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Abstract: We study the following coupled elliptic system with critical nonlinearities:
—Au+u = f(u) + Bh(w)K(v), xeRN,
—Av+v=gW)+BHWk(), xeRY,
u,v e HY(RY),

where 8 > 0; f, g are differentiable functions with critical growth; and H, K are primitive functions of h and
k, respectively. Under some assumptions on f, g, h and k, we obtain the existence of a positive ground state
solution of this system for N > 2.
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1 Introduction

In recent years, many authors have studied the existence of solutions of the following nonlinear Schrédinger
system:
—Au+ Aqu = g [u)P9?u + BIviaulT?u, x e Q,
— AV + v = W |v2 2y + Bluldv]9?y,  xeQ, (1.1)
u=v=0, X € 0Q,

where Ay, A3, Y1, U2, B are constants, and Q c RY is a bounded domain with smooth boundary or Q = RV,
System (1.1) arises in many physical problems, especially in nonlinear optics and Bose—Einstein condensa-
tion. We refer to [12, 14] and the references therein for experimental results and physical background of this
system.

A solution (ug, vo) € E := H/(RY) x HY(RY) of (1.1) is called positive if ug > 0, vo > 0 and nontrivial if
(uo, vo) # (0, 0). This solution is a ground state in the sense that (ug, vo) # (0, 0) and its energy is minimal
among the energy of all nontrivial solutions. For the case g = 2 and N < 3, if > 0 is small enough, existence
of one positive solution of (1.1) was proved in [15], and if B € (0, B1] U [B2, +00), where B1, B, are positive
constants determined in terms of A;, y; and N, existence of one positive solution of (1.1) was obtained in
[1, 2, 4, 23]. For the general subcritical case 1 < q < 27 = ﬁ, N € N*and j3 > f83, existence of one positive
solution of (1.1) was shown in [20, 22]. The B3 mentioned previously is a nonnegative constant determined
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in terms of A;, u;, ¢ and N. Moreover, 83 > 0if g > 2 and 85 = 0if 1 < g < 2. We refer the readers to [5, 8, 13,
18, 19, 21, 24, 25] for other results on the existence and multiplicity of solutions to (1.1) with subcritical
exponent1 < g < 27 For the critical case, where g = 27 and Q is a bounded smooth domain in RY, existence
of a positive solution was studied in [10, 11, 27], and existence of a sign-changing solution was proved in [9].
Partially motivated by [1, 2, 4, 20, 22, 23], in this paper, we consider a more general system with critical
exponent when f > 0:
—Au+u = f(u) + Bh(w)K(v), xce€ RY,
—Av+v=gW)+BHWk(V), xeRY, (1.2)

u,v e HY(RY),

where f, g : R — R are C! functions with critical growth; h, k are also C! functions, and H(s) := fos h(t)dt,
K(s) := f; k(t)dt. Our purpose is to search for a positive ground state solution of (1.2). Denote F(s) := f; f(t)dt,
G(s) := f; g(t)dt, and the integral I]RN -dx by [-. It is well known that a solution of (1.2) corresponds to a
critical point of the energy functional I : E — R defined by

I(u,v) := % J(IVuIZ +ul® + |Vv|* + |v]?) - J(F(u) + G(v) + BHWK(v)).

Set
N :={(u,v) € E\{(0,0)} : (I'(u,v), (u, v)) = 0}.

Then a positive ground state of (1.2) is a positive solution of the minimization problem
m :=inf I(u, v).
ny (u,v)

To find the minimizer, for the case N > 3, we assume that
(f1) limgor 22 = limy_o- &2 = 0.
(f2) limsup;_,q, s’:(—s,)l < 1and limsup,_,,, s%is;)l <1.
(f3) f'(s)s—f(s) >0and g'(s)s — g(s) > 0ifs > 0.
(f4) ThereareA > 0and 2 < r < 2* such that f(s) > As"! and g(s) > As"~! for every s > 0.
(h1) |h(S)K(®)] < |sIZ 71 +¢)2 Y and |H(s)k(t)| < |s]?"~1 + |¢|2" 1 for |st] > Cg > O.
(h2) There exist C; > 0, C, > Oand 1 < p < min{2-, 2} such that lims_,o+ M) _ ) and limg_q: X = 5.

!
sp=2 sp=2

(h3) H(s)K(t) > 0 and h(s)K(t)s + H(s)k(t)t — 2H(s)K(t) > O fors > 0, t > O.
Let S and C, be the best constants satisfying

2
s(j |u|2*)2* < JIVuIZ forall u € DM2(RY),

and ,

c,(J ")’ < J(qulz +lul?) forallu e H(RY).
The first result of the current paper is as follows.
Theorem 1.1. Assume that (f1), (f2), (3), (f4), (h1), (h2), and (h3) hold. If N > 3 and

N %% N2 N\ r=2\F I
A>(N(—N_2) 1+p)'TS z) (_Zr ) Ccz,

then problem (1.2) has a ground state solution (u, v) for all B > 0. Moreover, if 1 < p < 2, thenu > 0,v > 0; if
p =2, then thereis B* > O such thatu > 0,v > 0if B > *.

Remark 1.2. Throughout this paper, the constants A and r are defined as in condition (f4) and p is defined as
in (h2).

For the case of dimension N = 2, according to a Trudinger—Moser type inequality [7, Lemma 2.1], we replace
the growth assumptions (f2) and (h1) with the following two conditions, respectively:
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(f2") lims_ o0 f—” = limg_ 100 ? = 0(+00) if @ > 47(a < 471).

n

(h1") [RS)K(D)] < C(e% — 1)+ C(It)(e*” — 1)) & and [H(s)k()] < C(e — 1)+ C(Is|(® — 1)) 7 ifry, 1y > 2
and a > 4.

We get the following result:
Theorem 1.3. Assume that (f1), (£2°), (£3), (f4), (h1’), (h2) and (h3) hold. If N = 2 and

(27,

then problem (1.2) has a ground state solution (u, v) for all § > 0. Moreover, if 1 < p < 2, then u > 0, v > 0; if
p = 2, then thereis B** > O such thatu > 0,v > 0 if § > B**.

Our results complement those in [20, 22] in the sense that we address the critical exponent problem. More-
over, it is easy to verify that (1.1) is a special case of (1.2) if u; > 0, u > 0 are large enough and 1 < g < 27
Our results indicates that (1.1) has a positive ground state for all 8 > 0if 1 < g < 2 and for B > B* (or f**) if
2<q< %, which is consistent with [20, Theorem 2.3] and [22, Corollary 1].

To prove Theorem 1.1 and Theorem 1.3, we first need to estimate certain upper bound for the minimum
level m since we are dealing with a problem with critical exponent. However, it is too difficult to get this bound
directly. Fortunately, when we consider the minimization problem

A= iﬁf% J(IVuIZ +|Vv]?), (1.3)
where
{(u, v) € E\ {(0,0)} : J T(u,v) = 1}, ifN >3,
M :=
{(u, v) € E\{(0,0)} : J T(u,v) = o}, ifN =2,
and

> |v?

T(u,v) := F(u) + G(v) + BH(W)K(v) - > T

we are able to estimate an upper bound of the minimum level A relating to the best constant of critical Sobolev
imbedding, which allows us to prove that A is attained. Then by translation invariance we get that m is at-

tained and (1.2) has a ground state solution. After that, we introduce the following single equations:
—Au+u=fu), ueH®RY), (1.4)

and
—Au+u=gu), ueH'(RY), (1.5)

which play an important role in the proof of our results. Under the assumptions (f1)-(f4) for N > 3 and (f1),

(f2”), (£3), (f4) for N = 2, Alves and Souto [3] proved that both (1.4) and (1.5) have a positive ground state
solution respectively if

N &2

> (M=)

s s-%)%(g)%cé for N > 3,

2r
and .
r-2\Fd s
A>(T) C; forN=2.

Denote the positive ground state solutions mentioned previously by U; and U,, respectively. It is clear that
(U1, 0)and (0, U;) solve (1.2). However, we are going to find a solution with both components being positive.
We need to compare the minimal level m with the energy of (U;, 0) and (0, U,), which enables us to get
sufficient conditions for existence of positive ground state solution of (1.2).

The rest of this paper is organized as follows. Section 2 is devoted to recall and fix some notations. The
cases of dimension N > 3 and dimension N = 2 are treated in Section 3 and Section 4, respectively.
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2 Some Notations

We need to define the following minimax value:

b :=inf I(y(t)),
;relr tg{lg)f} (y(0)

where
I':={y e C([0,1],E) : y(0) = 0, I(y(1)) < 0}.

Denote the Pohozaev identity set by
P = ) € E\{(0,0)}: (N -2) J(quIZ £ VVR) = ZNJ T(u, ).

Set d := infy I(u, v). The values b and d are important in proving that a minimizing solution of (1.3) corre-
sponds to a ground state of (1.2) (see the following Lemma 3.3 and Lemma 3.9).
Let
1w = [ 1Vul + luf? - | P,

and

L) := J IVul? + |ul? - J G(u).

It is well known that I;(u), where i = 1, 2, are the energy functionals associated with (1.4) and (1.5), respec-
tively. Let
B; = I;(Uy),

then we will show that
m < min{Bq, B>}

in Section 3, which implies that both components of the ground state solution are nontrivial.

Due to the fact that (1.2) is an autonomous cooperative system, under the Schwartz symmetrization
progress we can minimize (1.3) on the subspace E, := H, ,1 (RN) x H}(]RN ) formed by radially symmetric func-
tions. Moreover, since we seek positive solutions of (1.2), we may assume that f, g, h and k are odd functions.

3 The Case of Dimension N > 3

In this case, it is important to observe that the M defined in Section 1 is a C' manifold since we will use
Ekeland’s Variational Principle in the following proof (f3), we have

f(s)s = 2F(s) = J(f'(S)s -f(s)) >0, g(s)s-2G(s) = I(g’(S)s -8(s))>0
0 0
for all s > 0. Then for all s, it holds
f(s)s —2F(s) >0, g(s)s-2G(s) = 0. (3.1)
Let J(u, v) := [ T(u, v), then from (3.1) and (h3),
J (u,v), (u,v)) = j(f(u)u + 8V + Bh(w)K(V)u + Hwk(v)v) - u? - v?)
> j(ZF(u) +2G(v) + 2BHWK (V) - u? - v?)
>2J(u,v)=2+#0,

that s, J'(u, v) # O for every (u, v) € M. So the conclusion follows.
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The following lemmas will be used in the sequel:
Lemma 3.1. Any minimizing sequence {(un, v,)} of (1.3) is bounded in E,.

Proof. If {(uy, vy)} is a minimizing sequence of (1.3), we have

1
5 J(IVunlz £ 19val?) = A

and

2 2
[ () + 6w + pru ) = (Mo P20 ) 11 (.2

Using the growth assumptions on f, g, h and k, we know that there is C > 0 such that

F(s) < %52 +Cs¥, G(s) < %sz +Cs?,
. . 1
H(s)K(t) < C(s*" + %) + @(sz +12). (3.3)
From (3.2) and (3.3) we get

N . 1
c1 j(|un|2 )z j(|un|2 fval?) + 1

for some C; > 0. On the other hand, the definition of S indicates that

2%

. 2 . 2

[ un” a2y < 575 ([ 0al?) ™ 575 ([ 19wal?) 7

Thus, [(|un|? +|va|?) is bounded, and 50 {(un, v,)} is bounded in E,. O
Lemma 3.2. A > 0.

Proof. Notice that A > 0. To obtain a contradiction, assume that A = 0 and let {(u,, v,)} be a minimizing
sequence of (1.3) in E, such that

1
5 j(|Vun|2 £ 1Vval?) =0,

and

J(F(un) + G(vy) + BH(un)K(vy)) = J’( |u;|2 . |V;|2) 1

Using a similar argument as in the proof of Lemma 3.1, it is not difficult to verify that
2% 2 1 2 2
Cq J(Iunl +lval® ) 2 3 J(|un| +|val®)+12>1 forsome C; > 0. (3.4)
However, since (uy, v4) — 0in DL2(RY) x DL:2(RN), it holds
[ Qual?” + 'y =,

which contradicts (3.4). Thus, A > 0. O

Lemma 3.3. The following holds:
1/ N-2\"%3 N
b > N(W) (ZA) 2,

Proof. We first claim that y([0, 1]) N P # @ for each y € I'. Define
d(u,v) = % J(IVuIz +|Vv|?) - NJ T(u, v) = NI(u, v) - j(IVulz +|Vv|?).

Then thereis pp > 0 small enough such that ¢p(u, v) > O forall (u, v) satisfying O < ||(u, v)|| < po.Foranyy € T,
it is clear that ¢(y(0)) = 0 and ¢(y(1)) < NI(y(1)) < 0. Thus, there is to € (0, 1) such that |y(to)| > po and
¢(y(to)) = 0, which implies that y(to) € P and

d < I(y(to)) < é‘[‘&’fl I(y(1))-
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Hence,
d < I(y(tp)) < inf max I(y(t)) = b.
yerl te[0,1]

On the other hand, there is a one-to-one correspondence @ : M — P such that

000 = (1) (5. = | 2 <)

NI

Then
d= ugl)fl(u, V) = 131\1/[fI(d>(u, v)(x))
o1
- 131v1[f§tﬂ’ 2 J(IVuIZ +|vv)?) -t J T(u,v)
_ N-2
=infl(u) ? (JIVu|2+|Vv|2)

M N\ 2N

N
2

Consequently,

1 /,N-2\%2 N

Applying Ekeland’s Variational Principle [26], we obtain that there are sequences {(un, vy)} ¢ M N E, and

{An} € R such that

1
> Jovuat? + (9vai?) - a4,

and
L'(un, va) = AnJ' (Un, vo) — 0 in HH(RY) x HH(RY), (3.5)

where L(u, v) := 3 [(IVul? +|Vv|?).
Lemma 3.4. Let {A,} be the sequence obtained in (3.5), then lim sup,,_,., An < A.

Proof. From (3.1), (3.5) and condition (h3), we get

[ (vaal? + 1992 12) = Ao [ (Rt + )+ BhUK )t + BH KV =15 = V2) + 0(1)
> Ap J(ZF(un) +2G(vp) + 2BH(un)K(vy) — u —v2) + o(1)
=2Ay +0(1).
Taking into account 3 [ [Vuy|? + |Vva|* — A, we deduce that lim sup,,_,, An < A. O

According to the Concentration Compactness Principle of Lions [16, 17], for the minimizing sequence
{(n, vn)} Of (1.3), there are positive finite measures u», u@, v, v® and sequences {u!"}, (V!V}, (1!},
{v{?} such that

1 2
Vil = u® = Vu? + 26,1V, [Vval? = u@ = V)2 + 26,1,
un?” = v =l + 280", vl = v = P+ 26,
(1) (1= (2) (2)\ &
Moz S(v;i0)*, Bz S(viT)

Let i := 1\ + p? v o= v v = u® 4y @y = v 4 @) Then

[Vun|? + [Vvp|® — w0 > [Vul® + [Vv? + 26, 1i,  [unl® +[val® = v=[ul® +|v|* +Z6yvi. (3.6)

Moreover, it is easy to verify that

2
*

Mi>Sv]. (3.7)
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Indeed, let i be a smooth function with compact support satisfying 0 < (x) < 1, P(x) = 1 in B1(0) and
Y(x) = 0in RN \ B;(0). Set ¢ (x) := h(XX) for € > 0. Then

[1wpent? s [1vgernt? 2 s([1erwn? )™+ 5( [ erat )" = 5( [ Wewal? + [1pennl®)

By letting € — 0, we obtain (3.7).

2
5%

Lemma 3.5. Ifv; > O for some index i, then A > 2‘%(1 + ﬁ)‘¥5.

Proof. Let {(un, vy)} € E, be a minimizing sequence of (1.3) to A. Then from (3.5) we infer that
J(Vunv(unwe) + VVnV(Vn'l)e)) =An I(f(un)un + g(Vn)Vn)l.be
+An J(ﬁh(un)K(Vn)un + BH(un)k(vy)vn — u% - V%,)ll)e +0(1). (3.8)

The growth assumptions on f, g, h and k imply that, for any n > 1, there is C > 0 such that

2 2
sf(s) < ns? + SZ +Cls|?,  sg(s) <ns® + SZ + Cls|®,

h(s)K(t)s + H(s)k(t)t < n(s?>” + t*") + C(Is|% + |t[%) + %(s2 +t%) (3.9)
for some 2 < q1, g2, q3, g4 < 2*. From (3.8) and (3.9), we get
I(IVunl2 +|Vval?) e + J(unVun + Vn Vv Vi
<L+ B [l + Vil e + O [l + Vol + Blual® + Bival®)e

A
-2 j(|un|2 £ [val)e.

Letting € — 0 and using Lemma 3.4, we have y; < An(1 + B)v; for all n > 1. So that y; < A(1 + B)v;, which
together with (3.7) gives

2
Sv <ui < A1+ Bv;.

1
Then it follows S .
2
i — ). 1
v,z(A(1+ﬁ)) (3.10)

On the other hand, since

« 2 N 2*
[ unl?” a2y < 575 ([ val?) ™ 575 ([ 19val?)”

*

<57 ([ (vunl? + 19wal)) 7

N

we have N
[ Qunl” 12 ype < 575 ([ vual + 19va)) 7

Letting n — oo and € — 0 gives

Vi < ST (24)T. (3.11)
From (3.10) and (3.11), we deduce that
A>2 %1 +p) 7S, O
Lemma 3.6. If
> (N(FS) T aep s )T (27 (.12

then
1/ N-2

b < —(—)¥(1 +B) TS,

NN (3.13)
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Proof. 1f we take ho € H}(RY) such that

lholf = C;',  llholl = 1.

Then 5 .
b < max I(tho, 0) < max( - j(who|2 lho?) - 2 j hol") = =21 77 (3.14)
>0 t>0 \ 2 r 2r
Substituting (3.12) into (3.14), we get (3.13). O

Lemma 3.7. Let (u, v) be the weak limit of the minimizing sequence of (1.3), then (u, v) + (0, 0).

Proof. Assume that (u, v) = (0, 0). Notice that {(uy, v,)} ¢ E,. By a lemma due to Strauss [6, Radial Lemma
A.IT], (up, vy)isbounded in L*(|x| = R) forany R > 0, which indicates that (u,, v,) converge strongly to (u, v)
in L9(|x| > R) for all g > 2. In particular,

(Un, vp) — (0,0) in L% (jx| > R) x L>"(|x| > R) forall R > 0. (3.15)

Now we show that
(RM) x L2 (RM). (3.16)

loc

(Un, V) — (0,0) inL

loc

Otherwise, there is positive finite measure v, such that
unl®" + [val®” = vo.
Then by Lemma 3.5 and Lemma 3.3, we get

b> %(%)Lu +B) T ST,

which contradicts Lemma 3.6. Thus, vo = 0 and (3.16) holds. (3.15) and (3.16) tell us
(un, va) = (0,0) in L* (RY) x L*" (RY),

which may lead to a contradiction by repeating the same arguments used in the proof of Lemma 3.2 (see
inequality (3.4)). Thus, (u, v) # (0, 0). O

Lemma 3.8. A is attained at some (u, v) # (0, 0), withu >0, v > 0.

Proof. Let {(un,vy)} c E;nM and %f(qu,,l2 +|Vvu))? — A. Applying Lemma 3.1, we may assume that
(Un, vn) — (u, v), then it follows

L(u,v) = % J(|vu|2 +vv]?) < 1%3301% J(|vun|z +[Vval?) — A. (3.17)
Since {(uy, vn)} C Ey, by [6, Radial Lemma A.II], we know that {(uy, v,)} is bounded in L*(|x| > R), and then
F(un) —» F(w), G(vn) = G(v), H(un)K(vn) » HWK(v) inL'(Ix|>R)xL(Ix| > R).

On the other hand, from Lemma 3.3, Lemma 3.5 and Lemma 3.6, and an argument analogous to that used in
the proof of Lemma 3.7, we obtain that v; = O for every i, where v; is defined in (3.6). Then it follows

(RY) x L2 (RM).

. 2%
(Unsvp) = (u,v) inlL Toc

loc
So we deduce that
F(un) » F(u), G(va) > G(v), H(un)K(vn) - HwK(v) inL'(Bg(0)) x L' (Bg(0)).

Thus,
F(un) — Fw), G(vy) — G(v), H(un)K(vy) — Hw)K(v) in LY (RN) x L*(RY). (3.18)
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Notice that

2 2
u v
[uy| [Val )+1,

J(F(un)+G(vn)+ﬁH(un)K(vn)):J( St

which together with (3.17) and (3.18) gives

ul> vl

[P+ 6w+ pHOOKW) > (M- +57) + 1.

that is, [ T(u,v) > 1. If (u,v) ¢ M, then [ T(u,v) > 1. Define a function I : [0, 1] — R by I(t) = [ T(tu, tv).
It is clear that I(t) < O for t > O small enough and (1) = J T(u,v) > 1. Hence, there is ty € (0, 1) such that
I(tp) = 0, which indicates to(u, v) € M, and

t2
?OJ(|VH|2+|VV|2) > A. (3.19)

However, from (3.17) and ¢ € (0, 1), we know that
2

t 1
30 j(quI2 +IVv]?) < 5 J(qulz +|Vv?) < 4,

which contradicts (3.19). Therefore, (u, v) €¢ M and 3 f(qul2 +|Vv]2)=A > 0.
It is obvious that (u, v) # (0, 0). Now it remains to prove that u > 0 and v > 0. Indeed, since

J(|V|u||2 +|VIvi]*) < J(|Vu|2 +|Vv[?) = 24, J T(ul, [v]) = J T(u,v) =1,

we may assume that u > 0and v > 0. O

Lemma 3.9. The following holds:
1/N-2\*3 N
m=»b= N(W) (2A)>.

Proof. For every (u, v) € N, it holds
b < ntla})xl(tu, tv) = I(u, v).
>

Thus,

b < inf maxI(tu,tv)= inf I(u,v)=m.
(u,v)eN t=0 (u,v)eN

Then according to Lemma 3.3, we get
1/N-2\% N
mZbZﬁ(_zN ) (24)=.

The proof will be accomplished once we show that

m < 1(N—2

<ylw) et

Let (u, v) be such that
j(wu|2 FIVVP) = 4, j T(u, v) = 1.

It follows from the Lagrange multiplier rule that there is 8 > 0 such that (u, v) is a nontrivial solution of

—Au = 0(f(u) + Bh(u)K(v) — u),
- Av = 0(g(v) + Bh(W)K(v) - v).

Define (ug, vg) := (u(\/ig), v(\/—y)), then (ug, vg) solves (1.2) and

X
j(|Vu9|2 +|Vvel?) = 20'T 4, J T(ug, ve) = 07 .
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Moreover, the Pohozaev identity gives
0=

Thus,
N-2

2N
The conclusion follows. O

N-2 N
msI(ug,ve)=02A—92—N( ) (2A)z

Lemma 3.10. If1 < p < 2, then m < min{B1, B,} for all > O. Furthermore, if p = 2, then there is §* > 0 such
that m < min{B1, B>} if B > B*.

Proof. Let u be a positive ground state of (1.4) satisfying I(u) = B;. Then there is t(s) > 0 such that
I(tu, tsu) = maxo I(tu, tsu), that is,

t(1+s%) J(IVuIZ +ul?) = I(f(tu)u + g(tsu)su + Bh(tu)K(tsu)u + BH(tu)k(tsu)su).
Denote
L(t,5) = t(1 +82) [ (vl + uP)
- J(f(tu)u + g(tsu)su + Bh(tu)K(tsu)u + BH(tu)k(tsu)su).

Calculating directly, we have

1'(1,0) = j(f(u)u Fluu) > 0.

Applying the Implicit Function Existence Theorem, we deduce that there is a C! function ¢(s) : (0, €) — R
such that t(0) = 1 and lims_,o+ t(s) = 1. Moreover, if 1 < p < 2, we deduce that

lim tts) =- P L
50+ sp-1 j(f’(u)uz - flwu)

1 := —PLo,

where

f(h(tu)k(tsu)u + H(tuw)k' (tsu)tsu? +H(tu)k(tsu)u)
Li:= slil;f)l){ sp-1

According to (h1) and (h2), we know that L is a positive constant. Then
t'(s) = -BLosP"1(1 + 0(1)), ass — O,

ts)=1- B 0

—sP(1+0(1)), ass— 0.
Therefore, by the Mean Value Theorem, we have for s > 0 small enough,
m < I(tu, tsu)
_ % J(f(tu)tu — 2F(tu) + g(tsu)tsu - 2G(tsw))
+ %ﬁ J(h(tu)K(tsu)tu + H(tu)k(tsu)tsu — 2 H(tu)K(tsu))

J(f(u)u 2F(u) - (f' (w)u? —f(u)u)l%sp) +0(sP) + o(s?)

NI»—\

+ ﬁ j(h(tu K(tsu)tu + H(tu)k(tsu)tsu — 2H(tu)K(tsu))

NI»—\

J(f(u)u 2F(u)) + o(s?) + o(s?)

- —B(Ll P _ J(h(tu)K(tsu)tu + H(tu)k(tsu)tsu — 2H(tu)K(tsu))).
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s—0*

From (h2) and the continuity of k(s), we have
J(h(u)K(su)u + H(wk(su)su - 2H(u)K(su))

L2 = lim

s—0* sP

i J(h(u)k(su)u2 + Hwk' (su)su? — 2H(u)k(su)u)
" =0 psp1

3 | Hu)k(su)u

_ Li I ( )_( ) (3.21)

p  s—0* psP-1

Denote f
. 3| Hwk(su)u
BO = sll}rgh I)ST > 0,

then
J(h(tu)K(tsu)tu + H(tu)k(tsu)tsu — 2H(tu)K(tsu)) = %s” — BosP + o(sP)

for s > 0 small enough. Thus,
1
m < 5 J(f(u)u - 2F(u)) + o(s?) — Bos?

1
<5 J(f(u)u ~2F(w))
= I(ll, 0) =By
for s > 0 small enough. Analogously, if p = 2,

! 2 2
lim ls):_ﬁ ” 2 [(IVul® + ul?) L
[ u? - fuyu)

s—0+ sp~1

and
t'(s) = -L3sP (1 +0(1)), ass— 0",

L
t(s)=1- ?351”(1 +0(1)), ass— 0",

Then for s > 0 small enough,

m < I(tu, tsu)
_1 J(f(u)u —2F(u)) + o(sP) + 25" J(IVuIZ +ul?)
2 p

- %B(%s” - J(h(tu)K(tsu)tu + H(twk(tsu)tsu — 2H(tu)K(tsu))).

Denote
8 2 [ |Vul? + uf?
e PBo '
The previous inequality together with (3.20) and (3.21) implies that if § > 87, then
1
ms J(f(u)u ~ 2F(w)) - Cs” + o(s) < I(u, 0) = B,

for s > 0 small enough. Similarly, we can prove that m < B, forall § > 0if 1 < p < 2, and m < B, for some
O

B5 > 0and f > B3 if p = 2. We finish the proof by letting * := max{f], B3}.
O

Proof of Theorem 1.1. It is a direct result of Lemma 3.8, Lemma 3.9 and Lemma 3.10.
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4 The Case of Dimension N = 2

In this case, the Pohozaev identity shows that any solution of (1.2) should satisfy f T(u,v) = 0. Thus,
A= inf{% J(qu|2 FIVV?) : I T(,v) = 0, (u,v) # (0,0)} = igf% j(|Vu|2 £ 19vPR).

Define the following minimax value which will be used in the sequel:

C:= inf max I(tu, tv).
(u,v)eE\{(0,0)} t=0

Now we give a compactness lemma.

Lemma 4.1. Assume that (f1), (£2°), (h1’), (h2) hold. Let {(un, v,)} be a sequence in E, such that
sup J(IVuﬁ +|Vvul?)=do<1 and sup J(Iunl2 + [val?) = ag < 0.
n n

Then
[ Fan = [Fao, [ 6w = [ 601, [ H@Kwn — [ H@EW)
when (un, vy) — (U, v) in E,.
Proof. We can assume that there is (u, v) € E, such that
(Un, Vn) = (U, V) inE, (up,vn) — (u,v) on R? x R?, |Xlliinoo(un(x) +Vp(x)) =0

Using a Trudinger—Moser type inequality [7, Lemma 2.1], we know that for d; € (0, 1) and d; > O, there is
C(dq, d) such that

sup J(e“””2 -1) < C(dy, d),

ueQo

where Qg := {u € HY(R?) : fquI2 <d; and IIuIZ < d,}. Choose € small enough such that d; := (1 g €(0,1)
and set a := (1_6)2 > 471, then we have
2
J(e““ﬁ -1)= J(e“"(u ) 1) < C(d1, dy). (4.1)

Let Q(s) := eos’ _ 1,Rq(s) := Isl(eo‘152 —1)+]s]t, and Ry(s) := |s|(e"‘lsz - 1) +|s|"2, where ry,r; > 2. From
(f1), (£2°), (h1’), (h2) and (4.1), we deduce that
lim £ _ g FO) gy GO gy GO
s=0 Q(s) 5=+ Q(s)  5-0 Q(s)  s—+o0 Q(S)
i B8 e Ri(S) e Ra(s) L Ra()
5=0 Q(s) s—=+o0 Q(s)  s—0 Q(s)  s—+oo Q(s)

sup j Qun)| < +00,  sup j Q)] < +oo,

=0,

=0, fora;<a,

and as n — oo,
F(un) — F(u), G(up) — G(u), Ri(un) — Ri(w), Ra(vy) —» Ra(v) ae.onR’.

Using the Compactness Lemma of Strauss [6, Theorem A.I], we get
| Fan = [Fao, [own = [601 [ Riwn) = [Raw. [ Ravn) = [ Ra.

Choosing a4 such that 471 < a1 < a and taking (h1’) and (h2) into account, we have that there are C;, C, > 0,
r1, r» > 2 such that

H(up)K(vn) < C1(1unl(@®¥ = 1) + |un|™) + Co(Ival(€® = 1) + [v4]™?)
= C1R(up) + C2R(vy).

Thus, we obtain [ H(un)K(vn) — [ HWK(). O
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Lemma 4.2. A<c.
Proof. For each (u,v) € E\ {(0, 0)}, we set

25,2 2,,2
1(t) := J T(tu, tv) = J(F(tu) + G(tv) + BH(tw)K(tv) - tT“ - tT“)

It is clear that I(t) < O for t > 0 small and I(t) > O for t > O large enough. Thus, there is ty, > O such that
I(tp) = 0, which indicates to(u, v) € M. Then

A < I(tou, tov) < n?anI(tu, tv),
>

which implies A < c. O
Lemma4.3. A > 0.

Proof. To obtain a contradiction, suppose that A = 0. Let {(u,, v,,)} be such that

1
5 J(|Vu,,|2 +|Vvpl?) - A=0, J T(uy,, vp) = 0.

For each 0y, > 0, let (§,(x), $u(x)) = (un(g-), va(g-)), then

j(ww FIVGI?) = j(wmz +IVval?), j T(&n, {u) = O,

and
j(|.:’n|2 F1Eal?) = 62 j(|un|2 £ val?).
Choose , 1
U [l + val?)’

then we have 1

S [ A B S (A AT R N T AR
According to Lemma 4.1, we get
[Feo = [Fo. [ecn—[6@. [HEKE — [HOKQ.

Note that [ T(£,, ¢x) = 0, which implies

[ (R + 666+ BrEIKG) = 5.

Thus, )
j(F(a +6(O) + BHEOK) = 5
and (¢, ¢) + (0, 0). However,

J(waz FIV4P) < nmgfj(wfnﬁ FIVE?) = A =0,

which is a contradiction. Thus, A4 > 0. O
In much the same way as in the proof of Lemma 3.6 and Lemma 3.9, we deduce the following two lemmas:

Lemma 4.4. If

thenc < 1.
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Lemma 4.5. m=b = A.

Proof of Theorem 1.3. Let {(un, v4)} C E, be a minimizing sequence such that
% j(qunl2 +|Vvpl?) - A, I T(upn, vn) — O. (4.2)
Arguing as in the proof of Lemma 4.3, we may assume that
[ dunl? 4 val?) = 1. (4.3)
From (4.2), Lemma 4.2 and Lemma 4.4, we have
liIrlILsng J(IVunl2 +|Vvpl?) <24 <2c < 1.
Then using Lemma 4.1, we get
| Fw = [Fa. [ 6w~ [ 60, [Huokwa - | HOEW), (4.4)
where (u, v) is the weak limit of (uy, v,). Comparing (4.4) together with (4.2) and (4.3) indicates
[ Fa + 609+ prGOKM) = 3.
Thus, (u, v) # (0, 0). Moreover,
I(IVuIZ +|Vv]?) < 1ir{gi£fj(|w,,|2 +|Vvnl?) < A.
It remains to show that j T(u, v) = 0. Since
[ u? + 1v12) < i inf(ual? + 1) = 1,

we get
I T(u,v) > 0.

If f T(u, v) > 0, let us consider the function I(t) defined in Lemma 4.2. Observe that I(t) < O for ¢ > 0 small
enough, and (1) = f T(u, v) > 0. Then there is ty € (0, 1) such that I(¢y) = O, which is equivalent to

J T(tou, tov) = 0.
Hence, (tou, tov) € M and

% I(IV(tou)lz +|V(tov)|?) = A. (4.5)

However, since to € (0, 1), it is clear that
1 2 2 1 2 2
5 (IV(tow)|” + |[V(tov)|7) < 5 (IVul® +|Vv|?) < A,
which conflicts with (4.5). So j T(u,v) = 0, and A is attained. Furthermore, since
J(|V|u||2 F V) < j(IVulz £ 1V]?) = 24, J T(ul, v]) = I Tw,v) =0,
we may assume that u > 0 and v > 0. Using Lemma 4.5, we know that (u, v) is a ground state solution of (1.2).
Arguing analogously as in the proof of Lemma 3.10, we get thatif 1 <p < 2,thenu >0, v >0 forall § > 0,

and if p = 2, then there exists ** > 0 such thatu > 0, v > 0 for § > **. O
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