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Abstract: In this paper, we are concerned with the existence and asymptotic behavior of minimizers of a min-
imization problem related to some quasilinear elliptic equations. Firstly, we prove that there exist minimizers
when the exponent q is the critical one g* = 2 + % Then, we prove that all minimizers are compact as g tends
to the critical case g* when a < ag- is fixed. Moreover, we find that all the minimizers must blow up as the
exponent g tends to the critical case g* for any fixed a > a4-.
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1 Introduction

In this paper, we consider the minimization problem

da(q) = 32{452(“), (1.1)
where
M:{ J lul?dx =1, ueX}
RY
and 1 2 2 1 2,2 a 2
Eg(u) = 5 J(IVul + V()|ul?)dx + 7 j |[Vu?|“dx - 72 J |u|9*dx. (1.2)
RV RY RY

Here, we assumethat0 < g < g* =2+ %, a € Ris a constant, the potential V(x) € Lﬁ;’c(lRN ; R™). The space X
is defined by
X= {u : J [Vu?|2dx < oo, u EH}
]RN
with
H= {u : J [Vul? + V() |ul?dx < oo]».
IRN

Any minimizers of (1.1) solve the following quasilinear elliptic equation:

—Au—-AW)u+ V(xX)u = pu + alulfu, xeRY, (1.3)
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which is the Euler-Lagrange equation to problem (1.1), where u denotes the Lagrange multiplier under the
constraint ||u||%2 = 1. Solutions of problem (1.3) also correspond to the standing wave solutions of the follow-
ing quasilinear Schrédinger equation:

i0¢p = —-Ap — AN@*)p + Wx)p — alp|?p, xeRY, (1.4)

where ¢ : RxRY — C and W: RY — Ris a given potential. Equation (1.4) arises in several physical phe-
nomena such as the theory of plasma physics, exciton in one-dimensional lattices and dissipative quantum
mechanics, see for examples [4, 16, 17, 20] and the references therein for more backgrounds. It is obvious
that e"#ty(x) solves (1.4) if and only if u(x) is the solution of equation (1.3).

Equation (1.3) is usually called a semilinear elliptic equation if we ignore the term —A(u?)u. The con-
strained minimization problem associated to a semilinear elliptic equation has been widely studied, see, e.g.,
[2, 10-13]. Several authors [2, 10, 11, 13] considered the following minimization problem in dimension two:

Ia(q) = inf Jqw), (1.5)

ueH, _[]RZ |u|2dx=1
where
Je(u) = % J IVuldx + % J VOolul2dx - —2— J |9+ dx
R? R? 7+2 R?

and 0 < g < g* = 2, a € Ris a constant. By using some rescaling arguments, it was shown that there exists a
constant a*, such that (1.5) has at least one minimizer if and only if a < a*. Moreover, the concentration and
symmetry breaking of minimizers of (1.5) were discussed in [10, 11, 13] when g = 2 and a tends to a* from
left (denoted by a .~ a*). Recently, these methods were also used to deal with the concentration behaviors of
minimizers of many different kinds of minimization problems, see [12, 26, 27]. The concentration properties
of minimizers of (1.5) as g .~ 2 for any fixed a > a* were studied in [12, 26]. Zeng and Zhang [27] proved the
uniqueness and concentration of minimizers of a class of Kirchhoff equations.

Several works considered the existence of solutions for equation (1.3), see [6, 7, 20—22] for the subcrit-
ical case, and [8, 9, 23, 28, 29] for the critical case. For different types of potentials, the existence of pos-
itive solutions of problem (1.3) on the manifold M = {LRN |ul9*? = ¢, u € X} and the Nahari manifold when
2<qg< % was established in [20, 22] by using a constrained minimization argument. In [6, 21], by chang-
ing of variables, problem (1.3) was transformed into a semilinear elliptic equation, then the existence of pos-
itive solutions was obtained by the mountain pass theorem in Orlicz space or Hilbert space framework. It is
worth mentioning that several authors [5, 7, 14] investigated the following constrained minimization prob-
lem associated to the quasilinear elliptic equation (1.3) with V(x) = constant:

m(c) = inf{E(u) : lul%, = c}, (1.6)
where 1 1 1
E) == j |Vul?dx + = J |Vu?|>dx - —— j |ul9*2dx. (1.7)
2 4 q+2
RN RN RN

They mainly obtained that, for any ¢ > 0,

—co ifg>q*=2+2%,
m(c) = , N
0 ifg=q"=2+y,
and (1.6) possesses no minimizer. On the other hand, when q € (0, 2 + %), it holds true that m(c) € (-co0, 0].
Especially, if the energy is strictly less than zero, namely,

m(c) € (-0, 0), (1.8)

they proved that (1.6) possesses at least one minimizer by using Lions’ concentration-compactness principle.
In general, condition (1.8) can be verified for any ¢ > 0 if g € (0, §). But for the case of g € [, 2 + #), by
setting

c(g, N) :=inf{c > 0 : m(c) < 0},
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it was proved in [14] that c(g, N) > 0 and (1.6) is achieved if and only if ¢ € [c(q, N), +0o). Based on the
above results, Jeanjean, Luo and Wang [15] recently discovered that there exists ¢ € (0, c(q, N)), such that
the functional (1.7) admits a local minimum on the manifold {u € X : |u|i2 =c} for all c € (¢, c(q, N)) and
qce (%, 2+ %). Furthermore, a mountain pass type critical point of (1.7) was also obtained therein for all
c € (¢, 00), which is different from the minimum solution.
We note that, by taking the scaling uc(x) = u(c/¥x),
1 1 e
2
E(u) = ¢t v {5 J IVucl2dx + 7 J [Vu2|?dx - 753 j |uC|‘J+2dx}.
RN RN RN

It is easy to see that problem (1.6) can be equivalently transformed to problem (1.1) with V(x) = constant
(without loss of generality, we assume V(x) = 0) by setting a = ¢2/~. Then we obtain the following minimiza-
tion problem:
da(q) = inf Ef(w), (1.9)
ueM

where Eg(-) is given by

+2
RN RN RN

E 1 2 1 22 a 2
EZ(U): E j |Vu|~dx + Z J [Vus| dx_q_ J |u|q+ dx.

From the above mentioned results on the minimization of problem (1.6), we see that (1.9) can be achieved
onlyifg<gqg* =2+ Ai, The exponent g* seems to be the critical exponent for the existence of minimizers of
(1.9). A natural question one would ask is whether problem (1.1) admits minimizers if V(x) # constant?
By taking the scaling u®(x) = o™/2u(ox), it is easy to see that Eg(u“) — —00 as 0 — +oo if ¢ > q* and
Vix) e L%’C(]RN ). This implies that there are no minimizers of problem (1.1) when g > g*. However, when
q = q*, the result is quite different. Indeed, for a class of non-constant potentials, we will prove that there
exists a threshold (with respect to the parameter a) independent of V(x) for the existence of minimizers
of (1.1), see our Theorem 1.2 below for details. Moreover, stimulated by [12], we are further interested in
studying the limit behavior of minimizers of (1.1) as q ./ g*.

Before stating our main results, we first recall the following sharp Gagliardo—Nirenberg inequality [1]:

(g+2)8g

a2 1 2 4 R 2,1N

[ axs o ([ wutax) forall u € D>L(RY), (1.10)

RN 1 RN
where 5 N N

q+ q
1 N g, — 1Yy 5o
ST SN-=2 TG+ 97

and

DEYRY) := {u : Vu e L>(RN), u e LY(RY)}.
As proved in [1], the optimal constant is Y, = A;a4 with

_q_
and aq = lvgly*. (1.11)

N
04 )%
Ll

Ag =1~ 94)(1_—94

Here, v, > O optimizes (1.10) (that is, (1.10) is an identity if u = v,) and is the unique non-negative radially
symmetric solution of the following equation [25]:

i N
-Avg+1=v5, xeR". (1.12)

Remark 1.1. Strictly speaking, it has been proved in [25, Theorem 1.3 (iii)] that v, has a compact support in
RY and exactly satisfies a Dirichlet-Neumann free boundary problem. Namely, there exists one R > 0 such
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that v, is the unique positive solution of

-Au+1 =u%,
du (1.13)
u > 0in Bg, u=ﬁ=o on 0Bg.

In what follows, if we say that u is a non-negative solution of an equation of the form (1.12), then we exactly
mean that u is a solution of the free boundary problem (1.13).

From equation (1.12) and the classical Pohozaev identity, one can prove that

" 1 0
J quIqTde= — J lvgldx, J [Vvgl?dx = —2 J lvgldx. (1.14)
1-6,4 1-6,
RN RN RN RN
Using the above notations, we first obtain the following result which addresses the existence of minimizers
of problem (1.1) for the critical case of g = g*.

Theorem 1.2. Let q = q* and let ag- be given by (1.11). Assume that V(x) satisfies

V(x) € Ll"(‘)’c(lRN;]Rﬂ, inf V(x)=0 and lim V(x) = co. (1.15)
XeRN |x|—00

Then,

(i) da(g*) has at least one minimizer if 0 < a < ag~;

(ii) thereis no minimizer of dq(q*)if a > ag4-.

Theorem 1.2 is mainly stimulated by [2, Theorem 2.1] and [10, Theorem 1], where the semilinear minimiza-
tion problem (1.5) was studied. The argument in these two references for studying the non-critical case,
namely a # ag-, is useful for solving our problem. However, when a equals the threshold (i.e., a = a* in their
problem), it was proved in [2, 10] that there is no minimizer of problem (1.5). This is quite different from our
case since there exists at least one minimizer of (1.1) when a = ag4-. This difference is mainly caused by the
presence of the extra term j]RN |Vu|?dx in (1.2), which makes the argument in [2, 10] unavailable for study-
ing our problem. To deal with the critical case, we will introduce in Section 2 a suitable auxiliary functional
and obtain the boundedness of the minimizing sequence by contradiction. Then, the existence of minimizers
follows directly from the compactness Lemma 2.1.

We remark that if V(x) satisfies condition (1.15), one can easily apply the Gagliardo—Nirenberg inequality
(1.10) and Lemma 2.1 to prove that (1.1) possesses minimizers for any fixed 0 < g < ¢*. In what follows, we
investigate the limit behavior of minimizers of (1.1) as g .~ g*. Firstly, if a < a4~ is fixed, our result shows that
the minimizers of (1.1) are compact in the space X as g ./ g*. More precisely, we have:

Theorem 1.3. Assume V(x) satisfies (1.15) and let u; € M be a non-negative minimizer of problem (1.1) with
O<a<ag and0<q<gq* =2+ 1. Then

lim dq(q) = da(q")-
q/q

Moreover, there exists ug € M such that limg »g- uq = ug in X, where ug is a non-negative minimizer of d,(q*).
Here, the sequence limg ~g+ ug = up in X means that

ug —» uoinH and J IVug|*dx — J IVudl?dx asq 7 q*.
RV RY
On the contrary, if a > ag4-, the result is quite different and blow-up will happen in minimizersas g ./ g*. Ac-

tually, our following theorem states that all minimizers of (1.1) must concentrate and blow up at one minimal
point of the potentials.
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Theorem 1.4. Assume V(x) satisfies (1.15) and a > a4-. Let i1 be a non-negative minimizer of (1.1) with
0 < g < q*. For any sequence of {uiq}, by passing to a subsequence if necessary, there exist {ye,} C RN and
Yo € RN such that

N

(8gx +&qVe,) = ——Vg-(AIx = yol)  strongly in D*>(R"),

lim e¥i?
a |Vq* |L1

qq*qq

where vy- is the unique non-negative radially symmetric solution of (1.12) and

[Vgelp1 \ 72 4aq =)
po (MY (S Y e 116
N &q q*Aqaq(q + 2) - asq /7 q ( )

Moreover, the sequence {y.,} satisfies
dist(eqye,»A) -0 asq ./ q",
where A = {x : V(x) = O}.

Throughout the paper, |u|» denotes the LP-norm of a function u, and C, cp, ¢; denote some constants.

This paper is organized as follows. In Section 2, we shall prove Theorem 1.2 by some rescaling arguments,
especially, we prove that d,-(q*) possesses minimizers by introducing an auxiliary minimization problem.
Section 3 is devoted to the proof of Theorem 1.3 on the compactness in space X for minimizers of d,(q*) as
q / q*.InSection 4, we first establish optimal energy estimates for d,(q) asq ./ g forany fixed a > a4+, upon
which we then complete the proof of Theorem 1.4 on the concentration behavior of non-negative minimizers
asq /1 q*.

2 The Existence of Minimizers: Proof of Theorem 1.2

The main purpose of this section is to establish Theorem 1.2. We first introduce the following lemma, which
was essentially proved in [24, Theorem XIII.67] and [3, Theorem 2.1].

Lemma 2.1. Assume V(x) satisfies (1.15). Then the embedding from H into LP (R") is compact for all

. +00 ifN=1,2,
2<p<2 =
2L ifN > 3.

Taking g = g* in (1.12), we get 0+ = 5, Ag» = 75 and ag- = |vge |E{N. Moreover, (1.14) becomes

J Vel 2 dx = (N + 1) j IVgaldx, J Vv l2dx = N J IVgsldx, 2.1)
RY RV RV RV
and the Gagliardo—Nirenberg inequality (1.10) can be simply given as

e N+1 2
j ul 7" dx < N; j IVul2dx - [ul},. (2.2)
q*

RN RN

Inspired by the argument used in [2, 10], we first prove the following lemma which addresses Theo-
rem 1.2 for the case of a + ay-.

Lemma 2.2. Let V(x) satisfy (1.15) and q = q*. Then
(i) da(q*) has at least one minimizer if 0 < a < ag-;
(ii) thereis no minimizer of da(q*)if a > ag-.

Proof. (i) If a < a4, for any u € M, it follows from (2.2) that

. N+1 # N+1
J lul? *2dx < hi J IVuzlzdx( J’ uzdx)N <F J |Vu?|?dx.
Nag- Nagy
RV RN RN RV
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Thus,
E.(u) = ! J(IVuI2 + V0O ul?)dx + 1 j |Vu?|?dx - 1 J lul? 2 dx
1 2 4 q+2
RN RN RN
> ! J(IVuI2 + V0O ul?)dx + l(1 _ ) I |Vu?|2dx. (2.3)
2 4 ag:
]RN IRN

Hence, if {uy,} is a minimizing sequence of d,(q*) with a < ag-, it is easy to deduce from the above formulas
that there exists C > 0 independent of n such that

sup J [Vuz|?dx < C < 0o, sup|lupllg < C < co.
n IRN n
It then follows from Lemma 2.1 that there exist a subsequence of {u,}, still denoted by {u,}, and u € M such

that
Up — uin LP(RY) forall2 <p <2* (2.4)

and

j IV 2dx < lim inf J V2 2dx < C < co.

RN RV
The latter inequality indicates that uﬁ is bounded in L2" (RN). Hence, we can deduce from (2.4) that

Up = uin IP(RY) forall2 < p < 2 x 2*.
Therefore,

dq(q*) = H,Plio‘.}ng*(“") > EZ* (u) = dqa(q").

This indicates that
Uy, S uinH and lim J IVuz|?dx = J |Vu?|%dx.
RN RN

It means that u is a minimizer of d,(q*) for a < ay-.

(ii) Let
N
T2 . N
Ur = — Vg (TIx = Xo|) with some xo € R™.
[vg |L21
Using (2.1), we have
X N
uzdx = I [V (TX)|dx = I |[vgsldx =1,
J T [vgIr1 1 [VgIr1 1
]RN N ]RN
N+2 NTN+2
J’ IVuz|?dx = —— I [Vvg-12dx = v (2.5)
RN |Vq* |L1 RY q* 1Lt
N+2 2(N+1) N+2
¢+2, T e (N+ Dt
J. Ur dx = TZ/N J- Vq* dx = TZ/N’ (2.6)
RN |Vq* |L1 RN |Vq* |L1
2
T
J |Vue|?dx = J [V\/Vg-12dx = coT?, (2.7)
|Vq* |L1
RN RN
and
N
J V(x)uZdx = J V(x)|vg- (Tx)|dx
|Vq* |L1
RN RN
1 X
=— J V(— +x0>|vq*|dx — V(xg) ast — +oo. (2.8)
[vgsIr2 T
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Ifa > a4+, from (2.5) and (2.6) we have

1 a . NtN+2 a
= J IVuZ|?dx — — J ul ax = (1——).
4 q*+2 4lvgIp ag:

RN RN

This together with (2.7) and (2.8) gives that

NTN+2 a
da(a") < Vixo) +0(1) + 7o — (1= =) + cot? = ~c0 5T = +o0.
4|Vq* |L1 aq*
Therefore, we deduce that d,(g*) = —co and d,(q*) possesses no minimizer if a > ay-. O

In view of the above lemma, to complete the proof of Theorem 1.2, it remains to deal with the case of a = ay-.
In the following lemma, we first prove that there exist minimizers of d,,. (¢*) when N < 3.

Lemma 2.3. Assume that V(x) satisfies (1.15), then d,(q*) has at least one minimizer if a = a4- and N < 3.

Proof. Assume {un} is a minimizing sequence of dg,. (¢*). Using an argument similar to (2.3), we easily see
that
sup [unllg < C < +00.
n

Note that g* =2 + % < 2* =2 inview of N < 3, we thus deduce from the above inequality that

sup J [un|9 *2dx < C < +00.
n

RN

This further indicates that
sup j [Vu2|?dx < C < +0o0.
n ]RN
Then similar to the proof of Lemma 2.2 (i), we see that there exists a minimizer of d,(q*) and the proof is
complete. O

When N > 4, the argument of Lemma 2.3 cannot be used to obtain the existence of minimizers of dg,. (¢*)
since we have g* > 2* — 2. To deal with this case, we introduce the following auxiliary minimization problem:

m(c) = inf{F(u) : J luldx = c, u Dz’l(IRN)}, (2.9)

RN

where N
_ 2,,  HNdg 242
Fw) = [ vuitdx- 320 [ i dx.
RN RN
Lemma2.4. (i) m(c)=0if0<c<1;m(c)=-co0ifc> 1.
(ii) Problem (2.9) possesses a minimizer if and only if ¢ = 1. All non-negative minimizers of m(1) must be of the

form
ANy (Alx -
{M:/\ER+, xoe]RN}. (2.10)
|Vq* |L1
Proof. (i) It follows easily by some scaling arguments.
(ii) From (i), we have m(c) = O for any ¢ < 1. Thus, if u is a minimizer of m(c) with ¢ < 1, we obtain from
inequality (2.2) that
0=m(c)>(1-ch) I Vul2dx.
]RN

This implies that u = 0, which is a contradiction.



732 —— X.ZengandY. Zhang, Ground State of Quasilinear Elliptic Equations DE GRUYTER

If ¢ = 1, one can easily check that any u, satisfying (2.10) is a minimizer of m(1). On the other hand, if
u > 0 is a non-negative minimizer of m(1), we get that

Nag- 2

Vulldy = Vdq J 243

J |Vul|~dx N+l |u|“*vdx,
RV RV

which indicates that u is an optimizer of the Gagliardo—Nirenberg inequality (2.2). Hence, u must be of the

form (2.10). O

Lemma 2.5. Let {u,} ¢ D> (RN) be a non-negative minimizing sequence of m(1), and IlRN |[Vun|?dx = 1. Then,
there exists {yn} ¢ RN and xo € RN, such that

. W ) . [Vge |1 s
nlggoun(an) = lvqﬁvq*(/\olx—xonzn @2,1(1RN) with Ao :< qNL > .

Proof. From the definition of m(1) and {u,}, one has

N+1
Nag

2
J lup|** ¥ dx =

RN

+o0(1). (2.11)

We will prove the compactness of {u,} by Lions’ concentration-compactness principle [18, 19].
(I) We first rule out the possibility of vanishing: If

lim sup J lupldx =0 foranyR > O,

€RN
Y By

then uy L 0in LI(RN) for any 1 < g < 2*, which contradicts (2.11).
(II) Now, assume that dichotomy occurs, i.e., for some c; € (0, 1), there exist Ry, Ry, > 0, {y»} ¢ RN and
sequences {u1,}, {uzn} such that

Supp Uin € Bry(yn), Suppuan € By (yn),

dist(supp u1n, SUpp Uzn) — +00  asn — oo,

H |u1n|dx_cl|S8, J|u2n|dx—(1—cl)|§5»

RN RNV

lim inf J [Vu|>dx > liminf( J |Vuinl?dx + J IVuZHIde> > 0.
n—oo n—.oo

RN RN RN

Let f1,(X) = U1n(x + yn). Then there is u € D> (RY) such that
U1n(x) 2 u#0in Lfoc(]RN) foralll <p < 2*. (2.12)

Noting that
0 =m(1) = F(uin) + F(uapn) + 0n(1) + a(e),

where a(e) — 0 as e — 0, and letting n — oo and then € — 0, we then obtain from (2.12) that

J luldx =c1 <1 and 0 < F(u) <m(1)=0.
RN
This together with (2.2) implies that u = 0, which is a contradiction.

(1I1) The above discussions indicate that compactness occurs, i.e., for any € > 0, there exist R > 0 and
{yn} ¢ RY such that, for n large enough,

lupldx > 1 - €.
BR(Yn)
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Thus, there exists u € D%1(RN) such that
Un(X +yn) — uin LY(RY).
Therefore, we have I]RN |uldx = 1 and
m(1) = nlLr&F(un) > F(u) > m(1).
This indicates that u > 0 is a minimizer of m(1) and

J |Vul?dx = lim I |Vun|?dx = 1. (2.13)

RN RN

Moreover, we obtain from Lemma 2.4 (ii) that

N
u(x) = ———vq-(Alx = xol),
|Vq* I&!
where
_ |Vq* |L1 ﬁ
A= ( N )
follows directly from (2.13). This finishes the proof of the lemma. O

Based on the above two lemmas, we are ready to prove that when a = a4, there exist minimizers of d,(q*)
for any dimension N > 1.

Lemma 2.6. Assume that V(x) satisfies (1.15). Then dq,. (q*) has at least one minimizer if a = ag-.

Proof. Let {u,} be a minimizing sequence of dg,. (¢*). Similar to (2.3), one can deduce from (2.2) that {uy} is
bounded in H. Now, we claim that

J |Vu2|?dx is also bounded uniformly as n — co. (2.14)
]RN
Otherwise, if
lim J [Vu2|?dx = +co,
n—oo
IRN

then, since {uy} is a minimizing sequence of dq,. (¢*), it follows from above that

212
. 4 . yvIvuzldx  Na,-
lim J lun|**¥dx = +oo and lim ‘[]R : o=y ql'
— — 3
© ® [ ual*Fdx N+

]RN
Setting
__1
Wy = eNud(enx) withe, = ( J IVuf,Ide) " (2.15)
]RN
we have
J |wnldx = j lupl?dx =1,
RN RV
J [Vwp|?dx = eN*+2 J [Vu|?dx =1,
RV RV
and

2 4 n N+1
J [Wn|2* W dx = eN+2 J lun|** ¥ dx — .
Nag-

RN RN
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Thus,
. 1 _ 1
By un) = 76V Fwn) + 3 [ (Vual? + VOOud)dx = da. (4°) + (D).
RN

Consequently,

L1
F(wy) = 4ey | da,. (q%) - 5 J(Vunl2 + Voou2)dx + o(1)| = 0 = m(1).
IRN
Thisimplies that {w,} is a minimizing sequence of m(1) and j]RN |[Vwy|2dx = 1.1t then follows from Lemma 2.5
that there exists {yn} ¢ R" such that

N

Wn(' + yn) l} Wo = —qu* (AOX) in ®2’1(IRN).

|Vq* |L1
However, it follows from (2.15) that
1 1
liminf &2 j |Vun|?dx = liminf j [Vw; |2dx > J [Vwi|*dx > C > 0.
n—oo n—.oo
RV RV RV

This indicates that
J IVup|2dx > Ce;2 5 +oo,
RN
which contradicts the fact that {u,} is bounded in H. Thus, claim (2.14) is proved. Furthermore, similarly to
the argument of Lemma 2.2 (i), one can obtain that uy I, win X with u being a minimizer of dq,. (¢*). O

Proof of Theorem 1.2. Lemmas 2.2 and 2.6 imply the theorem. O

3 Casea < a4-: Proof of Theorem 1.3

The aim of this section is to prove that when a < ay- is fixed, all minimizers of (1.1) are compact in the space
X as g ~ q*, which yields the proof of Theorem 1.3.

Proof of Theorem 1.3. Fix n(x) € CSO(IRN ) with |r1(x)|§2 = 1. We can find a constant C > 0 independent of g
such that
da(q) < Eq(n) < C < co.

Assume that u, is a non-negative minimizer of (1.1). We deduce from (1.10) that

1 1 1
> j Vitg Pdx + J Vi Pdx+ 5 j VOOhugPdx = da(@) + j lugl72dx
]RN ]RN ]RN IRN
a 1 2
<C —|vulls, . 3.1
+ + 2 Aqaq| uq|L2 ( )
This implies that
! j wiPdr<cr — % L v
4 a T q+2Mga, T
]RN
We claim that
lim sup j [Vug|*dx < C < co. (3.2)
q/q* N

For otherwise, we have
J IVug|?dx =: My — co asq ./ q*.

RN
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On the one hand, we know from (3.1) that

a 4 2 1 a Z a 4 <
Mg<C+—2 2 ji2|", < _(1——)M;; LT
q Ag+

+2Aqaq "2 q+2Aay
i.e., .
1 a a 4 Vi
ng[f(l_a_q*)Jrqﬂm] . 3.3)
On the other hand, from the definitions of A4 and a, in (1.11) we get that
11 1 i
q+2E_)Z and a; —aqy asq /q°. (3.4)
Thus,

.1 a a 4 1 a a
lim [ 2(1- -2 )+ =151 )+ =] <1
q7q*L2 ag q+2Agaq 2 ag ag

This together with (3.3) implies that

1 a a 4 q"ziq
Moz [M(1- )0 ) L g g

which is impossible. Hence, (3.2) is obtained and it is easy to further show that

L [ vugar s voorugP)ax < ¢ < .

IRN
This means that {u,} is bounded in H! (RM). As a consequence, there exist a subsequence, still denoted by
{ug}, and O < ug € H such that

ug — uoinH; ug — uo inLP(RY) forall2 <p <2*.
By applying Lebesgue’s dominated convergence theorem, one can obtain from above that

lim J lugl?*?dx = J luold *2dx.
a,q*

RN RN
Therefore,
. . 1 1 a
ql%{ da(q) = ,}1};& [5 J(|qu|2 + V(O ugl|®)dx + 7 j |Vug|dx - 753 J |uq|q+2dx]
IRN ]RN ]RN
21 J(IVuolz + VO luo)dx + = I [Vi22dx - —2 J luol? 2 dx
=2 4 0 q*+2
IRN IRN ]RN

= Eg-(uo) = da(q™). (3.5)

On the other hand, for any € > 0, there exists u, € X with Iugli2 = 1 such that
Eg.(ue) < da(q™) + €.
Then,

lim dq(q) < lim Eq(ug)
a/q* a/q*

(1 1 a
< qh}rgl*{z j (IVuel® + V(x)lug|®)dx + 7 I [VuZ|?dx - 72 I |u€|q+2dx}
RN RN RN

= Eg. (ug) + lim*{
a’q

RN RN

q*+2
<dg(q*) +e.
Letting € — 0, this inequality together with (3.5) gives that
qli_g}* da(q) = da(q") = Eg. (uo)-

Hence, ug is a non-negative minimizer of d,(¢*) and uy; — upinXasq / q*. O
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4 Casea > ay-: Proof of Theorem 1.4

This section is devoted to proving Theorem 1.4 on the blow-up of minimizers of (1.1) as g .» ¢* for the case
of a > ay-. For this purpose, we introduce the functional

- 1 1
Eg(u) = 5 j IVuIde+ 7 J |Vu2|2dx— % J |u|fJ+2dX
RN RN RN

and consider the following minimization problem:

da(q) = inf Eq(). (4.1)

We remark that when a > ag-, it follows from (3.4) that

Laq

lim ———— = — > 1. 4.2
a7q" q*Agaq(q +2) ag (4-2)

We then obtain from Lemma 4.2 below that d,(q) < 0if ¢ < g* and is close to ¢*. As a consequence, one can
use [15, Lemma 1.1] to deduce that (4.1) has at least one minimizer.

4.1 Blow-up Analysis for the Minimizers of (4.1)

In this subsection, we study the following concentration phenomenon for the minimizers of (4.1) as g / q*,
which is crucial for proving Theorem 1.4.

Theorem 4.1. Let a > a,- and let uy be a non-negative minimizer of (4.1) with q < q*. For any sequence of
{ug}, there exist a subsequence, still denoted by {uq}, and {y.,} c RN such that the scaling

N
Wy = €4 Ug(EgX + £4Ye,) (4.3)
satisfies
. AN .
thl}]l* epuG(egx +£qye,) = Wj = qu* (Alx = xol) in D> (RY), (4.4)
”

where A and &4 are given by (1.16) and xo € RN. Moreover, there exist positive constants C, u and R independent
of q such that
wa(x) < Ce™™ forany|x| >R asq /q*. (4.5)

To prove this theorem, we first give the following energy estimate of d,(q).

Lemma 4.2. Let a > ay- be fixed. Then,

7

da(q) = )ﬂ(l +0(1) (= -00) asq /q’.

_q*—q( 4aq
4q \q*aghq(q+2)

Proof. For any u € M, we obtain from (1.10) that

Fau) = = [ wuttax+ : | wwrac- S [
2 4 q

+2
RY RY RY
1 a i
L[ a5 ([ wpad)® s
>4J|u| X @ oha [Vu?|?dx (4.6)
RY RY

Setting
1 a a4
Vu?lPdx=t and g(t)=-t-——ti, te(0, ,
j|u| x=t and g0 =gt o, e (0,400
]RN
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we know that g(t) gets its minimum at a unique point

-
(= ( 4aq )q*fq
17\ g*Aqaq(q +2) )

Hence,
-

_q*—q( 4aq )ﬂ?
4q \q*Aqaq(q+2)

g(t) = g(ty) =

From (4.6) and (4.8), we know that

®
w q

~ q" -q 4aq =g
d > - ( )
a(q) 4g \q*Aqaq(q+2)

This gives the lower bound of d,(g). We next will prove the upper bound.

Let
N
T2
Ur = —1/2\/vq(‘rx), 7>0,
[vgl)

— 737

(4.7)

(4.8)

where v4(x) is the unique non-negative solution of (1.12). Then, .[IRN u%dx = 1 and it follows from (1.14) that

N+2 N+2
T 0,1
2,2 2 q
J |VUT| dx = | 3 J |VVq| dx = m,
B Vqli1 BN q/1VqlL
Ng g2 Ng
uq+2dxz _rr v.? dx = o
T |V |(q+2)/2 q (1 ) )|V |‘I/2,
RN qlr1 RN q qir1
2
VurlPdx = —— | [vyvgPdx < o1
[Vu:|“dx = [VA/vgl©dx < cqT°.
|Vq|L1
RN RN

Taking
((1 = 0g)tqlvqlrr )ﬁ
T=(——""""7""
b4
with ¢, given by (4.7), we then have

N
07N *2 a T

1 J 22 a q+2
— | Vuzl*dx - — J ur dx = N
4]RN q+2RN 4(1 - 0g)lvglrn C]+2(1—9q)|vq|21{2

q*

__q*—q< 4aq )Fﬁ

4q \q*Aqaq(q +2)
and .
4aq T
J |Vue?dx < cot? < cl(*—>
q*Agaq(q +2)
]RN
Therefore,

q* q* 2

= qa-q 4aq =g 4aq 7+=q N2
Faun 24~ P eyt yE
arT 4q \q*Agaq(q+2) "\ g Aga,(q+2)

From (4.2) we see that

q

q9*-q %
) — 400 asq /" q .

( 4aq
qr Aq aq(q +2)
This together with (4.9) implies that

*

q

)" @+ o,

~ - - 4a
dalg) < Eyun < -1 24( a

4q \gq*Agaq(q+2)

which gives the upper bound of d,(g) and completes the proof of the lemma.

(4.9)
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Lemma 4.3. Let a > ay- be fixed and let uy be a non-negative minimizer of da(q). Then

*

4a 2 4aq =
V| dx ~ J- %2 q :(—) =t 4.10
J' ug|"dx q+?2 Ug ax q*Agaq(q +2) a (4.10)
RN RN
and
Jw 1Vugl?dx

—0 asq ./ q". (4.11)
[ IVug 2 dx 1774

Here a ~ b means that § — 1asq / q*.

Proof. From (4.6), we have

4
B3

~ - 1
da(q) = Eg(ug) = J \Vug|*dx - |Vu§|2dx)" = g(t)

o |

]RN ]RN
1 a a

= —t-————ti witht= | [Vu2|®dx. 12
4 (q+2)\gaq ow J' ugl"dx (4.12)

]RN

We first prove that
4agq r=
|Vu2|2dx = (—) =t, asq /q". (4.13)
J 1 q*Agaq(q +2) e 174

RN

For otherwise, if it is false, then in subsequence sense we have

[Vu2|2dx

lim L“N—" =y e[0,1)uU (1, +00).
q7q tq

If y € [0, 1), then,

4a 2 q

t Yt — e (Vtg)? *ygr

i Sy e e - g Do,
a tqg - (q+2)Aqa, -4

Let § := y(-Iny + 1) € [0, 1). We then obtain from (4.12) and (4.14) that

1+

6
2 g(ty) = -

da(q) = (1+0(1)g(yty) =

1+6 q* - q( 4agq )q[’q
2 4q \q*Agaq(q+2)
This contradicts Lemma 4.2. Similarly to the above argument, one can prove also that y € (1, +0o0) cannot

occur. Thus, (4.13) is proved.
We next try to prove (4.11). On the contrary, if it is false, then there exists > 0 such that

I [Vug|?dx > B J IVug|?dx.

2
RN RN
Therefore,
5 1 2 1 22 a 2
02 du(@) = 5 j Vitg P+ J vugPdx - j lugl?*2dx
RY RY RY
1+8 212 a ( j 22 )qi* -
— V =3 N .1
> 2F [ vudax aramal | varax)” =z (4.15)
RY RY
by setting

_ 1+p a 4 . 20
g(s) = iST (q+2)}tqaqsq with s = J |Vug|*dx.
IRN
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One can easily check that

*

q

B ~ ) 4aq =
s) > g(s,) withs =< >
8(s) 2 8(sq) 17\ q*Aqaq(q +2)(1 + B)
and *
_ (L+B)G’ - ) 4aq "
(sq) = - ( ) A
8(Sq 4q q*Agaq(q+2)(1 +B)
However -
2 1 \a=
—-aep(p)" ~0 wasa
_(q*—q)(“a—q)qz*q e Leh v
4q \q*Aqaq(q+2)

This together with (4.15) indicates that

da(q)

q*-q) 4aq pe
4q (q*/lqa,,(q+2))q !

-0 asq./q",

which contradicts Lemma 4.2. Thus, (4.11) is proved.

Finally, taking
da(g) 1 J 2 1 J 22 a J 2
=— ||V dx+— | |V dx - ——— 94 dx,
6 2t ) VHalidxr g | Wugltdx = e | Tualtdx
RV RNV RV
we obtain from (4.11) and (4.13) that

4a J 2 .

———— | luy|?*“dx -1 asq ~q*.

(g +2)tq a 174

]RN
This gives (4.10). The proof of this lemma is finished.
Applying Lemmas 4.2 and 4.3, we end this subsection by proving Theorem 4.1.
Proof of Theorem 4.1. Set

_ 1 2
N+2 _ Ng*

=t =1y

— 739

with ¢4 given by (4.7). It follows from (4.2) that limg »4- £4 = 0. Let u,4 be a non-negative minimizer of da(q)

and define ;

Wq = €4 Uqg(egX).

From Lemma 4.3, we have

[ ww2rdx =2 [ ivudax < gl - 1,

q
RN RN
_ an *+2
J W72 dx = e J Juglt2dx ~ 1=,
bag
RN RN
— 2 2 2 -N
J [Vwgl“dx = & J [Vugl®dx = o(1)e,".
RN RN

Since ug is a minimizer of aa(q), there exists u4 € R such that
- Aug — Muug = pquq + aluglfug.
Therefore,
Ug = J [Vugl?dx + J [Vugl®dx - a j lugl?*2dx
RN RN RN

~ 2
- 4da(q) - J VugPdx + “51 9 j lugl?*2dx.

RN RN

(4.16)

(4.17)

(4.18)

(4.19)
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From Lemmas 4.2 and 4.3, we get that

q —q+0(1)+2—q
q 4

1 *
Magq'? = Hgty' =~ (1+0(1) - - asq/q". (4.20)
Using (4.17) and [18, Lemma I.1], we see that there exist {y,,} c RN and R, 1 > 0 such that

lim inf J Wql?dx > 1 > 0.
a’q* Wl L

Br(Yeg)
Let .
Wg = Wg(X +Ye,) = €q Uqg(EgX + EqYe,). (4.21)
Then
lim inf j lwgl?dx > 1 > 0. (4.22)
q/q9*
Bg(0)
From (4.19), we see that w,(x) satisfies
_Ng
- ey Awg — MWi)wq = pgef 2wy + a'sf]\]+2 Zwith, (4.23)

Note that N + 2 = NTq*. We can deduce that

*

Nao_Na Mg'-g - 4aq 1 g*Agaq(q+2)
gg =& =1 :<* ) = .
q*Agaq(q +2) 4aq
Consequently,
_Ng *Aga
lim agy > 7 = lim 2°4% _ (4.24)
q/q* a79* q
Moreover, for any ¢ € C®(RN), we deduce from (4.18) and (4.21) that
1 N
eV | vw,vedx| < ce¥( | vw,2dx)" = o(1)e2 -0 asq .~ q*
q wyVedx| < Ceq wq q q/q".
RN RN
By passing to a subsequence, it then follows from (4.20)—(4.24) that
w; — wgin D>Y(RY) asq ¢,
where 0 < wg # O satisfies
1 3+4
~-AWiwo = AR aq*wo+”,
i.e. L
2
- Aw}) = -y e (W), (4.25)
Using classical Pohozaev identities, we obtain that
* N+1
J [Vw3|?dx = J wjdx and J(w%)qzzdx = N; J whdx.
RN RN RN v RN
Recalling the Gagliardo—Nirenberg inequality (2.2), we then have
2
Nag:  Jpu IVWol2dx( Jpu W)™ Nag. ST
N 13 = =N 1<Jw0dx) . (4.26)
+ _[IRN(WO) +5 + S

This indicates that
I whdx > 1.

RN



DE GRUYTER X. Zeng and Y. Zhang, Ground State of Quasilinear Elliptic Equations = 741

On the other hand, there always holds that

J wjdx < liminf J wodx = 1.
a,q"
RN RN
Consequently, we have
J whdx =1, (4.27)
RN
and thus
wq — wo in L*(RY) asq ~q*.

It then follows from (4.16), (4.23) and (4.25) that

lim inf J IVwg|*dx = j [Vwd|?dx = 1. (4.28)
q/q9*
RN RN
This means that
wg — wg in D>HRY).
Moreover, it follows from (4.26) and (4.27) that w(z) > 0 is an optimizer of (2.2), thus it must be of the form
AN
|Vq" !

wh = Vg (Alx = xol),

where

A_(qu*lu)ﬁ
"\ N

follows from (4.28). This completes the proof of (4.4).
To complete the proof, it remains to show (4.5). Indeed, from (4.23) and (4.24) we see that

-Awg) < c(x)wy  with c(x) = Zaq*wgfz.

Similarly to the proof of [12, Theorem 1.1], one can use DeGiorgi-Nash—Moser theory as well as the compar-
ison principle to deduce that there exist C, 8, R > 0 independent of g such that

wa(x) < Ce ™ forany|x| >R asq /q".

This gives (4.5) by taking u = g O

4.2 Proof of Theorem 1.4

This subsection is devoted to proving Theorem 1.4 on the blow-up behavior of minimizers of (1.1) as g .~ g*.
We first give precise energy estimates of d,(q) in the following lemma.

Lemma 4.4. Let a > a4~ be fixed and let ui4(x) be a non-negative minimizer of dq(q). Then,
0<da(q)-dalq) >0 asq/q’,

and
J V(xugdx -0 asq /q". (4.29)
RN
Proof. Let ¢(x) be a cut-off function such that ¢(x) = 1if [x| < 1 and ¢(x) = 0if [x| > 2. As in Section 4.1, we
still denote by u, a non-negative minimizer of aa(q) and let wg be given by (4.3). For any xg € RV, we set

- -4 X = Xo
Ug(x) = Ag(x — X0)€&q Wq( ) =Aqp(x = Xo)ug(x — xo + eqygq),
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where 4, > 1 such that f]RN ﬁédx = 1. Using the exponential decay of w, in (4.5), we have

(1 - p%(ggx))w2(x)dx
0<AZ-1= b 1 <cet asq /g,
J-]RN (pz(sqx)wq(x)dx

and

J Vug(x)dx = A} J V(ex + xo)@* (egx)wgdx

RV RV

- V(x0) J whdx = V(xo) asq /q*
]RN

and

Ng
—~ 2 -5 +2 2 2
J 7y dx = £, * AY J 0T (e 0)lWgl9*2dx

RN RN
N }
=g’ J [wqlT2dx + O(e %)
RN
= J lugl?2dx + 0(e™%) asq/q".
IRN

In much the same way as above, one can prove that

_x
I |Viig|*dx = J IVug|®dx + O(e"#) asq ./ q*,
RN RV
and 1,4
J |Vilg|?dx = J [Vugl?dx + O(e" %) asq ./ q".
RV RV

Therefore, choosing xo € RY such that V(xg) = 0, we deduce from the above estimates that

0 < da(q) - da(q)
< Eg(iig(x)) - Eg(ug(x))
- B3 00) - By(uq () + 5 | VOB 0dx
IRN

1 _K
= EV(Xo) +0(e 5};)+ 0o(1) -0 asq /q".
Moreover, if i1, is a non-negative minimizer of d,(g), then

J V(x)ﬂédx =du(q) - Eg(ﬂq) <dq(q) - aa(q) —0 asq/q". O
RN
Proof of Theorem 1.4. We still use i1, to denote a non-negative minimizer of d,(q). Applying Lemma 4.4, one

can check that all the conclusions in Lemma 4.3 also holds for i1y, i.e.,

*

q

_ 4a _a+2 4aq 7a
e 0 o)
,[l g |"dx q+2 Ug ax q*Aqaq(q +2) a
RN RN
and
Jw IVig*dx

—0 asq /q".
Jgw IVEZ12dx
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Moreover, similarly to (4.22), one can prove that there exists {y, . C RY such that the scaling

N
Wq(x) = €4 Ug(€gX + &qYe,)

satisfies

lim inf J [Wql?dx > 1 > 0.
a/q*
Br(0)

Then, repeating the proof of Theorem 4.1, we can prove that

N |1\ N+2
W= (A = xol) in D(RY) with)l:(%)“.

W =
[Vl

2
q

Moreover, by (4.29) we see that

j V)ugdx = J V(egx + €qye,)Wq(X)dx > 0 asq /7 q*.
RN RN

This further indicates that the sequence {¢4y.,} satisfies

gqYe, > A={x:V(x)=0} asq.q".

The proof of Theorem 1.4 is complete. O

Funding: Supported by the NSFC under grant numbers 11471330, 11501555 and 11771127.
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