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Abstract: In this paper we consider a nonlinear elliptic problem driven by a nonhomogeneous differential
operator with Robin boundary conditions. We produce conditions on the reaction term near 0" and near +oo,
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by the p-Laplacian, we show that these conditions are also necessary, extending in this way the semilinear
Dirichlet work of Brezis and Oswald [5].
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1 Introduction

Let O ¢ RN be a bounded domain with a C2-boundary 0Q. In an interesting paper, Brezis and Oswald [5]
examined the semilinear Dirichlet problem
-Au(z) = flz,u(z)) inQ,
u=0 on 0Q, (1.1)
u=0,
and, under very general conditions on the reaction term f(z, x), established necessary and sufficient condi-
tions for the existence of nontrivial solutions for problem (1.1).
The purpose of this work is to extend the Brezis—Oswald result to the following nonlinear Robin problem:
—diva(Du(z)) = f(z, u(z)) inQ,
ou
ong
u=>0.

+ Bt =0 on 0Q, (1.2)

In this problem the map a: RY — RY, involved in the definition of the differential operator, is continu-
ous, strictly monotone (hence maximal monotone too) and satisfies certain other regularity and growth con-
ditions, listed in hypotheses (Ha) below. These hypotheses provide a broad analytic framework, in which we
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can fit many nonlinear differential operators of interest, such as the p-Laplacian (1 < p < co). However, we
stress that the differential operator in (1.2) need not be homogeneous and this is the source of difficulties in
the analysis of problem (1.2). The reaction term f(z, x) is a Carathéodory function (that is, the map z — f(z, x)
is measurable for all x € R, and the map x — f(z, x) is continuous for a.a. z € Q). On f(z, - ) we impose only
a unilateral growth restriction from above. In the boundary condition, 0/0n, denotes the generalized direc-
tional derivative defined by

ou _ (a(Du), n)gy  forallu e WHP(Q),
ong

with n(-) being the outward unit normal on 0Q. This generalized directional derivative is dictated by the
nonlinear Green’s identity and was also used by Lieberman [15].

With the setting above, in this work we produce conditions which are sufficient for the existence of posi-
tive smooth solutions. In this special case of the p-Laplacian, we show that these conditions are also neces-
sary, extending this way the work of Brezis and Oswald [5].

For references on the subject, see [3, 8, 10, 13, 25] for semilinear Dirichlet problems and [9, 12, 14] for
Dirichlet problems driven by the p-Laplacian.

2 Auxiliary Results

Let ©® € C1(0, 0o) be a function such that

!
0<¢< eeigt <co and 1P 1 <O) <cr(1+tP7h (2.1)

for all ¢t > 0 and some c1, c; > 0.
(Ha) a(y) = ao(lyl)y for ally € RN with ao(t) > 0 forall t > 0 and, in addition, the following hold:
(i) ao € CY(0, 00), the map t — ag(t)t is strictly increasing,

!
a,(t)t
lim ap(t)t =0 and lim o0
t—0* =0+ ao(t)

(i) We have

[Va(y)| < c3 el()l/)|/|) forally € RN\ {0} and some c3 > 0.
(iii) We have
(Va(y)§, H)rv 2 _®|()|/y||)|$|2 forally € RV \ {0} and all ¢ € RV,

(iv) If Go(t) = fé sap(s) ds, then there exist 1 < g < p, 6 > 0and ¢ > O such that the map t — Go(t%) is
convex on [0, +oo) and
Go(t) < ct? forallt e [0, 8].

Remark 2.1. Hypotheses (Ha) (i)-(iii) are dictated by the nonlinear regularity theory of Lieberman [5] and by
the nonlinear maximum principle of Pucci and Serrin [24]. Hypothesis (Ha) (iv) is used to prove the unique-
ness of the positive solution.

Note that the primitive Go(t), t > 0, is strictly convex and strictly increasing. By setting G(y) = Go(]y|) for
all y € RY, we have that G(-) is convex and continuously differentiable. Moreover,

VG(0)=0 and VG(y)= Gé(lyl)l = ao(lyly = a(y)

vl
for all y € RN \ {0}. Therefore, G(-) is the primitive of a(-) vanishing at y = 0. Finally, the convexity of G(-)
implies that
G(y) < (a(y),y)gv forally e RV, (2.2)



DE GRUYTER G. Fragnelli et al., The Brezis—Oswald Result for Quasilinear Robin Problems =— 605

The next lemma summarizes the main properties of the map a( - ) and is an easy consequence of hypothe-
ses (Ha) above.

Lemma 2.2. If hypotheses (Ha) (i)—(iii) hold, then

(@) y = a(y) is continuous and strictly monotone, hence maximal monotone too,
(b) law)| < c4(1 + |y|P~Y) forally € RN and some ¢, > 0,

© (a),y)rv = 575 lyIP forally € RY.

Using this lemma together with (2.1) and (2.2), we have the following growth estimates for the primitive G(-).
Corollary 2.3. If hypotheses (Ha) (i)—(iii) hold, then

C1

mlyll’ <G(y) <cs(1+1ylP)

forally € RN and some cs5 > 0.

Examples. The following maps satisfy hypotheses (Ha):
(i) The map
a(y) =lyP%y with1<p < oo,

which corresponds to the p-Laplace differential operator
Apu = div(]DuP~?>Du) forallu e WHP(Q).
(ii) The map
aly) = lyP 2y +|yl%%y withl<qg<p < oo,
which corresponds to the (p, g)-differential operator defined by
Apu+Agu forallu e WHP(Q).

Such operators arise in problems of mathematical physics; see [4] and [6] for examples in quantum and
plasma physics, respectively. Recently there have been some existence and multiplicity results for equa-
tions driven by such operators, see [7, 16, 20, 22, 23, 26].
(iii) The map
ay)=1+y»)'Ty withl<p<oo,

which corresponds to the generalized p-mean curvature differential operator defined by
div((1 +|Dul®) "= Du) forallu e WP(Q).

(iv) The map

a(y) = |)’|p_2}/(1+ ) with1 < p < oo.

1
1+ylP

The hypothesis on the boundary term (- ) is the following:
(HB) B € C>*(0Q) with 0 < a < 1 and B(z) = 0 for all z € 0Q.

We start by considering the following Robin eigenvalue problem for the negative p-Laplacian plus an
indefinite potential &(-):

~Apu(z) + E2)u@)P2u(z) = Au@)P?u(z) inQ,

2.3)
L T on 00,
onp
where 1 < p < co and
;T“p = |DulP~2(Du, )y,

with n(-) the outward unit normal on Q. The Neumann version of this eigenvalue problem (that is, 8 = 0),
was investigated by Mugnai and Papageorgiou [18]. On the other hand, Papageorgiou and Radulescu [21]
studied the case ¢ = 0.
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In addition to the Sobolev space W?(Q), we will also use the Banach space C1(Q). This is an ordered
Banach space with positive cone

C, ={ueCHQ):u(z)>0forall z € Q}.
This cone has a nonempty interior given by
intC, ={ueC, :u(z)>0forall z € Q}.
Also, in the sequel, every Sobolev function restricted on 0Q is understood in the sense of traces.

Proposition 2.4. If £ € L°(Q) and hypothesis (HB) holds, then problem (2.3) admits a smallest eigenvalue
A1(€, B, p) € R, which is simple and isolated, and there exists a corresponding LP-normalized eigenfunction
Uy (thatis, ||u1ll, = 1) which satisfies

t; € CL1(Q) forsomen € (0,1), it; €intC,.
Moreover, every eigenfunction corresponding to an eigenvalue A > A, is nodal (that is, sign changing).

Proof. Lety: W'P(Q) — R be the C'-functional defined by

y(u) = ||Du||§ + J &@)|ulP dz + J’ B(z)|lulP do forallu e WHP(Q).
Q 00

Here o(-) denotes the (N — 1)-dimensional Hausdorff measure on 0Q. Let M ¢ WP (Q) the C!-Banach man-
ifold defined by

M :={u e WHP(Q) : Jul, = 1},
and set

A1(&, B, p) = inf {y(u) : u € M}. (2.4)
Evidently,

A& B, p) = ~[€ o,

see hypothesis (HB) and recall that & € L®(Q).
Let {Uun}ns1 € M be a minimizing sequence for (2.4). So, y(uy) | A1(¢, B, p). Evidently, {u,}ns1 € WHP(Q)
is bounded, and so we may assume that

Up — i, in WhP(Q) and U, — iy inIL?(Q)andin LP(0Q). (2.5)

Here we have used the Sobolev embedding theorem and the compactness of the trace map.
Because of (2.5), we have

DI < lim inf [Du I, (2.6)
jf(znunw dz — j£(Z)|ﬁ1|p dz, j B@unl? do — j Bl do. 2.7)
Q Q 0Q 0Q
Using (2.6)—(2.7), we obtain A
y(u1) < A4, B, p). (2.8)

Note that [|i11], = 1, see (2.5). Hence, i1; € M, and so (2.8) becomes

y(in) = A1(&, B, p).

The Lagrange multiplier rule (see, for example, [11, p.701]), implies that ;11(5, B, p) is an eigenvalue of
problem (2.3), more precisely the smallest eigenvalue, with i1; € WP (Q) a corresponding eigenfunction.
From [23], we know that i1; € L°(Q). Then the regularity result of Lieberman [15] implies that i1; € C-1(Q)
for some 1 € (0, 1). Note that

y(ul) = y(u) forallu e M.

So, we infer that &1y does not change sign and we may assume that &; > 0. The nonlinear maximum principle
(see, for example, [11, p. 738] and [24, pp. 111, 120]) implies that it;(z) > O for all z € Q, hence i1 € int C,.
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Next we establish the simplicity of ;11(5, B, p). To this end, let 7; € WP (Q) be another eigenfunction
corresponding to A; (&, B, p). As we did for i11, we can show that 7; € int C,. Consider the function

TR i D _ p-2 iy
R(tt1, v1)(2) = |Du1(2)” - |Dv1(2)] Dvi(z), D (2] .
A1)
Invoking the nonlinear Picone’s identity (see [2] and [17, p. 255]) and the nonlinear Green’s identity (see [11,
p. 211]), we have

< JR(ﬁl,f/l)dz

Q
~D

~ D} + j(Apvl)v’,fl az+ [ peid do
Q 1 20

= IDa1 I} + J(f(z) - A&, B, p))itk dz + J B(z)it do (see(2.3))
Q 0Q

= y() - A& B, p)lialy

=0.

Recalling that R(ii1, v1)(z) > 0, we get R(i11, V1)(2) = O for a.a. z € Q, and so, by the nonlinear Picone’s iden-
tity, it; = uv, for some p > 0.

Now, suppose that A > 711(5, B, p) is another eigenvalue of (2.3) with u € WHP(Q) a corresponding LP-
normalized eigenfunction. Assume that & has constant sign and to fix things suppose that ii; > 0. As before,
the nonlinear regularity theory (see [15]) and the nonlinear maximum principle (see [11, 24]), imply that
u € int C,.. Using once again the nonlinear Picone’s identity and the nonlinear Green’s identity, we have

0< JR(ﬂl, i) dz

= [|Dat1 |l + J u)—dz+ Jﬁ(z)ﬁ’l’ do
Q 0Q
J
Q

= 1D + | &) - i dz + j B do

20
= y(i1) —/1||u1||p
=Ai(& B, p) -
<0,

a contradiction. So, &t € C1(Q) must be nodal.

Finally, we show that 7\1(5, B, p) is isolated in the spectrum of (2.3). Again we argue by contradiction.
So, suppose that ;\1(5, B, p) is not isolated. Then we can find eigenvalues {A,},>1 such that A, | 7\1(.{, B,p)
as n — oo. Let {un}ns1 € WHP(Q) be a sequence of corresponding LP-normalized eigenfunctions. Evidently,
{untns1 € WEP(Q) is bounded. Then, from [23], we know that there exists M; > 0 such that

lunlloo < M1 foralln e IN.
Therefore, from [15], it follows that there exist n € (0, 1) and M, > O such that
up € CH(Q) and Nunllryg <M, forallneN.
Because of the compact embedding of C1(Q) into C1(Q), we may assume (at least for a subsequence) that

up =y in CY(Q), il = 1. 2.9)
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Let A: WHP(Q) — WHP(Q)* be the nonlinear map defined by

(AQ), h) = JlDu|p_2(Du,Dh)]RN dz forallu,h e W'P(Q). (2.10)
Q
We have
(A(un), hy + j E@)unl?2unh dz + j B@lunl?2unh do = A, j|un|p-2unh dz
Q 0Q Q

forall h € WP(Q) and all n € N. Hence, passing to the limit as n — oo and using (2.9), we find

(A(iy), ) + jf(z)|a1|l’*2a1h dz + j ()i P21k do = Ay(£, B, p) jmlv’*zalh dz
Q 0Q Q

forall h e WHP(Q), that is,

~Apity (2) + &2 ()P i (2) = My (&, B, Pl ()P ity (z) foraa.z e Q,
O | B P2y = 0 on 0Q,
ony

see [21]. This implies i1y = +i11, see (2.9) and recall that ﬁl(f,ﬂ,p) is simple. Then we can suppose that
i1 €intC,, and from (2.9) we have that u, € int C, for all n > ng, which contradicts the fact established
earlier, that every non principal eigenvalue has nodal eigenfunctions. This proves that A1 (¢, j, p) is isolated
in the spectrum of (2.3). O

3 Positive Solutions

In this section, we establish the existence of positive solutions for problem (1.2) under general conditions on
the reaction term f{(z, x). The precise hypotheses on the function f(z, x) are as follows:
(Hf) Thereaction f: Q x R — Ris a Carathéodory function with the following properties:

(1) f(-,x) € L®(Q) for all x > 0, and there exists c¢ > 0 such that

flz,x) < ce(L+xP~1) fora.a.ze Qandall x > 0.

(i) The function x — f(z, x)/x97! is strictly decreasing on (0, +co) fora.a. z € Q, with 1 < g < p asin

hypothesis (Ha) (iv).
(iii) If
o fz, 0 . p-1 5 p-1
u(z) := lim 1 fora.a.z € Q, p= B= o B,
then ﬁl(—ﬂ,B,p) > 0.
(iv) If
. flz,x) .1 5 1
Ho(2) = Xlgg+ a1 fora.a.z € Q, flo = ayo, B = aﬁ,

then A, (-jio, Bo, q) < O, where ¢ is the constant appearing in (Ha) (iv).

Remark 3.1. (1) Since we are looking for positive solutions and all the above hypotheses concern the positive
semiaxis R, = [0, +00), we may assume that

flz,x) = f(z,0) fora.a.ze Qandallx <O.

(2) Hypothesis (Hf) (i) is a unilateral growth condition on f(z, - ). Clearly, both functions u(-) and po(-) in
(Hf) (iii) and (iv), respectively, are measurable functions.
(3) Hypothesis (Hf) (iii) covers the case u = —oo in a set of positive measure.
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(4) Hypothesis (Hf) (i) implies that the function x — f(z, x)/xP~1 is strictly decreasing on (0, +co) for a.a.
z € Q. Then, using hypothesis (Hf) (i), we have

f(z

<f( z, 1) <|f(-,1)|lco =c7 fora.a.ze Qandall x > 1.
This implies u(z) < c; for a.a. z € Q (see hypothesis (Hf) (iii)), hence
A1(-11, B, p) € (00, +00].

On the other hand, again from hypotheses (Hf) (i) and (ii), we have
f(z X)

>f(z,1) = -|f(-, D]leo = —c7 fora.a.z e Qandall x € (0, 1].
Thus, uop(z) > —c7 fora.a. z € Q and

A1 (=fio, B, @) € [~00, +00).

Of course, if u, pp € L*°(Q), then 7[1(—}1, B, p) and fll(—ﬂo, B, q) € R are principal eigenvalues of nonlin-
ear eigenvalue problems similar to (2.3).
(5) If f(z, x) = f(x) (autonomous case), then hypotheses (Hf) (iii) and (iv) are equivalent to writing

U <0< pup.
Example. Consider the function
fX) =A% —x"™1) forallx >0

with 1 < g < p < rand A > 0. This function satisfies hypotheses (Hf) with o = A > 0 and u = —co. Note that
f(x) is the reaction term in the nonlinear logistic equation of sub-diffusive type, see [19].

We introduce the following Carathéodory function:

f(z,0) ifx<o0,
k(z,x) = 3.1
&0 f(Z,x)+p—C_11x1’"1 ifx > 0. G.1)

Let X(z, x) = f; k(z, s) ds, and consider the C!-functional ¢ : W»P(Q) — R defined by

o) = J G(Du) dz + lﬁuuug " %J) Bl do - JIK(Z, wdz forallu e WWP(Q).

Q
Proposition 3.2. If hypotheses (Ha) (i)—(iii), (HB), (Hf) hold, then the functional ¢ is coercive.

Proof. We argue indirectly. So, suppose that ¢ is not coercive. Then, we can find {un}n>1 € WP (Q) such that
lunl — +oco and @(un) < M; forsomeM; >0andalln e N. (3.2)

From (3.1) and hypothesis (Hf) (i), we have
K(z,x) < cg(1+]|x|’) fora.a.z e Q,all x € Rand some cg > 0. (3.3)

Using Corollary 2.3 and (3.3), we have

1
————(IDunlh + lualp) + » j B@)|unl? do < co(1 + lunllh) (3.4)
0Q

(p 1)
for some c9 > 0 and all n € N. From (3.2), (3.4) and hypothesis (HB), it follows that

lunl, — +c0 asn — oco. (3.5)
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Let yn = un/llunllp, n € N. Then
lynlp =1 forallneNN, (3.6)

and from (3.4) we have

(||Dyn||p+1)_c9(I ! 5 +1) forallneN,

p(p ) lunlh

which implies that {y,}ns1 € WP (Q) is bounded by (3.5) and (3.6). So, we may assume that
Yn—y in WHP(Q) and  y,—y inLP(Q)andinL?(0Q), lyl, = 1. (3.7)

From (3.2) and Corollary 2.3, we have

(DYl + Wyall) + j B@\ynl? do

p(p 1)
0Q

M
< 1p+Jg<(z’l;”)dz

lunly J lunllp

M F(z, ,0
< M, J < (z u£)+ (cl 1)y§)dz+ j fz );ndz (3.8)
lunlly o) lunl, PP o) lunlly

forall n € N (see (3.1)), where F(z, s) = f; f(z, t) dt.
Hypothesis (Hf) (ii) implies that

f(z, X)

>f(z,1) fora.a.ze Qandall x € (0, 1],
hence, by hypothesis (Hf) (i),
fliz,x) = =If(-, Dlcox?™* fora.a.z e Qandall x € (0, 1].

Therefore, f(z, 0) > 0 for a.a. z € Q, and so

f(z, 0)uy

> dz<0 forallneN. (3.9)
ko, Tl
Using (3.9) in (3.8), we obtain
M, F(z,uy)
UIDYl + Iymll) < — 4 —SL by j " iz forallneN.  (3.10)
- IOl bl < tall el ) luall

If {u}}nz1 € LP(Q) is bounded, then since y;; = uj;/llunllp for all n € N, from (3.5) we infer that y;; — Oin
LP(Q), hence y < 0. Hypothesis (Hf) (i) implies that

F(z,x) < c10(1 +xP) fora.a.z € Q, allx > 0 and some c10 > O, (3.11)
hence . .
J Et) gy« G0 4 iyl foralln e N,
lunlip lunliy
and by (3.5),
F(z, u},
lim supj Fz, un) ug) dz <0. (3.12)
n—oo lunlip

So, if in (3.10) we pass to the limit as n — co and use (3.7) and (3.12), then

p(p 1)(IID)/IIp +lylp) <0,

and so y = 0, in contradiction with (3.7).
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If {u}:}ns1 € LP(Q) is unbounded, then we may assume that |u;;[|l, — +co, and from (3.2) and (3.9) we
have

c F(z,u})

1 14 +11P 1 + M,
(IDy I + lyily) + = J (2)(y)P do < + J dz foralln e N. (3.13)
pp - 1) UPYal + Wallp) + 57 ) BEOn (e Il
20
Note that P . F . P .
I (z;u;,) dz = J (zlug) dz + I (z,fu;,) dz forallneN. (3.14)
lurnlly Lo} lunlip y>0llya>0} lunlip
From (3.7) we have that y;; — y* in L?(Q), hence
yi(z) - y*(z) fora.a.zeQ,
at least for a subsequence. Then
up(z) » +oo fora.a.ze{y* >0} ={y>0} (3.15)
and
Xiy>0iny.>0 = Xiy>03(2) fora.a.z e Q. (3.16)

Let z € {u > —oo} \ E with |E|y = 0 (by | - |y we denote the Lebesgue measure on RY) be such that (see
hypothesis (Hf) (iii))
flz, %)

xp-1
Given € > 0, we can find M, = M5(z) > 0 such that

— u(z) asx — +oo.

f(z,x) < (u(z) + €)xP~!  forall x > M,,

hence 1
F(z,x) < 1_7( (2) + e)xP forall x > M>,

so that
. F(iz,x) 1
limsup —— < —
X—+00 xP D

(u(2) +€).

Since € > 0 is arbitrary, we let € | O to conclude that

. F(z, x)
lim su
x—>+oop xP

< %y(z).

Next suppose z € {u = —oo} \ E (recall that |E|y = 0). We have
fiz, x)

xp-1

— —00 asXx — +00.

Then, given S > 0, we can find M3 = M3(S) > 0 such that

flz,x) < -SxP~1 forall x > M3,

thus F S
Fz,x) <-= forallx > M3,
xP b
and so
. F(z,x) S
lim sup S -—.
X—+00 X p

Since S > 0 is arbitrary, we let S — +oo to conclude that

lim F(Z;X) = —00 = u(z).

X—+00 X
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From the discussion above, we infer that

. F(z,x)
lim sup
X—+00 X

< %y(z) fora.a.z € Q.

Using (3.15), (3.16), (3.17) and Fatou’s lemma, we have

. F(z, uf) 1
1 n)p gy < 1 J P daz.
im sup iy V) Z<p u(y"* dz

{y>0}n{y»>0} {y*+0}

Also, we have

.
I F(z, up) dz‘ < (L + (y;)p) dz forallneN

+P + P
o) lunlly -~ luzllp
(see (3.11)), thus
F(z, uf
Jim j (z1n) 4, o,
n—oo lluz 1P
{y*=0}
We return to (3.14), pass to the limit as n — oo and use (3.18) and (3.19). Then
. F(z, uf 1
lim supJ ( +u£,) dz < - J uy P dz.
n—oo ”un"p b

{y*+0}

In (3.13), if we pass to the limit as n — oo and use (3.7) and (3.20), then we obtain

‘@ +\P b + 1 .
p(p-1) [IIDy llp + J BE@)(y*)P do] < 5 J Uy dz.
o0 {y#0}

Hence,
IDy*I5 + j By do < Jﬂ(y*)" dz.
0Q Q

DE GRUYTER

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

If y* = 0, then from (3.7), (3.10) and (3.19), we have ||Dy||§ +|lyl5 <0, and thus y = 0, in contradiction
with (3.7). Therefore, y* # 0, and so from (3.21) we have (see the proof of Proposition 2.4) ;11(—;‘1, B, p) <0,

which contradicts hypothesis (Hf) (iii). This proves the coercivity of ¢.

O

Proposition 3.3. If hypotheses (Ha) (i)-(iii), (HB), (Hf) hold, then the functional ¢ is sequentially weakly lower

semicontinuous.

Proof. Let y(u): W-P(Q) —» Rand ip: WHP(Q) — R be the C!-functionals defined by

~ _ C1 D 1
OF i G(Dw) dz + )+ J} pIuP do

and
Pu) = - J K(z,u)dz forallu e W-P(Q).
Q

The convexity of G(-), the Sobolev embedding Theorem and the compactness of the trace map, imply that y
is sequentially weakly lower semicontinuous. Since ¢ = y + i, to prove the sequential weak lower semicon-

tinuity of ¢, we need to show that 1 is sequentially weakly lower semicontinuous.
To this end, let S € R and consider the set

Ls:={u e W"P(Q) : P(u) < S}.

We need to show that Lg is sequentially weakly closed. So, let {u,},>1 € Ls and assume that

up, —u in WhHP(Q),
hence, by the Sobolev embedding theorem,

u, - u inL?(Q).
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This implies that
uf - u* and u, —»u" inLP(Q), (3.22)
and, in particular,
ui(z) > u*(z) fora.a.zeQ, (3.23)
at least for a subsequence.
We have (see (3.1))
S>- J K(z,up)dz = - I F(z,u})dz - ( Cl_ 5 ||u;||§ - If(z, 0)(-u,)dz, (3.24)
Q Q pip Q
Note that, by (3.22),
A (3.25)
rp-1) pp-1)
and, by (3.22) and hypothesis (Hf) (i),
jf(z, 0)(-u,) dz — If(z, 0)(-u7) dz. (3.26)
Q Q

Also, from (3.23) and Fatou’s lemma,

li,?lg}f( - JF(z, uy) dz) = —limsup j F(z,u})dz > - J F(z,u")dz. (3.27)

n—.oo
Q
So, if in (3.24) we pass to the limit as n — co and use (3.25)-(3.27), then

S>- J F(z, u") dz - p(pcl_ Sl - Jf(z, 0)(-u")dz = - J K(z, u) dz,

Q Q Q

see also (3.1).
Hence, u € Ls and Lg is sequentially weakly closed. It follows that i is sequentially weakly lower semi-
continuous, hence ¢ is sequentially weakly lower semicontinuous as well. O

Now, we are ready to produce a positive smooth solution for problem (1.2). So far we have not used
hypothesis (Ha) (iv); in the next result we will use it to establish the nontriviality of the solution we produce.

Proposition 3.4. If hypotheses (Ha), (HB), (Hf) hold, then problem (1.2) has a positive solution uq € int C,.

Proof. Propositions 3.2 and 3.3 permit the use of the Weierstrass-Tonelli theorem. Therefore, we can find
ug € WHP(Q) such that
@(uo) = inf{p(u) : u e WHP(Q)}. (3.28)

Claim 1. ugp >0, ug # 0.

If ug # 0, then, using (3.1) and recalling that G > 0 and f(z, 0) > O for a.a. z € Q, we have

1
oul) = J G(DuE) dz + J B do - jF(z, ut) dz
Q p FYo) Q
ol | J Py dz - [z 01

< | G(Dug) dz + ————|\upll, + — DuglP do - | F(z, ul) dz - z,0)(-uy) dz
J (Duo) e 1)II ollp > B(2)|uol (z, ug) flz, 0)(~uy)
Q FYo) Q Q

= @(uo).

But this contradicts (3.28). Thus, uy = 0, and so ug > 0.
Next we show that ug # 0. By hypothesis (Hf) (iv) we have ;11(—;10, B, q) < 0. The variational characteri-

zation of 711(—;10, B, q) (see the proof of Proposition 2.4) and the density of W1?(Q) into W4(Q), imply that
we can find u € WHP(Q) such that

luly =1 and ||Du||g + J B(z)lulq do - Jﬂo(z)lulq dz < 0. (3.29)
20 Q
Clearly, we may assume that u > O (just replace, if necessary, u by |ul).
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We can find {un}ns1 € C1(Q) such that
up — u in WHP(Q),
see, for example, [11, p. 189]. Since we have that
U > ut=u in WHP(Q),
we can always assume that u, > 0 for all n € IN. Let
{t, := min{u, uy} € WHP(Q)nL®(Q) foralln e N.
Then, by (3.30), &t, — uin WHP(Q) and, in particular,
Un(z) » u(z) fora.a.zeQ,
at least for a subsequence. Recall that hypothesis (Hf) (ii) implies that
fio(2) = f(z,1) = ~If (-, Dl foraa.zeQ,

where f = f/(£q), see Remark 3.1 (4), so that

o)L (D)X (201 (2) = ~IF (-, Dlleoud(z) fora.a.ze Q.

Note that )
IFC, Dlloo?(+) € LH(Q)

and
o (DU (2)X 1,401 (2) = fo(2)ul(z) fora.a.z e Q.

Then (3.31)-(3.33) permit the use of Fatou’s lemma, obtaining
lim in J fio(2)il dz > j fio(2)ud dz.
{un#0} {u#0}
Since &, — u in WP (Q), using the trace theorem, we have
IDity ] + I Byl do — |Dald + I Bz do.
20 20
From (3.29), (3.34) and (3.35), we see that we can find ng € N such that

1Dt 4 + j B(2)ad do - J ()% dz <0 foralln > no.

20 {un#0}

This means that we can find u € WP (Q) n L®(Q) such that

1Dul? + I B(z)ud do - Iﬂo(z)uq dz<0, uso0.
0Q Q

DE GRUYTER

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)

The g-homogeneity of the left-hand side in (3.36) implies that we can always assume that |lull; = 1.

Let F(z, x) = jg f(z, s) ds. For every (z, x) € Q x (0, 00), by the chain rule, we have

1 1
F(z,x) = J %F(z, tx) dt = Jf(z, tx)x dt,
0 0

hence, by (Hf) (i),

f(Z, X) tq—l dt — lf(z’ X)

dt > a1 g i1’

F(z, %) Jl Fz, tx)
0

x4 ) xe1

Ot

and, by (Hf) (iv),

lim inf
x—0*

F(z, x) S lﬂo(z) fora.a.z € Q.
x4 q

(3.37)
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Letu € WHP(Q) n L*®(Q), |lully = 1 be as in (3.36). We can find 7 € (0, 1] so small that
Tu(z) € [0, 6] fora.a.ze Q.

Here 6 € (0, 1] is the one given in (Ha) (iv); evidently, we can always assume 6 < 1.
Hence, by (Hf) (ii), we have

Tu(z)
J f(z, s)ds
0

F(z,tu(z)) 1
R

TU(z)

1 .
P . q-1
> I Dl [ 5771 ds

0

WG Dllo g
q

it ,ql)uoo_”u"go. (3.38)

Then (3.38) permits the use of Fatou’s lemma and thus, by (3.37), we have

F(z, Tu) 1 5 q
Td za J fo(z)u? dz.

{u#0} {u+0}

lim inf J

T—0%

Then, from (3.36) and for 7 € (0, 1) small, we have
c||D(Tu)||q + = J Bz)(tu)? do - ¢ J gF(z, tu)dz < 0,
1 o0 Q
recall that § = B/(&q). Thus, from hypothesis (Ha) (iv) and by recalling that 6 € (0, 1] and g < p, we have
J G(D(tu))dz + = J B(2)(tu)? do - JF(Z, Tu)dz < 0.
Q P 20 Q

From (3.1) and the fact that u > 0, this implies ¢(7u) < 0. Hence, from (3.28), ¢(up) < 0 = ¢(0) and up # 0
with ug > 0. This proves Claim 1.

Claim 2. ug € L*®°(Q).
For every k € IN, we introduce the following truncation of the reaction f(z, - ):

e - {f(z, 0) ifx <0,

max {f(z, x), —-kx?~1} ifx >0

(recall that f(z, 0) > O for a.a. z € Q). This is a Carathéodory function and fi (-, x) € L®(Q) for all x € R (see
hypothesis (Hf) (i)). Also, we have

Ifi(z, )l < c11(1 + |xIP™)  fora.a.z € Q,all x € Rand some c1; > O. (3.39)
We set
HQ(Z) S hm lnf fk( ’1 ) and ]lk(Z) llm sup fk(Z X) .
—+00
Note that
fi(z,x) > f(z,x) fora.a.z e Qandallx € R,
hence

uE>po and Ay(-j§, B, q) < Ai(-jio, B, q) forallk e N.
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Here }'1’5 = y’g/(éq). Moreover, we have uX | yas k — +oo, thus
;\1(_ﬁk,B’p) - /All(_ﬂ’B’p) >0 and i1(_}'11(1[3117) >0

for all k sufficiently large, where ji* = (p — 1)u*/c;.
Let @y : WHP(Q) — Rbe the C!-functional defined as ¢, with the primitive F(z, x) = jg f(z, s) ds replaced
by Fx(z, x) = J.g fx(z, s) ds. Reasoning as for ¢, via the direct method, we can find u’é >0, ug # O such that

<pk(u’5) = inf{@k(u) : u e WHP(Q)}.
Then (p;((u’(j) = 0, thus, by (2.10) we have

(A@k), hy + J B(z)(uk)h do = Ifk(z, uf)hdz forallh e WHP(Q)
0Q Q

and (see [21])
—div a(Du’é(z)) = fi(z, u’g(z)) fora.a.z € Q,
k

0
a_“o + By 1t=0 on 9Q.
Ng

Because of (3.39), from [23] we have u’g € L*®°(Q). Then, from [15] we have that
uk e C1(Q) forallk e N.

Let
Yk = min {uo, uk} e WHP(Q)nL®(Q) forall k € N.

Recalling that u’é is a minimizer of the functional ¢y, we get
Pr(uk) < pr(v) forallv e WHP(Q). (3.40)
Taking v := max{uo, uk} ¢ WHP(Q) and using (3.40), we have
j G(Duk)dz + % J B(2)(uk)P do - J Fi(z, uk) dz
{uf<uo} {yo(uk)<yo(uo)} {uk<uo}
< I G(Duo) dz + % J B(z)ub do - J Fi(z, up) dz,
{uf <uo} {Yo(uf)<yo(uo)} {uf<uo}

with yo(-) being the trace map. Thus,

j [G(Duk) - G(Duo)] dz + % I B (k)P —ub)do < J [Fi(z, uk) - Fr(z, up)l dz.  (3.41)

{uf <uo} {Yo(u§)<yo(uo)} {uf <uo}

Then, using (3.41) and recalling that f; > f, we have

P(yi) - p(ug) = j [G(Dulé)—G(Duo)]dZ+% j B@) (kP —ub)do - j [F(z, uk) - F(z, up)] dz

{uk<uo} {yo(u)<yo(uo)} {uk<uo}
< j [Fi(z, uk) - Fx(z, uo) - F(z, uf) + F(z, up)] dz
{uk <uo}

= j J(—fk(z, s)+f(z,s))dsdz < 0.

{u’(§<uo} u’g
Hence, ¢(yx) < ¢(up), and so, by (3.28),
@(yi) = 9(uo) = inf{p(u) : u e WHP(Q)}.

Since yx € L (Q), we may assume that up € L°°(Q). This proves Claim 2.
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Conclusion. Let h € C1(Q). We set
d(h) = J[.‘K(z, uo + h) — K(z, uo) — k(z, up)h] dz.
Q

Then, using Fubini’s theorem and Hélder’s inequality, we have

1 1
d(h)] < j|h| j Ik(z, o + th) — k(z, uo)| dt dz < [l jnNk(uo + th) - Ni(uo)l,y dt,
Q 0 0

where Ni(v) = k(-,v(-)) forallv e WHP(Q)and 1/p + 1/p' = 1.
Note that ug + th € L*°(Q) (see Claim 2). By hypothesis (Hf) (ii), for a.a. z € {ug + th > 0}, we have

f(z, lug + thlleo)
fz, (o + th)(2)) = = ===

> —|If(-, lluo + thllco)lloo

(uo + th)(2)

(uo + th)a71(z)
luo + thl&"

> —|f(-, luo + thleo)leo fora.a.z e Q.
On the other hand, from hypothesis (Hf) (i) we have
f(z, (uo + th)(z)) < c12 fora.a.z € {up + th > 0} and some c1, > O.

Therefore, from (3.1) and the Lebesgue dominated convergence theorem,
1
JIINk(uO + th) — Ni(uo)ll,y ds - 0 ash — 0,
0

thus 1
—|d(h 0 ash—O.
IIh|I| (h)| — -

It follows that ¢ is Gateaux differentiable at ug in the direction of all h € C L(Q). Let (pé;(uo) denote this
Gateaux derivative. We have
(p5(uo), hy =0 forallh e CH(Q).

Using the fact that C1(Q) is dense in W1-P(Q), one has
(p;(uo), hy =0 forallh e WHP(Q).
Hence, by (2.10) and (3.1),

(A(uo), h) + J ﬁ(z)ug_lh do = Jf(z, ug)hdz forallh e WP (Q).
PYo Q

This implies that (see [21])

—diva(Duo(2)) = f(z, up(z)) fora.a.z e Q,

SZ: + B(z)ug_1 =0 on 0Q. G.42)
Thus, ug € C, \ {0} (see [15]). For a.a. z € {up > 0}, hypothesis (Hf) (ii) implies also that
flz,uo0(2)) _ fiz, luolleo)
WD) ol
Hence, )
m (3.43)

flz, uo(2)) = =IIf(-, luolloo)lleo ” g 1

Ollco
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Recall that f(z, 0) > O for a.a. z € Q. Therefore, from (3.42) and (3.43), it follows that
diva(Dug(z)) < c13 ugfl(z) for a.a.z € Q and some cy3 > 0.
Thus, ug € int C, (see [24, pp. 111, 120]). O
Next we show the uniqueness of this positive solution.

Theorem 3.5. If hypotheses (Ha), (HB), (Hf) hold, then problem (1.2) admits a unique positive solution
Ug €intC,.

Proof. From Proposition 3.4, we already have a positive solution ug € int C,. To show the uniqueness of this
positive solution, we proceed as follows. Let j: L1(Q) — R = R U {+0o} be the integral functional defined by

J G(Dub) dz + = J B2uido ifu>0, ui e WHP(Q),
o p
jw) =144 20

+00, otherwise.

Let u1, up € domj = {u € L1(Q) : j(u) < +oo} (the effective domain of j(-)), and set
v=((1-0tup+ tuz)% with t € [0, 1].
From [9, Lemma 1] we have
[Dv(z)| < [(1 - t)lDu%(z)lq + tlDué(z)lq]% fora.a.z € Q.

In this way, since Go(-) is increasing, we get

Q=

Go(IDV(@)]) < Go(((1 - OIDuf (2)|7 + tiDuj ()|7)

)

< (1 - Go(IDuf (2)]) + tGo(IDu; (2))),
see hypothesis (Ha) (iv). Hence,

GDv(z)) <(1- t)G(Du%(z)) + tG(DuZ%(z)) fora.a.z € Q,

and it follows that the function u — IQ G(Du%) dz is convex on dom .
Since p > g, using hypothesis (Hf), we see that

1
u— — J ﬁ(z)ug do
b
00
is convex on dom j too. So, it follows that j( - ) is convex. Also, by Fatou’s lemma, it is lower semicontinuous.
Suppose that it € WP (Q) is another positive solution of problem (1.2). As we did for ug (see the proof of
Proposition 3.4), we can show that i € int C,. Then, for h € C 1(5) and |t| small, we have

ul +th, a7 + th € domj.

Then we can easily check that j( - ) is Gateaux differentiable at both ug and 214 in the direction h. Moreover,
the chain rule and the nonlinear Green’s identity imply that
. 1 ( —diva(Du —diva(Du)
]’(ug)(h) = 7 J # _ VeV
)

_ hdz forallh e CH(Q).
-1

2hdz, @ == |
ul” q
0 Q

The convexity of j(-) implies the monotonicity of j'(- ). Hence,
0= (') —j' @), uf -a)

1 J(—diva(Duo) B —diva(Di)

)(ug %) dz

a; ul™ uat

1 ((flz,uo) flz,0) .
[t e

o Yo

This implies ug = u (see hypothesis (Hf) (ii)), and thus ug € int C, is the unique positive solution of (1.2). [
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Remark 3.6. In the case where the differential operator is the p-Laplacian, the proof of the uniqueness can
be based on the nonlinear Picone’s identity (see the proof of Proposition 2.4), thus extending the result of
Abdellaoui and Peral (see [1, Corollary 4.4]). We present this proof. Note that if the differential operator is the
p-Laplacian, then a(y) = |y|P~2y forally € RN and g = p in hypothesis (Ha) (iv). Thus, suppose that ug, il are
two positive solutions of problem (1.2). From Proposition 3.4, we know that ug, i1 € int C,. We consider the
function R(ug, i1)( - ) introduced in the proof of Proposition 2.4. Recall that

0 < R(up, u1)(z) fora.a.z e Q. (3.44)

By the nonlinear Green’s identity (see [11, p. 211]), we have

J f(zpuO) (uo _ up) dz = J( Apu0)<u0 — i) dz
o Yo o ug
=J|Du0|p_2(Du0,D(uo—%)) dz + IB(Z)up 1( 0_%>d0
a RY 00
= IDuolf - 1Dl + [ R@, uo) dz+ [ pa)uh - @2) do. (3.45)
Q 20

Interchanging the roles of ug and i1, we also have
j flz, u)
Q

Adding (3.45) and (3.46), and using (3.44), we obtain

j(ﬂzp“f) few )( b i) dz = [[RG, uo) + Reuo, )] dz > 0. (3.47)
u

Q Q

Y @ - ub) dz = D@} - |Duol + jR(uo, ) dz - j[}(z)(ug ~ ) do. (3.46)
Q Q

As we already remarked at the beginning of this section, hypothesis (Hf) (ii) implies that the function
X — f(z, x)/xP~1 is strictly decreasing on (0, +00) for a.a. z € Q. Therefore, from (3.47) we infer that ug = @,
and this proves the uniqueness of the positive solution for the particular case of problem (1.2) in which the
differential operator is the p-Laplacian.

4 The p-Laplacian Case

In this section we continue with the setting introduced in the last Remark. Namely, we deal with the partic-
ular case of problem (1.2) in which the differential operator is the p-Laplacian. So, now the problem under

consideration is
—-Apu(2) = f(z,u(z)) inQ,

ou +B@uP1 =0 onoQ, (4.1)
ony

u=>0.
Problem (4.1) is a particular case of problem (1.2) with
a(y) = lyP~%y forally e RV,
Therefore, c; = p — 1, and so we have
p=p and B=p.
Moreover, g = p and ¢ = 1/p (see hypothesis (Ha) (iv), and hypotheses (Hf) (ii) and (iv)). Then
lo=po and B=B.

In this case we show that hypotheses (Hf ) (iii) and (iv) are also necessary for the existence of a unique positive
solution for problem (4.1).
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Theorem 4.1. Ifhypothesis (HB) holds andf: Q x R — Ris a Carathéodory function which satisfies hypotheses

(Hf) (i) and (ii), then problem (4.1) admits a unique positive solution ug € intC, if and only if

Ai(=po, B, p) < 0 < Ay(~1, B, p)-

Proof. “ < ” This was established in Theorem 3.5 for a broader class of problems.
“ =" From the proof of Proposition 2.4, we have

y(uo) - IQ Ho(2)ub dz ~ fQ f(z, up)uo dz - jQ Ho(2)ub dz

luolly luolly

Ai(~Ho, B, D) <

(4.2)

Denoting mo = ming uo > O (recall that ug € int C,), then, from hypothesis (Hf) (ii) (since g = p), we have

f(Z’ uO(Z)) < f(zs mO)

p-1 - p-1
u, (2) my

< Uo(z) fora.a.ze Q.

Using this in (4.2), we infer that

Jo o@up(2) dz — [ po(2)up(z) dz o

?
luolly

/il(_yOr ﬁrp) <

Now, set
_f@, Iuolleo + 1)
(luolleo + 1)P-1°

é(z) =

clearly & € L°(Q) (see hypothesis (Hf) (i)).

Consider the eigenvalue problem (2.3) with this particular &(-) as potential function. From Proposi-
tion 2.4, we know that this eigenvalue problem has a principal eigenfunction i1; € int C,. We choose 7 > 0 so

big that
Up < Tﬂl = ﬂl € int C+.

(4.3)

We use (3.45) first with f(z, x) (replacing @ with it;), and then with (;11(5, B,p) - &2)xP~1x > 0 and i1

as solution to the related problem (2.3). We have

[P0 ity az = [ R, wo) dz + 10wl - 1D} + [ Beerds - ) o,

ub”
Q 0 Q 2Q
J(%(& B, p) - &)@ - ub) dz = JR(uo, 1) dz + | DIl - 1 Duoll} + J B)@ - up) do.
Q Q Yo}

Adding (4.4) and (4.5) we obtain

J| et s g0 huce |y - ) = [ Rt w0 + Rt )z 2 0.
Q uO Q
Note that (see hypothesis (Hf) (ii) and recall that g = p)

fz,uo) _ fiz, luollo +1) _
27 (gl + pp1 o) foraa.zed

Hence,
fiz, uo)
p-1
Up

+&(z) >0 fora.a.zeQ.

From (4.3) we have
b - i) (z) <0 forallz e Q.

From (4.6) we have

p-1
ot Yo

J[ﬂz’ Uo) , .{(z)](ug ~ @) dz > A& B, p) j(ug ~ @) dz.
Q

(4.4)

(4.5)

(4.6)

(4.7)

(4.8)
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Thus, by (4.7) and (4.8), we get

0> A& B.p) j(u‘g — i) dz,
Q

which, by (4.8), implies that

ﬁ1({![‘}91’)) > 0. (49)

But, by (Hf) (ii), note that

&(z) < -u(z) fora.a.zeQ,

hence

/il(f’ ﬁ’p) < i1(_I'l’ ﬁ’p)’

and, by (4.9),

A1(-u, B, p) > 0. O
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