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Abstract: We prove the existence of a solution of (-A)Su + f(u) = 0 in a smooth bounded domain Q with a pre-
scribed boundary value u in the class of Radon measures for a large class of continuous functions f satisfying
a weak singularity condition expressed under an integral form. We study the existence of a boundary trace
for positive moderate solutions. In the particular case where f(u) = uP and y is a Dirac mass, we show the
existence of several critical exponents p. We also demonstrate the existence of several types of separable
solutions of the equation (-A)’u + uP = 0 in IRIf .
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1 Introduction

Let Q ¢ RY be a bounded domain with C2 boundary and s € (0, 1). Define the s-fractional Laplacian as
0%u(x) = lim(-A)zulx),
E—

where (Nj2+5)
+S
dy, an,s = ms(l - S).

u(x) —u(y)

(M0 =ans [ SO

RN\B,(x)

We denote by G and M the Green kernel and the Martin kernel, respectively, of (~A)° in Q. Denote
by G and M the Green operator and the Martin operator, respectively (see Section 2 for more details).
Further, for ¢ > 0, denote by 9(Q, ¢) the space of Radon measures 7 on Q satisfying IQ ¢d|t| < 0o, and by
M(0Q) the space of bounded Radon measures on 0Q. Let p(x) be the distance from x to 0Q. For § > 0, set

Qp:={xeQ:p(x)<B}, Dp:={xecQ:pkx)>p}, Zg:={xeQ:px)=p}
Definition 1.1. We say that a function u € Llloc(Q) possesses an s-boundary trace on 0Q if there exists a mea-
sure u € M(0Q) such that
Jim 61 Jlu ~ M2[u]| dS = 0.
Zp

The s-boundary trace of u is denoted by trg(u).
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Let T € M(Q, p%), u € M(0Q) and let f € C(R) be a nondecreasing function with f(0) = 0. In this paper, we
study the boundary singularity problem for semilinear fractional equations of the form

-A’u+fu)=1 inQ,
trs(u) = u, (1.1)
u=0 inQ°.

We denote by X;(Q) ¢ C(IRV) the space of test functions ¢ satisfying

@) supp(é) c Q,

(ii) (-A)3é&(x) exists for all x € Q, and |(-A)Sé(x)| < C for some C > 0,

(iii) there exist ¢ € L1(Q, p%) and &g > 0 such that |(-A)$¢] < @ a.e.in Q for all € € (0, &o].

Definition 1.2. Let 7 € 9M(Q, p®) and u € M(0Q). A function u is called a weak solution of (1.1) if u € L}(Q),
f(u) € LY(Q, p*) and

j(u(—A)S.{ + f)d) dx = j £dr+ JM? [UI(~AYE dx forall £ € Xs(Q). (1.2)

Q Q Q

The boundary value problem with measure data for semilinear elliptic equations

{ -Au+fu)=0 inQ, (1.3)

u=u onoQ,

was first studied by Gmira and Véron in [18], and then the typical model, i.e. problem (1.3) with f(u) = u?
(p > 1), has been intensively investigated by numerous authors (see [22-26] and references therein). They
proved that if f is a continuous, nondecreasing function satisfying

[ee]

j[f(t) ~f-]s71 P dt < oo,

1

where p. := %, then problem (1.3) admits a unique weak solution. In particular, when f(u) = u? with

1<p<pcand p=kbo with 0 € 0Q and k > 0, there exists a unique solution uy of (1.3). It was shown
[22, 26] that the sequence {uy} is increasing and converges to a function u., which is a solution of the
equation in (1.3).

To our knowledge, few papers concerning boundary singularity problems for nonlinear fractional elliptic
equations have been published in the literature. The earliest works in this direction are the papers [10, 17]
by Felmer et al., which deal with the existence, nonexistence and asymptotic behavior of large solutions
for equations involving fractional Laplacians. Afterwards, Abatangelo [1] presented a suitable setting for
the study of fractional Laplacian equations in a measure framework and provided a fairly comprehensive
description of large solutions which improve the results in [10, 17]. Recently, Chen, Alhomedan, Hajaiej and
Markowich [9] investigated semilinear elliptic equations involving measures concentrated on the boundary
by employing an approximate method.

In the present paper, we aim to establish the existence and uniqueness of weak solutions of (1.1). To this
end, we develop a theory for linear equations associated to (1.1):

(-A’u=1 inQ,
trs(u) = u, (1.4)
u=0 inQ°.
An existence and uniqueness result for (1.4) is stated in the following proposition.
Proposition 1.3. Assume s € (%, 1). Let T € M(Q, p°) and u € M(0Q). Then problem (1.4) admits a unique

weak solution. The solution is given by
u= (G_?[T] + ]M?[y]. (1.5)
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Moreover, there exists a positive constant ¢ = c(N, s, Q) such that

lullzr )y < clliTlona,psy + Iullon@a))- (1.6)
This proposition allows us to study the semilinear equation (1.1). We first deal with the case of L' data.

Theorem 1.4. Assumes € (%, 1). Let f € C(R) be a nondecreasing function satisfying tf(t) > O for every t € R.
(I) Existence and uniqueness: For every T € L'(Q, p%) and u € L(0Q), problem (1.1) admits a unique weak
solution u. Moreover,

u=Gr - fw]+ M2l inQ, (1.7)
Gt -MEp ] < u < GE Tt + MY ut] inQ. (1.8)
(I1) Monotonicity: The mapping (T, u) — u is nondecreasing.

Remark. The restriction s € (%, 1) is due to the fact that in this range of s one has trs(G[t]) = O for every
T € M(Q, p®) (see Proposition 2.11). We conjecture that this still holds if s € (0, %].

We reveal that, in measures framework, because of the interplay between the nonlocal operator (-A)S and
the nonlinearity term f(u), the analysis is much more intricate and there are three critical exponents

. N+2s . N+s . N
bii=—N— P2 §yTg P3N

This yields substantial new difficulties and leads to disclose new types of results. The new aspects are both
on the technical side and on the one of the new phenomena observed.

Theorem 1.5. Assumes € (%, 1). Let f € C(R) be a nondecreasing function, tf(t) > O for every t € R and
(]
J[f(s) — f(=s)]s 1?3 ds < oco. (1.9)
1

() Existence and Uniqueness: For every T € MM(Q, p¥) and p € 9M(9Q), there exists a unique weak solution
of (1.1). This solution satisfies (1.7) and (1.8). Moreover, the mapping (1, 1) — u is nondecreasing.

(I1) Stability: Assume that {T,,} ¢ M(Q, p®) converges weakly to T € M(Q, p¥) and {u,} c M(Q) converges
weakly to pu € M(0Q). Let u and uy, be the unique weak solutions of (1.1) with data (1, u) and (Tp, Un),
respectively. Then u, — u in LY(Q) and f(u,) — f(u) in LP(Q, p®).

If u is a Dirac mass concentrated at a point on 0Q, we obtain the behavior of the solution near that boundary
point.

Theorem 1.6. Under the assumption of Theorem 1.5, let z € 0Q, k > 0 and let u? « be the unique weak solution

of
(=A)’u+fu)=0 inQ,

trs(u) = kb,
u=0 in Q€.
Then
ug (0

—=" = k. 1.10
Q3x—z M?(X, Z) ( )

We next assume that 0 € 0Q. Let 0 < p < p3 and denote by u,? the unique weak solution of
-A)’u+uP =0 inQ,
trs(u) = kéo, (1.11)

u=0 in Q€.
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By Theorem 1.5, uf! < kM2(-, 0) and k + uj! is increasing. Hence, it is natural to investigate limj_,o uf.
This is accomplishable thanks to the study of separable solutions of

-A)’u+uP =0 in ]Rfy,
(1.12)

u=0 in ]R_’,V,
with p > 1. Denote by

SNt .- {o = (cos o', sin ) : 0’ € SN2, —g << g}

the unit sphere in RV, and by S¥~! := S¥-1 0 RY the upper hemisphere. Writing separable solution under the
form u(x) = u(r, 6) = r25/®-Yy(g), with r > 0 and o € SV, we obtain that w satisfies

(1.13)

Asw = Lg 2w+ =0 inSY,
B
w=0 inSN1,
where A; is a nonlocal operator naturally associated to the s-fractional Laplace—Beltrami operator, and

Ls,2s/(p-1) is a linear integral operator with kernel. In analyzing the spectral properties of As, we prove the
following theorem.

Theorem 1.7. LetN > 2,s € (0,1) andp > pj.
() If p5 < p < p3, there exists no positive solution of (1.13) belonging to W(S)’Z(Sﬁ"l).
(I) Ifpt < p < p3, there exists a unique positive solution w* € W3*(S¥1) of (1.13).

As a consequence of this result, we obtain the behavior of u,‘} when k — oo.

Theorem 1.8. Assumes € (%, 1). Let Q = RY or let Q be a bounded domain with C?> boundary containing 0.
(I) Ifp e (p7, p3), then ul = limy_o uf is a positive solution of

-A’u+uP =0 inQ,
{ u=0 inQ°. (114
(i) IfQ =RY, then
U (1) = X FTw* () with o = %for allx e RY.
(i) If Q is a bounded C* domain with 0Q containing 0, then
Jim XI5 1u (x) = w* (0) (1.15)

&=oest™!
locally uniformly on SN~1. In particular, there exists a positive constant c depending on N, s, p and the
C? norm of 0Q such that

(p+1)s (p+1)s

oS Pt <ul(x) < cp()SIx|” Pt forallx € Q.

(I1) Assumep € (0, p;]. Then limj_,q, u% =00 in Q.

The main ingredients of the present study are the following: estimates on the Green kernel and Martin kernel,
theory for linear fractional equations in connection with the notion s-boundary trace as mentioned above,
similarity transformation and the study of equation (1.13).

The paper is organized as follows: In Section 2, we present important properties of s-boundary trace,
and prove Proposition 1.3. Theorems 1.4-1.6 and 1.8 are obtained in Section 3. Finally, in Appendix A, we
discuss separable solutions of (1.12) and demonstrate Theorem 1.7.
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2 Linear Problems

Throughout the present paper, we denote by ¢, ¢, c1, ¢3, C, . . . positive constants that may vary from line to
line. If necessary, the dependence of these constants will be made precise.

2.1 s-Harmonic Functions

We first recall the definition of s-harmonic functions (see [3, p. 46], [4, p.230] and [6, p.20]). Denote by
(X¢, P¥) the standard rotation invariant 2s-stable Lévy process in RY (i.e. homogeneous with independent
increments) with characteristic function

EOeléXt = 7t £ ¢ RN > 0.

Denote by E* the expectation with respect to the distribution P* of the process starting from x € RN, We
assume that sample paths of X; are right-continuous and have left-hand-side limits a.s. The process (X¢) is
Markov with transition probabilities given by

Pi(x,A) = PX(X; € A) = p(A - x),

where u; is the one-dimensional distribution of X; with respect to P°. It is well known that (-A)® is the gen-
erator of the process (X¢, P¥).
For each Borel set D ¢ RV, set tp := inf{t > 0 : X; ¢ D}, i.e. tp is the first exit time from D. If D is bounded,
then tp < co a.s. Denote
F*u(Xy,) = EX{u(Xy,) : tp < oo}.

Definition 2.1. Let u be a Borel measurable function in RYN. We say that u is s-harmonic in Q if for every
bounded open set D € Q,
u(x) = F‘u(Xy,), xe€D.

We say that u is singular s-harmonic in Q if u is s-harmonic and u = 0 in Q€.

Put

Dy := {u : RY R : Borel measurable such that J

RN

[u(x)| }

(1+ xDV+s

The following result follows from [5, Corollary 3.10 and Theorem 3.12] and [6, p. 20] (see also [20]).

Proposition 2.2. Let u € D;.
(i) wuis s-harmonic in Q if and only if (-A)Su = 0 in Q in the sense of distributions.
(ii) u is singular s-harmonic in Q if and only if u is s-harmonic in Q and u = 0 in Q°.

2.2 Green Kernel, Poisson Kernel and Martin Kernel

In what follows, the notation f ~ g means that there exists a positive constant ¢ such that c!f < g < cf in the
domain of the two functions or in a specified subset of this domain.
Denote by G the Green kernel of (-A)® in Q. Namely, for every y € Q,

(-8)°G¢(-,y) =68, inQ,
G-,y)=0 inQF,

where §), is the Dirac mass at y. By combining [1, Lemma 3.2] and [14, Corollary 1.3]), we get the following
proposition.
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Proposition 2.3. (i) G2 is continuous, symmetric and positive in {(x,y) € Q x Q : x # y}, and G&(x, y) = 0 if
x or y belongs to QF.
(i) (-A)G2(x,-) € LY(Q°) for every x € Q, and (-A)*G2(x,y) < O forevery x € Qandy € QF.
(iii) There holds
G3 (6, y) ~min{lx - yI**™N, p()*p()*Ix —yI™} forall (x,y) e QxQ, x #y. (2.1)
The similarity constant in the above estimate depends only on Q and s.

Denote by G the associated Green operator

GY[1] = JG?(-,y) dr(y), TeMQ,p°).

Q
Put
D3 ify e [0, NI_VZSS),
ks,y := N+s _ s (2.2)
m ify e [—s, s].

Chen and Véron obtained the following estimate for the Green operator [11, Proposition 2.3 and Propo-
sition 2.6].

Lemma 2.4. Assumey € [0, s] and let ks, be as in (2.2).
(i) There exists a constant ¢ = c(N, s, y, Q) > O such that

G2 [Tty (,ps) < CllTllonca,pry  forall T € M(Q, pY). (2.3)

(ii) Assume {T,} c 9M(Q, p¥) converges weakly to T € IMM(Q, p¥). Then G [1,] — G2[1] in LP(Q, p°) for any
p €1, ksy).

Let P$ be the Poisson kernel of (-A)® defined by (see [7])

Ge(x, 2)

mdz forall x € Q, y Eﬁc.
z=y

P (x,y) == -an,s j
Q

The relation between P® and G is expressed in [1, Proposition 2] (see also [14, Theorem 1.4], [4, Lemma 2]
and [14, Theorem 1.5]).

Proposition 2.5. (i) PQ(x,y) = —(-A)SG2(x,y) for every x e Q and y € Q°. Furthermore, P is continuous
inQxQ’.
(ii) There holds
p0)*
P +py))* Ix—yIN
The similarity constant in the above estimate depends only on Q and s.

P2(x,y) ~ forallxeQ, y e Q.

Denote by P the corresponding operator defined by

PVIO0 = | PRy dvy),  vem@),
ﬁc
Fix a reference point xo € Q and denote by M? the Martin kernel of (-A)S in Q, i.e.

Q
MO(x,2) = lim 25 0Y)

5 forall x e RY, z € 0Q.
Qy—-z G5 (xo0, )

By [15, Theorem 3.6], the Martin boundary of Q can be identified with the Euclidean boundary 0Q. Denote
by M the associated Martin operator

MO = [ MO, Ddu@). e ME).
0Q
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The next result [4, 15, 19] is important in the study of s-harmonic functions, which give a unique presentation
of s-harmonic functions in terms of the Martin kernel.

Proposition 2.6. (i) The mapping (x, z) — M_?(X, z) is continuous on Q x 0Q. For any z € 0Q, the function
M?( -, z) is singular s-harmonic in Q with M?(Xo, z) = 1. Moreover, if z, z' € 0Q, z #+ z' then

lim M%(x, z) = 0.
x—z'

(ii) There holds
M?(X, 2) ~p(x)sIx —z|™ forallx € Q, z € Q. (2.4)

The similarity constant in the above estimate depends only on Q and s.

(iii) For every u € M*(0Q), the function ML [u] is singular s-harmonic in Q with u(xo) = u(RY). Conversely,
if u is a nonnegative singular s-harmonic function in Q then there exists a unique y € MM*(0Q) such that
u=M¢pulinRY.

(iv) If u is a nonnegative s-harmonic function in Q, then there exists a unique u € 9M*(0Q) such that

u(x) = ]M§2 (ul(x) + ]P?[u](x) forallx € Q.
Lemma 2.7. (i) There exists a constant ¢ = c(N, s, y, Q) such that

M [u]llM%m’m < cllpllonpqy forall p e M(0Q), y > -s. (2.5)

(ii) If {un} c M(OQ) converges weakly to p € M(Q), then M2 [u,] — ME[p] in LP(Q, p¥) forevery 1<p < %

Proof. (i) Using (2.4) and an argument similar to the one in the proof of [2, Theorem 2.5], we obtain (2.5).
(ii) By combining the fact that M?(x, z) = 0 for every x € QF, z € 0Q and Proposition 2.6 (i), we deduce
that for every x € RN we have M{(x, -) € C(0Q). It follows that M [u,] — M2 [u] everywhere in Q. Due to
(i) and the Holder inequality, we deduce that {IM$[uy]} is uniformly integrable with respect to p¥ dx for any
1<p< % By invoking Vitali’s theorem, we obtain the convergence in LP(Q, pY). O

2.3 Boundary Trace

We recall that, for 8 > O,

Qp:={xeQ:px)<B}, Dpg:={xeQ:px)>p}, Zg:={xeQ:pkx) =p}
The following geometric property of C? domains can be found in [26].

Proposition 2.8. There exists By > O such that the following statements hold:
(i) Forevery point x € Qg,, there exists a unique point zy € 0Q such that |x — zx| = p(x). This implies

X =zx —-px)ng,.
(i) The mappings x — p(x) and x v zy belong to C2(Qp,) and C*(Qp,), respectively. Furthermore,

}erzlx Vp(x) = -n,,.

Proposition 2.9. Assume s € (0, 1). Then there exist positive constants ¢ = c(N, Q, s) such that, for every
B € (0, Bo),
cl<pts JM?(X, y)dS(x) < c forally e 0Q. (2.6)
Zp
Proof. For rg > 0 fixed, by (2.4),
Mg (x, y) dS(x) < c1°, 2.7)
Zg\Byo (¥)
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which implies
llsii% J M?(x, y)dS(x) =0 forally € 0Q.
£p\Bro ()
Note that for r fixed the rate of convergence is independent of y.
In order to prove (2.6), we may assume that the coordinates are placed so that y = 0 and the tangent
hyperplane to 0Q at 0is xy = 0 with the xy axis pointing into the domain. For x € RY, putx’ = (x1, ..., Xy_1).
Pick rg € (0, Bo) sufficiently small (depending only on the C? characteristic of Q) so that

%(|x’|2 +p(x)?) < |x|* forall x € QN By, (0).
Hence if x € Zg N By, (0), then %(|x’ | + B) < |x|. Combining this inequality and (2.4) leads to
J M2(x, 0)dS(x) < c2° J X1+ BN dS() < c2° J (X[ + BN dx' = ¢35
2NBy, (0) Zs0 Ix'|<ro

Therefore, for 8 < ro,
pi-s J M2(x, 0) dS(X) < cs. (2.8)
£4NBy, (0)

By combining estimates (2.7) and (2.8), we obtain the second estimate in (2.6). The first estimate in (2.6)
follows from (2.4). O

As a consequence, we get the following estimates.
Corollary 2.10. Assume s € (0, 1). For every yu € M*(0Q) and B < (0, Bo), there holds
¢ Mooy < B | M1 dS < cliulancony.
Zp
with ¢ being as in (2.6).

Proposition 2.11. Assumes € (%, 1). Then there exists a constant ¢ = c(s, N, Q) such that forany T € M(Q, p°)
and any 0 < 8 < Bo,

B j G[r]dS < c Jpsdlrl. (2.9)
25 Q
Moreover,
/1313(1)/31‘5 J G[r]dS = 0. (2.10)
Zp

Proof. Without loss of generality, we may assume that 7 > 0. Denote v := G?[T]. We first prove (2.9). By
Fubini’s theorem and (2.4),

[vooasses( [ | pe-yrrascodrm e[ [ -y dsopr dem) =i s + L.
2 Q Zﬁnt(y) Q Zﬁ\Bg()/)

Note that if x € Zg n B;; (y), then é‘ <py) < % Therefore,

BT < coB% j X — y12N dS(x) jp(y)s dr(y)

%8 ) O
B2

S I S drjp(y)s dr(y)
0 Q

<cy jp(y)S dr(y),
Q
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where the last inequality holds since s > % On the other hand, we have

Ly < c7p° J r VN2 ar Jp(y)S dr(y) = cgp** Jp(y)s dr(y).
B2 Q Q

Combining the above estimates, we obtain (2.9).
Next we demonstrate (2.10). Given € € (O, [|Tllon(q,ps)) and 1 € (0, Bo), put 71 = TXby, and 7, = Txq,, - We
can choose f8; = 1 (¢) such that

j p(y)® dr(y) < e.
Qﬁl

Thus the choice of 81 depends on the rate at which fQﬂ p3 dt tends to zero as § — O.
Put v; := G¢[7;]. Then, for 0 < f < %,

[ vi00dse0 < o [ oy drain,

S Q
which yields
lim 1 j V1(x) dS(x) = 0. (2.11)
B 5
On the other hand, due to (2.9),
Blfs J v, dS < cig jpsdTZ <cq1e for allﬁ < ‘Bo. (2.12)
3 Q
From (2.11) and (2.12) we obtain (2.10). O

Lemma 2.12. Assumes € (1, 1). Let u, w € Ds be two nonnegative functions satisfying
2

-A)’u<0<(-A)’w inQ,
u=0 in Q°.

Ifu < winRY, then (-A)Su € M(Q, p°) and there exists a measure u € M*(0Q) such that
tim 12 jlu—le[y]IdS _ 0. (2.13)
Zp
Moreover, if u = 0, thenu = 0.
Proof. By the assumption, there exists a nonnegative Radon measure T on Q such that (-A)Su = -.
We first prove that 7 € MM*(Q, p®). Define
Q
206, 2) = tim Z500Y)
Qy—z  p(y)s
By [1, p. 5547], there is a positive constant ¢ = ¢(Q, s) such that
M?(x, z) ~ p(x)°|x —zI™Y forallx € Q, z € 9Q,
where the similarity constant depends only on Q and s. This implies
< J p()Ix —zI™ dS(z)
00
< p(Ot j M2(x, 2) dS(z)
o0
<C13 J p(x)lx—zI‘N dS(z) < c1p forallx € Q.
o0
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We define

E%u](z) := lim U

— , 0Q.
Q5x—z JOQ Mg (x,y)dS(y)

For any § € (0, o), denote by 75 the restriction of 7 to Dg and by vg the restriction of u on Xg. By [1, Theo-
rem 1.4], there exists a unique solution vg of

(-A)’vg = -1 inDg,

]E?B[Vﬁ] =0 on Xg,

— H c
vg =u| p; in D Iz
Moreover, the solution can be written as

D D .
vg+Gs' [1p] = lPS”[ulpg] in Dg. (2.14)

By the maximum principle [1, Lemma 3.9], vg = u and IP?ﬁ (u| D/c;] < w a.e. in RV, This, together with (2.14),
implies that

(G?”[r/;] <w inDg.
Letting B — 0 yields G2[1] < co. For fixed xo € Q, by (2.1), G&(xo, y) > cp(y) for every y € Q. Hence the
finiteness of «;9 [7] implies that T € 9*(Q, p9%).

We next show that there exists a measure u € M*(0Q) such that (2.13) holds. Put v = u + G2[7]; then v
is nonnegative singular s-harmonic in Q due to the fact that G¢[7] = 0 in Q°. By Proposition 2.2 and Propo-
sition 2.6 (iii), there exists u € M*(0Q) such that v = M?[u] in RY. By Proposition 2.11, we obtain (2.13). If
u =0, thenv =0, and thusu = 0. O

Definition 2.13. A function u possesses an s-boundary trace on 0Q if there exists a measure u € M(0Q) such
that
lim 1 Jlu ~ M®[y]|dS = 0. (2.15)
Zp

The s-boundary trace of u is denoted by trg(u).

Remark. (i) The notation of s-boundary trace is well defined. Indeed, suppose that u and u’ satisfy (2.15).
Putv = (M&[u - p'])*. Clearly, v < M2 [|u| + |u']], v = 0 in Q€ and

tim 6> [Iv]ds = o.
ﬁl_I)I(l)ﬁ [v|dS =0
Zp

By Kato’s inequality [8, Theorem 1.2], (-A)Sv < 0 in Q. Therefore, we deduce v = O from Lemma 2.12. This
implies M$[u — p'] < 0. By permuting the role of y and ', we obtain M? [y — u'] > 0. Thus p = p'.

(ii) It is clear that for every u € M(9Q) one has trg(IMS[u]) = . Moreover, if s > 1, by Proposition 2.11,
for every T € M(Q, p°) one has trs((Gg [t]) = 0.

(iii) This kind of boundary trace was first introduced by Nguyen and Marcus [21] in order to investigate
semilinear elliptic equations with Hardy potential. In the present paper, we prove that it is still an effective
tools in the study of nonlocal fractional elliptic equations.

2.4 Weak Solutions of Linear Problems

Definition 2.14. Lett € 9MM(Q, p°) and u € M(0Q). A function u is called a weak solution of (1.4)if u € L1(Q)
and
j U(-A)SE dx = j £dr+ legl (M)(~A)SE dx forall £ € Xs(Q). (2.16)
Q Q Q
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Proof of Proposition 1.3. The uniqueness follows from [11, Proposition 2.4]. Let u be as in (1.5). By [11],
I(u MO [u])(-A)° dx = ch[r](-mss dx = J.{dr forall & € X,(Q).
Q Q Q

This implies (2.16), and therefore u is the unique solution of (1.4). Since s € (%, 1), by Proposition 2.11,
trs(u) = trs(lMg [u]) = p. Finally, estimate (1.6) follows from Lemma 2.4 and Lemma 2.7. O

3 Nonlinear Problems

In this section, we study the nonlinear problem (1.1). The definition of weak solutions of (1.1) is given in
Definition 1.2.

3.1 Subcritical Absorption

Proof of Theorem 1.4. We prove this theorem in several steps.

Monotonicity. Lett, ' € L1(Q, p°), p, u' € L1(0Q) and let u and u’ be the weak solutions of (1.1) with data
(1, u) and (7', u'), respectively. We will show that if T < 7/ and u < ', then u < u’ in Q. Indeed, by putting
v := (u - u')*, itis sufficient to prove that v = 0. Since (1.7) holds, it follows that

lul < G2{I7| + Ifw)l] + M2[Jul] in Q.
Similarly,
'] < GIIT'| + If)] + MW’ in Q.

Therefore,
0<v<ul+u'| <Gt + I+ If)] + IF)HI] + M2Ipl + 1] = w.

By Kato’s inequality, the assumption 7 < 7’ and the monotonicity of f, we obtain
(-A)Sv < signt(u —u')(t - ') - sign*(u - u")(f(w) - f(u')) < 0.
Therefore,
(-A)’v <0< (-A)°’w inQ.
Since u < ', it follows that trs(v) = 0. By Lemma 2.12, v = 0, and thus u < u’.

Existence. Step 1: Assume that T € L*°(Q) and p € L*(0Q). Put
f(t) = fit+ M [p]) - fMQ[u]) and 7 := 7 - fME ).

Then f is nondecreasing and tf (t) = 0 forevery t € Rand 7 € L1(Q, p*). Consider the problem

(3.1)
v=0 1inQ°.

{ (-ASv+f(v)=1 inQ,
By [12, Proposition 3.1], there exists a unique weak solution v of (3.1). Thismeans v € L1(Q), f(v) € L}(Q, %)
and
J(v(—A)Sé’ + F)E) dx = J Frdx forall £ e X5(Q). (.2)
Q Q
Put u := v + M¢[u]; then u € L1(Q) and f(u) € L1(Q, p®). By (3.2), u satisfies (1.2).
Step 2: Assume that 0 < T € L1(Q, p%) and 0 < u € L1(0Q). Let {T,,} c C'(Q) be a nondecreasing sequence
converging to 7 in L1(Q, p®) and let {u,} ¢ C1(0Q) be a nondecreasing sequence converging to y in L1(0Q).
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Then {M&[u,]} is nondecreasing, and by Lemma 2.7 (ii) it converges to M2 [u] a.e. in Q and in LP(Q, p®) for
every 1 < p < pj;. Let u, be the unique solution of (1.1) with 7 and u replaced by 7, and pp, respectively. By
step 1 and the monotonicity of f, we derive that {u,} and {f(u,)} are nondecreasing. Moreover,

J(un(—A)sf + flun)é) dx = J &dry + J]M? [un](=A)°& dx forall & € X(Q). (3.3)
Q Q Q

Let 1 € C(Q) be the solution of

(3.4)

(-A)°n=1 inQ,
n=0 inQ°.

Then ¢ 1p® < n < ¢p® in Q for some ¢ > 1. By choosing ¢ = 1 in (3.3), we get

lunllzr @) + If )l @,ps) < cUTnllLi,pes) + Inlliee) < ¢ (1Tl + 1ML 00))-

Hence {uy} and {f(uy,)} are uniformly bounded in L(Q) and L(Q, p*), respectively. By the monotone con-
vergence theorem, there exists u € L'(Q) such that u, — uin L1(Q) and f(u,) — f(u) in L1(Q, p°). By letting
n — oo in (3.3), we deduce that u satisfies (1.2), namely u is a weak solution of (1.1).

The uniqueness follows from the monotonicity.

Step 3: Assume that T € L*(Q, p%) and p € L*(0Q). Let {,} c C(Q) be a sequence such that {r};} and {r,}
are nondecreasing and 7i — 7* in LY(Q, p®). Let {un} ¢ C1(0Q) be a sequence such that {u};} and {u,} are
nondecreasing and yy; — p* in LY(0Q). Let u,, be the unique weak solution of (1.1) with data (t,, ). Then

tn = G [T = fun)] + M [pn]. (3.5)
Let wq,, and w3, be the unique weak solutions of (1.1) with data (t};, p;) and (-7;,, —}5,), respectively. Then
Iwinllzi) + Ifwin)lri,ps) < €' (ITlir,psy + Iy,  i=1,2. (3.6)
Moreover, forany n € N, wp , <0 < wy 5 and
~G[Ty) = Mg (M) < Won < Un < W1 n < GET5] + M 7],

it follows that
[unl < Win—wa,n and  |f(un)l < filw,n) — fiw,n). (3.7)

This together with (3.6) implies

lunlzi) + Ifun)lizia,ps) < € (ITlia,ps + Il oq))- (3.8)

Put vy := Gty - f(un)]. By (3.8), the sequence {r, - f(u,} is uniformly bounded in L(Q, p%). Hence
by [11, Proposition 2.6], the sequence {v,} is relatively compact in L7(Q) for 1 < g < N%s Consequently, up
to a subsequence, {v,} converges in L7(Q) and a.e. in Q to a function v. On the other hand, by Lemma 2.7 (ii),
up to a subsequence, {]M? [unl} converges in L4(Q, p®) for 1 < g < p5 and a.e. in Q to ]M§2 [u]. Due to (3.5),
we deduce that {u,} converges a.e. in Q to u = v + M [u]. Since f is continuous, {f(u,)} converges a.e. in Q
to f(u).

By step 2, the sequences {wj n}, {f(w1,n)}, {-~w2,n} and {—f(w,,,)} are increasing and converge to w; in
LY(Q), fiwy) in LY(Q, p%), -w> in L1(Q) and —f(w,) in L1(Q, p®), respectively. In the light of (3.7) and the
generalized dominated convergence theorem, we obtain that {u,} and {f(u,)} converge to u and f(u) in L*(Q)
and L1(Q, p®), respectively. By passing to the limit in (3.3), we derive that u satisfies (1.2).

The uniqueness follows from the monotonicity. O

Define
C(Q,p~5) :={{ € C(Q): p5¢ € C(Q)}.
This space is endowed with the norm
Ilc@,p-sy = 0™ *¢le)y-
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We say that a sequence {1,,} ¢ 9(Q, p°) converges weakly to a measure 7 € M(Q, p°) if

nlggojcdrn - J(dr forall { € C(@, p™).
Q Q

Proof of Theorem 1.5. Monotonicity. The monotonicity can be proved by using an argument similar to the one
in the proof of Theorem 1.4.

Existence. Let {t,} ¢ C1(Q)and {u,} c C'(0Q) such that ¥ — 7* weakly and pu} — u* weakly. Then there is
a positive constant ¢ independent of n such that

ITnllon.ps) < cltloma,ps)y and  |unllanen) < clpllono)- (3.9
Let un, w1,n and wy,, as in the proof of Theorem 1.4. Then
|un| < MaX(W1,n, ~W2,n) < GE[[Tnl] + ME [ nl].

This, together with (2.3), (2.5) and (3.9), implies that

Nunllyprs g, psy < €UTnllonca,pe) + IMnlloncon)) < c'(Itllonca,ps) + IHllon(o0))- (3.10)
We have
[ wnayg + fom g dx= [ gari+ [ MEsI-0)g dx,
o o o
J(wz,n(—A)sf T fWan)E) dx = J £dr; - J MO 1(~AE dx forall € € Xs(Q).
Q Q Q
From this

[ 1020 wa + (a0 = fwoomd = [ mdieal + [ 20l dx
o) o o
follows. We infer from (3.7) and the estimate ¢~ p® < n < cp® that

lunllr) + Ifn)lii@,ps) < cUTnllzi,ps) + Iinllanee)) < ' (ITlom@,ps) + I1lomo0))-

This implies that {u,} and {f(u,)} are uniformly bounded in L1(Q) and L1 (Q, p®), respectively. By an argument
similar to the one in step 3 of the proof of Theorem 1.4, we deduce that, up to a subsequence, {u,} converges
a.e. in Q to a function u and {f(u,)} converges a.e. in Q to f(u). By the Holder inequality, we infer that {u,} is
uniformly integrable in L1(Q).

Next we prove that {f o u,} is uniformly integrable in L' (Q, p%). Define f(s) := f(|s|) - f(-|s|), s € R.Then f
is nondecreasing in R and |f(s)| < f(s) for every s € R. For ¢ > 0 and n € IN, set

An(®) :={x € Q: |lup(x)| > €}, an(®):= J p° dx.

An(8)
We take an arbitrary Borel set D ¢ Q and estimate
[raniesax= [ fwnptaxs [ wnlptdxs [ Fanptdxsf@ [pran 6D
D DA () D\A,(8) An(0) D

On one hand, we have
(o)
| Fawnp® dx = an@f® + [ ans) df(o).
An(e) ¢
From (3.10), we infer a,(s) < ¢s™P2, where ¢ is a positive constant independent of n. Hence, for any [ > ¢,

l l

~ l
an(Of (@) + J an(s)df(s) < cePaf(e) + ¢ j sPadf(s) < el Pif(l) + p;i : j sT1P3f(s) ds. (3.12)
14 14 4
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By assumption (1.9), there exists a sequence {l;} such that l; — oo and I;p;f(lk) — 0as k — oo.Taking I = I}
in (3.12) and then letting k — oo, we obtain

(o]

an(@F(0) + Jan(s) di(s) < p; - Js-l—l’i F(s) ds. (3.13)
4

From assumption (1.9), we see that the right-hand side of (3.13) tends to 0 as £ — co. Therefore, for any
£ > 0, one can choose ¢ > 0 such that the right-hand side of (3.13) is smaller than % Fix such ¢; one then can
choose 6 > 0 small such that if ID pS dx < 8, then f(£) ID pS dx < £. Therefore, from (3.11) we derive that

Jps dx < & implies Jlf(un)lps dx < .
D D

This means {f o uy} is uniformly integrable in L1(Q, p%).
By Vitali’s convergence theorem, we deduce that, up to a subsequence, u, — uin L1(Q) and f(u,) — f(u)
in L1(Q, p®). Since u,, satisfies (3.3), by passing to the limit, we deduce that u is a weak solution of (1.1).

Stability. Assume {T,} c 9(Q, p°) converges weakly to 7 € M(Q, p°), and {u,} c M(0Q) converges weakly to
U € M(0Q). Let u and u, be the unique weak solution of (1.1) with data (7, u) and (t,, un), respectively. Then
by an argument similar to the one in the existence part, we deduce that u, — uin L*(Q) and f(u,) — f(u) in
17(Q, po). m

Proposition 3.1. Assume f is a continuous nondecreasing function on R satisfying f(0) = 0 and (1.9). Then for
every z € 0Q,

o GEFMIC, 210 _
Qox—z M?(X, Z)
Proof. By (2.1),
G, y) < c1ap(x)*Ix —yI ™V min{p(y)%, [x - yI°} forall x #y.

Hence,
CLFMIC. N0 _ e oy [yt minfix -y, ly - 2Bly - 26N dy. Gas)
My (x, z) 5
Put
Dy =00 B(x, x| ), D2:=0QnB(z Xz ), D3 :=Q\(DyUDy), (3.15)

L= |x-zIN JIX—yI‘Nmin{IX—yIS, ly —zIS}fly - zI""M)dy, i=1,2,3.
D;

Therefore, for every y € D1, |x — z| < 2|y — z|, we have

I < ciglx - zINf(Ix - zI57N) j Ix -yl dy < cizlx — 2N f(Ix - zI57N).

Dy
Hence,
lim Iy < cq7 limfx — zZN*Sf(1x - 215Ny = 0. (3.16)

We next estimate I,. Thus, for every y € D,, |x — z| < 2|x - y|, we have

(o)
hecy [ly-zPfly-2Mdy<sey | o
D, |x—z|s-N
Therefore, by (1.9),
i i -1-p; -
)I(LH;IZ < C19 )1(1_)11; J t—P2f(s)ds = 0. (3.17)

[x—z|s~N
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Finally, we estimate I5. Therefore, for every y € D3, |y — z| < 3|x — y|, we have

|X—Z|57N
I < caolx — 2V j y - 2Ry - 21Ny dy < canlx - 2V j e dt. (3.18)
D, 0
Put
rs—N
gu(r) = j CREfO A, ga(r) =1V,
0

If lim,_,0 g1(r) < 0o, then lim,_,, I3 = 0 by (3.18). Otherwise, lim,_,o g1(r) = co = lim,_,o g2(r). Therefore, by
L’Hopital’s rule,

!
lim 51N _ lim &1 _ lim N er”f(rs‘N) =0. (3.19)
r—0 g2(r) -0 g'z(r) r—0 N
By combining (3.18) and (3.19), we obtain
|X_Z|5—N
. . N _% _
)1(1_%13 < C )1(1_)II%|X—Z| J ¥ f(t) dt = 0. (3.20)
0
We deduce (3.14) by gathering (3.16), (3.17) and (3.20). O
Proof of Theorem 1.6. From Theorem 1.5 we get
kMg (x, 2) = GS[fIMS (-, 2))](x) < up ,(x) < kMg (x, 2),
which implies
Q
. GEUAMEC, 2100 M0
M(x,2) M(xz)
We derive (1.10) due to Proposition 3.1. O

3.2 Power Absorption

In this subsection, we assume that 0 € 0Q. Let 0 < p < p3 and denote by uf the unique solution of (1.11). By
Theorem 1.5, u < kM2(-, 0) and k ~ u{ is increasing. Therefore, it is natural to investigate limy o, uf.
For any ¢ > 0, put
Teluly) := 67T u(®y), yeQe:=e7'Q.

If u is a solution of (1.14) in Q, then T,[u] is a solution of (1.14) in Q,.
By Corollary A.9, the function

X UX) = L plx| 7T,  x#0,
where ¢, is a positive constant, is a radial singular solution of
(-AY’u+uP =0 inRN\{0}.

Lemma 3.2. Assume p < (p], p;). Then there exists a positive constant C depending on N, s, p and the
C? characteristic of Q such that the following holds: if u is a positive solution of (1.14) satisfying u < U in Q,
then there holds

(p+1)s

u(x) < Co(x)’|x|” 71 forallx € Q. (3.21)
Proof. Let P € (0Q\ {0}) n B1(0) and put

1 1
d=d(P):=5IP| < 5.



252 =—— P.-T.Nguyen and L. Véron, Boundary Singularities DE GRUYTER

Put
ua(y) = Talul(y), yeQq:=d'Q.

Then ug4 is a solution of

“ANu+uP =0 1inQyq,
{( ) 4 (3.22)

u=0 in(Qq)°.

Moreover, . ,
uq(y) < Ta[UJ(y) = d»7U(dy) = €5 plyl 7T = U(y).

Put Py = d"'P and let B, be the constant in Proposition 2.8. We may assume ¢ < L Let (pe C®(RN) such
that 0 < { <1in RY, { =0 in Bg,(Pq) and { = 1 in RV \ Byg, (Py). Let n4 € C(Qq) be the solution of (3.4)
with Q replaced by Qg4. For [ > 0, denote

Vap:={pU+Ing.

We will compare uy with Vg ;.
Step 1: We show that Vg is a supersolution of (3.22) for I large enough. For y € Qg \ By, (Pg4), we have
¢p(y) = 1, and hence

U(y) - ¢p(2)U(2)

G =lim [ ST

RN\B.(y)
= (-A)SU(y) + lim j
-0
RM\B.(y)
U(z)
|y — Z|N+25

U(z) - {p(2)U(z)
|y _ Z|N+2$

> (-A)*U(y) -
By (Pa)

> (-8)°U(y) - 26,
where c6 = c26(N, s, p, Bo). Since
(Qa N B2p,(0)) € (Qg \ Byp,(Pa)),
it follows that, for any y € Qg4 n B,g,(0) \ {0},

(=0 Vai(y) + (Vai(y)? = (-0 pU)(y) + I(=D)°naly) + ({p(y) U(y) + Ina(y))P
> (-A)°U(y) — c26 + 1+ U(y)P.

Therefore, if we choose I > ¢,¢, then
(-A)¥*Va 1+ (Vg)? 20 inQgn Bp,(0) \ {0}. (3.23)
Next we see that there exists c,7 > 0 such that
[(=A)*((pU)| < €27 in Qq \ Bap,(0).

Consequently,
(=8)°Va,1 = (-A)*(§pU) + I(-D)*na = —c27 + L.

Therefore, if we choose I > ¢,7, then
(-8)°Vg,1 20 in Qg \ Bag,(0). (3.24)

By combining (3.23) and (3.24), for I > max{cz¢, c27}, we deduce that Vj,; is a supersolution of (3.22).
Step 2: We show that ug < Vg, in Q4. By contradiction, we assume that there exists xo € Q4 such that

(ug - Vg, 1)(x0) = max(uqg — Vg,1) > 0.
x€Qq
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Then (-A)%(ug — Va,1)(x0) = 0. It follows that
0 < (-A)’(uq — Va,1)(xo) < —(ua(x0)? — Vq,1(x0)") < 0.

This contradiction implies that ug < V4,7 in Qg.
Step 3: End of proof. From step 2 we deduce that

ug <lng in Qg N Bg,(Pg).

We note that 174(y) < cdist(y, 0Qg)° for every y € Q4. Here the constant ¢ depends on N, s and the C? char-
acteristic of Q4. Since d < %, a C2 characteristic of Q4 can be taken as a C2 characteristic of Q. Therefore, the
constant ¢ can be taken independently of P. Consequently,

uq(y) < ledist(y, 0Qq)° forally € Qg N Bg,(Pg).
This implies
+1)s
u(x) < c’p(x)sd_u;’f1 for all x € Q N Bgg, (P). (3.25)

Put
F1 := Qp, nBﬁ(O) N{x:p) <Polxl}, Fz:=Qp,n Bﬁ(O) N {x:px) > Bolxl}.

If x € 1, then let P € 0Q \ {0} such that p(x) = |x — P|. It follows that
1 1 1 1
5(1 -Bo)lx| < d = EIPI < 5(1 +Bo)lx| < 5 (3.26)
By combining (3.25) and (3.26), we get
u(0) < ¢'(1- o) pCoclxl F .

If x € &, then (3.21) follows from the assumption u < U. Thus (3.21) holds for every x € Qg, N B1/(1+8,)(0).
If x € Q\ B1(148,)(0), then by an argument similar to the one in step 1 and step 2 without similarity trans-
formation, we deduce that there exist constants ¢ and B € (0,1/(2(1 + Bo))) depending on N, s, p and the
C? characteristic of Q such that (3.21) holds in BB(P) N Q for every P € 0Q \ B1/(14p,)(0). Finally, sinceu < U,
inequality (3.21) holds in Dgjp ={xeQ:p(x) > B/2}. Thus (3.21) holds in Q. O

Lemma 3.3. Let p € (0, p3). There exists a constant ¢ = ¢(N, s, p, Q) > 0 such that for any x € Q and z € 0Q
there holds

(Nesyp i S .
O’ =2l if = <p < p,
. S
GIM(+, 2P)(x) < { —cp(x)°* Inx - 2] ifp= 5 (3.27)
S s S
cp(x) 1f0<p<N_s

Proof. We use an argument similar to the one in the proof of Proposition 3.1. It is easy to see that for every
x € Qand z € 0Q,

GEME(-, 2)P](x) < ca3p(x)® j|x —yI™My = 21" NP min{|x - y|*, ly - zI°} dy.
Q
Let D, i=1,2,3,beasin (3.15) and put
Ji = p()° j X~ yI™Nly - 2SMP min{|x - %, ly - 2I°} dy.
D;

Now, by proceeding as in the proof of Proposition 3.1, we deduce easily that there is a positive constant
Ca4 = C24(N, s, p, Q) such that
Ji € coup(O*x -z~ WP = 1,2, (3.28)
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and
Cosp()Slx — 25 if 5 oy *,
diam(@) 250(X)°| | N_s <P<P
J3 < Ca4p(x)® rsWN=9P gy < 4 —c35p(x)° In|x — 2| ifp= Ns_ . (3.29)
|x-z]/2 s . S
c25p(X) ifo<p< )
N—
Combining (3.28) and (3.29) implies (3.27). O

Proposition 3.4. Assume p € (p7, p3). Then uf = limg_o uf is a positive solution of (1.14). Moreover, there
exists ¢ = ¢(N, s, p, Q) > 0 such that

(p+1)s
p-1

c‘lp(x)slxl_(p;% < uffo(x) < cp(x)®|x|” forallx € Q. (3.30)
Proof. We first claim that for any k > 0,
u <U inQ. (3.31)
Indeed, by (2.4),
uf (x) < kM2(x, 0) < c28kp(O)IXI™N < cogkix*™N  forallx € Q.

Since p < p3, it follows that

ug(0)

Qa0 Ukx)

By proceeding as in step 2 of the proof of Lemma 3.2, we deduce that u% <Uin Q.

Consequently, uf}o = limy 00 uf is a solution of (1.14) vanishing on 0Q \ {0} and satisfying uf}o <UinQ.
In the light of Lemma 3.2, we obtain the upper bound in (3.30).

Next we prove the lower bound in (3.30). By (2.4) and Lemma 3.3, for any k > 0 and x € Q we have

U () > kMg (x, 0) = KPGEME (-, 0)P1(x) = c5akp()SIXI™N (1 = c29c30kP x|V~ N9y,
For x € Q, one can choose r > 0 such that x € Q n (B,,(0) \ B,(0)). Choose
k _ ar_ N+sI—)(_I\{—s)p ,
where a > 0 will be made precise later on. Then
Q S — s p-1
up (x) 2 c31ap(x)’Ix| 71 (1 = ca9c30aP 7).

By choosing a = (2¢29 C30)_ﬁ, we deduce for any x € Q that there exists k > 0 depending on |x| such that

Q s _ (p+)s
Uy (x) 2 c32p(X) x| 71

Since u& > u% in Q, we obtain the first inequality in (3.30). O

Proposition 3.5. Assume O < p < pJ. There exist ko = ko(N, s, p) and ¢ = c¢(N, s, p, Q) such that the following
holds: there exists a decreasing sequence of positive numbers {ry} such that limy_,., rx = 0 and for any k > ko,

cp(x)%|x|7N-s if0 < p < ps,
9x 2{ p)Ix JO<p<p forallx € Q\ B, (0). (3.32)

u
« cp()*IxI™NS(=Inix)! ifp = pi,
Proof. For any ¢ > 0, we have

ul () = eME(x, 0) - PGLME(-, 0/](x) forallx € Q. (3.33)
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Case 1: p € (535, p7). Put
ki 1= (2€29C30) V5

and take k > kq. For £ > 0, put re = ¢71/5; then ¢ = r;s . Take arbitrarily x € Q \ B,,(0); then one can choose
¢ € (max(2~5k, k1), k) such that x € Q n (B,,(0) \ By,;2(0)). From (3.33) (2.4) and (3.27) we get

U () 2 c396p (O IXI™N (1 = c29€308P L XN (N-5)P)

-1 N _— N+2s-Np
2 Coop(X)°IX7r,° (1 = c29307, )

> (2¢29) 7 p(0°IxI N1
> c33p00% x| V5,
Here the first estimate holds since Nl_s < p < p;, and the third estimate holds since p < p} and € > k;. Since

k > ¢, we deduce that
u () = c33p(0)°IxI™N"° forallx € Q \ By, (0). (3.34)

Case 2: p = 4. Put
ky = (2629630(1 +S))N%S,,
s

and take k > k,. For € > 0, put rp, = ¢71/5; then ¢ = r;s . Take arbitrarily x € Q \ B, (0); then one can choose
¢ € (max(2=5k, kz), k) such that x € Q n (B,,(0) \ By,;2(0)). From (3.33), (2.4) and Lemma 3.3 we get

U (%) = ¢356000°IXI™N (1 + ca9¢30€7 " x|V In|x|)

_ _N_ — N+s— Te
> c5ap(x)°|x] Nres(l +ca9C30r, 7 1n<?))

> (2¢29) 7 p(0)° IXI ™V

> c33p(0° x| 70,
Here the third estimate holds since € > k, and N — sp > 0. Therefore, (3.34) holds.
Case 3: p € (0, i5). Put

k3 = (2c29¢30) Voo
and take k > k3. For € > 0, put re = ¢71/5; then ¢ = r;s . Take arbitrarily x € Q \ B, (0); then one can choose
¢ € (max(2=5k, k3), k) such that x € Q n (B,,(0) \ By,;2(0)). From (3.33), (2.4) and (3.27) we get
Ug (0 2 c58p(0°IXI™N (1 = ca9¢30€7 7 XIY)
> C5ap (O IXI™N 15 (1 - cascsory )

> (2029) (0% X1V ry?

> c33p00% x| N5,
Here the third estimate holds since € > k3 and N + s — sp > 0. Therefore, (3.34) holds.

Case 4: p = p;. Put
ky = exp((2c29¢30) 7))
and take k > k4. For £ > 0, put r, = (¢1n(£))~1/%; then ¢1n(¢) = r,® and ¢ < r,* when ¢ > 3. Take arbitrarily

x € Q\ B;,(0); then one can choose ¢ € (max(2~5k, k4), k) such that x € Q n (B;,(0) \ By,;2(0)). From (3.33),
(2.4) and (3.27) we get

uf (%) > c5ap(0)°IXI™N (1 = c20c308PHx|NHS~IN=9P)

N+s—(N-s)p

> ¢506p(0%IXI™N (1 ~ ca9c30€P (e In(0)) T = )
N+s—(N-s);

= Coatp()*IXI™N(1 - ca9oc30In(e) ™ = )

> (2¢20) M ep(x)S x|V

> c34p(0)%|x| NS (~ InJx|) 1.
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Here the inequality holds since p = pj, and the last estimate follows from the estimate

e
= .
In(¢) = —s251n|x|

Since u(x) > u$(x), we derive
U () = c34p00° XN (= Inx))

By putting ko := max(ky, k2, k3, k4), we obtain (3.32). O
Proposition 3.6. Assume 0 < p < pJ. Thenlimy_,« uf(x) = oo forevery x € Q.

Proof. The proposition can be obtained by adapting the argument in the proof of [9, Theorem 1.2]. Let rg > 0
and put

O := J uf(x)dx.

By (0)
Then
bezc | PG (- Infx) ! dx
(Bry NQ)\Br, (0)
which implies
lim 6y = oo. (3.35)
k—o0

Fix yp € Q \§r0(0) and set 6 := %min{p(yo), Vol — ro}. By [13, Lemma 2.4], there exists a unique classical
solution wy of the following problem:

0 inBs(yo),
0  in RN\ (Bs(yo) U By, (0)),
u% in By, (0).

(=AY wy + Wi =
Wi

Wi

By [13, Lemma 2.2],

uf! >wi inBs(yo). (3.36)

Next put Wi := wi — X, (0)Uk; then Wi = wi in Bs(yo). Moreover, for x € Bs(yo),

_ . wi(x) - wi(2) . wi(x)

-A)Swi(x) = lim J ———————~ dz + lim J —_—
( ) k( ) £50 |Z _ X|N+ZS £—0 |Z _ X|N+ZS

Bs(yo)\B:(x) B§(y0)\B: (x)

Q
. Wi(x) — wi(z u;’ (z)
= lim J- M dz + J’ R St
£50 |z - X|N+25 |z - X|N+Zs
RM\B,(x) B, (0)

> (=A)Swi(x) + Aby,
where 4 = (|yo| + ro)N=25. It follows that, for x € Bs(yo),
(A Wi (X) + Wh (X) = (—A) Wi (x) + Wi (x) + Aby = Aby.

Therefore, wx € C(Bs(yo)) is a supersolution of

{(—A)SW+ Wp = Aek in B&(YO): (3.37)

w=0 in RV \ Bs(yo).

Let no € C(Bs(yo)) be the unique solution of

{ (-A)°no =1 inBs(y¥o),
no=0 in RN\ Bs(yo).
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We can choose k large enough so that the function

1
No(ABK)»
2 maxgy Mo

is a subsolution of (3.37). By [13, Lemma 2.2], we obtain

1
Wi (x) > _Mo(A8)7 for all x € Bs(yo). (3.38)
2 maxgy o
Put
Cc:= min L.
~  xeBs(yo) 2 MAXRN No
Then we derive from (3.38) that
Wi(x) = g(AGk)% for all x € Bs(yo). (3.39)

By combining (3.35), (3.36) and (3.39), we deduce that
klggo uf(x) =o0o forallxe Bg(yo).
This implies
kILIEO up(x)=co forallx e Q. O
Theorem 3.7. Assume p € (1, p;) and that either Q = RY := (x = (X', xy) : xy > O} or 0Q is compact with

0 € 0Q. Then, for any k > 0, there exists a unique solution u,? of problem (1.11) satisfying uf < kMQ(-,0)inQ

and
uf (x)

m e o
xi—0 M (x, 0)
Moreover, the map k +— u% is increasing.

Proof. We divide the proof into two steps.

Step 1: Existence. For R > 0, we set Qg = Q N Bg and let u := ufR be the unique solution of

-A’u+u? =0 in Qg,
trs(u) = kbo,
u=0 on Qp.
Then
uf’* (x) < kM?R (x,0) forall x € Qp. (3.40)

SinceR — M?R( -, 0) is increasing, it follows from (1.10) that R ufR is increasing too with the limit u* and
there holds
u*(x) < kM?(x, 0) forallx € Q.

From (3.40) we deduce that
u,?R (x) < ckix|*™N for all x € Qpg,

where c depends only on N, s and the C? characteristic of Q. Hence by the regularity up to the boundary [27],
{ufR} is uniformly bounded in C} (Q\ B¢) and in C5**(Q \ B) for any & > 0. Therefore, {ufR} converges
locally uniformly, as R — oo, tou* € C(Q \ {0}) N C25*%(Q). Thus u* is a positive solution of (1.14). Moreover,

by combining (1.10), (3.40) and the facts that M?R T M2 and uf’* ) u?, we deduce that trg(u*) = k6 and

u (x)
03x—0 M2(x, 0)
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Step 2: Uniqueness. Suppose u and u’ are two weak solutions of (1.14) satisfying max{u, u'} < kM%(-, 0)
in Q and

U o u'(x)

— 7 (3.41)
03x—0 M2(x,0) 93x=0 ML (x, 0)

Take € > 0 and put ug := (1 + &)u’ +&, v := (u - ug),. Then by (3.41) there exists a smooth bounded domain
G c Q such that v = 0in G° and tr$(v) = 0. In the light of Kato’s inequality, we derive (-A)v < 0 in G. More-
over, v < kM?( -,0) in G. By Lemma 2.12, we obtain v = 0 in G, and therefore u < (1 + &)u’ + £ in Q. Letting

& — Ovyields u < u’ in Q. By permuting the role of u and u’, we derive u = u’ in Q.
By an argument similar to the one in step 2, we can show that k — u? is increasing. O

Proof of Theorem 1.8. We have two cases.

(i) Case 1: p} < p < p3. Since 0Q € C?, there exist two open balls B and B’ such that B c Q ¢ B and
0B N dB' = {0}. Since MB(x, 0) < M2(x, 0) < ME"“(x, 0), it follows from Theorem 3.7 that

uf < u,? < uf’c, (3.42)

where the first inequality holds in B and the second inequality holds in Q.
Let O be B, Q or B'C. Because of the uniqueness, we have
Te[ud] = u, forall £ > 0, (3.43)
ke

pflﬂfN

with O, = £-10. By Theorem 3.7, the sequence {uk } is increasing, and by (3.31) we have u? ¢ < U. It follows
that {u,‘?} converges to a function u(‘?o which is a positive solution of (1.14) with Q replaced by O.
Step 1: O := RY. Then O, = RY. Letting k — oo in (3.43) yields

N N
Te[ulgo*] = ug,* forall ¢ > 0.
N
Therefore, u(;Rg is self-similar, and thus it can be written in the separable form
(X) = uo0 (r,0) = r T w(0),

where r=|x|, 0 = |X| € SN1 and w satisfies (1.13). Since D; < Db < D3, it follows from Theorem 1.7 that
w = w*, the unique positive solution of (1.13). This means

RY _2s
Uos (X) =1 P Tw*(0).

This implies (3.30).
Step 2: O := B or B'. In accordance with our previous notations, we set B, = ¢"1B and (B'¢), = £~ B’ for

¢ > 0, and we have
Te[uB] =uB and T[uf]=ul"" (3.44)

and

B, B/c B’C
uB <uBe < u® <uB <uE . oce<e e <1,

c N N
When ¢ — 0, then uff; T gn,;,* and uff, Je 1 ﬂ,;Ro* , Where gl‘fg and EE,RO* are positive solutions of (3.31) in RY such
that

N N N Ic
ub < ul <urg <t <u, o<e<1.
Furthermore, there also holds for ¢, ¢/ > 0,
’ c B!,
Tpelul)] = To [ Telul,)] = ul and Toe[uB)] = T [Te[uB) 1] = ul .

Letting £ — 0 and using (3.44) and the above convergence, we obtain

RY RrRY _RYN _RN
Uy =Tolue] and U =Telle], € >0.
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N N
Again this implies that gﬁ‘}g and ﬁ“o‘g are separable solutions of (1.12). Since p] < p < p3, by Theorem 1.7,
N N N s
gﬁ; (x) = Hﬂo{g (x) = uﬁ; (x) = r_l%la}*(a) withr = |x|, 0 = |);_|’ x #+ 0.
Step 3: End of the proof. From (3.42) and (3.44) there holds

uBe < Tou®) <ul™, o<e<1. (3.45)

N
Since the left-hand side and the right-hand side of (3.45) converge to the same function ul;* , We obtain

lim €71 u2 (£x) = |x| 7T (X)
1 p-tu X)=|X| rlw —
750 © x|/’

and this convergence holds in any compact subset of Q. Taking |x| = 1, we derive (1.15). Estimate (3.30)
follows from Proposition 3.4.

(i) Case 2: 0 < p < p;. Then by Proposition 3.6, limy—_.« uf(x) = oo for every x € Q. O

A Separable Solutions

A.1 Separable s-Harmonic Functions

We denote by (1, 0) € R, x SN~ the spherical coordinates in RY. Consider the following parametric represen-
tation of the unit sphere:
T T
SN-1 = {a = (cos po’,sin¢) : ¢’ € SN2, -5 < ¢ < 5}'

Hence xy = rsin ¢. We define the spherical fractional Laplace—Beltrami operator Ag by
Asw(o) := lirr(l)As,gw(a)
£

with

_ N-1
J (w(0) - wn)T dsey) dr,

1+12-21(0,n))7*
R, xSN-1\B,(7) ( (@, m)

As,ew(0) := an,s J

where @ = (1, 0). If u : (r, 0) — u(r, 0) = r Pw(0) is s-harmonic in RV \ {0}, it satisfies, at least formally,
Asw - Lspw =0 on SN,

where ;s g is the integral operator

(o]

Ls,pw(0) := an,s J J

0 SN-1

(7B - 1)7N-1

1+712-21(0, n))g’rS

w(n)dS(n) dr,

whenever this integral is defined. We will see in the next two lemmas that the role of the exponent o = N is
fundamental for the definition of £ gw.

LemmaA.l. IfN > 2,5 € (0,1), 8 < Nand (0, n) € RN x RN-1 such that (o, n) # 1, we define

o0
B - 1)rN-1
Bogpto,m = | — = —ar.
5 +12-27(0,m))2 "

Then the following statements hold:

(i) Bsp(o,n) <0ifandonlyif p < N - 2s.
(ii) Bs,p(o,n) =0ifandonlyif =N - 2s.
(iii) Bs,g(0, ) > Oif and only if B > N - 2s.
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Proof. Since B < N, the integral in (A.1) is absolutely convergent. We write

1 (&Y
Bogp(om) = | -0, | P e

3 (L+12-21(0,1))2* 1 (L+712-27(0,))2"*

By the change of variable 7 — 771,
oo J1 (T—ﬁ _ 1)TN_1+C5
5 1+712-21(0, n))%’rs
where ¢ = f + 2s - N. Since
1
Baptoy - [ DT (A1)
VT T dr Dane, mte '

the claim follows. O

As a byproduct of (A.1) we have the following monotonicity formula.

LemmaA.2. IfN > 2 ands € (0, 1), thenforany (o, 17) € SN~1 x SN~ the mapping  — Bs,g(0, 1) is continuous
and increasing from (N — 2s, N) onto (0, co).

In the next result we analyze the behavior of Bs g(g, ) when 0 — n — 0 on S¥-1.

LemmaA.3. Assume N > 2,s € (0,1) and B < N with § # N — 2s.
() IfN > 3, there exists ¢ = c(N, B, s) > O such that

IBs g(a,n)l < clo —nP™N"2  forall (o,n) € SN"1 x SN-1. (A.2)

(I) If N = 2, then one of the following statements holds:
(i) s> 3and(A.2) holds with N = 2.
(i) s=1and
|Bs,g(0, )l < c(~Inlo—n|+1) forall(o,n)eS* xS
(iii) 0 <s < 2 and
IBsg(0,m)l < ¢ forall(o,n) € S* x S*.

Proof. First, notice that the quantity

dr

J% (T—B _ 1)(TN—1 _ TN—1+CS)
(1+712-21(0, )2

is uniformly bounded with respect to (o, 17). The only possible singularity in the expression given in (A.1)
occurs when (0, n) = 1and 7 = 1. We write (o, n) =1 - %KZ and t = 1 - 7. Hence,

Vs

2 Nis _ g2 2\¥4s _  N+2s t\2\2
(1+72-27(0, n) 1" = (2 + (1 - kD) T*5 ~ (1+(;) )
as t — 0. Moreover,
(TP - )@V Vs (- P - 1) - N = (1 - ON) = ¢ Bt2 + O(EP) ast — 0.

Hence,

(T—ﬁ _ 1)(TN—1 N 1+CS) J- _ t)—ﬁ _ 1)((1 _ t)N—l _ (1 _ t)N—1+Cs) it
(1+712-21(0,n))2* ] (£ + (1 - HK2) 7+

[N .

1

2K 2
N~ x
~ cor3N-2s J .
5 (L+x2)z*s
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IfN =2ands < 3, then

1-2s

Sy
™
N

for some M > O independent of k. f N =2 and s = %, then

1
x 2
J X pdx= (1)(1 +o(1)),
(1+x2)* K
0
andif N=3orN=2ands > 3, then
* oo
2
J dx — j X—N dx
] X2)2+s ) (1+X2)7+s
as k — 0. Since g, n € S¥1, there holds x? = 2(1 - (0, n)) = |0 — n|. Thus the claim follows. O

Proposition A.4. Assume N > 2,s € (0,1) and B < N with 8 # N — 2s. Then w — L pw is a continuous linear
operator from L4(SN-1) into L"(SN-1) forany 1 < q, r < oo such that

1 1 2(1-53)

r q N-1~

(A.3)

Furthermore, L; g is a positive (resp. negative) operator if < N — 2s (resp. N — 2s < f < N).

Proof. By Lemma A.3, forany € SN-1, we have Bg g(-, 1) € LSV 1) forall1 < a < g5 if N>30rN =2
and s > 3. Furthermore,
Bsp(-,me [ LUSH

1<a<oo

if N=2and s = 3, and B, g(-, n7) is uniformly bounded on S* if N=2and 0 <s < 3 The continuity result
follows from Young s inequality and the sign assertion from Lemma A.1. O

The above calculations justify the name of the fractional Laplace—Beltrami operator given to A since we have
the following relation.

LemmaA.5. Assume N > 2 and s € (0, 1). Then

(w(o) - w(n))

o - gp-iezs 3500+ Bsw(0),

Asw(0) = by sCPV J

where By is a bounded linear operator from L4(SN-1) into L"(SN~1) for q and r satisfying (A.3) and

T d
X
bN,s = 2an,s j T
5 O2+1)z7

Proof. 1f (o, 1) € SN-1 x SN-1, we set (0, ) = 1 — k2. Then

1
N-l4r J (N1 + 25 Y qr
5 (1+ 12 - 27{(0, )]))g+S

J I

Then we put t = 1 — 7. Hence when t — 0, we have after some straightforward computation

(N1 g2ty (2= (N+2s-2)t+0(E)(1+ Q29+ 0((5255)%)) 242+ 0(82)

(1+‘r2—2‘r(0,n))¥+5 N (t2+K2)¥+S (t2+xz)¥+5 :
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This implies

1
& + 03N JK &
(2 +1)27 ) (2 +1)5s

1
J (N1 4+ 257 dTN _yl-N-2s j dx ., 2-N-2s
5 L+12-27(0,1))2"* 241)5%s

O e

(0]

x2 dx

(x2+1)%+s’

Ot

1 N-2s J + 0(1) + O(K3—N—S)
5 (x2 +1)z

Since x = |0 — 1, the claim follows from Proposition A.4 and the kernel estimate in Lemma A.3. O

Lemma A.6. Under the assumption of Lemma A.5, there holds

l J wls pw dS| < C3s J w?dS forallw e L*(SN 1Y), (A.4)
SNfl SNfl
where )
s = J( J das(n) _ >(T_/3 _ )1 - Nl g,
(1+712-21{en,n))2"s

0 S§N-1

Proof. There holds, by the Cauchy-Schwarz inequality,

|SNJ1 wls pw dSI j(le Jl |a()iﬂj|f|:}(_az)lrc<iifiz1)>;1;f)>(T-ﬁ _ 1)1 - pN-lees g
< j( J | e _“’;('(1; 5 aS0n) dS(@)) x (8 = DI - -1+ g
0 sN-1gN-1 ,

1

: J (J( j (1+12 45 m )(T‘ﬁ— 1)|7N-? —TN_1+CS|dT)a)2(’1)dS(n).

SN-1 0 _2T<O-’ rl))iJrs

Since by invariance by rotation we have

J ds(o) _ J ds(o)
(1+12-2t(0, n))2*s (1+712-21(ey,0))3*

SN-1 SN-1

we derive (A.4). O

We denote the upper hemisphere of the unit sphere in RN by S$¥-1 = SN-1 RV,

Proposition A.7. Let N > 2,s € (0, 1) and N - 2s < 8 < N. Then there exist a unique As g > 0 and a unique (up
to a homothety) positive 1 € WS’Z(SIJY 1) such that

Asr = A plsppr  inSYL (A.5)

Furthermore, the mapping 8 — As g is continuous and decreasing from (N — 2s, N) onto (0, co). Finally, As g = 1
ifand only if f = N — s and 1 (0) = (sin ¢)°.

Proof. We first notice that

® _ 2
j wAswdS = 3 j j j (@) =®)” __ ¥-1 45(n) dr dS(o) (A.6)

N
gN-1 §N-1 0 gN-1 (1+712-27(0,1))="*
+ + +

forany w € CL(S¥~!). By Lemma A.5 and (A.3) withr = ¢ = 2,

') 2
J J J W@ -—om)” N2 ds(n) dt dS(o) < c36lwl?

Vo +c37llwl?
(1+712-21{(0,n))2""

WsZ SN—l) Lz(SN 1)

sN-1 0 gh-1
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where

el

. J J (w(0) - w(n))? dS(n) dS(o).

Wy st~ In — g|N-1+2s
SN—l sN—l
+ +

Since by the Poincaré inequality [16] there holds
2 2
||w||W3,z(sffl) 2 Casllwlle(Sffl),

we obtain that the right-hand side of (A.6) is bounded from above by
1 C37 2
(5(336 + ng)"w” W2 (si1y"
Next we use the expansion estimates in Lemma A.5 to obtain that

TN—l + TZs—l 1

— > — forallt=1-1 € (0, &) andall (o,n) € SV x SV,
(1+712-21{0, ))2* (2 +K2)27"S

where k = |0 — | < 2. Hence,

£0
. @
T’ N1 dr Cat ns [ dt
N 2 N :K —Ns.
2 _ 5+S 2 2\5 +S 2 5+
o (A+712-21(0,1))> 5 (2 +x2)2 o (2 +1)2
Therefore,

2 pfe sty

—_—

g
=
“n

S
QU
95}
\%

O 3

Finally, we obtain

1 T w(o) - 2
ol [ [ | O eVt ase drdsio) < esslol?

N W2 (sN-1y*
gN-1 0 gN-1 (1+712-27(0,n))="* EAR
+ +

We consider the following bilinear form in Wg’z(SﬂY -1y,

A, = J J J (@(0) = @D N-1 45(1) dr dS(o).

N
SN-10 g1 (1+72-21(0,1))= "

Then A is symmetric and there hold

1
A = > — 2
@ = | wtwdsz 5 —lol. 0,

N-1
Sy

and
% % C39
IA(w,OIS( I wAsa)dS) ( j (As(ds) < 22 g2 i gty

N-1 N-1
sV SN

By the Riesz theorem, for any L € W~52(SY~1) there exists w; € W5*(S¥!) such that
A(wr, ) =L forall { e wo*(sV1).

We set wy, = A;1(L). It is clear that AZ! is positive, and since the embedding of WS’Z(SIJY “1yinto L2(SN1) is
compact by the Rellich-Kondrachov theorem [16], A;! is a compact operator. Hence the operator

w e Ao L pw
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is a compact positive operator (here we use the fact that f > N - 2s, which makes B; g positive). By the
Krein—Rutman theorem, there exist y > 0 and 1 € WS’Z(S’)H), Y1 = 0, such that

Ao Lspr = py.

The function 1, is the unique positive eigenfunction and y is the only positive eigenvalue with positive eigen-
functions. Furthermore, p is the spectral radius of A;! o B p. If we set A5 g = u~*, we obtain (A.5). It is also
classical that A5 g can be defined by

Aop = inf{ J wAswdS : w e WSS Y), w >0, J WL pwdS = 1}. (A.7)
st sy

Using (A.1), Lemma A.2 and the monotone convergence theorem, we derive that the mapping

B I wlspgwdS
sh-1

is increasing and continuous. This implies that § — A g is decreasing and continuous. Since

J wlspgwdS — oo
sh-1
when 8 T N, expression (A.7) implies that As g — 0 when 8 T N. Next, if w > 0 is an element of Wg’z(SIf‘l)
such that
J wlspwdS =1,
s
we derive from the Poincaré inequality [16] and (A.4) that

C38
C35

2

9012

2
= C38”w"L2(SN’1) =
+

Since ¢35 — 0 when | N - 25, we infer that limg_,y_25 A5, = co. Consequently, the mapping 8 +— As g is
a decreasing homeomorphism from (N - 2s, N) onto (0, co) and there exists a unique s € (N — 2s, N) such
that As g, = 1. The following expression of the Martin kernel in RY is classical:

N
MY (x, y) = ensXlx —yI™ forallx e RY, y e oORY.

Henceify = 0, itisaseparable singular s-harmonic function expressed in spherical coordinates with x = (r, )
by
RY S—N /.3 s
M;*((r,0),0) = cy,sr° " (sin ¢)°.

This means that the function 0 — w(0) = (sin ¢)*, which vanishes on $¥~! and belongs to
Wy (SYHn Loy,

satisfies
Asw — L n-sw = 0.

The uniqueness of the positive eigenfunction implies that this function is 1; and f = N - s. O

A.2 The Nonlinear Problem

A.2.1 Separable Solutions in RY

If we look for separable positive solutions of

(-Au+uP =0 inRN (A.8)
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under the form u(x) = r25/?-Y (o), where x = (r, 0) € R, x SV, then w satisfies

Asw = Lg 2 0 + wP =0 inSN°T, (A.9)

Proposition A.8. Assume N >2 ands € (0, 1).
(i) Ifp = p3, then there exists no positive solution of (A.9).
(i) Ifp] < p < p3, then the unique positive solution of (A.9) is a constant function with value

1
€sp = (Cc35)P°T,
where c3s is the constant defined in Lemma A.6.

Proof. If p > p3, we assume that there exists a solution w > 0 of (A.9). Then w satisfies

J wAsw dS - J Wl 2 wdS+ j wP*tds = 0.

SN-1 SN-1 SN-1

Since p > p3, we have ¢ < 0, which implies

j wly 2s wdS <O.
V2

SN-1

Then w = 0 since the two other integrals are nonnegative.
Next, if p] < p < p3, itis clear that if w is a constant nonnegative solution of (A.9), then we have

) J aaalat

RPPE D dS(n)dt = w? forallo e SN1.
1+714-21(0,n))2

0 gN-1

Using invariance by rotation of the integral term on SN, we derive the claim. Conversely, assume w is any
bounded nonconstant positive solution; then it belongs to C2(SN-1) by [27]. Let 0 € SN~1, where w is maxi-
mal. Then Asw(og) > 0, and thus

(T_I% _ 1)(TN—1 _ TN—1+CS)

(1+712 - 2(g9, 1)) 2 *s

W(00) < £, 2 w(00) < w(o0) | | ds(n) dr = ¢35 0(00).

0 §N-1

Hence w(0o) < &5,p. Similarly, mingv1 w > & p, which is a contradiction. O

Corollary A.9. Assume N > 2, s € (0, 1) and p; < p < p3. Then the only positive separable solution u of (A.8)
in RN\ {0} is
2s
X = UX) = €5 plx| 7T,

A.2.2 Separable Solutions in RY

If we consider separable solutions x — u(x) = r_z% w(0) of problem (1.12), then w satisfies (1.13).
Proof of Theorem 1.7. We prove this in three steps.

Step 1: Nonexistence. Assume that such a solution w > 0 exists; then

I wAsw dS - J wly %wdS+ J’ wPdS = 0.
2
sh-1 sh-1 sh-1
Hence,
(As,p% -1) j wﬁs,%wd5+ J wPdS < 0.
sh-1 sh-t

If As,25/(p-1) = 1, equivalently p > pJ, the only nonnegative solution is the trivial one.
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Step 2: Existence. Consider the following functional with domain W3*(S¥~1) n LP*1(SN~1):

w - J(w) = j wAsw dS + !
p+1

N-1 N-1 N-1
SN SN SN

J WP ds - j WL, 2 w dS.

p

Because of Lemma A.6, J(w) — oo when ”a)"W(S),Z(SN—l) + ||a1||Lp+1(Sf71) — oo. Furthermore, for € > 0, we have
+

£p+1
Aep) =2 2 - 1) [ Wil undss o | waptas.

N-1 N-1
sV sV

This implies that inf J(w) < 0 if As»s/p-1) < 1, and thus the infimum of § in W5*(S¥1)n L2 (SN s
achieved by a nontrivial nonnegative solution of (1.13).

Step 3: Uniqueness. (i) Existence of a maximal solution. By [27], any solution w is smooth. Hence, at its
maximum oy it satisfies Asw(0p) = 0, and thus

w(oo)P < L %w(oo) < w(0p)C3s.
N

This implies that sup w < ¢5 . From this inequality the set £ c Wg’z(Sf 1) of positive solutions of (1.13) is
bounded in W*(S¥1) n L(sY~1), and thus in C5(SV-1) n C2(SY1) by [27]. We put w(0) = sup{w(0) : w € &}.
There exists a countable dense set 8 := {0} C Sf ~1 and a sequence of functions {w,} c & such that

Jim wy (o) = w(0k).

Furthermore, this sequence {w,} can be constructed such that {w, (o)} is nondecreasing for any k. Finally,
by a local compactness estimate, {w,} converges to @ in C5-8(SN-1) n C2(S¥~1) for any & € (0, s) and weakly
in W(S)’2 (SN-1). This implies that @ belongs to &. It follows from [27, Theorem 1.2] that any w € & satisfies

w(0) < cyo(dist(o, 0SN1))S = c40¢p° forall o e SN1. (A.10)

N N N
(ii) Existence of a minimal solution. From Theorem 3.7 follows that u],?* ) uf)Ro* and ufg is self-similar and
it is the minimal solution of (1.14) in lRﬂY which satisfies
RY
lim IQ’NO—(X) =00
O M (x, 0)
N s
Hence ugRg(r, 0) = F w(0) and w is the minimal positive solution of (1.13). Furthermore, it follows
from (3.30) that
w(0) > ¢4 (dist(o, OSN 1)) = ¢4 p° forall g e SN? (A.11)

if ¢ = ¢p(0) is the latitude of o.
(iii) End of the uniqueness proof. By combining (A.10) and (A.11), we infer that there exists K > 1 such
that
w<Kw inSY 1
Assume w #+ w; then

1 _
w1 =W - Z—K(w—g)
is a positive supersolution (by convexity) of (1.13). Moreover,

w) = (%-+ E%%>gl

is a positive subsolution of (1.13) smaller than w{, hence also than w. It follows by classical construction that
there exists a solution @ of (1.13) which satisfies w, < @ < w;, which contradicts the minimality of w. O
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