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Abstract: We study the following generalized quasilinear Schrédinger equation:

-(&2W)Vu) + gw)g' W)|Vul* + V(x)u = h(w), x eR",
where N > 3, g: R — R* is an even differentiable function such that g’(t) > 0 for all t > 0, h € C1(R, R) is
a nonlinear function including critical growth and lower power subcritical perturbation, and the potential
V(x): RN — Ris positive. Since the subcritical perturbation does not satisfy the (AR) condition, the standard
variational method cannot be used directly. Combining the change of variables and the monotone method
developed by Jeanjean in [L. Jeanjean, On the existence of bounded Palais—Smale sequences and application

to a Landesman-Lazer-type problem set on RY, Proc. Roy. Soc. Edinburgh Sect. A 129 (1999), no. 4, 787-809],
we obtain the existence of positive ground state solutions for the given problem.
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1 Introduction and Main Results

In this paper, we are concerned with the existence of ground state solutions for the following generalized
quasilinear Schrodinger equation:

—div(g?(u)Vu) + gw)g' (W)|Vul?> + V(x)u = h(u), xeRVN, (1.1)

where N > 3, g: R — R* is an even differentiable function such that g’(t) > 0 forall t > 0, h € C}(R, R) isa
nonlinear function, and the potential V(x): R¥ — R is positive.
Solutions of (1.1) are related to the solitary wave solutions for quasilinear Schrédinger equations of the
form
10z = ~Az + W(X)z - h(z) - Al(|z|2)1' (|2]?)z, (1.2)
where z: Rx RN — C, W: RY - Ris a given potential, and I, h: R — R are suitable functions. The quasi-
linear equation (1.2) models several physical phenomena and has been the subject of extensive study in
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recent years. When I(s) = s, (1.2) models the time evolution of the condensate wave function in super-fluid
film [20, 21]. This equation has been called the superfluid film equation in fluid mechanics by Kurihara [20].
In the case I(s) = (1 + s)%, problem (1.2) models the self-channeling of a high-power ultrashort laser in mat-
ter; the propagation of a high-irradiance laser in a plasma creates an optical index depending nonlinearly on
the light intensity and leads to new interesting nonlinear wave equations (see [2, 4, 7, 30]).

Set z(t, x) = exp(-iEt)u(x), where E € R and u is a real function. Then (1.2) can be reduced to the follow-
ing equation of elliptic type:

—Au + V)u — Al (w?)u = h(u), x e RV, (1.3)

If we take

2\1\2
g -1+ L

2
then (1.3) turns into (1.1).

Problem (1.1) also arises in biological models and propagation of laser beams when g(u) is a positive

constant. If we set g%(u) = 1 + 2u?, i.e., I(s) = s, we get the superfluid film equation in plasma physics

—Au+ V)u - Aw?)u = h(u), xeRVN. (1.4)
If wesetg?(u) =1+ 2(1+u2)’ ie,l(s)=(1+ s)z we get the equation
“Au+ VU - (A1 +u?)i]—2%—— —h(w), xeRY,
2(1 +u?)2

which models the self-channeling of a high-power ultrashort laser in matter.

Recent studies have been focused on problem (1.4) with h(u) ~ |ulP~2u at infinity for 4 < p < 22* and
N > 3, where 2* = 2N/(N - 2) is the Sobolev critical exponent. In the spirit of [25], this case is called sub-
critical growth. A positive ground state solution of problem (1.4) has been found in [28] and [23]. To obtain
it, a constrained minimization argument was used, which gives a solution to the equation with an unknown
Lagrange multiplier A in front of the nonlinear term. After that, Liu, Wang and Wang in [25] dealt with more
general quasilinear problems like (1.4); the positive and sign-changing solutions have been obtained by using
the Nehari manifold argument. In [24], by a change of variables, the quasilinear problem was transformed to
a semilinear one, an Orlicz space framework was used as the working space, and a positive solution of prob-
lem (1.4) was obtained by using the mountain pass lemma (see, e.g., [1]). This argument was also used later
in [6] by working in the usual Sobolev space H! (R"). Along this line, there have been a lot of works about the
existence and multiplicity of solutions for (1.4) with subcritical growth; we refer the readers to [12, 33, 35]
and the references therein.

However, to our knowledge, in the case of h(u) = |u[P~2u with lower power p € (2, 4), problem (1.4)
has been less studied. In [31], Ruiz and Siciliano considered (1.4) under some hypotheses on V(x) and
h(u) = [ulP~?u with 2 < p < 22*; a positive ground state solution was obtained by using a constrained min-
imization argument. Recently, Liu and Zhao in [5] dealt with (1.4) for some general hypotheses on the
nonlinearity h and the potential V. Their results can be regarded as complements of the main result in [31].

As observed in [25], the number 22* behaves like a critical exponent for (1.4). In fact, it was shown in
[25], by using a variational identity given by Pucci and Serrin [29], that (1.4) has no positive solutions in
HY(RN) with u?|Vul? € LY(RY) if h(u) = |u|P~2u, p > 22* and V satisfies VV(x) - x > 0 in R". As pointed by
Liu, Wang and Wang in [24], the critical case for (1.4) is very interesting. Concerning this case, Moameni
in [27] considered the related singularly perturbed problem and obtained a positive radial solution in the
radially symmetric case. Later on, positive solutions were established in [11] via the mountain pass lemma.
Recently, Liu, Liu and Wang obtained positive solutions for general quasilinear elliptic equations like (1.4)
in [26] by a perturbation method.

We point out that all the results mentioned above mainly focus on the special case I(s) = s. An interesting
question naturally arises: Is there a common method to study (1.3) with general functions I(s)?
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By introducing a change of variables as follows:
u
v==0GW)= Ig(t) dt, (1.5)
0

Shen and Wang in [32] studied the existence of positive solitary wave solutions for (1.3) with a general func-
tion I(s). The existence of positive solutions for problem (1.1) was obtained under some assumptions on g,
V and h when h is subcritical. By using the same change of variables and variational argument, the first
author, Peng and Yan studied the generalized problem (1.1) with critical growth, and obtained the existence
of positive solutions in [9].

In particular, the first author, Peng and Yan in [10] found that the critical exponents for problem (1.1)
with general g(u) are a2* if hmt_,Jroo = 1 = > 0 for some a > 1. Using this fact, they proposed the critical
problem for given g(s) (or I(s)) as follows:

—div(g?(u)Vu) + gw)g' W) |Vul® + Vou = h*(x, u) + [ul** 2u, xeRY, (1.6)

where h* : R¥ x R — R is a continuous function with subcritical growth. They established the existence of

positive solutions for problem (1.6) if g satisfies the following assumption:

(g1) g € C(R) is an even positive function, with g'(t) > 0 for all ¢t > 0 and g(0) = 1. Moreovet, there exist
some constants a > 1, f > 0 and y € (-o0, a) such that

gt)=pt*t+0("Y) ast—+c0 and (a-1)g(t) =g’ (Ot forallt=> 0. (1.7)

We point out that, in [10], the authors need the subcritical perburtation h*(x, u) satisfying the variant (AR)
condition, i.e., there exists u € (2, 2*) such that for any u > O and x € RY, we have

u
ayjh*(x, t)ydt < h*(x,wu, (1.8)
0

which usually plays a very important role in verifying that the functional has a mountain pass geometry and
showing a related (PS) sequence is bounded. To guarantee that the variant (AR) condition holds, they must
assume that the power p > 2a if the subcritical perturbation h* (x, u) = |u|P~%u.

The main purpose of the present paper is to establish the existence of ground state solutions for prob-
lem (1.1) under the assumption (g1), and without assuming the variant (AR) condition (1.8).

We say a nontrivial weak solution u of (1.1) is a ground state solution if I(u) < I(w) for any nontrivial
solution w of (1.1), where I is defined in (1.9).

To establish our main result, we need the nonlinearity h satisfying the following assumptions:
(h1) h e CY(R, R)and h(t) = 0forall t € (—c0, 0),
(h2) lim;_o- ([) = 0,
(h3) 11mH+,;,o taZ* =K>0,
(h4) there exist D > 0and 2 < p < a2* such that h(t) > Kt®®" -1 + Dt?~1 for t > 0.

Moreover, we assume that the potential V € C}(RN, R) satisfies the following conditions:
(V1) 0 < Vo < V(x) < Vo := limpy 0o V(x) forall x € R,
(V2) there exists a positive constant Co < (N— 2) such that

(VV(X) - x)| < |C—|02 for all x € RV \ {0}.

We observe that the variational functional associated with (1.1)

I(u) = % J g 2(w)|Vul? dx + = J V(ix)u? dx - J H(u) dx

RN ]R’V RN

may be not well defined in H*(RY). Moreover, the set {u € H(RY) : f]RN g%(u)|Vu|? dx < +oo} is not a linear
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space. To overcome this difficulty, we make use of the change of variables (1.5) to get

I(w) = J(v) = % JIVVIZ dx+% J VX)|GE(v))? dx - J H(G™Y(v)) dx, (1.9)
RY RY RY
where G™1(v) is the inverse function of G(u). Since g is a nondecreasing positive function, we get that
IG1(v)| < gﬁlvl. From this, it is clear that J is well defined in H'(R") and J € C! if h and V satisfy the
assumptions above.
If u is a nontrivial solution of (1.1), then it should satisfy

[ 182 @0vave + gg @ivure + Voup - aop) dx = 0 (1.10)
]RN
forall p € CP(RN). Let ¢ = ﬁlp. It can be checked that (1.10) is equivalent to

G'(v) W - h(G™(v))
g(Gt(v) " g(Gl(v)

J W),y = J [Vvle + V(%) Y|dx=0 forally e CPRY).

]RN
Therefore, in order to find nontrivial solutions of (1.1), it suffices to study the following semilinear equation:

G'v)  hGT'(v) _
g(G1v) g(Gv)

Now, our main result can be stated as follows.

—Av + V(x) 0, xeRV. (1.11)

Theorem 1.1. Assume (g1), (V1)-(V2) and (h1)—(h4) hold. Then, for all D > 0, there exists a positive ground
state solution for problem (1.1), which is equivalent to (1.11), if either p > % +y* for 3<N<6 or
p> max{% +y*,2a} for N > 6, where y* = max{y, 0} and y € (-co, a) is given by (1.7). Moreover, for
problem (1.1) there still exists a positive ground state solution provide that 2 < p < a2* for N >3 and D > 0

sufficiently large.
As a special case of Theorem 1.1, for h(t) = K|t|*2" =2t + D|t|P~2t, we can verify the following corollary.

Corollary 1.2. Assume (g1), (V1)-(V2) and let h(t) = K|t|*? =2t + D|t|P~2t. Then there exists a positive ground
state solution for problem (1.1), which equivalent to (1.11), for all p € (2, «2*) if D > 0 is sufficiently large.

To prove our main result, we make use of the monotone method due to Jeanjean [17], where the author studied
the problem of the form
—Au + Ku = f(x,u), xeRN,

where K > 0 is a constant and f(x, t) is asymptotically linear in ¢ at infinity and periodic in x;, 1 < i < N. To
this end, we introduce a family of C!-functionals defined as

JA(v) = % j(ww2 + VOIG (W)P) dx - A I H(G (v))dx forallA e [% 1].

RN RN

By (V1) and Proposition 2.6 below, for a.e. A € [1, 1], there exists a bounded (PS)., sequence {v,,} ¢ H}(RN)
for J5, where c, is given in Lemma 4.1 below. To prove the convergence of the bounded (PS)., sequence for J,
and obtain a nontrivial critical point v, of Jy with Ja(vy) = c) fora.e. A € [%, 1], we need to establish a version
of the global compactness lemma related to the functional J; and its limiting functional

JRW) = % J(|W|2 + Vool GL()2) dx - A J H(G™(v)) dx.
RN RN

Finally, choosing a sequence {(Am, v4,,)} € [3, 1] x HY(RY), with A,, — 1 as m — co, we can prove that {v,, }
is abounded (PS) sequence for J = J; due to the Pohozaev identity and Hardy’s inequality. By using the global
compactness lemma again, we complete the proof of Theorem 1.1.
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To apply the global compactness lemma, we first need to consider the existence of ground state solutions
for the following equation:

G'(v) h(G'(v)
gGv) &G
which can be viewed as the limiting equation of (1.11). We define the corresponding energy functional for
the equation (1.12) by

~Av + Ve 0, xeRVN, (1.12)

J® ) = % j [Vv|? dx + % J Vool GE(v)|? dx — J H(G™(v)) dx. (1.13)
RY RN RY
When h possesses general assumptions, it seems difficult to prove that J* possesses a bounded (PS) sequence
by using the mountain pass lemma. To overcome this difficult, we need to use the technique developed in [15].
More precisely, by studying the behavior of J o (y(e~fx)) for 6 € R, we construct a (PS)ce sequence {v,} with
the extra asymptotically property (see Proposition 3.2)

P(vy,) >0 asn — oo,

where ¢ is the mountain pass level of J* and P(v) = 0 is the Pohozaev identity related to problem (1.12).
From this fact we can prove the boundedness of the (PS).~ sequence. Proceeding by the standard variational
method, the existence of ground state solutions for equation (1.12) is established.

From the assumption of (V1), we can introduce an equivalent norm of H*(RV) defined as

M= ( juvwz ¥ V(X)vz)dx)%.

RN

And denote the usual Lebesgue space by L9(RN) with norm Ivilg = (J']Rvalq dx)%, 1<g<oo.

The outline of this paper is as follows. In Section 2, we provide some preliminary lemmas which will be
used later. In Section 3, we analyze the limiting equation (1.12) and show the existence of positive ground
state solutions. In Section 4, we employ the monotone method developed by Jeanjean in [17] to prove Theo-
rem 1.1.

2 Some Preliminary Lemmas

In this section, we first give some properties for g and G. We can find the proof of the following lemma in [10].

Lemma 2.1. The functions g(t) and G(t) = jé g(1) dt enjoy the following properties under assumption (g1):
(1) G(t) and G~1(s) are odd.
(2) Forallt>0,s >0, s
G(t) <ght, GHs)< —-.
() < () <25

(3) Foralls >0, @ is nonincreasing and

. GYs) 1 . GUs) |gey ifgisbounded,
lim =—, lim ——22 = J 8(c0)
s=0t S 8(0)" smto s 0 if g is unbounded.
(4) Foranyt > 0, we have
.Gty B
aG(t) > g(t)t and tEE—noo =

(5) t* < éG(t) forall t > 0, and there exist some constants C > 0 and M > O such that

ox (L) (8 = -co0r e

where y* = max{y, 0}.
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For simplicity, we may assume that K = 1 throughout this paper, where K is given in assumption (h3). Let

G (s) ) nG\(s) a7

2-2g 2.1
sGin) T gcie) g (21

flx, s) = V(x)(s -

H 1 aZ*—l .
F(x,s) = If(x, D dr = SV(s* - 16 S)) + HG () = Il
0

_ Gls) \ hGs) ar ' .,

7 = Veols = oim10) * a0 - g (22
£ (; 1 2 -1 1 o
F(s):Jf(‘r)drszm(s C167Ye)P) + HG Ns) - L Sl 2.3)

Lemma 2.2. The functions f(x, s), F(x, s), f(s) and F(s) enjoy the following properties under assumptions (g1),
(V1) and (h1)—(h3):

(1) limg_o+ f("—s =0, lims_,o+ M =0, lim,_o+ L [®) _ 0 and limg_,o+ F =0 unlformly inx e RV,
(2) limg_ 400 f(’if =0, lims_ 00 (X S) =, hmsﬂ+OO ’; =0and llmsﬂmo z = O uniformly in x € RN,

Proof. From (h2) and Lemma 2.1 (3), we get that

f(x s)

RGs))
= voo(1- £2(0) )+ Jim 58(G1(s))
CRGNs)  GMs)
“00 TGi(s)  sg(Gls)

s—>0+

by using the L’Hospital rule, it follows that limg_,o+ E (" ) 0.
From (h3), Lemma 2.1 (4) and the fact that s = G(t) we have

hGls) h(t)
A TG () o 5067 T
h(t) taz*—l az*—l

im . = s
(Sie0 (27T (OGO T B

which, together with (2.1), can verify that limg_, o, = 0. Furthermore, the L’Hospital rule gives that
lims_ 100 (X S = 0.

By the same computation, we can deduce that f(s) and F(s) satisfy points (1) and (2). O

The following Pohozaev type identity can be deduced by a standard argument (see [8, Lemma 1.1]).

Lemma 2.3. Assume (g1), (V1)-(V2) and (h1)-(h4) hold. Let v be a weak solution of problem (1.11). Then we
have the following Pohozaev identity:
¥ J VI dx + g J VOOIG L ()] dx + % I (VYO0 - 06 W) dx = N J H(G™(v)) dx.
RY RY RY RY

Using the Brezis—Lieb lemma in [3], we can prove the following lemma.

Lemma 2.4 (See [36, Lemma 2.2]). Suppose that p € C(RN x R) and there exists a constant T < +co such that

<T and hmp(x )
S—00 |S|2

0|p(X» )| =0 uniformlyinx € RV,
S—)

Let {un} ¢ HY(RN) be a bounded sequence and u € H'(RN) with u, — uin H*(RY). Then
nli_)nolo[ J P(x, uy) dx — J P(x,u)dx - J P(x,u, —u)dx| =0
RV RN RV

where P(x, s) = fgp(x, t) dt.
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The following general minimax principle is due to Willem [34].

Lemma 2.5 ([34, Theorem 2.8]). Let X be a Banach space. Let M be a closed subspace of the metric space M
and Ty c C(My, X). Define

T2{neCM,X):nlu, € Tol
If € C1(X, R) satisfies

oo > ¢ = infsup g(n(u)) > a = sup sup @(no(u)),
nel yem no€lo ueMo

then, for every € € (0, (c —a)/2), 6 > 0 and n € T such that supy; ¢ o1 < c + €, there exists u € X such that
@ c-2e<p(u) <c+2e,

(b) dist(u, n(M)) < 26,

© llo'@l < 8¢/8.

On the existence of bounded (PS) sequences, we shall introduce the following abstract result developed by
Jeanjean [17].
Proposition 2.6. Let X be a Banach space equipped | - |, and let L ¢ R* be an interval. We consider a family
(INxeL of Ct-functionals on X of the form
Iy(u) = A(u) - AB(u) foralld e L,

where B(u) > O for all u € X, and such that either A(u) — +oo or B(u) — +oo as ||u| — co. We assume that
there are two points (v1, v,) in X such that, by setting

I'={y € C([0,1], X) : y(0) = v, y(1) = va},
we have, forall A € L,

cx := inf max Ii(y(t)) > max{Iy(v1), [rA(v2)}.
yel te[0,1]

Then, for almost every A € L, there exists a bounded (PS)., sequence in X. Moreover, the map A — c, is contin-
uous from the left.

3 The Limiting Problem

In this section, we consider the limiting equation (1.12). The norm on the H*(R") is taken as

vl = ( j(wwz FVr?) dx)i.
IRN

From (2.2) and (2.3), we find that equation (1.12) can be rewritten as

27-1
“AV+ Vv =f(V) + aﬁz* V2 2y, xeRV, (3.1)
and the functional J* defined in (1.13) can be rewritten as
o 1 ) 1 5 _ a1 5
J (v)=—J|Vv| dx+—JVoov dx—JF(v)dx— - J|V| dx.
2 2 2+ p2
RV RN RV RV

In view of Lemma 2.3, if v € H'(RV) is a weak solution of equation (1.12) or (3.1), the Pohozaev identity can
be rewritten as follows:

P(v) 2 _NZ_ 2 J|VV|2 dx + g J Vool G (V)[*dx — N J H(G™'(v)) dx
RN RN RN
B ) 2.1 .
S22 (i acs 5 [ verax-w [ Fwmax- S5 [ ax-o. 3.2
et RN RN ﬁ RN

We verify that the functional J* exhibits the mountain pass geometry.
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Lemma 3.1. The functional J* satisfies the following:
(i) thereexist a, p > O such that J®(v) > a forall |v| = p
(ii) there exists w € H(RY) such that |w| > p and J®(w) < 0.

Proof. From Lemma 2.2, we have that for any € > 0, there exists a C, > 0 such that F(v) < ev? + C¢|v|%". By
choosing ¢ sufficiently small, the Sobolev inequality gives

27 -1

J®W) = % J.(|Vv|2 + Veov?) dx - J F(v)dx - ;«—2* I [vI?" dx
RN RN ﬁ RN
2*-1
> % I(wwz + VeoV?) dx - J(svz + Celvl?) dx - S J vI* dx
RN RN ﬁ RN

2 2"
= Clvl* - Clvi® .

If we choose ||v|| = p small, then J*(v) > a > 0, and we can get (i).
On the other hand, for given ¢ ¢ C8°(1RN, [0, 1]) with supp(¢) = B, from (h4) and Lemma 2.1 (2) and (5),
we have

12(tg) = 3¢ [ Vg dx+ 3 [ Vel o) dx ~ [ HG (1)) dx

RN RV RN
1 1 .
<5 JIV(plzdx+ e J Veoo? dx — = JIG . J 167 (t) 2" dx
RN RN ]RN {x:1G=1(tp)|>M}
1, 2 1, 3 ot 2 2521+ L
< 2t [Vl dx + 2t Voop? dx *Bz*t lpl- dx+ Ct a
RN RN (x:|G-1(t)|>M}
+ J lp]? % dx - —co ast — +0o,
{x:|G"1(tp)|=M}
which gives (ii) if we take w = t¢ with ¢ sufficiently large. O

In view of Lemma 3.1, we can define the mountain pass level of J*°(v) by

c® 2 inf max ]O"(n(t)), (3.3)
nel'* telo,

where
= {n e c([0, 1], H'®RM)) : n(0) = 0, n(1) = w}.

Now, we will construct a (PS) sequence {v,,} ¢ H(RN) for J°(v) at the level ¢® with P(v,) — 0asn — co.
Proposition 3.2. There exists a sequence {v,} ¢ H*(RN) such that
J®W,) — c®, J®)(vp) -0 and P(vp) >0 asn — oo.

Proof. Following the idea in [15, 16], we define the map @: R x H'(RY) - H}(RN), for 6 € R, u ¢ H'(RN)
and x € RN, by ®(6, u) = u(efx). For every 0 € R, u € H'(RY), the functional J* » ® is computed as

1 1
J® o @6, u) = Ee(N‘Z)e I |Vu|? dx + EeNe I Vool G 1 (w)|? dx — eN? J H(G Y(u)) dx.
RN RN RN
By Lemma 3.1, we can easily check that J* o ®(6, u) > 0 for all (6, u), with 0], [|ullgrv) being small and
J%° o ®(0, w) < 0, where w is given in Lemma 3.1. Hence, J* o ® possesses the mountain pass geometry in
R x HY(RN). As a result, we can define the mountain pass level of J® o @ by

¢® 2 inf max J o D(ii(1)),
YlEroo te(o,

where
={fn € C([0, 1], R x HY(RN)) : 1(0) = (0, 0), (1) = (0, w)}.
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AsT® ={Dof: 1) € T}, the mountain pass levels of J* and J* o @ coincide, i.e., c® = ¢. By Lemma 2.5,
we see that there exists a sequence {(0,, un)} in R x HX(RV) such that, as n — co,

J® o @0y, uy) — ™, (3.4)
(J%® o @) (0, uy) — 0 in (R x H (RV)™, (3.5)
6, — 0. (3.6)

Indeed, sete = ¢, = %, 6=06n= % in Lemma 2.5. Then (3.4) and (3.5) are direct conclusions of (a) and (c) of
Lemma 2.5; we just need to verify (3.6). In view of the definition of ¢ in (3.3), fore = ¢, = %, there exists
Nn € I such that

1
max J® ) <c®+ —.
max J*(nn(6) >

Set 7n(t) = (0, na(t)). Then

1
OOO = — (o) (o)
tre?c"i)f]] D(f1(1)) tre?&’f]] (Ma() <c toa

By Lemma 2.5 (b), there exists (6, un) € R x H'(RY) such that dist((6r, un), (0, (1)) < 2. Then (3.6) holds.
Set v, = ®(0,, u,). We have
J®°(vp) = ¢® asn — oo.

Since, for any (h, W) € R x H}(RYN),

(T o @) (6, un), (h, W)) = (U®) (vn), ®(Bn, W)) + P(vy)h — 0 asn — oo, 3.7
taking (h, w) = (1, 0) in (3.7), we have

P(vy) - 0 asn— oo.
For any u € H(RV), set w(x) = u(enx), h = 0in (3.7). Then we get
(T%) (vn), u) = 0p(1)u(e®x)]| = 0n(1)llul
for 6, —» 0as n — co, where 0,(1) — 0 as n — oo. Thus, we have
J®)(va) >0 inH'(RY)asn — co.

Therefore, the lemma is proved. O

Lemma 3.3. The sequence {v,} ¢ H'(RN) given in Proposition 3.2 is bounded.

Proof. To show the boundedness of {v,}, we see that

1 1
€+ 04(1) = I () = Pva) = o [ 1Vval? dx
]RN
which implies that I]RN |Vvyn|? dx < C. Next, we only need to show the boundedness of j]RN v2 dx. In fact, recall
that (J*)'(v,) — 0, and by Lemma 2.2, we have, for any € > 0, that there exists C. > 0 such that

27-1

_ a %
[ rovat? x| veoviax= [ Fomvadcr T [l dcs @) o, v
RN RN RN RN
) M
<2 [ Viaxsce [l dxs 100 0ol val
RN RN
& &
<2 [ awva e vhyaxs co [ 19l der SWvall + CIO®Y Gl oy
RN RN

By choosing € > 0 small enough, we obtain that {v,} is bounded in H*(RN). O
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Now, we will give an appropriate estimate on the mountain pass value ¢*. To this end, we introduce a well-
known fact that the minimization problem S = inf{||Vv|3 : v € D12(RN), |[v|,- = 1} has a solution given by

N-2
N(N -2)e) & p N
we) = BN=2O T ond vwel? = el = 5%,
(e+x12)=
Let ¢ € C8°(1RN, [0, 1]) be a radial cut-off function such that ¢(x) =1 if [x| < 1, ¢(x) = 0 if |x| > 2 and
[Vl < 2. Set P(x) = p(x)we(x). Then we get the following estimations (see [10]).

Lemma 3.4. Y. (x) satisfies the following estimations as € — 0:

J IViel?dx = S? + 0(e'7), J [Pel? dx =S? + 0(e?),

RN RN
J|lpg|dxs Cce'?, j|lpg|2*-1 dx < Ce"7, J|V7,[)g|dXS e,
RN RN RN

Ce + 0(e'T) for N = 5, Ce’zv S fort> 5
Jlllisl2 dx = {Ce|lne| + O(e’T) forN = 4, Jll,bgltdx =4ce“Pnel fort= %,
RV 0(e?) forN =3, RY 0™ ) fort < #%5.

Now we are ready to prove the following result.
Lemma 3.5. Assume (g1) and (h1)-(h4) hold. Then, for all D > 0, the level
BN

N+2
Na =

a(N+2

c® <

holds if either p > ”‘(N+2 +y*for3 <N <6orp>max{=y—>- +y*,2a} for N > 6. Moreover, the same conclu-
sion holds provided that 2<p<a2*forN=>3andD >0 suﬁiczently large, where D is given in assumption (h4).

Proof. Since J*®(0) = 0 and lim¢_, o, J®°(t1¢) = —0o, we can prove (see [9]) that for € > 0 small enough, there
exists a constant t > O such that
]Oo(tsl.bs) = I?&)X]m(tlps)

and
0<Ai <t <Ay <+00, (3.8)

where A, and A, are positive constants independent of €.
Now, we are going to estimate J*°(t.1,). From (h4) and Lemma 2.1 (4) and (5), we have
o0 t; 2 1 -1 2 -1
It = = [ 199e dxr 3 [ Vol G (ol dx— [ HG (e dx

RN RN RN
2
f jww dx + CE2 j P2 dx—g j G- L(tee)P dx

lRN RN {x:1G (kW)= M}

1 _ .
T a2 |G 1(t£lp£)|a2 dx

(|G (teype)|I=M}

I/\

2 )
%f J|vlpg|2dx+Ct§ j Y2 dx - C-Dtf J el dx

IA

RN RN |G (tepe) =M}
27-142* +
a t . 2% —1+L .
T el dx+Ct; " ° J. el
|G (tepe) =M} {x:|G71(te1pe) =M}
By a direct calculation, we have

el 7T ds [ dxs ce RO, (3.9)
{elG 1 (tewpe) 12 M} RN
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By choosing ¢ > 0 small enough such that, for |x| < V&, e = we > Ce~ "+ and |G~ (t:1¢)| > M, one has
Wel? dx J el % dx = 0(e3-"=P), (3.10)
{x:|G1(terpe) =M} B .z(0)

By choosing € > 0 small enough and fixing a small constant &9 > 0 such that |G™1(t.y.)| = M for
|x| < €9+4/€, we have that

el dr> | el dx =5+ 0ce®). (3.11)
{(x:1G1 (tepe) | 2M} B, 4:(0)

It follows from Lemma 3.4 and (3.8)—(3.11) that

e+0('T)  ifN>5,

t2 2*—1t2* > + 2
Iotepe < (5 - et )T+ GO €Dt L Celnel + 0le) N - 4,

0(e?) if N =3,
e+0( ) ifN>5,

N N .
< ﬁsg +Ce' T D) _C.De? =P + C{ellne| + O(e) ifN =4,
az
0(e?) if N =3,
N
2 Nﬁ# ST 41

In the following, we only need to prove that I < O for small €. By a simple computation, we have some cases

as follows:

o Forthecasewhen3 <N<6,p >
forall D > 0 as € > 0is small.

o Forthecasewhen2 < p < a2*, wecantake D = €77, which again gives that I < 0 as € > 0 is small, where
=112 +(N23‘—;'2for3 < N < 6and 7 = max{%?2 +W,¥— N=2} for N > 6.

As a result, the proof is completed. O

a(N+2) { a(N+2)

+y*orN > 6,p > max +y*, 2a}, we can verify that I < 0

Proposition 3.6. Assume (g1) and (h1)-(h4) hold. Then the limiting equation (1.12) has a nontrivial solution
7 € HY(RN).
Proof. From Proposition 3.2 and Lemma 3.3, we deduce a bounded (PS).~ sequence {v,} for J°, with
P(v,) — 0. Let
8 = lim sup sup J [val? dx.
n—0o0  yeRN

Bi(y)

If § = 0, then, by Lions’ compactness lemma [22],
Vn— 0 inLI(RN)for2 < g < 2*. (3.12)

Since ((J*®)'(vn), vn) = 0,(1), it follows form (3.12) that

2" -1
j|an|2 dx + j Veov2 dx - “Bz* j|vn|2* dx = 0n(1).

RN RY RN

Recalling that {v,,} ¢ H}(RM) is bounded, up to a subsequence, we obtain

2%-1
>0 asn — oo,

a
jIanl2 dx + J VooV2 dx — 5

RN RN

where
[= lim lenlz* dx
n—oo

RN
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It is easy to check that I > 0. Otherwise, |v,|| = 0 as n — oo, which contradicts ¢® > 0. From the definition

of S, we have that
2

J |Vvn|? dx + J VooVa dx > J |Vvn|? dx > S( j [Val? dx)T*.

]RN IRN IRN IRN
Taking the limit as n — oo, we obtain [ > ( [ji,l S)% On the other hand, since J*(v,,) — ¢, we get
a
1 1 a2 1 .
c® = 3 J [Vva|? dx + 5 J Voov% dx — W J [Val?" dx + 0n(1)
RN RN RN
2°-1 N
:(l_i*)ale ﬁmz S%’
2 2/ B Na'z

which contradicts Lemma 3.5. So § > 0 and there exists a sequence {y,,} ¢ R" such that

B
j v2dx > 5 >0 (3.13)
Bi(y»)

Let 7,(x) = vo(x + yy). Then {¥,} is still a bounded (PS).~ sequence for J* with P(,) — 0. By (3.13), up
to a subsequence, we may assume that there exists 7 ¢ H!(RV) \ {0} such that
g — ¥ in H(RY),
(RY), 1< ¢ <2,

p— 7 ae.inRY.

Vn—> 7 inL{
Hence, v is a nontrivial solution of equation (1.12). O
Motivated by the idea in [18], we have the following lemma.

Lemma 3.7. Let u be a nontrivial solution for equation (1.12). Then there exists a path n € C([0, 1], HYRN))
such that n(0) = 0, J*(n(1)) < 0, u € ([0, 1]) and maxye[o,1) J*(n(t)) = J*(u). Moreover, 0 ¢ n((0, 1]).

Proof. For a nontrivial solution u € H!(RN) for equation (1.12), we set
X
u(x) = u(T) for t > 0.
By the Pohozaev identity (3.2), we have

T (uy) = %H“ JIVulzdx+ %tN J Vol G W% dx - £V J H(G Y (u)) dx
RN RN RN
(I, 1y 2
= (Et _?t ) Jqul dx.
]RN

We can see easily that

(i) maxeoJ®(ur) =J®(u),

(i) J*®(u¢) —» —coast — +o0o,

(iii) fluel? = 92 [y IVul? dx + tN [\ Veou? dx — Oast — 0.

We choose L > 1 such that J*°(u) < 0 and set n(t) = uy; for t € (0, 1], n(0) = 0. This is the desired path. [

We end this section by showing the existence of ground state solutions for the limiting equation (1.12). We
say that w(x) is a ground state solution of (1.12) if J*°(w) = m*, where

m® =inf{J®() : u € HY(R") \ {0} is a solution of (1.12)}.

Theorem 3.8. The nontrivial solution 7 € H*(RN) given in Proposition 3.6 is a positive ground state solution
of (1.12).
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Proof. Let ¥ be the solution of (1.12) obtained in Proposition 3.6. By Proposition 3.2 and Fatou’s lemma, we
have that

JRW) =J®W) - lP(f/) = 1 J |Vi|? dx < liminfl J |Virn|? dx = liminf[]o"(f/,,) - lP(f/n)] =c®.

N N n—-oco N n—oo N
RN RN
On the other hand, as a consequence of Lemma 3.7, we know that J*°(¥) > ¢®. Hence, J*°(V) = c®°.

Now we claim that v is the ground state solution of (1.12). Otherwise, there exists a nontrivial solu-
tion w of (1.12) satisfying J*°(w) < J*°(¥). By Lemma 3.7, there exists a path n € C([0, 1], H(RM)) such that
n(0) = 0,J*°(n(1)) < 0, w € n([0, 1]) and max¢e(o,1; J*(n(t)) = J*°(w). Moreover, 0 ¢ n((0, 1]). It follows from
the definition of ¢® that J*(w) > ¢*™ = J*°(¥), a contradiction. Hence, J®(¥) = ¢® = m®. By the standard
regularity argument and the strong maximum principle, we can show that ¥ is positive. O

4 Proof of Main Result

This section is devoted to the case when the potential V(x) is not constant. Set L = [%, 1]. We consider a family
of C!-functionals on H!(RRN)

v =3 [ a9 + veoi6 Py dx - A [ HG vy dx foralia e [5:1]
RV RV
Set 1
AW) =5 J(IVVIZ + V()G (v)?)dx, B(v)= j H(G(v)) dx.
RN RN

We have J;(v) = A(v) — AB(v) and it is easy to see that B(v) > 0. Also, if |v|| = (J]RN(|VV|2 + VO)v2) dx): — +00,
then either [ ,[Vv|? dx — +coor [ V(x)v? dx — +0o. The former implies A(v) — +oo directly. On the other
hand, by Lemma 2.1 (2) and the Sobolev inequality, we have

J Vix)v? dx = J Vi)v? dx + J V(x)v? dx
RN {x:lv(x)|<1} {x:|v(x)|>1}

<g%(1) j VO)|GL () dx + J VOOIv)? dx

{x:lv(x)<1} {x:lv(x)1>1}

2%
<g’(1) j V(x)|G—1(v)|2dx+c( J|VV|2dX) .
x:lv(x)|<1} RN

which implies that the latter gives A(v) — +oco as well.
ForA e [3,1], let

! -1 2-1
f}((X,S):V(X)<S_ G (s) ) h(G(s)) Aa 22

g(G~1(s)) g(G~1(s)) B>
and
S *
1 2 e-1iey2 -1 Aa®t o
Fa(x,s) = IfA(X, t)dt = EV(X)(S =G (s)|°) + AH(G " (s)) - 2B s|© .
0
Hence, the functional J) can be rewritten as
L) = = J(lelz +VOOV?) dx J Fagovydx - 2 J|v|2* dx
Av) =3 A, 2B .
IRN ]RN IRN

Moreover, by Lemma 2.2, it is easy to verify that the functions f3(x, s) and Fj(x, s) satisfy

0, lim %S _o gy 1005) RS o @
s—0t S S§—+00 S§< T S

=0 and lim
S—+00

lim frx,s) _
s—0t S

uniformly in x € RN and A € [3, 1].
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By the standard argument, as in the proof of Lemma 3.1, we can verify that the functional J; has a
mountain pass geometry.

Lemma 4.1. Assume (g1), (V1) and (h1)-(h4) hold. Then, for all fixed A € [%, 1], the functional J; satisfies the
following:

(i) there exists w € HY(RN) \ {0} such that Jy(w) < 0,

(ii) ca = infyer maxecjo,1) Ja(n(t)) > max{ja(0), Ja(w)}, where

I ={n e C([0, 1], HLRM)) : n(0) = 0, n(1) = w}.
From Theorem 3.8, we conclude that for any A € [%, 1], the associated limiting equation of J, given as

o G'v  h(G'(v) _
“g(Gl(v) T gGv)

has a positive ground state solution in H'(RY), that is, there exists u(x) >0, for all x € RY, such that
U2 (us®) = 0 and J* (uy®) = my°, where

0, xeRN, (4.2)

ms = inf{J3°(u) : u € HY(RY) \ {0} is a solution of (4.2)}

and
J(v) = % J(IVVIZ + Vol GH(v)|?) dx - A J H(G™(v)) dx.
RN RN
Motivated by the ideas in [19] or [13, 34], we can establish a version of the global compactness lemma
related to the functional J, and its limiting functional ]j".

Lemma 4.2. Assume (g1), (V1)-(V2) and (h1)—(h4) hold. Let A € [5, 1] be fixed and let {vy} ¢ H'(RN) be a
bounded (PS)., sequence for J, with c; € (O, A5 BNS 5 /(Na¥ )). Then there exist a subsequence of {v,}, still
denoted by {v,}, an integer | € N U {0}, a sequence {yk} c RN and wX ¢ H'(RN) for 1 < k < l such that

(i) vn— vin HY@N) with Ji(v) = 0,

(i) [yK| - +oco and |yk - y¥'| - +oo fork + k',

(iii) w* # 0 and J*)' (wk) =0 for1 < k <1,

(V) Iva = v = iy WHC- = ¥Rl = 0,

V) Java) = Ja(v) + Yy T (W),

where we agree that in the case | = 0, the above hold without w* and {yk}.

Proof. Since {v,} c H'(R") is bounded, we may assume, up to a subsequence, v, — v in H*(RM). So
J},(vn) — 0 implies that for any 1 € CP(RV),

-1
Jivn), ) = J VvV dx + J V(X)%l[) dx -2 J

RN RN RN

h(G™*(vn))

mlp dx = ox(D)|Yll

as n — oo. By using the Lebesgue dominated theorem, we can obtain that J} (v) = 0. Thus, (i) holds.
By Lemma 2.3, the Pohozaev identity gives that

1 1
hw) = ¢ jwwz dx- 5 j(vwx) 016 (W) dx.
RN RN

From (V2) and Hardy’s inequality (see [14])

92 2
I|VV|2 dx > N -2) I Y dx forallv e H\(RY),
4 [x|?
RN RN
we conclude that
1 N (N-2)% [ v? (N -2)? 5 1 )
N I|Vv| dx = N j dez “ANCy J(VV(X)-X)V dx > SN J-(VV(X)'X)V dx.

RY RN RN RY



DE GRUYTER Y. Deng et al., Ground State Solutions for Quasilinear Schrédinger Equations =— 233

Therefore, from Lemma 2.1 (2), we obtain that

Ia(v)=C I |Vv|? dx > 0. (4.3)
IRN

Step 1. Set v} = v, — v. Then we have that

(1a) [IVEl% = Ivall® = IVI? + 0n(1),

(1b) IvEI3: = lvall3: = VI3 + on(1),

(10) Javn) = Ja(v) = J¥(vp) + 0n(1),

(1d) J)'(vy) — 0in HY(RV).

The proof of (1a) and (1b) are standard and follow from the Brezis—Lieb lemma. By (4.1) and Lemma 2.4, we

can check that
J Fa(x, vi)dx = J Fa(x, vy) dx — J Fa(x, v) dx + 0n(1). (4.4)
RN RY RN

Combining (1a), (1b), (4.4) and the fact that v} — 0 in H'(RN), we deduce that

JAv) = Ja(v) = Javp) + 0n(1) = J (Vi) + 0g(1),

which gives item (1c). Finally, we prove item (1d). By the elliptic estimate, we have v € L*(RY). From [34,
Lemma 8.9], one has

‘ I (Va2 " 2vy = V227 = v = V2 2 (v = W) dxl —on(DYll forallp e CPRY).  (4.5)
]RN
By a similar argument as that used in the proof of [34, Lemma 8.1], we also have
‘ I (fax, v) = fa0x, v) = fa(x, vi) )y dX| = on(D[Y] forallyp e CF(RY). (4.6)
]RN
On the other hand, a direct computation shows that
Thva) = i) 9 = [ (Vv = TV + VOO = Vi) dx = [ (£, vi) = Fax V) dx

RN RN
Aa? 1 ) )
~ g J(|vn|2 v, — v ?v)pdx  forall i € CP(RY). (4.7)

]RN
Combining (4.5)-(4.7) and the fact that v} — 0in H'(R"), we have
) R, ) = JLR), ) + 0n(1) = J4(vn) = J3(V), ) + 0n(1) = 0n(1).

Hence, {v}} is a (PS) sequence of I
Let

Vanishing. If ¢! = 0, by Lions’ compactness lemma [22],
vi -0 inLI(RN)for2 < g <2*. (4.8)

Combining (1c), (1d) and (4.8), we deduce that

1, 1., Aa® 1 10
Javn) =Jav) = S lvall” - 25T Ilvnl dx + o0n(1)
]RN
and -
Aa“ ~ .
AP = [ a2 dx+ 0n().

RN
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Without loss of generality, we may assume that

2*-1
A" r0 and j|v;|2* dx — &> 0.
IRN

12
Wil = 7

By the Sobolev inequality, we have
WiI? > Jwv,ﬂz dx > s( J|v}l|2* dx)%*.
RV RV
If £ > 0, then, by taking the limit as n — oo, we obtain ¢ > (%S)g. From (4.3), we have that
1 1 \Aa¥ 1, ARpN
5_2_*) 2 §=2 N

which is a contradiction. Hence, £ = 0. Then v, — vin H L(RN) and Lemma 4.2 holds with I = 0.

cx 2 Ja(va) = a) + 0n(1) = (

Non-vanishing. If o > 0, there exists a sequence {y}:} ¢ RY such that

1
o
J [Vi% dx > 5> 0.
Bi(yh)

Set w} = vi(-+y}). So {w}}is bounded in H'(RY) and we may assume that w} — w' in HY(R"). Since

1
o
wil?dx > —,
2
B1(0)

we see that w! # 0. Moreover, v — 0in H*(R") implies that {y}} is unbounded. Hence, we may assume that
lysl — +00. We see that it is not difficult to verify that (J{°)'(w?) = 0.

Step 2. Setv2 =v, —v-w!(--yl). We can similarly check that
(2a) |val? = Ival® = IVI? = Iwt? + 0n(1),
(2b) [V2I3: = lvall3: = IVI3: = Iwtl3: + 0n(1),
(2¢) Ja(va) = A(v) = JR(wWh) = JR(vE) + 0a(1),
@2d) ()(v2) — 0in H(RY).
Similar to the argument made in step 1, let
02 = lim sup sup J [v2|? dx.

n—oo E]RN
YU B )

If vanishing occurs, by using the fact that ]/‘{O(wl) > 0 and the similar argument of the vanishing case
in step 1, we know that |v2| — 0, i.e., vy —v-wl(--yl) — 0 in HY(RY). Moreover, by (2c), we see that
Javn) + 0,(1) = Ja(v) + ]f{"(wl), and Lemma 4.2 holds with [ = 1.

If non-vanishing occurs, there exist a sequence {y%} c RN and a nontrivial w? € HY(RY) such that
wi =vi(-+y3) — w? in H'(RY). It follows form (2d) that (J§°)'(w?) = 0. Furthermore, v3 — 0 in H*(R")
implies that |y2| — +co and |y — yi| — +oo.

Finally, we can continue this procedure and obtain v = vk-1 — wk=1(. — yk=1) " with k > 2, such that
vk — 0 in HY(RV), (J$°)'(wk) = 0. Furthermore, we have sequences {yk} ¢ R¥ such that |yk| — +oco and
lyk - yX'| — +co for k # k'. By the properties of the weak convergence, one has

2

2
+on(1) (4.9)

1
Wal? =2 = | Y whC- = %)
k=1

!
Vp—V-— ZWk(-—y’,‘l)
k=1

and 1
JAva) = n) = Y TRW9) = TR R = 0a(1).
k=1
Since {v,} ¢ H'(RY)isbounded and there exists p > 0 such that |w| > p for any nontrivial critical point of I,
(4.9) implies that the iteration stops at some finite [ + 1 € IN. The proof of this lemma is complete. O
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On the convergence of bounded (PS) sequence {v,} for J;, we can establish the following result.

Lemma 4.3. Assume (g1), (V1)-(V2) and (h1)-(h4) hold. Let A € [%, 1] be fixed and {vn} ¢ H'(RY) be a
bounded (PS)., sequence for J) with c, € (O, }ll‘%ﬁNS%/(Nag)). Then there exist subsequence of {v,}, still
denoted by {v,} and O # vj € HY(RN), such that

vp — vy in HY(RY).

Proof. By Lemma 4.2, for A € [3, 1], there exists vy € H'(RY) such that v, — vy in H(RV) and J}(va) = 0.
Moreover,

1
Va—va- Y wk(-=yk)
k=1

1
—0 and Ja(va) > ava) + Y I wh), 120,
k=1

where wk (1 < k < I) are nontrivial critical points of J{°.
Thus, to prove that v,, — v; in H'(RY), it suffices to show that [ = 0. Indeed, suppose by contradiction
that I > 0. Then, by (4.3), we deduce that

i
e = m Jav) = ) + ) TR WH) = Im = m§e. (4.10)
k=1
On the other hand, let w; be a ground state solution of (4.2). Arguing as in Lemma 3.7, we can find a path
n € C([0, 1], H(RY)) such that 1(0) = 0, J$°(n(1)) < 0, w; € n([0, 1]) and

o0 —_ JOO
t?}&’f]]ﬁ (n(®) =JP(wa)-
Moreover, 0 ¢ 1((0, 1]). Since V(x) < V, and V(x) # V, it follows from the definition of c, that
(0e] _ JOO — (o]
1< tg{l&)f]]A(n(t)) < fe?é)f]jﬂ (1) =JP(wp) = mY,

which contradicts (4.10). Hence, I = 0, i.e., v, — v, in H'(RY) and v, is a nontrivial critical point for J, with
Ja(va) = ca. O

Combining Proposition 2.6 and Lemma 4.1, we deduce that for a.e. A € [%, 1], there exists a bounded (PS)
sequence {v,} ¢ HY(RY) such that J3(vp) — c3 < A1"2 BNS? /(Na's"). By Lemma 4.3, we deduce that J, has
a nontrivial critical point v; € HX(RY) with Jy(vy) = c; for a.e. A € [%, 1]. As a special case, we obtain the
existence of a sequence {(A;n, va, )} C [%, 1] x HY(RM) with A,, —» 1 as m — oo and vy, # O satisfying

Jy,(va,) =0 and Ja,(va,) = Ca,s (4.11)

where c;,, € (0, }l,ln% ﬁN S7 / (Nag)). In order to prove Theorem 1.1, we need to show that the critical point
sequence {v, ,} obtained in (4.11) is bounded and that is a (PS) sequence for J = J; satisfying limp_,o, J(v4,) =
c1, where J is given by (1.9). By applying Lemma 4.3 again, we obtain a nontrivial critical point of J and the
proof is completed.

Proof of Theorem 1.1. First, we show that the sequence {v;,} ¢ H'(R") obtained in (4.11) is bounded. Since
A, (Va,) = ca, < c1, from Lemma 2.3, we deduce that

1 1
¢ 2 i) =y [P ax= oo [ (V00 0167 )P d.

RN RN
By a similar argument as that in the proof of (4.3), we can obtain j]RNIVv/\m |2 dx < C. Next, we only need to
show the boundedness of LRN Vi,, dx. In fact, recalling that J /’1", (va,) = Oand (4.1), we have that for any € > 0,
there exists C. > O such that

Apa® 1 .
I Vv, |2 dx + J V(g dx = J Fan 06 VA DVA,, dX + = — J v, |? dx
RY RN RN A RY
<e J v%m dx + C; I |v,1m|2* dx,

RN RN
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and by choosing € > 0 small enough, we obtain that {v;,} is bounded in H'(R"). Thus, for any i ¢ Cgo(lRN ),

we have
h(G1(va,)

|<]:1m(V/1m)a Y) - (]’(VA,,,)’ l/)>| = ‘(Am -1 J m

RN

!I)dX‘—)O

as m — oco. On the other hand,

Jim a,) = im (73,02, + O =) [ HG 02, dx] = Jim e, =1,
RN

where we used the fact thatthe map A — c, is continuous from the left. Thus, {v,,, } is abounded (PS) sequence
for J satisfying limpy o J(Va,) = €1 < ﬁN s> / (Na¥). By applying Lemma 4.3 again, we obtain a nontrivial
critical point vo € HY(RN) for J and J(vo) = c;.

Finally, we end this proof by showing the existence of a ground state solution for problem (1.11), which
is equivalent to (1.1). Let

d =inf{J(v) : v e HY(RY) \ {0} is a solution of (1.11)},

N-

we can deduce that 0 < d < J(vp) < J®(vp) < ﬁNS¥ /(Na%z). In fact, for any v satisfying J'(v) = 0, by a stan-
dard argument, we see ||v|| > p for some positive constant p. Similar to the proof of (4.3), we infer

J) = C J Vv dx. (4.12)

RN

Therefore, d > 0. In the following, we rule out d = 0. Suppose by contradiction that {v,} is a critical point
sequence of J satisfying lim,_,«, J(v) = 0. From (4.12), we have lim,,_,, IRN |Vv,|?2 dx = 0. Form this, together
with (J'(vy), v) = 0, we can verify that lim,_,« I]RN v}l dx = 0. Therefore, we obtain lim,,_,« ||Vrl = 0, which
is a contradiction with |v,|| > p > O foralln € N.

Let {vy} ¢ HY(RN) be a sequence of nontrivial critical point of J satisfying J(vy) — d < BN S7 / (Na#).
Similarly, we can deduce that {v,,} is bounded in H}(RY), i.e., {v,} is a bounded (PS),4 sequence for J. Similar to
the argument in the proof of Lemma 4.3, there exists a nontrivial w € H*(IRY) such that J(w) = dand J'(w) = 0.
Moreover, by using the strong maximum principle and standard regularity arguments, we show for the ground
state solution w > 0. O

Funding: The research was supported by the National Natural Science Foundation of China (11771170
and 11629101) and the Program for Changjiang Scholars and Innovative Research Team in University
(#IRT13066).

References

[1] A.Ambrosetti and P. H. Rabinowitz, Dual variational methods in critical point theory and applications, J. Funct. Anal. 14
(1973), 349-381.

[2] H.Brandi, C. Manus, G. Mainfray, T. Lehner and G. Bonnaud, Relativistic and ponderomotive self-focusing of a laser beam
in a radially inhomogeneous plasma, Phys. Fluids B5 (1993), 3539-3550.

[3] H.BrézisandE. A. Lieb, A relation between pointwise convergence of functions and convergence of functionals, Proc.
Amer. Math. Soc. 88 (1983), no. 3, 486-490.

[4] X.L.ChenandR. N. Sudan, Necessary and sufficient conditions for self-focusing of short ultraintense laser pulse in
underdense plasma, Phys. Rev. Lett. 70 (1993), 2082-2085.

[5] C.Chuand H. Liu, Existence of positive solutions for a quasilinear Schrodinger equation, Nonlinear Anal. Real World Appl.
44(2018), 118-127.

[6] M. Colin and L. Jeanjean, Solutions for a quasilinear Schrodinger equation: A dual approach, Nonlinear Anal. 56 (2004),
no. 2, 213-226.

[7]1 A.deBouard, N. Hayashi and J.-C. Saut, Global existence of small solutions to a relativistic nonlinear Schrodinger
equation, Comm. Math. Phys. 189 (1997), no. 1, 73-105.



DE GRUYTER Y. Deng et al., Ground State Solutions for Quasilinear Schrédinger Equations =— 237

(8]

91

[10]

[11]

[12]

[13]

[14]

[15]

[16]

(17]

(18]
[19]

[20]
[21]

[22]
[23]
[24]
[25]
[26]
[27]
(28]
[29]
(30]
[31]
(32]
(33]

[34]
(35]

[36]

D. G. de Figueiredo, P.-L. Lions and R. D. Nussbaum, A priori estimates and existence of positive solutions of semilinear
elliptic equations, J. Math. Pures Appl. (9) 61 (1982), no. 1, 41-63.

Y. Deng, S. Peng and S. Yan, Positive soliton solutions for generalized quasilinear Schrodinger equations with critical
growth, J. Differential Equations 258 (2015), no. 1, 115-147.

Y. Deng, S. Peng and S. Yan, Critical exponents and solitary wave solutions for generalized quasilinear Schrodinger
equations, /. Differential Equations 260 (2016), no. 2, 1228-1262.

J.A. M. B. do 0, 0. H. Miyagaki and S. H. M. Soares, Soliton solutions for quasilinear Schrédinger equations with critical
growth, /. Differential Equations 248 (2010), no. 4, 722-744.

X.-D. Fang and A. Szulkin, Multiple solutions for a quasilinear Schrédinger equation, J. Differential Equations 254 (2013),
no. 4,2015-2032.

M. F. Furtado, L. A. Maia and E. S. Medeiros, Positive and nodal solutions for a nonlinear Schrédinger equation with
indefinite potential, Adv. Nonlinear Stud. 8 (2008), no. 2, 353-373.

J. P. Garcia Azorero and I. Peral Alonso, Hardy inequalities and some critical elliptic and parabolic problems, J. Differential
Equations 144 (1998), no. 2, 441-476.

J. Hirata, N. Ikoma and K. Tanaka, Nonlinear scalar field equations in R¥: Mountain pass and symmetric mountain pass
approaches, Topol. Methods Nonlinear Anal. 35 (2010), no. 2, 253-276.

L. Jeanjean, Existence of solutions with prescribed norm for semilinear elliptic equations, Nonlinear Anal. 28 (1997),

no. 10, 1633-1659.

L. Jeanjean, On the existence of bounded Palais—Smale sequences and application to a Landesman—-Lazer-type problem
seton RV, Proc. Roy. Soc. Edinburgh Sect. A 129 (1999), no. 4, 787-809.

L. Jeanjean and K. Tanaka, A remark on least energy solutions in RN, Proc. Amer. Math. Soc. 131 (2003), no. 8, 2399-2408.
L. Jeanjean and K. Tanaka, A positive solution for a nonlinear Schrédinger equation on RY, Indiana Univ. Math. J. 54
(2005), no. 2, 443-464.

S. Kurihara, Exact soliton solution for superfluid film dynamics, J. Phys. Soc. Japan 50 (1981), no. 11, 3801-3805.

E. W. Laedke, K. H. Spatschek and L. Stenflo, Evolution theorem for a class of perturbed envelope soliton solutions,

J. Math. Phys. 24 (1983), no. 12, 2764-2769.

P.-L. Lions, The concentration-compactness principle in the calculus of variations. The locally compact case. |, Ann. Inst. H.
Poincaré Anal. Non Linéaire 1 (1984), no. 2, 109-145.

J. Liu and Z.-Q. Wang, Soliton solutions for quasilinear Schrodinger equations. I, Proc. Amer. Math. Soc. 131 (2003), no. 2,
L441-448.

J.-Q. Liu, Y.-Q. Wang and Z.-Q. Wang, Soliton solutions for quasilinear Schrodinger equations. Il, J. Differential Equations
187 (2003), no. 2, 473-493.

J.-Q. Liu, Y.-Q. Wang and Z.-Q. Wang, Solutions for quasilinear Schrodinger equations via the Nehari method, Comm.
Partial Differential Equations 29 (2004), no. 5-6, 879-901.

X.-Q. Liu, J.-Q. Liu and Z.-Q. Wang, Quasilinear elliptic equations with critical growth via perturbation method,

J. Differential Equations 254 (2013), no. 1, 102-124.

A. Moameni, Existence of soliton solutions for a quasilinear Schrodinger equation involving critical exponent in R,

J. Differential Equations 229 (2006), no. 2, 570-587.

M. Poppenberg, K. Schmitt and Z.-Q. Wang, On the existence of soliton solutions to quasilinear Schrédinger equations,
Calc. Var. Partial Differential Equations 14 (2002), no. 3, 329-344.

P. Pucci and J. Serrin, A general variational identity, Indiana Univ. Math. J. 35 (1986), no. 3, 681-703.

B. Ritchie, Relativistic self-focusing and channel formation in laser-plasma interactions, Phys. Rev. E 50 (1994), 687-689.
D. Ruiz and G. Siciliano, Existence of ground states for a modified nonlinear Schrédinger equation, Nonlinearity 23 (2010),
no.5,1221-1233.

Y. Shen and Y. Wang, Soliton solutions for generalized quasilinear Schrédinger equations, Nonlinear Anal. 80 (2013),
194-201.

E. A. B. Silva and G. F. Vieira, Quasilinear asymptotically periodic Schrédinger equations with subcritical growth, Nonlinear
Anal. 72 (2010), no. 6, 2935-2949.

M. Willem, Minimax Theorems, Progr. Nonlinear Differential Equations Appl. 24, Birkhduser, Boston, 1996.

X. Wu, Multiple solutions for quasilinear Schrédinger equations with a parameter, J. Differential Equations 256 (2014),
no.7,2619-2632.

X. P. Zhu and D. M. Cao, The concentration-compactness principle in nonlinear elliptic equations, Acta Math. Sci. Ser. B
Engl. Ed. 9 (1989), no. 3, 307-328.



	Ground State Solutions for Quasilinear Schrödinger Equations with Critical Growth and Lower Power Subcritical Perturbation
	1 Introduction and Main Results
	2 Some Preliminary Lemmas
	3 The Limiting Problem
	4 Proof of Main Result


