LRN lv|2@ 1)Id—|"5) 2D < 7@ ( _[]RNlul (¢-1) |X|N+5)¢(17Nd )%
a 1-a 1+g/2 a la
d
_[IRN|VV|2|X|]1 2 J]RN|V| |X|5) 1 d(l @l _[]Rvaulz dX)Z(J‘]RNlulqlxlNﬂdeNd) q
- d ST
dz(qq—l) ( _[IRN|U|2(q 2 |X|N+5)51—Nd ) Han

1+q/2

7 Ta
AT ([l VUR d0)F ([ U9 ) T
1
(J‘ |V0|2(‘1_1)|§—|X5)2(q‘”
a la*
(IRN|VVO|2|X|M)Z(I]RN|VO|q|)d(_|);) !

In other words, Vj is the optimizer for CKN(N, u, s, q). O

5 The CKN Inequality Without the Interpolation Term:
The Casea =1

In this section, we will also consider CKN inequalities without the interpolation term for all 1 < p < N, and
we will be concerned with the following range:

1<p<p+u<N, ESE<E+1,
p r p (C3)
:M a:l
N-p-p’

Note that the condition £ < <2< % + 1 comes from the constraints of the CKN inequality. In this case, we define

’BI

D;%RNuunﬂ%={ueL%dqu):quwf£<cn}

|x[H
]RN
and )
lul" &%) "
CKN(N,p, i, 5)=  sup (I’R—"
ueDy? (RV;dx/Ixls) ( LRNIVuI ﬂfﬁ )?

We will prove in this section the following result.

Theorem 5.1. Assume that (C3) holds. Then CKN(N, p, l, s) is achieved with the extremals being of the follow-
ing form:
ptu=s _N-p-p
Vea(x) = c(A+ |x| 77 ) 7%= forsomec + 0, A > 0.

Theorem 5.1 was studied in [33] by solving the corresponding ODE. In this section, we will provide another
proof using the transform Dy, g p.
M M Nu
Wenotethatz <3< p tlmeans g <s<p+pu.
We also define

p (S(N - NF) dx ITI*( 11\\11_1;,);\]]1)

Jp —aiy

HS(N,p,],l, S) = sup |x| P )‘l

1p(]RN dx/|x|%) (J’]Rvauw dX)P
Note that -
s(N-p)-Nu

*(“N—m—Nﬂ)zN—‘WJJT _ (N-s)p

N-p-p N-p N-u-p
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and

0< SN -p)-Nu <p

N-p-pu
Lemma 5.2. CKN(N, p, }, s) can be attained.

Proof. We will use the fact that HS(N, p, y, s) is attained by some radial functions Uy. Set Vj = D&l dp Up with
d = £ This means that Uo = Dy,a,, Vo. We will show that Vo is a maximizer of CKN(N, p, , s). Indeed,
foranyv e D}l,’p(IRN), we set u = Dy, q,pv. Then, by Lemma 2.2, we get

|VDy a pV|p
p__" — s = p
JlV vl |X|” J- 2NN dx = JIVuI dx,

RN RN RN
(N-s), —1 (N-s) (N-s), (N-s)(p—-1) (N=s)
|v| V> X _ s || ¥p _dx_ petigen |u| ¥p _dx
—p)— I’
x| x| N+sd-Nd N -y M
RN RN RN
j|vvap JIVUdpdx
]RN
and J J
WN-s)p dXx 1+(N s) p 1) (N-s)p X
[ vor % G =t S o
N RN x| ¥p-r
Hence,
N-p-p
(N-s)p NS,
dx (N=-s)p
(N=s)p N-p-p N-p-p — =2 _
—=p dx - <I Nlul s(N-p)-Nu )
|v|¥=r-p W= W-s)p-1) ) N-up N TR 2
(-[]RN |X|s) K < d(1+ Niyfp )(Nfs)i |x| N-p ‘ul
JRN|VV|p |X|u)p (j]RN IVuIP dX)p
N-p-p
S)p N
(N-s)
(N=5)(p-1) \ N (J,]RNonlNVp%) v
(1+ 82D [x| N-p-K
<d N-p-p ’ (N-s)p T
.[]RN |VU()|p dX)I’
(N=s)p N-p-p
=22 dx \ e
( Jaul Vol v ) w0
= —.
( I]RNlVVOlpIz_I);)p
In other words, Vj is the maximizer for CKN(N, p, u, s). Moreover, we also deduce that
CKN(N 4RSS
(N,p,u,s) = Hop PHﬂNzay s). O

Lemma 5.3. All the optimizers for CKN(N, p, U, s) are radially symmetric.

Proof. Assume that Vj is a maximizer for CKN(N, p, u, s) and Uy = Dy,q,p Vo where d =
Lemma 2.2, we get

jwwwﬂ—>jw%wm

RN RN
and 4 p
WN-s)p dx 1+(N S)p 1) (N=s)p X
N-p—p — New—p —
I Vol ¥ Ix|s — =d J Uol ™7 — e -
o o x| 7w

We will now prove that Uy is a maximizer for HS(N, p, u, s). Indeed, for any radial function u (we can assume
that u is radial by the Schwarz rearrangement argument), if we set v = D;,ld U thatis, u = Dy,q,pV, then, by
Lemma 2.2, we obtain

j |Vv|P |d|y J |[VulP dx
RY RY
and

J‘ s dx +<N—s>(p—1>J (N-s)p dx

- — 1f -
|v|NuPX—_d N-u-p |u|NupW,
x| ~p-n

RY RN
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Hence,
N-p-p
(N-s)p N=sp
dx (N-s)p S
( |Uo|” " W) Woow
he EE A (L) (Juo Vol 5% )™
1 =\d dx N1
(IRN |VUO|p dx)p (J.]RNIVVOIP |x|ll)p
(N-s)p N-p-p
- ax \ w-sp
> (1 (1+(NNS;4@P1))I(\;I-HS)§ f]RNl |N o Ist)(N i
=\g T
_[]Rvavl |x|11 )p
N-p-p
( I |u|NN;)p dx )(N*s)p
RN s(N-p)-Nu
|x| N-p-n

1
(JpuIVulP dx)?
Thus, Uy is a maximizer for HS(N, p, u, s). Moreover, it is easy to see that the equality must occur in the first
line, that is,
N-p-p
(N-s)p N—s)p
|Uo| s —gt )|
(e ) Ly (fyIVol V5 g

1 q 1
( [anIVUoIP dx)? (Sl VVolP )

W-9)p Nop-p
dx &) -9p

d

This means that
[1vvor 25 < [ vuor ax,
RV RV
and thus Vj is radial. O
Proof of Theorem 5.1. From Lemmata 5.2 and 5.3, we see that CKN(N, p, u, s) is attained,

(N-s)(p-1)

CKN(N, p, u, 5) = T D W55 HS(N, p, 1, 5),

and all maximizers for CKN(N, p, u, s) are radially symmetric. Furthermore, we can conclude that Vj is a

maximizer for CKN(N, p, mu, s) only if Uy = Dy,q, Vo is a maximizer for HS(N, p, u, s), where d = g ppy It

is known (see, for instance, [24]) that HS(N, p, i, s) is attained with the maximizers being the functions

S(N-p)-Nu N-p
N-p—1 s(N—=p)-Nu (N-p)(p+p=s) _ N-p-u
p-1 N

21 = c(A+ |x|e 0™ ) pr-s  forsomec # 0, A > 0.

Uea(x) = c(A + |x|
Hence, CKN(N, p, u, s) could be achieved with the optimizers being the functions

+U-S N-p-,
Vea(x) = va,ld,p Uea(x) = c(A + x| 7T ) 7 for some c £ 0, A > 0. O

Remark 5.4. If we have $ = ;‘—7 + 1 in condition (C2), then s = p + u and %

applying the transform Dy, g4 ,, where d = NN -
Hence, the best constant in this case is

= p. So in this case, after

p
CKN(N, p, 4, §) = ———,
p,u N_p n

and it is never achieved.

6 CKN Inequalities with Arbitrary Norm

In this section, we will investigate CKN inequalities under arbitrary norms in RY in the spirit of Cordero-
Erausquin, Nazaret and Villani [13]. More precisely, let E = (RN, | - ||), where || - || is an arbitrary norm on RY.
Then its dual space is E* = (RY, || - |), where for X € E*,

Xl.= sup X-Y.
YeE:|Y|<1
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For simplicity, we will assume that |{||x||. < 1}| = wy and set ky = |{||x]| < 1}|. We will assume that for any
X € RV, there exists a unique X* € RN such that | X*||, = 1 and

X -X*=|X|= sup X-Y.
YeRN:|Y]. <1
It is clear that || - || is Lipschitz with Lipschitz constant 1, and thus, differentiable a.e. From the fact that

[Ax]| = Allx| for all A > 0, we can see that the gradient of || - | at x € RV is the unique vector V(] - [)(x) = x*.
Recall that

Ix*ll. =1, x-x*=]|x|= sup x-y.
llyll.<1

Actually, first we will consider a more general situation. More precisely, we suppose that C is g-homogeneous,
that is, there exists g > 1 such that

C(Ax) = A9C(x) forallA > 0Oandall x € RV. (6.1)
Then C*, the Legendre transform of C defined by

C*(x) = Sl;p{<x, y) - C},

is even, strictly convex function and is p-homogeneous with p = %.

We have that (X, Y) < C*(X) + C(Y) for all X, Y. Hence, (X,Y) <APC*(X) + A7 9C(Y) forallA >0, X, Y.
Minimizing the right-hand side with respect to A gives the Cauchy—-Schwarz inequality
1 1
X-Y<[gCY)]a[pC*(X)]>.
By Young’s inequality, we have

XY < [qC(V)]7[pC*(X)]? < C*(x) + C(y).

Hence, we also have that

1 XY
[PC*(X)]7 = sup ————.
Y [qC(Y)]4
In other words,
. YIP
C*(X) = sup lX—Ylp
Y plgC(Y)]e

We will assume that for all x € RY, there exists a unique vector x* such that

X-x* =qCx) and C*(x*)=(q-1)C(x)= %cm.

In other words, for all x € RV, there exists a unique vector x* such that the equality in the Cauchy-Schwarz
inequality occurs.

Note that, from (6.1), we get that C(-) is differentiable a.e. We will assume that the gradient of C(-) at
x € RN is the unique vector x*. The example that we have in mind is C(x) = %|x|‘1 and C*(x) = Il,|X|P, with | - |
being the regular Euclidean norm on R¥., Another example is the pair C(x) = %lellq and C*(x) = %IIX IZ.

6.1 A Change of Variables

As in Lemma 2.1, we have the following result.

Lemma 6.1. We have
1 1
Ix - Vux)| = [qC(xX)]e[pC*(Vu)]? fora.e.x € RN

if and only if u is C-radial, i.e., u(x) = u(y) when C(x) = C(y).
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Proof. If u is C-radial, then recalling that V(C(-))(x) = x*, we have

au ! *
a_x,-(") =u (C(x))xj .

Hence,
C*(Vu) = C* (' (C(x))x*) = [u' (C(x)PC* (x*) = |u’<C(x)>|PI%C<x)
and 1 1 1 1
[qC(0]7 [pC*(Vw)]? = [gCx)]7 [Ju' (C(x)IPgCO0)]7 = |u' (C(0))IgC(x).
Also,
N u , N .
b VuEol = | 3 x5 00| = (Il 3 x| = 1’ (xDIgC o).
j=1 J j=1

Now, if for all x € RN,
1 " 1
|x - Vu(x)| = [qC()]a[pC* (Vu)]7,

then Vu(x) has the same direction with x*. That is, we can find a function f(x) such that Vu(x) = f(x)x*. Now
let a and b be two points on the C-sphere with radius r > 0, that is, C(a) = C(b) = r. We connect a and b by a
piecewise smooth curve r(t) on the sphere, i.e., C(r(t)) = r and C(r(0)) = a, C(r(1)) = b. Then we have

Vu(r(t) = fr(0)(r(6)".

Using that fact that C(r(t)) = r for all t, we get (r(t))* - Vr(t) = 0. Hence,
1 1
J Vu(r(t)) - Vr(t)dt = j FrO)H(D)* - Vr(D) dt = 0.
0 0

In other words,
u(b) — u(a) = u(C(r(1))) - u(C(r(0))) = 0.
The proof is completed. O
Let d > 0. We define a vector-valued function Ly 4 : RN — RN by
Ly.a(x) = C(x)%x.

The Jacobian matrix of this function Ly 4 is

Jiva = COO%Ly + A,

where
dC(x)4txix;  dCO)%txax; -+ dC(X)4txixy
dC()41xox;  dCO)¥txox; - dC(X)4txoxy
dCx)4txyx; dCX)¥txyxa -+ dCX)¥ txnxy
Then we get

det(Jr, ) = (-1D)Y det(-C()Iy — A) = (1 + dg)C(x)V.
We now define the mapping Dy,q,p, with p > 1, by
p-1

1+dq)T

1 p-1
Dia,pu(0) = ( u(Lna() = (1g2) " uCO™).
We also define

D—l

Napd =V ifu=Dyapv.

Under the transform Dy, 4,,, we also have the following result.
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Lemma 6.2. (1) For continuous function f, we have

J f((ri) 7 ut0) »

Clx)t

f(DN,a,pu(x))
dx =(1+dq) J me_w
]RN

RN

In particular, we obtain that u € L(dx/C(x)") if and only if Dy,q4,pu € L*(dx/C(x)"da+1)-Nd),
(2) For smooth functions u, we have

J C"(VDy.apux) ., _ j C*(Vu(y))
C(X)(qd+1)y+pd—Nd C(y)#

The equality occurs if and only if u is C-radially symmetric.

Proof. (1) We have

dy.

fOyapux) . 1 f((ﬁ])%lu(y))
J C(x)tdg+1)-Nd ="~ 1 1+ dgq J C(y)t
N IRN

Using the change of variables y; = C(x)%;,i=1,2,...,N, wehave

1 dy

dy = det dx=(1+dq)C)"dx and dx= ———2 .
% OLya) ( q)C(x) 1+dg) C(y)d%

Hence,

dx

J fDyapu0) J (i) 7 u(C00%0)

C(X)t(dq+1)—Nd C(X)t(dq+1)—Nd
N

R J'f((ﬁ,)p; uy) dy

- dg+1)-Nd _Nd_
1+dgq o CO) £ Cly) @+

dy.

1 f((ﬁ;)p%u(y))
1+dq j Cy)t
]RN

(2) Now we begin to consider the gradient of Dy, 4, pu. After calculations, we have

aDNdpu (X) [)Xl (C(X)dX)
aD u d

Nxdp (x) p-1 1 p-1 X L (C(x)*x)

%2 = VDy,qpu(x) = (1 " dq) " Vu(Cx)Mx) = (1 " dq) "V #
Desa %(C(X)d”

Hence, we have J
U™ _ = (ctx X)L ou (C(x)dx)+A)
axi

fori=1,2,...,N, where
u d ou d
= z dCO)T xF xj~—(C0)%x)
= an
j=1
and
|X-yPp

C*'(X) =sup ———.
plqC(Y)]4
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Hence, we obtain

— dq)p%vw(ax)dx)))

C* (VDy.apu(x)) = c((
~(17q2) " © by
1\l [(V@(C0)N)) - )P
= sup -
() sy placy) }
p-1 {[Zﬁl[ax)dg—;(ax)dx)yi+Aiyi1]”}
)" sup - .
Y plgC(y)l«

- ( 1+dgqg
The first term is easy to compute. We have
I = i C(x)d;’—)’:i(ax)dx)yi
= C)Vu(C(x)4x) -y
< COO*gCIT [PC* (Tu(CR) D)7
Applying the Cauchy-Schwarz inequality

X-Y < [qC()]i [pC*(X)]7,

we can estimate the second term as follows:

N
I =) Ayi

|
[

I
M=
M=

dCeo™ x5 2L (Cortnys
1 aX]'

j
N N du
dCoO™1 Y x7yi Y x5—(C0)%x)
i=1 S 0%

1

< dCO) 1 x* - yllx - Vu(C(x)%x)|

< dCOOT[gC(y)]+ [pC* (x)]7 [qCLO]7 [pC* (Vu(CO0)x))] P
< dCO)[gC(y)]7 [gC(x)]7 [gCOO1T [pCT (Vu(CO)x))] P

< gdC(0)?[gC(y)] [pC* (Vu(C) X))

Therefore,
sup ][ [ Zﬁil[C(x)dg—;(C(x)d:c)yi +Aiyi]]? } < sup { [(1+ qd)]PC(x)pd[qC(y)]%p pC* (Vu(C(x)%x)) }
Y plgC(y)]« y plgC(y)]«

= [(1 + gd)IP CO)PAC* (Vu(C(0)%x)).

In conclusion, we get
C*(VDy,a,pu(x) < (1 + qd)C)PLC* (Vu(Cx)%x)).

Using the change of variables again, we get

COU) 4 [ CTUCN) a
]RJ; C(y)H d _J- C(COO)ax)H (1+dq)Cx)" dx
C*(VDn,a,pu(x)) N
) J Coo@@uggopd (W 9

RN
C*(VDy,q,pu(x)) dx

- j C(x)(qd+1)p+pd-Nd :
]RN
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Finally, it is easy to check that the equalities hold if and only if the equality in the Cauchy-Schwarz inequality
occurs. This means that u is C-radially symmetric. O

We note here that we will mainly apply the above change of variables with C(x) = $||x||q and C*(x) = I—l,llx I£.
In this case, for ease of reference, we will use the transform

-1

Tapu(0 = () 7 w1,

We also define
,1 _ . _
TN,d,pu =v ifu=Tygpv

The following lemma is a restatement of Lemma 6.2.

Lemma 6.3. (1) For continuous function f, we have

J F(5F ue) o

_ f(Tn,a,pu(x))
e x=d |

||X||N+td—Nd
N

In particular, we obtain that u € L5(dx/||x||") if and only if Ty,q,pu € L (dx/|x|N+{d-Nd),

(2) If Vu € LP(dx/|x|*), then VT q,, € LP(dx/||x||4P+#-N+N=-P) Moreover,

J IVTyapu@le J IvuCol

) x| @r-+N=p [lx]#
R

The equality occurs if and only if u is || - |-radial.

6.2 Maximizers for CKN Inequalities with Arbitrary Norms
Consider the following class:

<S<N,

N,
l<p<p+u<N, GSNH

Np . _[N-O)r-(N-s)qlp
N-p’ [(N-6)p—(N-p-pgqlr

We denote by D}Ij’g(]RN ) the completion of the space of smooth compactly supported functions with the

norm L )
dx \» dx \a
(Jrvu )+ ([ur)"
Il Il
RN RN

1<g<r<

and we set

1
lul" )
CKN(N, u, 0,s,p,q,r) = sup ( f]RN TxT ) ,

4 1-a
ueD G (o IVl (8) 7 ( Julul?385) 7

" T
( RN ||X||N+sd7Nd dx)y

GN(N,p,q, 1,1, 0,5s) = sup P m =
uEDg:zmd—Nd(]RN) (.[]RN ”Vl'l">1= dx)p( RN W dX) a

Then, similarly as in Section 3, we can prove the following theorem.

Theorem 6.4. Assume that (C3) holds. Then CKN(N, u, 0, s, p, q, r) can be achieved. Moreover, all the extremal
functions of CKN(N, u, 6, s, p, q, r) are || - |-radially symmetric.

The proof of Theorem 6.4 is similar to that of Theorem 1.1 and will be omitted.
Furthermore, we can provide the maximizers for CKN(N, u, 6, s, p, g, r) in the following two classes.
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Theorem 6.5. Assume that (C2) holds with 6 = s = pr <r= p _pp, then CKN(N, u, 0, s,p, q,r) is
achieved by maximizers of the form

# b _p-l

Vo(x) = A(1 + BJx| NK!J »-1)"a» forsomeA € R, B > 0.

Theorem 6.6. Assume that (C2) holds with 6 = s = N" Ufl1<qg= pp— < p, then CKN(N, u, 0,s,p, q,r) is
achieved ifr > 2 — = by maximizers of the form

—pu p_ -1

N _p-1
Vo(x) = A(1 - B|x|| ®» »1),"” forsomeA € R, B> 0.

Proofs of Theorems 6.5—-6.6. When r =pg—1 and s=6= ﬂ from [13], we have that GN(N, p, g, 1) is
achieved by maximizers of the form

L

_p_ _ P
-1

Uo(x) = A(1 + Blx - x||7-1)"+» forsomeA e R, B>0, x € RV,

Now, let Vy be a maximizer of CKN(N, s, i, p, g, r). Then Ty 4,V is a maximizer of GN(N, p, g, r) with
d= _p . Hence, CKN(N, s, u, p, g, r) can be attained by

-1
Ll) =3

Vo(x) = NdpA(l + Bllx - x]||»

This means that

p-1

! 11, o
Vo(x) = A"(1 + Bll|x|[d™ " x = X||[»-7) "«
Noting that Vy is || - |-radial, we conclude that x = 0, that is,

N-p-u p __p-1

Vo(x) = A'(1 + Blix| ¥» »7) 7.

Similarly, when 8 = s = N p, ifg = p and r>2-= then CKN(N, i, 6, s, p, g, r)is achieved by maximizers
of the form

pe _p-1
Vo(x) = A(1 - Blx| ™7 #1),"7 forsomeA € R, B > 0. O

7 Further Comments

Let d > 1. Then under the transform Ty, 4, the CKN inequality with the triple (s, u, 8) could be converted to
the one with the triple (N + sd - Nd, d(p + u — N) + N — p, N + 8d — Nd). We should note that

_ [N-6r-(N-s)glp _ [(N-(N+6d-Nd)r—(N-(N+sd-Nd)q]p
C[((N-Op-(N-pu-p)qlr  [(N-(N+6d-Nd)p-(N-(dp+p-N)+N-p)-p)q|r’

This fact may be used to simplify the study of symmetry/symmetry breaking phenomena. For instance, we
could prove the following theorem.

_ N-p _ _IIN-O)r—(N-s)qlp
Theorem 7.1. Assume that d = Np > 1 and0 < a = N-Op-(N-p-p)alr < 1.If

1
(JRNluVW‘iﬁ)f

CKN; = sup

' p e
uDE S, s ( Jan IV )7 ([ Il i)

has a || - |-radially symmetric maximizer, then
1
|u|r dxs H
CKN;, =  sup (.[]RN [B4] )

P.q N p dX o
ueD? 4(RN) IRN"VU" ||x||u f]RNlul IIXI|9) !

is attained by some | - |-radial optimizers.
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Proof. Assumethat Upisa| - |-radial maximizer of CKN;. Weset Vo = T K,’ld’p Uop, whichimplies Uy = Ty,q,p Vo.
We note that Vj is || - |-radial. Then, for any v, we get

j| v’ _ d1+p'%lr J |TN,d,pV|r
R

I Ix|¥rsd-Na

RN

j| yj1 -2 dx dl#’%qj |TN,d,pV|q
I1x11 [lx|[N+6d-Nd
N

I
[ 2 x> [I9Tapvi? ax
RN RN

||X||“
and
p-1 Uol"
J Vol s‘d“”rj%
R | Ixrsd-
J. Olq d1+1”’%1q J. |U0|q
llx ||9 (||| N+0d-Nd
N N
IVVol?
| BO ax = [wvuol? ax.
[l |#
N ]RN
Hence,
1 1+21y |TNn,a,pvI" 1
J‘]RN|V|7||§1($ r (d r ]RN ”X"N+51;7Nd dX)r
<

(o S )P ([ V1) ([ IV T VI )7 (459 [ e d)'®
Lyplola_pl_g) ( RN M'ﬁ% dX)
(JrlVUOI )P ( [y otz dx)' @
IRNWOVH%ﬁ

- IVVol®
( J.]RN ||X|?1‘ dX IRN | V()l |X||9)

We note that the last equality holds because Uy and Vy are | - |-radial. Hence, Vj is a || - |-radial maximizer
of CKN,. O

As an application of Theorem 7.1, to study the symmetry problem of maximizers for the CKN inequality (with

the assumption that NN P ik 1), we can assume that p = 0.
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