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Abstract: We show the existence and multiplicity of radial solutions for the problems with minimum and
maximum involving mean curvature operators in the Minkowski space:

div(¢pn(Vv)) = F(v)(|x|]) fora.e.R; < |x| <Ry, x € RN, N> 2,

min{v(x) | R1 < |x| <R} = A, max{v(x) | Ry < x| <R} =B,
where ¢n(z) =z/V1-|z|?, z € RY, Ry, R,, A, B € R are constants satisfying 1 < Ry <R, -1 and A < B;
|| denotes the Euclidean norm in RY, and F : C*[R1, R,] — L'[R4, R>] is an unbounded operator. By us-

ing the Leray—Schauder degree theory and the Borsuk theorem, we prove that the problem has at least two
different radial solutions.
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1 Introduction

In this paper we shall consider the quasilinear differential equation
Vv
V. (—) = F(v)(lx|) fora.e.R; <|x| <R,, x e RV, (1.1)
V1 —|Vy|?

with the nonlinear boundary conditions

min{v(x) | Ry < |x| <Ry} = A, max{v(x) | Ry < |x| <R} =B, (1.2)
where N > 2, F: C'[R1, R;] — L'[R1, R,] is an unbounded operator, and R1, R», A, B € R are constants
satisfying
(HO) 1<Ri<R;-1,A<B.

The differential operator we consider is known as the mean curvature operator in the Minkowski space

LM =, ) | x e RN, t e R}

endowed with the Lorentzian metric
N

Y (dxj)* - (dt)?,

j=1

where (x, t) are the canonical coordinates in RN*1, see [1, 3, 7, 11, 20].
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It is well known (see [1, 20]) that the study of spacelike submanifolds of codimension one in ILN*! with
prescribed mean extrinsic curvature leads to Dirichlet problems of the type

My =H(x,v)inQ, v=0o0no9aQ, (1.3)

where

Vv
My =V ( 1—|Vv|2>’
Q is a bounded domain in RY, and the nonlinearity H : Q x R — R is continuous.

Bartnik and Simon [2] showed that if H is bounded, then problem (1.3) has at least one solution v €
C1(Q) n W22(Q). Also, when Q is a ball or an annulus in R and the nonlinearity H has a radial struc-
ture (no boundedness assumptions), Bereanu, Jebelean and Mawhin [4] proved that (1.3) has at least
one classical radial solution. This can be seen as a universal existence result for (1.3) in radial solution.
Very recently, Bereanu, Jebelean and Mawhin [6] proved the existence of positive radial solutions with
H(x, v) = f(|x|, v), and Bereanu, Jebelean and Torres [5] obtained the multiplicity of positive radial solutions
with H(x, v) = A[u(|x))v?] (g > 1).

In his celebrated paper [9], Brykalov studied the second-order functional problem

(1.4)

u" =h(t,u,u’), te(a,b),
min{u(t) | t € [a, b]} =a, max{u(t)|t € [a, b]} =B,

where a, f8 are constants. He proved the following theorem.

Theorem 1.1. Let h satisfy the Carathéodory conditions on [a, b] x R? and
|h(t,x,y)| <M fora.e.t e [a,b], (x,y) € R?

with some positive constant M. Let § — a > %(b — a)?. Then problem (1.4) has at least two different solutions.

Theorem 1.1 has been extended to the case that h is unbounded by Stanék [17], he considered the following
problem:

{u" = (Gu)(t), te(a,b), (1.5)

min{u(t) | t € [a, b]} =a, max{u(t)|te€ [a,b]} =4,
where G : C'[a, b] — L'[a, b], and a, B are constants. Stanék also proved the following theorem.

Theorem 1.2. Let G : C'[a, b] — L'[a, b] be such that there exists a continuous nondecreasing function
f:10, 00) — [0, c0) satisfying

1G] < f(u' (1)), t € [a,b], ue C'la, b].

and

J%zb—a, Jj%dtzoo.

0 0
Let a, 8 satisfy

u

), where P(u) = J

0

b-a__,/b-a dt
B-a> 5 p ( 5 m
Then problem (1.5) has at least two different solutions.

Moreover, Theorems 1.1 and 1.2 have been extended to the p-Laplacian case by Stanék [15]. Of course the
natural question is what would happen if we replace the p-Laplacian operator with the mean curvature op-
erator M? The purpose of this paper is to use the topological degree theory and the Borsuk theorem to inves-
tigate the existence and multiplicity radial solutions for (1.1), (1.2), which is a problem with minimum and
maximum involving mean curvature operators in the Minkowski space.
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Setting r = |x| and v(x) = u(r), we reduce (1.1), (1.2) to the problem

(N1 ")) = N U(Fu)(r) forae.r e (R, Ry), (1.6)
min{u(r) | r € [Ry, Ry]} = A, max{u(r)|r e [Ry,R;]} =B, (1.7)
where N > 2 and s
P1(s) = Nk se(-1,1).

Obviously ¢ : (-1, 1) — R is an odd increasing homeomorphism with ¢ (0) = 0, whose inverse is also an
odd increasing homeomorphism with the form (,b{l(s) =s/V1+s?and (;1){1(0) =0.

A solution of problem (1.6), (1.7) is a function u € C'[R1, R»] that satisfies (1.6) and (1.7) for a.e.
r € (R1, Ry), as well as max,c(r, r,j|u’'(r)| < 1and rN"1¢p; (u') € AC[R1, R, ].

Throughout this paper we shall assume that the operator F satisfies the following assumptions:
(H1) There exists a continuous nondecreasing function g : [0, co) — [0, co) such that

[N IF)(n)] < (W' (ND), 1 € [R1, R2], u € C*[Ry, Ry].

T ds
(H2) | ———— >R, - R1.
J s@i ) -

The remainder of this paper is arranged as follows. In Section 2, we give some notations and the a priori
estimate for the possible solutions of problem (1.6), (1.7). Section 3 is devoted to prove the existence and
multiplicity solution of problem (1.6), (1.7), and also gives an application to illustrate our main results.

For other results concerning the linear or quasilinear problems in annuli we refer the reader to [4, 13, 14,
21, 22].

2 Preliminaries

Let L'(R1, R>) be the Banach space of all Lebesgue integrable functions on [R1, R,] with the norm
R,

lullg = j lu(r)\dr.

Ry

Let X := C[R;, R, ] be the Banach space of continuous functions on [R1, R,] endowed with the uniform norm
lullo = max{u(r) | r € [R1, R21}.

Let Y := C1[Ry, R,] be the Banach space of continuously differentiable functions on [R1, R] equipped with
the uniform norm

!
lullcr = llullo + llullo-

The corresponding open ball of center in 0 and radius p is denoted by B,.
Definition 2.1. A functional 7 : X — R is increasing if
x(r) <y(r) forallr € [R1,R;] = 7t(x)<T1(y)
for x, y € X. For every 7 : X — R, Im(7) denotes the range of 7. Denote
A ={t| 7:X - Ris continuous and increasing}, Ao ={7| 1 € A, 7(0) = 0}.
Remark 2.2. If we take
T(u) = min{u(r) | r € [Ry, R21},  {(u) = max{u(r) | r € [Ry, R,]},
then the functionals 7, { belong to Ao. It is easy to observe that the boundary condition (1.7) can reduce to
T(w) = A, max{u(r)|r e [Ry,Ra]} - min{u(r) | r € [Ry,R2]} =B - A. (2.1)

So, in the remaining part of the paper, we only need to deal with problem (1.6), (2.1).
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Lemma 2.3. Let T € A, h € Im(t). Then there exists a unique d € R such that 1(d) = h.
Proof. Suppose that there exist x € X and ¢y, ¢2 € R satisfying 7(x) = h and ¢y < x(t) < c». By the definition
of A, we get 7(c1) < T(x) < T(c2). Define the increasing function p € C([c1, c2]) by

p(c) = 7(c).

Obviously, p(c1) < h < p(c,). Since p is continuous and strictly increasing, the equation p(c) = h hasaunique
solution ¢ = d. Of course, there exists a unique d € R such that 7(d) = h. O

Lemma 2.4. Let 7 € A and e € [0, 1]. For each u € X, let u satisfy the equality T(u) — et(—u) = 0. Then there
exists a ¢ € [R1, Ry] such that u(¢) = 0.

Proof. Suppose on the contrary that u(é) # 0. If u(r) < 0 on [Rq, R»], then 7(u) < 7(0) = 0, 7(-u) > 7(0) = 0.
Moreover, T(u) — et(-u) < 0, this is a contradiction. Similarly, for u(r) > 0, we also can get a contradiction.
O

In the proof of Lemma 2.7 we will apply the well-known Bihari lemma (see, e.g., [8, 15, 17]). We state this
lemma in the following form.

Lemma 2.5. Let g : [0, +00) — (0, +00) be a nondecreasing continuous function, Q : [0, +co0) — [0, +00) de-
fined by Q(u) = (;1 % and let a € [b, c] c R. Let Q"' denote the inverse function to Q. If y € X satisfies the
inequality

ly(l <

jquy(s)nds\ forr e (b, ),

then
ly(n] < Q Ya-r) forrelb,al provided yILH.}O Q(y) >a-b,

ly(Nl < QY (r-b) forrela,c] provided }}Lrgo Q) >c-a.

Asin[9, 10, 16, 17], we define the function ¢ : X — R by the formula
m
o) = max{ J u(s)ds | k,m e [Ry,R>], k< m} (2.2)
k

Lemma 2.6 ([9, 18, 19]). Forevery u € Y, the functional ¢ is continuous and
max{u(r) | r € [R1, R2]} - min{u(r) | r € [R1, R2]} = max{p'), p(-u')}.

Lemma 2.7. Assume that (HO)-(H2) are satisfied. Let u be a solution of (1.6) on [R1, R,]. Then

min{pu'), p(-u')} < @(b[l(@l(@)), (2.3)

where Q™! denotes the inverse function to
( d
s
Q(u) = j _—
3 81 ()
Proof. Set
C,={rlu'(n>0,re(R1,R2)}, C_={r|u'(r)<0,re(Ri,Ry)}.

Let u(C,) and u(C-) denote the Lebesgue measure of C, and C_, respectively.
IfC, = 0 (resp. C_ = 0), then @(u') = 0 (resp. ¢(-u') = 0), and (2.3) is obviously satisfied. Suppose C, # 0
and C_ + 0. Since u’ € X, we have that C,, C_ are open subsets of [R1, R,] and therefore C, (resp. C_) is a
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union of at most countably many disjoint open intervals (a;, b;), i € I, c N (resp. (c;, dj) € I- ¢ IN) without
common elements, i.e.,
C.=Jtai, bi) resp. C_=|J(ci,d.
iel, iel_

Of course, u'(a;) # 0oru’(b;) # O foranyi € I, (resp. u’(cj) # Ooru'(d;) # O foranyj € I_) imply a; = Ry
or b; = R; (resp. c; = Ry or d; = R;). Furthermore C, # (R1, R;), since in the opposite case C_ = 0, a contra-
diction. Similarly, C_ # (R1, R2).

From the inequality u(C;) + u(C-) < R, — Ry, it follows that

R, -R;

min{u(C,), u(C-)} < 5 (2.4)

For our next consideration, recall that the interval [0, R, — R;) is contained in the domains of Q! by
assumption (H2).
We now show the inequality

e(') < u(C,)sup{¢; (Q(bi —a) | i € L}. (2.5)

Fixi e I, letu'(e) = 0, € € {a;, b;}. Integrating (1.6) from ¢ to r, we will easily get the following equality with

$1(0) = 0:
M1 (1) = jsN-l(Fu)(s)ds, r e las, bil.

Since u'(r) = 0 in r € [a;, b;], it follows that ¢b; is an increasing homeomorphism. Using (HO) and (H1), we
have

r

0< (' (1) < rl-NU sN"ll(Fu)(s)Ids|

< rl-NHr g (5))ds|

r

< |[ s(@7 (@10 n)as]

&
From Lemma 2.5 witha = €, b = aj, ¢ = by, y(s) = p1(u'(s)) and g(y) = g(¢p7*(»)), it is easy to check that
$1(u'(r) < Q Mle-rD), relaibil.
Note that 0 < u'(r) < ¢11(Q‘1(b1~ - a;)) forr € [a;, bi], 1 € I,. We can see that

b;

J u'(s)ds < (bi — ai)p7*(Q 71 (bi - ay)).

ai

Furthermore,
b;
o) < J u'(s)ds = z Ju’(s)ds
c, i€l g,
< sup{p7"(Q ' (bi-ap) | ie L} Y (bi - a)

iel,

< u(Cy)sup{p7 (Q N (bi - ap)) | i € L}.

Consequently, (2.5) is fulfilled.
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Next, we will prove that
p(-u') < p(C-)sup{p;(Q'(dj - ¢j) | je L} (2.6)

Fixjel_,letu'(n)=0,1n¢ {cj, d;}. Integrating (1.6) from 17 to r with ¢1(0) = 0, we get
r
N (' (r) = JSN"l(Fu)(s)ds, r € [cj, djl.
1
Since u'(r) < 0in [cj, d;] and using the fact that ¢ is an odd increasing homeomorphism and (HO)-(H1), we
obtain

r

0< - (u'(r) < rlfNU sN’ll(Fu)(s)Ids‘

~

< rl‘N”rg(—u’(S))dS|
n

< Urg(—u'(s))dsl.
n

Hence,

d1(u' () = -1 (U’ (1) < IJg(¢11(¢1(|u'(5)|)))d5|-
n

Ifwetakea =1, b = ¢j, c = dj, y(s) = p1([u'(s)]) and q(y) = g(¢{1(}/)), then by Lemma 2.5 we deduce that
G’ (M) < QM (r-nD, e lg,djl.
Hence we obtain 0 < —u'(r) < (le(Q_l(dj - ¢j)) forr € [¢j, dj], j € I_. As a consequence,
dj
- I u'(s)ds < (d; - ¢)p7H(Q(d; - ¢)).

G

Moreover,

d;
o(-u') < - J u'(s)ds = - Z Ju'(s)ds

C. jel- g

<sup{p;"(Q 7 (dj-¢)) |j eI} Y (di—cj)

iel,
< u(Co)sup{ep7*(Q7'(dj - ¢j)) 1j e I}

Thus, (2.6) is fulfilled.
From (2.4), (2.5) and (2.6), we can conclude inequality (2.3). O

Now, let us consider the functional differential equation
(MNP (M) = AN H(Fu)(n), A e€l0,1], 2.7)

depending on the parameter A.
The next lemma gives a priori bounds for solutions of problem (2.7), (1.7) (with A = 0 and B > 0).

Lemma 2.8. Suppose that u is a solution of (2.7) for any A € [0, 1] and satisfies boundary condition (1.7) with
A = 0. Then the following two conclusions are satisfied:

lullo < B, (2.8)

lullct <B+1,
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Proof. According to 7(u) = A = 0 and Lemma 2.4, there exists a ¢ € [R1, R,] such that u(§) = 0. It is easy to
observe that
min{u(r) | r € [Ry, R2]} <0, max{u(r)|r e [R1,R,]} 20,

and consequently the boundary condition
max{u(r) | r € [R1, R2]} - min{u(r) | r € [R1, R2]} = B

implies (2.8). Using the fact that ¢ : (-1, 1) — R is an increasing homeomorphism and (2.8), we deduce
that
luller = llullo + llu'llo < B + 1. O

The following lemma plays a very crucial role in proving our main results.

If Q is an open bounded subset in Banach space Xand T : Q- Xis compact, with 0 ¢ (I - T)(0Q), then
dis(I - T, Q, 0) will denote the Leray—Schauder degree of T with respect to Q and 0. For the definition and
properties of the Leray—Schauder degree we refer the reader to, e.g., [12].

Lemma 2.9. Let B be a positive constant, T € A and ¢ be defined in (2.2). Set
Q= {1, v) | (U, u,v) € Y xR, flullcr < p, [W'llo < 1, [ul < p, IVl < RYTp1 (1)}

DefineT;: Q — YxR2 fori=1,2 by

T1(u, u,v) = (y + | 7M™V vyds, w+ Tw), v+ o) - B),

To(u, u,v) = (y + | ¢ s ™ Nvyds, p+ T(w), v+ p(-u') —B).

r
Ry

r
Ry

Then
dis(I-T;,Q,0)#0, i=1,2,

wherep = B+ 1 and p < R, — Ry, and I denotes the identity operator on Y x R?.

Proof. Observe that Q is a bounded open subset of the Banach space Y x R? with usual norm and symmetric
with respect to 6 € Q. Define G; : [0,1] x Q — Y xR? fori=1,2 by

Gi(A, u, 4, v) = (y + J ¢ s ™ Mvyds - (1 - A) J 7 (-s"Nv)ds,
R1 Rl
pu+tw) - 1 -)1(-u), v+ o) - e(A-1u') - AB),

Go(A, u, p,v) = (u + I 1M (s'Nvyds - (1-2) I 1t (=s'Nvds,

Ry R,
U+ (W) = (1= D7), v + p(=u") — o((1 = ') - AB).
For every (u, u,v) € Q, itis easy to check that
Gi(L,u, p,v) =Ti(u, p,v), i=1,2.

By the Borsuk theorem [12, Theorem 8.3], to prove dis(I - I';, Q, 0) # 0, it is sufficient to show that the
following hypotheses hold:
(1) G;(0,-,-,-) is an odd operator on Q, that is,

Gi(Os -u, _]'l, _V) = _Gi(O’ u, ’-'ls V)’ l = 1! 2, (u’ Hs V) € 5;
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(2) G;isacompletely continuous operator;
(3) Gi(A’ u,u, V) + (u’ Hs V) for (A, u,u, V) € [0’ 1] x 0Q.
At a first step, we take (u, u, v) € Q, fori =1,

j 1 (=s'Nvyds - j ¢ (s Nvyds, —p+ T(-u) - T(w), —v + p(-u') - (p(u’))
R1 Rl
= —<‘u + J

Ry

= _Gl(o’ u, }l, V)-

Gl(os -u, —M, _V) = <_]"l +

7 (s Nvyds - J ¢ (=s"Nvyds, p+ T(w) - T(-w), v+ o) - (p(—u'))
Ry

A similar argument shows that G,(0, —u, —u, —v) = =G2(0, u, u, v). So (1) is satisfied.

Moreover, to prove (2), we need to show that G; is continuous and that G; takes bounded sets of [0, 1] x Q
into relatively compact sets of ¥ x R?.

Let (A, un, Un, vn) be a sequence in [0, 1] x Q. For each n € Z* and r € [Ry, R3], IAnl < 1, llunllo < IR
|unl < p and |vg| < Rlzv‘l(l)l(l), at the same time, we have that {r(u,)}, {T(-un)}, {¢(un)} and {p(-u,)} are
bounded. From the Bolzano—Weierstrass theorem and the Arzela—Ascoli theorem, it is not difficult to see
that {An}, {un}, {vn}, {un} have convergent subsequences. Without loss of generality, we also denote the sub-
sequences by {A,}, {Un}, {va}, {un}. Let

A, An = Ao, lim un = o, Jim jun = po, - Jim, v = vo.
Hence,
lim G(An, un, pn, vn) = G(Ao, uo, po, Vo).
n—.oo

Further, by the continuity of (,b{l, T and ¢, we obtain that G; and G, are continuous. So G; and G, are com-
pletely continuous.

To prove (3), suppose on the contrary that G;(Ag, uo, Mo, Vo) = (Uo, Ho, Vo) for some (Ag, Ug, Mo, Vo) €
[0, 1] x 0Q. Observe that

r r

Mo + J $1'(s" NMvo)ds - (1 - Ao) j 11 (=s"Nvo)ds = uo(r), (2.9)
R1 Rl

T(up) — (1 - Ao)T(-up) = 0, (2.10)

o) - ((Ao - 1)ug) = AoB. (2.11)

By Lemma 2.4 (take u = ug, e = 1 - Ap) and (2.10) we infer that, there exists § € [R1, R2] such that
uo(6) = 0. Together with (2.9), it is easy to see that

I 8
Yo = -< J ¢1'(s"Nvo)ds - (1 - Ao) j ¢{1(—51‘NVO)d5>, (2.12)
Ry Ry

From (2.9), by simple computation, we get

r

uo(r) = J 1 (s Nvo)ds - (1 - Ao) J $1 (—s"Nvp)ds. (2.13)
5 5

Next, we will divide the proof into three cases.
Case 1. Let vo = 0. It follows from (2.12), (2.13) that uo = 0, up = 0, so

(0,0, 0) = (uo, Mo, Vo) € 0Q,

which is a contradiction.
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Case 2. If vg > 0, then
¢ (r' Nvo) - (1 = Ao)gp1 (-1 Nvp) > 0.

By simple computation, from the definition of ¢ in (2.2), we deduce that
pup) - o((Ao - Dug) = (p71 ' Mvo) - (1 - 10) 7 (=) (R2 - R1).

Together with (2.11), we get

(p71 (™ Mvo) = (1 - A0)P7 (-rMvo))(R2 = R1) = AoB (2.14)
and 1B
-1/,1-N 0
b1 (r vO)st_Rl,
since
~-(1-2A0)p7 (=" Nvg) = 0.
Thus,

AoB A
N-1 0 N-1 i) N-1 (L) RN-14. (1
Vo <Tr ¢1<R2_R1)Sr ¢1<R2—R1 <r ¢1 R,-R; < K, ¢1( )

Furthermore, by (2.12)-(2.14), for every r € [R1, R>], we conclude that
AoB A

B
ds < 0 - 6| <B,
R RE<wr g0

luo(r)] = |j B115" Vo) - (1 - Aoy (- Mvods| = j
o )
AOB P

’ _ -1 1-N 1 ~1(_,1-N,, \ _
lug(Nl = @717 (r""vo) = (1 - Ao)p7™ (=" " vo) R R -R R

<1,
[Hol = [uo(0)| < llullo <p, lullcx <B+1=p.

Consequently, (ug, ao, Bo) ¢ 0Q, a contradiction.
Case 3. If vy < 0, taking into account the inequality

¢1'(r'Nvo) - (1= Ao)py (-1 Mvg) < O
and the definition of ¢ in (2.2), we have

Pup) - 9((Ao — Dug) =0~ Ao - 1)(p7 ' Mvo) - (1 - 10) P71 (-1 M) (R2 - R1)
= (1-20)(d7 ' Nvo) — (1 = 20)p7 (-1 "Mvp))(R2 - Ry).

Combining this with (2.11), we deduce that
(1= 20)(7"(r'™Mvo) = (1 = A0)¢p1* (-1 "Mv0))(R2 ~ R1) = AoB. (2.15)
If Ap = 0, then (2.15) implies
¢ (r'Nvo) — (1 - 0)¢p; ! (=r'vo) = 0,

which contradicts ¢7! (r*Nvo) - (1 - 0)p 1 (-r'Nvg) < 0.
If Ag = 1, then AoB = 0, i.e. B = 0, which is impossible.
If Ag € (0, 1), then

(1-20)(97 (' Mvo) - (1 - A0) 7 (-1 Nvp))(R2 — R1) < 0, alsoAgB > 0.

This is a contradiction. The proof is completed. O
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3 Existence and Multiplicity Results

Lemma 3.1. Let (HO)-(H2) hold and let Q be defined by Lemma 2.7. Then for A = 0 and every B € R satisfying

R, -R R, -R
22 1¢11(Q‘1(%))<B<R2—R1—1, (3.1)

problem (1.1), (1.2) has at least two different radial solutions.

Proof. Fix B € R and let (3.1) hold. For A = 0, we consider the boundary conditions
T(w)=0, ¢@@u')=B-A=B, (3.2)

and
T(u) =0, ¢(-u')=B-A=B, (3.3)

where ¢ : X — Ris defined by (2.2). Suppose u is a solution of (1.6). Then from Lemma 2.6,
max{u(r) | r € [R1, R2]} - min{u(r) | r € [R1, R2]} = max{p'), p(-u")}.
Note that, if problem (1.6), (3.2) has a solution u;, then Lemma 2.7 and (3.2) imply that <p(—u’1) < Band
max{u;(r) | r € [Ry, Ry]} —min{uy(r) | r € [R1, R2]} = B.

So, u1 is a solution of problem (1.6), (1.7), i.e., uy is a radial solution of problem (1.1), (1.2).
Similarly, if problem (1.6), (3.3) has a solution u5, then ¢(u}) < B and

max{ux(r) | r € [Ry, Ry]} — min{uy(r) | r € [R1, R2]} = B.

Therefore, u- is a radial solution of problem (1.1), (1.2).

Moreover, since <p(u’1) = B and go(u’z) < B, we have u; # u,. Next, we need to prove that both problem
(1.6), (3.2) and problem (1.6), (3.3) have solutions.

Since p = B + 1, according to (3.1), it is obvious that p < R, — R;. Set

Q={upv) | Wpv) e YxR?, Julc <p, Iu'llo <1, [ul <p, VI < RYp1(2)}.

Define @; : [0,1] x Q — Y x R by

r

D1 (A, u, y, v) = (y + J (l){l(sl‘N(v +A JS O'N_lF(u)(U)dU))dS, u+T), v+ ') - B).
Ry Ry

It is easy to check that
10, u, 1, v) =T1(u, 4, v), (U, p,v) € Q.

Now, we come to study the parameter equation
DA, u, 1, v) = (U, u,v), Ael0,1]. (3.4)

Observe that u is a solution of problem (1.6), (3.2) if and only if (u(r), u(R1), le\"lq.')l(u’(Rl))) is a solution of
(3.4), when A = 1.

Next, we prove that (3.4) has a solution when A = 1. By Lemma 2.9, we have dis(I - T';, Q,0) # 0. It is
sufficient to check the following two hypotheses:
(1) @4(A, u, u,v) is a completely continuous operator;
(2) ©1(A, u, 1, v) # (u, u, v) for every (A, u, u, v) € [0, 1] x 0Q.

According to the continuity of ¢Il, F, T and ¢, it is clear that @4 (A, u, u, v) is continuous.
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Let {(An, Un, Un, Vn)}noq C [0, 1] x Q be a sequence. Set
(Vn, anyﬁn) = D1 (Ay, up, MUns Vn) forn e N.

It is easy to see that
r S
_ -1 1-N N-1 _ _ !
Vp = Un + J b (s (vn + Ay J o F(un)(a)do))ds, Qn = Un +T(Un), Pn=vn+ e, - B.
Ry Ry

Then, using the fact that (;b]l :R — (-1, 1) is an odd increasing homeomorphism, 0 < A, < 1, |uyllct < p,
lubllo < 1, [unl < p, [Val < RIZ\’*1¢1(1) and (H1), we obtain

r S

[val < p + ”(b{l (sHV(vn + Ay J oN‘lF(un)(o)d(I))lds <p+Ry, (3.5)
R Ry
VA ¢Il<r1‘N(vn + An Jr sN‘lF(un)(s)ds)) <1, (3.6)
Ry

and
r

|p1(v(r1) = P1(vp(r2))] < al|r1™N = 137N] + A j|sN—1F(vn)(s)|ds

n
I

< 2RI Ny, | + jg(v;,)ds

r

<2¢1(1) + g(1)(R2 - R1) (3.7)

forn e N, ry,m € [R1,R>].

Notice that ¢; is increasing. Combining (3.5), (3.6) and (3.7) with the Arzela—Ascoli theorem, we de-
duce that there exists a sequence wy, such that v,,, is convergent in Y. By 7(u,) < max{7(R2), 7(-R;)} and
0 < ¢(ul) < p, it is easy to check that a;,, and f3,, are bounded. Without loss of generality, we can assume
that {a,,} and {f,,} are convergent. Therefore {(un, un, va)} is convergent in Y x R?, which implies that
@1 (A, u, u, v) is completely continuous.

To show property (2), we suppose, on the contrary, that ®;(Ag, uo, Mo, Vo) = (Lo, Mo, Vo) for some
(Ao, Uug, Mo, Vo) € [0, 1] x 0Q. Moreover,

Mo + Jr (;b{l(sl‘N(vo + o js oN‘lF(uo)(o)d0>>ds =uo(r), re[Ri,R:l, (3.8)
Ry Ry

and
T(uo) =0, @(ug) = B.

Taking into account (3.8), we get
(N1 (uh (1) = Ao (Fup)(r) fora.e.r € [Ry, Ra].
Consequently, ug is a solution of problem (3.4), (1.2). By Lemma 2.8,
lu'llo <1, lullo<B, lullct <B+1=np.
In particular, po = uo(R1) and RY " ¢p1 (uf(R1)) = vo, 0
Mol < luollo <p,  Ivol < RY (1),

which contradicts (ug, ag, fo) € 0Q.
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Analogously, we consider the operator @, : [0, 1] x Q — Y x R? given by

r S

DA, u, 1, v) = (y + j ¢Il(sl‘N(v +A J oN‘lF(u)(o)da))ds, u+t),v+e-u') - B).
R1 Rl
It is not difficult to obtain a solution of problem (1.6), (3.3). O

Theorem 3.2. Let (HO)-(H2) hold and let Q be defined by Lemma 2.7. Then for A, B € R such that A € Im(1)
and

o (52 p ek hu
problem (1.1), (1.2) has at least two different radial solutions.

Proof. Assume that A € Im(7). By Lemma 2.6, there exists a unique d € R such that 7(d) = A.LetT: X -> R
be given by T(u) = 7(u + d) — 7(d). Then T(u) = 0.
Define the continuous operator F : Y — L1[0, T] by

(Fu)(r) = (F2)(r), z(r)=u(r)+A.

Observe that, by (H1),
[N (Fu)(n)] < g(I(u(r) + A)]) = g(I' (n]) forue Y.

Indeed, by Lemma 3.1,

{ (N o () = VU Fu)(r), 1 e (Ri,Ry), (3.9)

T(u) =0, max{u(r)|re[R1,Rz]} —min{fu(t)|re[R,R2]}=B-A

has at least two different solutions, uy, u,. It is easy to verify that u(r) is a solution of (3.9) if and only if
u(r) + A is a solution of (1.6). As a consequence

uin=ui(rn+4A, i=1,2

are two different solutions of problem (1.6), (2.1). Then u;(r) are two different radial solutions of problem
(1.1), (1.2). O

Finally, we give an example to illustrate our main result.

Example 3.3. Consider the quasilinear problem

V() = FL)() + B W)(XDRG (), 5 < 1xl <9, x € R (3.10)

V1 —|Vy|?
submitted to the nonlinear boundary conditions
min{v(x) | 5<|x| <9} =4, max{v(x)|5<|x|<9}=B, (3.11)

where A, B € R are constants satisfying A < B,and Ry =5, R, = 9.
From above, we only need to study the equivalent problem

_ u
(rN 1

iw?
min{u(r) | r € [R1, R2]} = A, max{u(r)|re€[Ry,R2]} =B,

!

)I = rN"YF (u)(r) + F2(u)(r)h(V'(r))) fora.e.r € (R1, R),

Let F; : Y — L'[0, r1] for i = 1, 2 be continuous operators such that |[rN-1(F;u)(r)| < 1 for any u € Y and
heX,|h(s) < s?fors e R.

Notice that ¢1(s) = s/V1 —s2 and ¢; : (-1, 1) — R is an increasing homeomorphism, ¢;(0) = 0. Then
¢7' iR — (-1,1) is given by ¢ (s) = s/ V1 + s2.
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If we take g(s) = 1 + s® for s € [0, co). It is easy to observe that

[N ((Frw)(n) + (Faw)(h@' ()| < g’ (), ueY.

Furthermore,
T ds T 1482 1
j = J ds = =(s +arctan V2s)[_;’ = co > R, - Ry.
g(pi'(s)) J 14282 2 .
0 0

Consequence, (HO)-(H2) are fulfilled. In addition,

u u P
Q) = J as J L+5" s = 1(u +arctan V2u).

Ty J1+2s2 2
Dagrtsn )1+
Since v
1 2
Q') = 5(1 + TZuZ) >0 foruel0, )

and Q is strictly monotone increasing, Q! certainly exists. By simple computation, we obtain

R, -R R,-R 5

2@ (F5)) = 241H(Q @) < 5 <R -Ri-1=3.

Note that y(u) = min{u(r) | r € [5, 9]}, Y(u) = max{u(r) | r € [5, 9]} and , P € A. By Theorem 3.2, it is easy

to verify that
Rz—Rl _ _ Rz—Rl 5
S (0T )< g sBoass

for any A, B € R. Then problem (3.10), (3.11) has at least two different radial solutions.
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