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Abstract:We consider a parameter dependent parabolic logistic populationmodel with diffusion and degen-
erate logistic term allowing for refuges for the population. The aim of the paper is to remove quite restrictive
geometric and smoothness conditions on the refuge used in the existing literature. The key is a new simplified
construction of a supersolution that does not make use of any regularity condition of the refuge. At the same
time we also simplify other arguments commonly used in the literature.
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1 Introduction and Main Results
This paper characterizes the dynamics of the parabolic problem

{{{
{{{
{

∂tu +A(x, D)u = λu − m(x)g(x, u)u in Ω × (0,∞),
B(x, D)u = 0 on ∂Ω × (0,∞),
u( ⋅ , 0) = u0 ≥ 0 in Ω,

(1.1)

where Ω is a bounded domain ofℝN , N ≥ 1, with boundary ∂Ω, of class C2, λ ∈ ℝ is a parameter,m ∈ L∞(Ω),
m ̸= 0, is non-negative andA is a second-order uniformly strongly elliptic operator with associated boundary
operator B(x, D) of Dirichlet, Neumann or Robin type. The function g : Ω̄ × [0,∞) → ℝ is assumed to be
continuous in x ∈ Ω̄ and of class C1 in u ∈ ℝ. Moreover,

g(x, 0) = 0, g(x, u) > 0, ∂ug(x, u) > 0 (1.2)

for all u > 0 and x ∈ Ω̄, and

lim
u→∞

g(x, u) = ∞ locally uniformly with respect to x ∈ Ω. (1.3)

Note that this is weaker than the standard assumptions in the literature where uniform convergence is
assumed on Ω̄.

We are interested in the case wherem has a non-trivial zero set. It is the focus of this paper to weaken the
assumptions on this zero set substantially compared to earlier works, and to simplify a number of proofs at
the same time. We refer to our discussion below for more detail.
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Before stating our main results, we introduce precise assumptions and notation. The operatorA(x, D) is
assumed to be expressed in divergence form

A(x, D)u := −div(A(x)∇u) + ⟨b(x), ∇u⟩ + c(x)u,

where A = (aij)1≤i,j≤N is a symmetric matrix function with Lipschitz continuous top-order coefficients

aij = aji ∈ W1,∞(Ω),

and bounded and measurable lower-order coefficients b = (b1, . . . , bN) ∈ (L∞(Ω))N and c ∈ L∞(Ω). As
strong ellipticity is assumed, there is a constant α > 0 such that

ξTA(x)ξ ≥ α|ξ|2 for all ξ ∈ ℝN and all x ∈ Ω, (1.4)

where T stands for transposition. As far as the boundary operator B(x, D) is concerned, we assume that Γ0
and Γ1 are open and closed disjoint subsets of ∂Ω such that ∂Ω = Γ0 ∪ Γ1, and we define the boundary oper-
ator

B(x, D)u :=
{
{
{

u on Γ0 (Dirichlet),
⟨A(x)∇u, ν⟩ + β(x)u on Γ1 (Neumann or Robin),

(1.5)

for all u ∈ C1(Ω ∪ Γ1) ∩ C(Ω̄), where ν(x) is the outer unit normal vector field on ∂Ω and β ∈ L∞(Γ1), with
no restrictions on the sign of β(x). So, A(x, D), B(x, D) and Ω satisfy the general structural hypotheses of
[30, Chapter 4]. As β(x) can vanish somewhere on Γ1, the operator B(x, D) can be of either Neumann or
Robin type on Γ1. If Γ1 = 0, then B becomes the Dirichlet operator on ∂Ω = Γ0. In such case it is denoted by
D := B.

Throughout this paper, for any function f defined in Ω, we will use the notations

f+ := max{0, f}, f− := f+ − f, fL := inf
Ω
f, fM := sup

Ω
f.

We now discuss some existing results for comparison. In the classical case when m is separated away
from zero, it is folklore that the dynamics of the positive solutions of (1.1) is governed by the non-negative
solutions of the associated elliptic problem

{
A(x, D)u = λu − m(x)g(x, u)u in Ω,
B(x, D)u = 0 on ∂Ω.

(1.6)

But if m vanishes somewhere on Ω, then the meta-solutions might play a significant role in describing the
dynamics of (1.1); see [17, 18, 20, 21, 28] and the recentmonograph [31]. Since [4, 14, 35] studied a very sim-
ple degenerate prototype of (1.6) by using variational methods and global continuation techniques, [18] can
be considered to be the first paper where the problem of ascertaining the global dynamics of the positive
solutions of (1.1) was addressed.

The main goal of this paper is to sharpen the most important results from [18] in order to characterize
the dynamics of (1.1) in all possible degenerate situations. Although these results were already improved
in [5], at least in the context of [6], our findings here are significant refinements containing all previously
available results as a special case. Actually, one of the main assumptions of [18] imposed a severe restriction
on the nodal behavior of the weight functionm(x), like in [17] and in all subsequent literature on degenerate
problems. Indeed, [18, Theorem 3.5] was established under the following very strong structural assumption:
∙ Ω0 := intm−1(0) is a possibly empty C2+μ-subdomain of Ω such that Ω̄0 ⊆ Ω and Ω̄0 = m−1(0). In case of

Dirichlet boundary conditions, i.e., when B = D, we only require Ω0 ⊆ Ω. Hence, in this case we allow
m(x) to vanish on ∂Ω.

This restriction was weakened in [31] in the special case when Γ1 = 0. Hypothesis (Ha) of [31] still seems
much stronger than desirable in order to give a really general and sharp result.
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In this paper, we adopt a rather different approach in finding optimal results with no special restriction
on the structure of m−1(0). The key that allows us to do that is an alternative construction of a supersolu-
tion carried out in the proof of Proposition 3.2 below. To be more precise, we need to introduce some more
notation. For any given potential V ∈ L∞(Ω), we denote by

σ1[A + V,B, Ω]

the principal eigenvalue of the linear eigenvalue problem

{
(A(x, D) + V)φ = σφ in Ω,

B(x, D)φ = 0 on ∂Ω,
(1.7)

whose existence, uniqueness and main properties are for instance collected in [30, Chapter 7]. In that refer-
ence, the reader can findprecise statements of all themonotonicity properties used in this paper, in particular
the fact that σ1[A + V,B, Ω] is strictly monotone as a function of the potential V. In our general context here,
most of them go back to [6, 27], but earlier versions appear for example in [23, Lemma 15.5]. The principal
eigenfunction φ is unique up to a multiplicative constant and can be chosen to satisfy φ ≫ 0, that is,

φ(x) > 0 for all x ∈ Ω ∪ Γ1 and ∂φ
∂ν
(x) < 0 for all x ∈ Γ0. (1.8)

Since m ≥ 0 and m ̸= 0, we have that
meas(m−1(ℝ+)) > 0,

where meas(M) stands for the Lebesgue measure of any measurable setM ⊆ ℝN . Hence, by the monotonicity
of the principal eigenvalue with respect to the potential, the map Σ : [0,∞) → ℝ defined by

γ 󳨃→ Σ(γ) := σ1[A + γm,B, Ω] (1.9)

is strictly increasing. Thus, the limit

Σ(∞) := lim
γ↑∞

Σ(γ) ∈ (−∞,∞] (1.10)

is well defined. Our first result concerns the existence of positive steady-state solutions of (1.1), and it can be
stated as follows.

Theorem 1.1. LetA,B, m and Ω be as introduced above. Then problem (1.6) has a positive solution if and only
if λ ∈ (Σ(0), Σ(∞)). Moreover, that solution, denoted by θλ, is unique and the map

(Σ(0), Σ(∞)) → C(Ω̄), λ 󳨃→ θλ ,

has the following properties:
(a) The solution θλ is strictly increasing and of class C1 as a function of λ.
(b) The solution θλ bifurcates from zero at λ = Σ(0). More precisely,

lim
λ↓Σ(0)

θλ = 0 in C(Ω̄).

(c) If Σ(∞) < ∞, then θλ bifurcates from infinity at λ = Σ(∞) in the sense that

lim
λ↑Σ(∞)
‖θλ‖C(Ω̄) = ∞. (1.11)

We provide a more precise statement about how (1.11) happens in Proposition 6.1. As a consequence of the
above theorem, the global bifurcation diagram of positive solutions of (1.6) when Σ(∞) < ∞ looks as shown
in Figure 1. As we are not imposing any special requirement on the structure of the vanishing set of m,

K := m−1(0),
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λΣ(0) Σ(∞)

(λ, θλ)

Figure 1: Global bifurcation diagram when Σ(∞) < ∞.

Theorem 1.1 sharpens all previous available results. In particular, our result is a substantial extension of
[18, Theorem 3.5] and of [5, Theorem 1.1], where

Ω0 := intm−1(0)

was assumed to consist of finitely many smooth components. It turns out that, except for the two existence
results just referred to, most of the remaining ones were established in the special case when A = −∆ under
much stronger requirements on the structure of Ω0.

The next theorem gives two simple criteria that guarantee whether or not Σ(∞) is finite. They are essen-
tially known, see for instance [27], but we include them because we provide a much simpler proof and make
weaker assumptions on the regularity of m. Indeed, the proof of [27, Theorem 6.4] is based on some sophis-
ticated ideas going back to [8, 33], while our proof here is rather direct.

Theorem 1.2. LetA,B, m and Ω be as introduced above. Set K := m−1(0). Let Σ(∞) be defined by (1.10). Then
the following assertions are true:
(a) If int(K) ̸= 0, then Σ(∞) < ∞.
(b) Ifmeas(K) = 0, then Σ(∞) = ∞.
(c) If Σ(∞) < ∞, then there exists φ∞ ∈ W1,2(Ω) such that φ∞ ≥ 0, ‖φ∞‖2 = 1 and mφ∞ = 0 almost every-

where in Ω. Moreover, φ∞ is a weak solution ofAφ∞ = Σ(∞)φ∞ in int(K).
(d) If in addition (1.7) is self-adjoint, then Σ(∞) < ∞ if and only if there exists φ ∈ W1,2(Ω) non-zero such that

mφ = 0 almost everywhere, regardless of whether or not K has empty interior.

It is remarkable that this result does not depend on the sign of the function β in the boundary operator B,
though proving it in the general case when β takes negative values is far from straightforward and requires
using a rather sophisticated device going back to [29] and collected in [30, Chapter 4]. An alternativemethod
to achieve the same can be found in [11].

When Ω0 := int(m−1(0)) is non-empty and, in addition,m(x) satisfies the requirements of [6, Section 11]
or [7, Definition 1.1], then it is well known that

Σ(∞) = σ[A,B0, Ω0],

whereB0 stands for the boundary operator

B0ψ :=
{
{
{

ψ on ∂Ω0 ∩ Ω,
Bψ on ∂Ω0 ∩ ∂Ω.
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The first result in this spirit was [26, Theorem 3.3], where Ω0 was assumed to be a connected subset of Ω with
Ω̄0 = K ⊆ Ω. Substantial refinements of these results were obtained in [30, Chapter 9] if Ω0 possesses finitely
many smooth components that are separated from each other. Later, some of these results were adapted to
cover the case of cooperative systems in [1, 9, 13].

This paper weakens substantially the previous assumptions on the zero set ofm and, in addition, allows
infinitely many components that are not necessarily at a positive distance from each other. We only require
a very weak regularity assumption on the zero set of m.

Theorem 1.3. Suppose that m ∈ L∞(Ω) is non-negative and let

Ω0 := int(m−1(0)) ̸= 0.

To avoid certain pathological situations, we assume that Ω0 = int(Ω̄0) ̸= 0. Furthermore, suppose that Ω0 sat-
isfies the following properties:
(a) Ω̄0 ⊆ Ω ∪ Γ0 and m is separated away from zero on any compact subset of Ω̄ \ Ω̄0.
(b) Ω0 consists of connected components, Ω0,j, j ∈ J, with J either finite or countable, such that

{u ∈ W1,2
Γ0 (Ω) : u = 0 a.e. on Ω \ Ω̄0} = W1,2

0 (Ω0),

that is, Ω0 is stable.
Then Σ(∞) < ∞ and

Σ(∞) = min
j∈J

σ1[A,D, Ω0,j] ≥
α
2 min

j∈J
σ1[−∆,D, Ω0,j] −

‖b‖2∞
2α + cL . (1.12)

Wenowdiscuss the conditions of the theoremandprovide some examples. Figure 2 shows a two-dimensional
example not previously dealt with in the literature. In this example, Ω is the annulus 1

2 < |x| <
5
2 . We assume

Dirichlet boundary conditions on the inner circle Γ0 andNeumannor Robin boundary conditions on the outer
circle Γ1. The black smaller regions of Ω make up the set on whichm = 0, that is, Ω̄0 = m−1(0), the remaining
portion of Ω stands for the region where m(x) > 0. In the plotted example, Ω0 consists of infinitely many
components. More precisely, it consists of four sequences of touching discs (Ωk0,j)j≥2, 1 ≤ k ≤ 4, rotated from
each other by the angle π

2 , the largest of which touch Γ0. The discs have radius 1/j2 and are centered on the
four half axes at a distance of cj from the origin. More precisely,

cj :=
1
2 +

2
22
+

2
32
+ ⋅ ⋅ ⋅ +

2
(j − 1)2

+
1
j2
, Ω1

0,j := {x ∈ ℝ
2 : |x − (cj , 0)| <

1
j2
},

for all j ≥ 2. By definition,

Ω2
0,j := e

i π2 Ω1
0,j , Ω3

0,j := e
iπΩ1

0,j , Ω4
0,j := e

i 3π2 Ω1
0,j , j ≥ 2.

By construction, the connected components of Ω0 are mutually disjoint and touch each other at exactly one
point. Moreover, they accumulate at points on the axis at a distance of

lim
j→∞

cj = 2
∞

∑
ℓ=1

1
ℓ2
−
3
2 = 2

π2

6 −
3
2 <

5
2

from the origin; see [12] for an elementary proof of the well-known fact that∑∞n=1 1/n2 = π2/6.
As Ω0 is a disjoint union of smooth sets whose closures only intersect on a set of capacity zero, it is stable.

We refer for instance to [40, Satz 4.8] or [39, Section 3.2] for this fact. Stability of smooth domains is discussed
in [30, Section 8.4]. As a consequence of Theorem 1.3,

Σ(∞) = σ1[A,D, Ωk0,2], k = 1, 2, 3, 4.

It is interesting to have a rough estimate on the size of Σ(∞) depending on the structure of Ω0. We can obtain
a lower estimate of Σ(∞) in terms of explicitly known eigenvalues by using the Faber–Krahn inequality stat-
ing that, amongst all domains of the same volume, the Dirichlet problem for the Laplacian has the smallest
principal eigenvalue on the ball. Hence, (1.12) yields

Σ(∞) ≥ α2 min
j∈J

σ1[−∆,D, Bj] −
‖b‖2∞
2α + cL ,
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Ω1
0,2

Ω2
0,2

Ω3
0,2

Ω4
0,2

Ω

Γ0

Γ1

Figure 2: An example where Ω0 = int(m−1(0)) consists of infinitely
many components: four sequences of disjoint discs touching each
other, accumulating at some point on each of the axes. The discs
are uniformly separated away from Γ1, but intersect Γ0.

Figure 3: Examples of different types of fragmented domains where Σ(∞) is very large despite the total area of Ω0 (shown in
black) being large.

where Bj is a ball of the same volume as Ω0,j for all j ∈ J. As the Dirichlet eigenvalue decreaseswith increasing
radius of the ball, a lower estimate of Σ(∞) is givenby the component of Ω0with the largest volume. Taking Ω0
with many components with small measure, we can make Σ(∞) as large as we like, keeping the total volume
of Ω0 large. An example is given in Figure 3 on the right. Hence if Ω0 is non-empty, then Σ(∞) is finite, but its
magnitude depends not just on the measure of Ω0 but on how fragmented it is. Hence thanks to Theorem 1.3
and its predecessors, a more fragmented refuge area Ω0 leads to a larger Σ(∞).

On the other hand, as discussed already in [30, Chapter 8], Σ(∞) = σ1[A,D, Ω0] can be taken as close as
wewish to σ1[A,D, Ω]by taking Ω0 close to Ω in an appropriate sense. However, note that “close” inmeasure
is not sufficient since σ1[−∆,D, Ω0,j] depends very much on the geometry of Ω0,j and is quite independent
of the measure. It turns out that for simply or doubly connected Ω0,j in ℝ2 what counts is the inradius of Ω,
that is,

ρj := sup{r > 0: there exists x ∈ Ω0,j such that B(x, r) ⊆ Ω0,j}.

An inequality due to [22, 34] establishes the next lower bound for σ1[−∆,D, Ω0,j] in terms of the inradius ρj,
namely

σ1[−∆,D, Ω0,j] ≥
1
2ρj

.

If we consider the largest inradius ρ := maxj∈J ρj, then we deduce from (1.12) that

Σ(∞) ≥ α
4ρ −
‖b‖2∞
2α + cL . (1.13)

Hence, by choosing simply or doubly connected Ω0,j ⊆ ℝ2 with a sufficiently small inradius, we can make
Σ(∞)as large aswe like regardless of the areaof Ω0. Anexample is shown inFigure3on the left. Bymaking the
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spiral thinner, we can almost exhaust the area of Ω but make sure that Σ(∞) is larger than any given number.
We can still consider such Ω0 a fragmented domain in the sense that it does not contain any large balls. There
are similar inequalities for multiply connected domains in [34]. Note however that such inequalities are only
valid in two dimensions, unless the domain is convex or otherwise of special geometry. This is because in
higher dimensions, starting with a simply connected domain, one can remove sets of very small capacity to
produce a domain with an arbitrarily small inradius, keeping it simply connected. Removing a set of very
small capacity does not change the principal eigenvalue of the original domain very much.

Nevertheless, even in higher dimensions one can produce analogues of examples such as the “sliced”
domain in the middle of Figure 3. Indeed, we have ‖u‖2 ≤ d‖∇u‖2 for all u ∈ W1,2

0 (U) if U is an open set
between two hyperplanes at distance d apart; see for instance [38, Theorem III.5.3]. Hence if Ω0 consists of
slices between hyperplanes of distance δ, then we have an estimate similar to (1.13) with ρ replaced by δ. To
obtain a connected domain, we can connect the slices with very thin tubes and not change the lower bound
very much.

In all three situations above, we have domains Ω0 that are fragmented in different ways, having large
volume and nevertheless a large value for Σ(∞).

As far as the dynamics of (1.1) are concerned, the main result of this paper can be stated as follows: for
any given u0 ∈ C(Ω̄) such that u0 ≥ 0 and u0 ̸= 0, we will denote by uλ(x, t; u0) the unique classical solution
of (1.1).

Theorem 1.4. Suppose A, B and m satisfy the assumptions stated near the start of this section. Then for each
u0 ∈ C(Ω̄) such that u0 ≥ 0 and u0 ̸= 0 the solution uλ(x, t; u0) of (1.1) has the following properties:
(a) If λ ≤ Σ(0), then limt↑∞ uλ( ⋅ , t; u0) = 0 uniformly in Ω̄. In particular, 0 is a global attractor.
(b) If Σ(0) < λ < Σ(∞), then limt↑∞ uλ( ⋅ , t; u0) = θλ uniformly in Ω̄. In particular, θλ is a global attractor

of (1.1).
(c) If λ ≥ Σ(∞), then

lim
t↑∞
‖uλ( ⋅ , t; u0)‖C(Ω̄) = ∞.

Moreover, if there exists a component Ω0,k of Ω0 := int(m−1(0)), where the function φ∞ from Theorem 1.2 is
positive, then

lim
t→∞

uλ(x, t; u0) = ∞ locally uniformly with respect to x ∈ Ω0,k. (1.14)

Note that the last statement of the theorem holds in particular when the conditions of Theorem 1.3 are sat-
isfied. In the light of Theorem 1.4, the more fragmented Ω0 is, the worse for the species u, as the growth of
the population is controlled by θλ for all λ ∈ (Σ(0), Σ(∞)), while the unlimited growth described in part (c)
occurs for all λ ≥ Σ(∞).

This paper is organized as follows: Section 2 gives some important technical results on the principal
eigenvalue, Section 3 consists of the proof of Theorem 1.1, Section 4 provides the proof of Theorem 1.2,
Section 5 gives the proof of Theorem 1.3 and, finally, Section 6 proves Theorem 1.4.

2 Convergence Properties of Principal Eigenvalues
In this section, we collect some properties of the principal eigenvalue and the corresponding eigenfunctions
of (1.7). We start by deriving an estimate for the eigenvalue Σ(γ) defined by (1.9). Let 0 ≪ φ ∈ W2,1

Γ0 (Ω) be
a corresponding eigenfunction normalized such that

‖φ‖2 = 1, (2.1)

where≪ is in the sense of (1.8). Then, by definition,

− div(A(x)∇φ) + ⟨b(x), ∇φ⟩ + [c(x) + γm(x)]φ = Σ(γ)φ in Ω (2.2)
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andBφ = 0 on ∂Ω = Γ0 ∪ Γ1. Every eigenfunction is aweak eigenfunction, andhence,multiplying (2.2) byφ,
integrating over Ω, applying the divergence theorem and using the boundary conditions yields

Σ(γ) = ∫
Ω

⟨∇Aφ, ∇φ⟩ dx + ∫
Ω

φ⟨b, ∇φ⟩ dx + ∫
Ω

[c + γm]φ2 dx + ∫
Γ1

βφ2 dS (2.3)

for all γ ≥ 0. By the ellipticity condition (1.4),

∫
Ω

⟨∇Aφ, ∇φ⟩ dx ≥ α∫
Ω

|∇φ|2 = α‖∇φ‖22. (2.4)

Applying the Cauchy–Schwarz and Hölder inequalities and (2.1) leads to

󵄨󵄨󵄨󵄨󵄨󵄨󵄨
∫
Ω

φ⟨b, ∇φ⟩ dx
󵄨󵄨󵄨󵄨󵄨󵄨󵄨
≤ ∫

Ω

φ|b| |∇φ| ≤ ‖b‖∞‖φ‖2‖∇φ‖2 = ‖b‖∞‖∇φ‖2 ≤
α
2 ‖∇φ‖

2
2 +
‖b‖2∞
2α , (2.5)

where we denote by ‖b‖∞ the (essential) supremum norm of b. Substituting (2.4) and (2.5) into (2.3) shows
that

Σ(∞) ≥ Σ(γ) ≥ α2 ‖∇φ‖
2
2 −
‖b‖2∞
2α + cL + γ∫

Ω

mφ2 dx + ∫
Γ1

βφ2 dS (2.6)

for all γ > 0. Formanypurposes it is convenient todrop theboundary integral, but this is onlypossible if β > 0.
We do not want to make restrictions on the sign of β. If β(x) < 0 for some x ∈ Γ1, we show, using a device col-
lected in [30, Section 4.6], that there exists an equivalent boundary value problem with the same principal
eigenvalue and a reweighted eigenfunction. As we are assuming that Γ1 is of class C2, the distance function
−dist(x, Γ1) is of class C2 in a neighborhood U of Γ1; see for instance [25, Theorem 3]. Choosing a test func-
tion η ∈ C∞c (U) with 0 ≤ η ≤ 1 and η = 1 in a neighborhood of Γ1, we can set ψ(x) := −η(x)dist(x, Γ1). Then
ψ ∈ C2(Ω̄) satisfies

ψ = 0 on ∂Ω and ∇ψ = ν on Γ1. (2.7)

Alternatively, one could use a function ψ similar to that constructed in [30, Lemma 2.1], and observe that it
vanishes on Γ1 from its proof. Using the ellipticity condition (1.4) and (2.7), we can choose M > 0 such that

M⟨A∇ψ, ν⟩ + β = M⟨Aν, ν⟩ + β ≥ αM|ν|2 + β = αM + β > 0 (2.8)

on Γ1. Now consider the function defined by

h(x) := eMψ(x) > 0, x ∈ Ω̄. (2.9)

Then, by following [36], the weighted principal eigenfunction

ϕ := φ
h
, ε > 0,

satisfies
hΣ(γ)ϕ = Σ(γ)φ = Aφ + γmφ = A(hϕ) + γhmϕ = hAhϕ + γhmϕ (2.10)

in Ω, where
Ah := −div(A∇⋅) + ⟨bh , ∇⋅⟩ + ch

with
bh := b −

2
h
A∇h and ch :=

Ah
h
.

We next look at the boundary conditions. Since h = 1 on Γ0, we have that ϕ = φ = 0 on Γ0. Moreover, setting

βh := ⟨A∇h, ν⟩ + β

and taking into account that h = 1 on Γ1, we find that

0 = ⟨A∇φ, ν⟩ + βφ = ⟨A∇(hϕ), ν⟩ + hβϕ = ⟨A∇ϕ, ν⟩ + βhϕ
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on Γ1. Moreover, by (2.8) and (2.9), we have that

βh = M⟨A∇ψ, ν⟩ + β ≥ αM + β > 0 on Γ1.

Hence, if we define

Bhu :=
{
{
{

u on Γ0,
⟨A∇u, ν⟩ + βhu on Γ1,

and divide (2.10) by h, it becomes apparent that ϕ satisfies the eigenvalue problem

{
Ahϕ + γmϕ = Σ(γ)ϕ in Ω,

Bhϕ = 0 on ∂Ω,

if and only if φ satisfies

{
Aφ + γmφ = Σ(γ)φ in Ω,

Bφ = 0 on ∂Ω.

As h > 0 on Ω̄, we also have ϕ > 0 in Ω, and hence, by the uniqueness of the principal eigenvalue,

Σ(γ) = σ1[A + γm,B, Ω] = σ1[Ah + γm,Bh , Ω].

Note that the function h used in the previous argument does not in any way depend on the operator, but only
on Γ1 and the distance to Γ0. Hence it can be used for any parameter γ ≥ 0 and any weight function m. We
can therefore assume without loss of generality that β ≥ 0 in any of the proofs below. Instead of the method
described here, we could have used a method from [11] to deal with the case when β < 0 somewhere.

The next result establishes a pivotal continuity property that will be used to prove that λ ∈ (Σ(0), Σ(∞))
is not only necessary but also sufficient for the existence of a positive solution of (1.6). It should be noted
that, unless m = 0 in a neighborhood of ∂Ω, it cannot be derived directly from the continuity properties of
[6, 30] because mε does not converge in L∞(Ω) to m as ε ↓ 0, but merely approximates m pointwise. In fact,
the proof below works under even weaker assumptions. It only requires that mε

∗
⇀ m weak∗ in L∞(Ω), but

we do not need that for our purposes here.

Lemma 2.1. For sufficiently small ε > 0, let Ωε be the open subset of Ω defined by

Ωε := {x ∈ Ω: dist(x, ∂Ω) > ε}

and set
mε := mχΩε , (2.11)

where χΩε stands for the characteristic function of Ωε, i.e.,

χΩε (x) :=
{
{
{

1 if x ∈ Ωε,
0 if x ∈ Ω \ Ωε.

Then, for every γ ≥ 0,
lim
ε→0

σ1[A + γmε(x),B, Ω] = σ1[A + γm(x),B, Ω].

Proof. As shown above, we can assume without loss of generality that β ≥ 0. To simplify notation, we set

Σε(γ) := σ1[A + γmε(x),B, Ω].

As mε ↑ m in a monotone fashion as ε ↓ 0, we conclude from the monotonicity properties of the principal
eigenvalue referred to in the introduction that

Σ0(γ) := limε→0 Σε(γ) ≤ Σ(γ) < ∞
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exists. We need to show that Σ0(γ) = Σ(γ). It follows from (2.6) and the assumption that β ≥ 0 that

Σ(γ) ≥ Σε(γ) ≥
α
2 ‖∇φε‖

2
2 −
‖b‖2∞
2α + cL + γ∫

Ω

mφ2
ε dx.

Hence, as Σ(γ) < ∞, there exists a constant C > 0 such that

‖∇φε‖2 ≤ C for all ε > 0.

Thus, {φε}ε>0 is a bounded subset ofW1,2(Ω). So, there exists a function φ ∈ W1,2(Ω) such that

lim
n→∞

φεn = φ in L2(Ω) and weakly inW1,2(Ω) (2.12)

for some sequence (εn)n≥1 such that limn→∞ εn = 0. Necessarily, φ ≥ 0 and ‖φ‖2 = 1. So, in particular, φ ̸= 0.
Now take a function v ∈ W1,2

Γ0 (Ω). Then, using that φεn are weak eigenfunctions, we find that

Σε(γ) ∫
Ω

φεn v dx = ∫
Ω

⟨A∇φεn , ∇v⟩ dx + ∫
Ω

v⟨b, ∇φεn⟩ dx + ∫
Ω

[c + γmεn ]φεn v dx + ∫
Γ1

βφεn v dS

for all n ∈ ℕ. The dominated convergence theorem implies that mεv → mv in L2(Ω). Hence, taking into
account (2.12), we can let n →∞ to obtain

Σ0(γ) ∫
Ω

φv dx = ∫
Ω

⟨A∇φ, ∇v⟩ dx + ∫
Ω

v⟨b, ∇φ⟩ dx + ∫
Ω

[c + γm]φv dx + ∫
Γ1

βφv dS.

This shows that Σ0(γ) is an eigenvalue of (1.7) with positive eigenfunction φ. By the uniqueness of the prin-
cipal eigenvalue, we must have Σ0(γ) = Σ(γ) as claimed.

3 Proof of Theorem 1.1
Theproof followsafter a series of preliminary results anddefinitions. Every classical solutionof (1.6) is aweak
solution, which can be seen by multiplying the first equation in (1.6) with v and applying the divergence
theorem (integration by parts), making use of the boundary conditions. We use the fact that every bounded
weak solution is a classical solution.

Proposition 3.1. Every non-negative weak solution u ∈ W1,2
Γ0 (Ω) ∩ L

∞(Ω) of (1.6) is a classical solution. More-
over,

λ = σ1[A + m(x)g(x, u),B, Ω] (3.1)

and u is strongly positive, shortly u ≫ 0, in the sense that

u(x) > 0 for all x ∈ Ω ∪ Γ1 and ∂u
∂ν
(x) < 0 for all x ∈ Γ0. (3.2)

Finally, if (1.6) admits a positive weak solution, then

Σ(0) < λ < Σ(∞). (3.3)

Proof. Since g(x, u) ∈ L∞(Ω) if u ∈ L∞(Ω), by elliptic regularity every weak solution

u ∈ W1,2
Γ0 (Ω) ∩ L

∞(Ω)

of (1.6) must lie in ⋂p>1W2,p(Ω); see for instance [30, Chapter 5]. Therefore, u is a classical solution as
discussed in [30, Definition 4.1] for instance. Moreover,

A(x, D)u + m(x)g(x, u)u = λu in Ω,
B(x, D)u = 0 on ∂Ω.

Thus, by the Krein–Rutman theorem, (3.1) and (3.2) hold; see for instance [30, Chapter 7].
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Sincem(x) > 0ona set of positivemeasure and g(x, u(x)) > 0 for all x ∈ Ω,wefind thatm(x)g(x, u(x)) > 0
on a set of positive measure, and hence, by [30, Proposition 8.3],

λ = σ1[A + m(x)g(x, u),B, Ω] > σ1[A,B, Ω] = Σ(0).

Moreover, since u ∈ C(Ω̄), there exists a constant γ > 0 such that

g(x, u(x)) < γ for all x ∈ Ω̄.

Thus,
λ = σ1[A + m(x)g(x, u),B, Ω] < σ1[A + γm(x),B, Ω] ≤ Σ(∞).

The last inequality follows from the definition of Σ(∞) given in (1.10). Therefore, condition (3.3) is necessary
for the existence as claimed.

The next result characterizes the existence of a positive solution for (1.6). The proof uses a new method of
finding a supersolution and allows us to remove all regularity conditions on m−1(0). The method is related
to ideas appearing in [15, 16]. However, we substantially improve and generalize the treatment near the
boundary, and do not assume the elliptic operator to be self-adjoint.

Proposition 3.2. Suppose that λ ∈ (Σ(0), Σ(∞)). Then (1.6) possesses a positive classical solution.

Proof. The key for proving the proposition is the construction of a supersolution. Suppose λ ∈ (Σ(0), Σ(∞)).
Then by (1.10) there exists γ > 0 such that

Σ(0) < λ < Σ(γ) < Σ(∞).

Thus, by Lemma 2.1, there exists ε > 0 such that

Σ(0) < λ < Σε(γ) := σ1[A + γmε ,B, Ω] < Σ(∞),

where mε is defined by (2.11). Let φ ≫ 0 be a principal eigenfunction corresponding to Σε(γ). Then, since
λ < Σε(γ), we have that, for every κ > 0,

A(κφ) = Σε(γ)κφ − γmεκφ
= λκφ − mg(x, κφ)κφ + (Σε(γ) − λ)κφ + (mg(x, κφ) − γmε)κφ
> λκφ − mg(x, κφ)κφ + (mg(x, κφ) − γmε)κφ.

Hence, u := κφ is a supersolution of (1.6) provided

mg(x, κφ) − γmε ≥ 0. (3.4)

By construction, mε = 0 on Ω \ Ωε, and hence

mg(x, κφ) − γmε = mg(x, κφ) ≥ 0 on Ω \ Ωε .

As Ω̄ε ⊆ Ω is compact and φ(x) > 0 for all x ∈ Ω̄ε, there exists c > 0 such that φ(x) ≥ c for all x ∈ Ωε. Thus, by
assumption (1.3) on g,

lim inf
κ↑∞

g(x, κφ(x)) ≥ lim
κ↑∞

g(x, κc) = ∞ uniformly with respect to x ∈ Ω̄ε,

and so there exists a constant κ0 > 0 such that

m(x)g(x, κφ(x)) − γmε(x) = m(x)(g(x, κφ(x)) − γ) ≥ 0

for all x ∈ Ωε and all κ ≥ κ0. Therefore, (3.4) holds for all κ ≥ κ0. Moreover, B(κφ) = 0 on ∂Ω, and conse-
quently u := κφ is a supersolution of (1.6) for all κ ≥ κ0.
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We next construct a subsolution using a standard construction. Let ψ ≫ 0 be a principal eigenfunction
associated with Σ(0) = σ1[A,B, Ω]. We show that for λ > Σ(0) the function u := εψ is a subsolution of (1.6)
for sufficiently small ε > 0. To do so note that

A(εψ) = Σ(0)εψ
= λεψ − mg(x, εψ)εψ + (Σ(0) − λ)εψ + mg(x, εψ)εψ
< λεψ − mg(x, εψ)εψ

in Ω if we can show that
Σ(0) − λ + mg(x, εψ) < 0 in Ω (3.5)

for sufficiently small ε > 0. By the choice of λ, we have Σ(0) − λ < 0. Moreover, since ψ is bounded and
g(x, 0) = 0 by assumption, we have

lim
ε↓0

g(x, εψ) = 0 uniformly with respect to x ∈ Ω̄.

Hence we can choose ε0 > 0 such that (3.5) holds for all ε ∈ (0, ε0). Lastly, since φ, ψ ≫ 0 in Ω in the sense
of (1.8), we can enlarge κ > 0, if necessary, so that εψ ≤ κφ. Therefore, (1.6) must possess a positive solution
between the ordered pair of sub and supersolutions; see for instance the main theorem in [2]. This completes
the proof.

Propositions 3.1 and 3.2 establish the first assertion of Theorem 1.1. The next result shows the uniqueness
of the positive solution if it exists.

Proposition 3.3. If λ ∈ (Σ(0), Σ(∞)), then problem (1.6) has at most one positive weak solution.

Proof. Fix λ ∈ (Σ(0), Σ(∞)) and let u1 ̸= u2 be two positive weak solutions of (1.6). Then, by Proposition 3.1,
u1 and u2 are positive classical solutions and u1, u2 ≫ 0. Thus, going back to the proof of Proposition 3.2,
there exist ε > 0 and κ > 1 such that εψ is a subsolution of (1.6), κφ is a supersolution of (1.6), and

εψ < min{u1, u2} < max{u1, u2} ≤ κφ.

Thus, according to [2], problem (1.6) possesses a minimal positive solution v and a maximal positive solu-
tion u in [εψ, κφ]. Necessarily,

εψ ≤ v ≤ min{u1, u2} < max{u1, u2} ≤ u ≤ κφ.

Hence, setting w := u − v, we have that w ≥ 0, w ̸= 0 and

Aw = λw − m(g(x, u)u − g(x, v)v).

Obviously, we can rewrite the nonlinear terms in the form

g(x, u)u − g(x, v)v = g(x, u)w + (g(x, u) − g(x, v))v = g(x, u)w +
1

∫
0

∂2g(x, v + tw) dt vw.

Since v + tw > 0 in Ω for all t ∈ [0, 1], by our assumptions (1.2) on g(x, ξ) we find that

∂2g(x, v + tw) > 0 for all t ∈ [0, 1],

and hence

V :=
1

∫
0

∂2g(x, v + tw) dt v ∈ C(Ω̄)

satisfies V(x) > 0 for all x ∈ Ω. SinceBw = 0 on ∂Ω and w > 0 solves the linear equation

Aw + m(g(x, u) + V)w = λw in Ω,
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by the uniqueness of the principal eigenvalue we find that

λ = σ1[A + m(g(x, u) + V),B, Ω].

Therefore, by the monotonicity of the principal eigenvalue with respect to the potential, it follows from (3.1)
that

λ > σ1[A + mg(x, u),B, Ω] = λ,

which is impossible. This contradiction shows that u1 = u2, that is, the uniqueness of solution.

Throughout the rest of this paper, for every λ ∈ (Σ(0), Σ(∞)), we denote by θλ the unique positive weak solu-
tion of (1.6), which is classical. The following local continuation result provides us with the regularity of
the map λ 󳨃→ θλ. Subsequently, we denote by C1B(Ω̄) the closed subspace of C1(Ω̄) formed by all functions
u ∈ C1(Ω̄) such thatBu = 0 on ∂Ω.

Proposition 3.4. Fix λ0 ∈ (Σ(0), Σ(∞)). Then there exist ε > 0 and a map

Θ: (λ0 − ε, λ0 + ε) → C1B(Ω̄)

of class C1 such that Θ(λ) = θλ if |λ − λ0| ≤ ε. Furthermore, if λ1, λ2 ∈ (λ0 − ε, λ0 + ε) and λ1 > λ2, then
Θ(λ1) ≫ Θ(λ2).

Proof. Fix ω > −σ1[A,B, Ω] = −Σ(0). Then the solutions of (1.6) are the zeroes of the nonlinear operator

F : ℝ × C1B(Ω̄) → C1B(Ω̄)

defined by
F(λ, u) := u − (A + ωI)−1[(λ + ω)u − m(x)g(x, u)u],

where (A + ωI)−1 is the inverse ofA + ωI with the boundary conditions (1.5). As there exists η > 0 such that
u ∈ C1,ηB (Ω̄) for allweak solution of (1.6),F is a nonlinear compact perturbation of the identitymap.Moreover,
F is of class C1 in u ∈ C1B(Ω̄) and

F(λ0, θλ0 ) = 0.

By differentiating with respect to u, it becomes apparent that

L0 := DuF(λ0, θλ0 ) : C1B(Ω̄) → C1B(Ω̄)

is the continuous linear operator defined by

L0u := u − (A + ωI)−1[(λ0 + ω)u − m(x)(g(x, θλ0 )u + θλ0∂2g(x, θλ0 )u)].

SinceL0 is a Fredholmoperator of index zero, it is an isomorphism if it is injective. Suppose there is u ∈ C1B(Ω̄)
such that L0u = 0. Then, by elliptic regularity,

Au = λ0u − m(x)(g(x, θλ0 )u + θλ0∂2g(x, θλ0 )u),

and hence
λ0 = σ1[A + m(x)(g(x, θλ0 ) + θλ0∂2g(x, θλ0 )),B, Ω].

But this is impossible because

σ1[A + m(x)(g(x, θλ0 ) + uλ0∂2g(x, θλ0 )),B, Ω] > σ1[A + m(x)g(x, θλ0 ),B, Ω] = λ0.

Therefore, L0 is an isomorphism and the first part of the result follows from the implicit function theorem.
The monotonicity of Θ(λ) = θλ in λ can be obtained by implicit differentiation with respect to λ in

F(λ, Θ(λ)) = 0. (3.6)
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Indeed, setting Θ󸀠 := dΘdλ , differentiating (3.6) with respect to λ, inverting (A + ωI)−1 and rearranging terms
yields

[A − λI + m(x)g(x, θλ) + m(x)θλ∂2g(x, θλ)]Θ󸀠(λ) = θλ (3.7)

for sufficiently small |λ − λ0|. Moreover, setting

μ(λ) := σ1[A − λI + m(x)g(x, θλ) + m(x)θλ∂2g(x, θλ),B, Ω],

by the monotonicity of the principal eigenvalue with respect to the potential, we find from (3.1) that

μ(λ) > σ1[A − λI + m(x)g(x, θλ),B, Ω] = 0.

Therefore, by [30, Theorem 7.10],

Θ󸀠(λ) = [A − λI + m(x)g(x, θλ) + m(x)θλ∂2g(x, θλ)]−1θλ ≫ 0.

This completes the proof.

We now complete the proof of Theorem 1.1. According to Proposition 3.4, Theorem 1.1 (a) holds. It remains
to prove parts (b) and (c). Note that by Proposition 3.4,

θλ ≫ θμ if Σ(∞) > λ > μ > Σ(0).

Hence, as μ < λ and θμ ≫ 0, we have that

A(x, D)θμ = μθμ − m(x)g(x, θμ)θμ > λθμ − m(x)g(x, θμ)θμ

in Ω andBθμ = Bθλ = 0 on ∂Ω.Hence θμ is a positive subsolution of (1.6). Moreover, if λ < Σ(∞), in the proof
of Proposition 3.2 it is shown that equation (1.6) possesses supersolutions of the form 0 ≪ κφ, where φ ≫ 0
and κ > 0 is large enough. Hence we can choose κ > 0 such that θλ ≪ κφ. Therefore, we have θμ ≪ θλ ≤ κφ.

To prove part (b) of Theorem 1.1, we can argue as follows: Suppose there exists a decreasing sequence
λn > Σ(0), n ≥ 1, such that

lim
n→∞

λn = Σ(0) and lim inf
n→∞
‖uλn‖∞ = α > 0. (3.8)

Note that, since λn+1 < λn, by Proposition 3.4 we have that θλn+1 ≪ θλn for all n ∈ ℕ. Hence, by setting
un := θλn , the pointwise limit

0 ≤ u∞ := lim
n→∞

un (3.9)

exists. Moreover, we have that, for every n ≥ 1,

un = (A + ωI)−1[(λn + ω)un − m(x)g(x, un)un], (3.10)

and hence, since ‖un‖∞ ≤ ‖u1‖∞ and (A + ωI)−1 can be regarded as a compact operator on CB(Ω̄), the
limit (3.9) is in fact a limit in CB(Ω̄), that is, a uniform limit. By (3.8) it follows that u∞ ̸= 0. Moreover, letting
n →∞ in (3.10) shows that u∞ must be a positive solution of (1.6) for λ = Σ(0), which is impossible by
Proposition 3.1. Therefore, u∞ = 0 and Theorem 1.1 (b) holds.

To prove part (c), we proceed similarly. Suppose that Σ(∞) < ∞ and assume that there is an increasing
sequence λn, n ≥ 1, such that

lim
n→∞

λn = Σ(∞) and θλn < θλn+1 < M, n ≥ 1,

for some constantM > 0. Then theprevious argument canbe easily adapted to show the existence of a positive
solution u∞ of (1.6) for λ = Σ(∞).We only need to replace the decreasing sequence by an increasing sequence
and apply the same arguments. We again obtain a contradiction to Proposition 3.1. This completes the proof
of Theorem 1.1.
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4 Proof of Theorem 1.2
Part (a) of Theorem 1.2 is a consequence of standard monotonicity properties of the principal eigenvalue.
Indeed, suppose there exist x0 ∈ Ω and ε > 0 such that B̄ε(x0) ⊆ Ω ∩ m−1(0). Then, by using for instance
[6, Propositions 3.1 and 3.2],

σ1[A + γm,B, Ω] ≤ σ1[A + γm,D, Ω] < σ1[A + γm,D, Bε(x0)] = σ1[A,D, Bε(x0)]

for all γ ≥ 0, and therefore

Σ(∞) = lim
γ→∞

σ1[A + γm,B, Ω] ≤ σ1[A,D, Bε(x0)] < ∞.

To prove part (b), note that we can assume without loss of generality that β ≥ 0 by looking at a modified
problem as shown in Section 2. We suppose that Σ(∞) < ∞. Let φγ ≫ 0 denote the principal eigenfunction
associatedwith Σ(γ)normalized so that ‖φγ‖2 = 1. Applying estimate (2.6) and taking into account that β ≥ 0,
we obtain

Σ(γ) ≥ α2 ‖∇φγ‖
2
2 −
‖b‖2∞
2α + cL + γ∫

Ω

mφ2
γ dx (4.1)

for all γ ≥ 0. As Σ(γ) < Σ(∞) < ∞ by assumption, it follows from (4.1) that there exists a constant C > 0 such
that

‖∇φγ‖2 ≤ C for all γ > 0.
Thus, {φγ}γ>0 is a bounded subset of H1(Ω). So, there exists a function φ∞ ∈ W1,2(Ω) such that

lim
n→∞

φγn = φ∞ in L2(Ω) and weakly inW1,2(Ω)

for some sequence γn, n ≥ 1, such that limn→∞ γn = ∞. Necessarily, φ∞ ≥ 0 and ‖φ∞‖2 = 1. It therefore
becomes apparent from (4.1) that

lim
n→∞
∫
Ω

m(x)φ2
γn (x) dx = ∫

Ω

m(x)φ2
∞(x) dx = 0, (4.2)

and thus mφ∞ = 0 almost everywhere in Ω. If meas(K) = 0, this implies that φ∞ = 0 almost everywhere,
which is impossible since ‖φ∞‖2 = 1, so Σ(∞) = ∞ in that case. This proves part (b).

To prove part (c), take a test function v ∈ C∞c (int(K)). Then mv = 0 in Ω and v = 0 on Γ1. Using that φγ is
a weak eigenfunction, we have that

Σ(γn) ∫
Ω

φγn v dx = ∫
Ω

⟨A∇φγn , ∇v⟩ dx + ∫
Ω

v⟨b, ∇φγn⟩ dx + ∫
Ω

cφγn v dx,

that is, φγn is a weak eigenfunction. Using (4.2), we can let n →∞ to obtain

Σ(∞)∫
Ω

φ∞v dx = ∫
Ω

⟨A∇φ∞, ∇v⟩ dx + ∫
Ω

v⟨b, ∇φ∞⟩ dx + ∫
Ω

cφ∞v dx

for all v ∈ C∞c (int(K)).
To prove part (d), note that if Σ(∞) < ∞, thenwe can choose φ := φ∞ with φ∞ as in part (c). Now assume

that φ ∈ W1,2(Ω) is non-zero and mφ = 0 almost everywhere. We can assume without loss of generality that
supp(φ) ⊆ Ω. We then normalize φ so that ‖φ‖2 = 1. As the problem is self-adjoint, the principal eigenvalue
is given by the Rayleigh formula

Σ1(γ) = inf
u∈W1,2

Γ0
(Ω)

‖u‖2=1

(∫
Ω

⟨A∇u, ∇u⟩ + (c + γm)u2 dx + ∫
Γ1

βu2 dS)

≤ ∫
Ω

⟨A∇φ, ∇φ⟩ + (c + γm)φ2 dx

= ∫
Ω

⟨A∇φ, ∇φ⟩ + cφ2 dx < ∞

since mφ = 0 almost everywhere. This completes the proof of Theorem 1.2.
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Remark 4.1. According to [24, Theorem 2.20], there exists a compact set K with empty interior supporting
a function φ as required in part (d), provided N ≥ 2. Setting m = χΩ\K, we have Σ1(∞) < ∞ despite the fact
that K has empty interior.

We suspect that the result in part (d) remains true for non-self-adjoint problems. We know this is true in
case N = 1 by performing a change of variables that turns the original problem into a self-adjoint one. That
change of variable can be found in [32, p. 548].

Corollary 4.2. If Ω0 := int(m−1(0)) ̸= 0, then the sequence of eigenfunctions φγn introduced above converges
to φ∞ locally uniformly in Ω0.

Proof. For simplicity, we just write φγ rather than φγn . The uniform L2-bound given by the normalization
‖φγ‖2 = 1 implies a uniform L∞-bound on the φγ. More precisely, the eigenfunctions satisfy the problem

{
(A(x, D) + γm)φγ = Σ(γ)φγ in Ω,

B(x, D)φγ = 0 on ∂Ω,

where the right-hand side is bounded by Σ(∞)φγ. One can then apply for instance [10, Proposition 6.4] to
get a bound for ‖φγ‖∞ in terms of ‖φγ‖2 = 1 and constants independent of γ ≥ 0. In particular, as γm ≥ 0, the
constant c2 in the above-mentioned proposition is independent of γ.

AsAφγ − Σ(γ)φλ = 0 on Ω0, the uniform L∞-bounds then give rise to uniform local Hölder bounds on Ω0;
see [19, Theorem 8.29]. By the compact embedding of the Hölder spaces into the space of continuous func-
tions we obtain the local uniform convergence.

5 Proof of Theorem 1.3
By standardmonotonicity properties of principal eigenvalues, see for instance [30, Propositions 8.1 and 8.2],
we have that

Σ(γ) = σ1[A + γm,B, Ω] ≤ σ1[A + γm,D, Ω] ≤ σ1[A + γm,D, Ω0,j] = σ1[A,D, Ω0,j]

for all j ∈ ℕ. Note that the second inequality does not require any regularity assumption on the open sets.
The last equality holds since m = 0 on Ω0,j. By definition of Σ(∞), we deduce that

Σ(∞) = lim
γ→∞

Σ(γ) ≤ σ1[A,D, Ω0,j]

for all j ∈ J. In particular,
Σ(∞) ≤ σ := inf

j∈J
σ1[A,D, Ω0,j] (5.1)

exists. To complete the proof of Theorem 1.3, we need to show that

σ = σ1[A,D, Ω0,k] = Σ(∞)

for some k ∈ J. We proved in Theorem 1.2 that there exists a non-zero non-negative function φ∞ ∈ W1,2(Ω)
such that mφ∞ = 0 on Ω and

Aφ∞ = Σ(∞)φ∞ in Ω0,j, j ≥ 1,

in theweak sense. By assumption,m is boundedaway fromzero onevery compact subset of Ω̄ \ Ω̄0, andhence
φ∞ = 0 on Ω \ Ω̄0. The stability of Ω0 given by condition (b) in Theorem 1.3 implies that φ∞ ∈ W1,2

0 (Ω0).
As φ∞ ̸= 0 there exists k ∈ J such that φ∞ ̸= 0 on the connected component Ω0,k. We conclude that

φ∞|Ω0,k ∈ W
1,2
0 (Ω0,k). Here we use the simple fact that φ∞ ∈ W1,2

0 (Ω0) if and only if φ∞|Ω0,j ∈ W
1,2
0 (Ω0,j)

for every connected component Ω0,j, j ∈ J. Hence, φ∞ is a positive weak eigenfunction of A with Dirichlet
boundary conditions on ∂Ω0,k. By the uniqueness of the principal eigenvalue, we have that

Σ(∞) = σ1[A,D, Ω0,k].
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Combining this with (5.1), we see that

Σ(∞) ≤ σ ≤ σ1[A,D, Ω0,k] = Σ(∞).

Therefore,
Σ(∞) = σ = σ1[A,D, Ω0,k] = min

j∈J
σ[A,D, Ω0,j],

completing the proof of Theorem 1.3.
With a little bit of additional effort, it is easily seen that theminimum is attained on at most finitely many

components.

Remark 5.1. From the proof follows that the statement of Theorem 1.3 is not valid if we omit the stability
assumption on Ω0, even for A = −∆. If the component Ω0,k referred to above is not stable, then φ∞ is the
principal eigenvalue of the pseudo-Dirichlet Laplacian corresponding to the eigenvalue Σ(∞) as discussed in
[3, Section 2], that is, themaximal realization of the Laplace operator obtained by approximation of domains
from the outside. On the other hand, σ1[−∆,D, Ω0,k] is the principal eigenvalue of the minimal realization
of the Dirichlet Laplacian using a completion of test functions. If Ω0,k is not stable, then [3, Proposition 2.4]
implies that Σ(∞) < σ1[−∆,D, Ω0,k]. The eigenvalue of the pseudo-Dirichlet Laplacian is smaller because the
form domain is larger; see [3, (2.6)].

However, if we replace the principal eigenvalues σ1[−∆,D, Ω0,k] by those of the pseudo-Dirichlet Lapla-
cian or maximal realization of the Dirichlet problem for the operator A, then we obtain a similar statement
as in Theorem 1.3.

6 Proof of Theorem 1.4
Parts (a) and (b) of Theorem 1.4 are an easy consequence of the proof of Theorem 1.1 and the method of sub
and supersolutions for parabolic problems as developed in [37]. To prove (b), suppose that λ ∈ (Σ(0), Σ(∞)).
Then, according to the proof of Theorem 1.1, equation (1.6) possesses arbitrarily small positive subsolu-
tions u and arbitrarily large positive supersolutions ū such that Bu = Bū = 0 on ∂Ω. In particular, we can
choose them to satisfy

u ≤ uλ( ⋅ , 1; u0) ≤ ū in Ω.

Thus, by the semigroup property and the parabolic maximum principle,

uλ( ⋅ , t; u) ≤ uλ( ⋅ , t + 1; u0) ≤ uλ( ⋅ , t; ū) in Ω for all t > 0.

According to [37, Theorem3.6], t 󳨃→ uλ( ⋅ , t; u) increases approximating theminimal positive solutionof (1.6)
as t →∞ in the order interval [u, ū]. Similarly, t 󳨃→ uλ( ⋅ , t; ū) decreases approximating themaximal positive
solution of (1.6) as t →∞ in the order interval [u, ū]. Since (1.6) admits a unique positive solution θλ, nec-
essarily

lim
t→∞

uλ( ⋅ , t; u0) = θλ .

This completes the proof of Theorem 1.4 (b).
To prove part (a), fix μ ≤ Σ(0) and note that the function uμ is a subsolution of (1.1) for every λ > Σ(0).

Thus,
0 ≤ uμ( ⋅ , t; u0) ≤ uλ( ⋅ , t; u0) in Ω

for all λ > Σ(0). Hence,

0 ≤ lim sup
t→∞

uμ( ⋅ , t; u0) ≤ limt→∞ uλ( ⋅ , t; u0) = θλ for all λ > Σ(0)

by Theorem 1.4 (b) proved already above. Therefore, according to Theorem 1.1 (b), letting λ ↓ Σ(0) yields

0 ≤ lim sup
t→∞

uμ( ⋅ , t; u0) = 0,

which completes the proof of Theorem 1.4 (a).
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To prove part (c), we proceed similarly to part (a). Fix μ > Σ(∞) and note that the function uμ is a super-
solution of (1.1) for every λ < Σ(∞). Thus,

0 ≤ uλ( ⋅ , t; u0) ≤ uμ( ⋅ , t; u0) in Ω

for all λ < Σ(∞). Hence,

θλ = lim inf
t→∞

uλ( ⋅ , t; u0) ≤ lim inf
t→∞

uμ( ⋅ , t; u0) for all λ < Σ(∞) (6.1)

by Theorem 1.4 (b) proved already above. Therefore, according to Theorem 1.1 (c), letting λ ↑ Σ(∞) yields
that

lim inf
t→∞
‖uλ( ⋅ , t; u0)‖∞ = ∞,

which concludes the proof of part (c). The last assertion in Theorem 1.4, the limit (1.14), follows from (6.1)
and the following proposition.

The usual way of proving this theorem is to use the fact that the limit eigenvalue problem of (1.7) is
a Dirichlet problem on some component of Ω0. To keep the spirit of Theorem 1.1, we avoid this here and
basically only assume that Ω0 is non-empty.

Proposition 6.1. Suppose the assumptions of Theorem 1.4 are satisfied and that Ω0 := int(m−1(0)) has a com-
ponent Ω0,k, where the function φ∞ from Theorem 1.2 is positive. Then

lim
λ↑Σ(∞)

θλ(x) = ∞

locally uniformly with respect to x ∈ Ω0,k.

Proof. We have seen in Section 3 that θ󸀠λ := dθλ/dλ satisfies equation (3.7) and Bθ󸀠λ = 0 on ∂Ω for all
λ ∈ (Σ(0), Σ(∞)). Fix λ0 ∈ (Σ(0), Σ(∞)) and choose

γ > ‖g( ⋅ , θλ0 ) + θλ0∂2g( ⋅ , θλ0 )‖∞

such that Σ(γ) > λ0. Denote by φγ ≫ 0 the normalized eigenfunction associated with Σ(γ). We have proved in
Corollary 4.2 that there exists C > 0 such that ‖φγ‖∞ ≤ C for all γ > 0 if we normalize the eigenfunctions by
‖φγ‖2 = 1. We also know from Theorem 1.2 that Σ(∞) < ∞. Choosing ω > Σ(0), we have that

Aφγ + γmφγ + ωφγ = (Σ(γ) + ω)φγ ≤ (Σ(∞) + ω)C =: M.

Hence, if we set w := (A + ωI)−1M, then w ≫ 0 and w ≥ φγ for all γ ≥ 0. As θλ0 ≫ 0, there exists η > 0 such
that θλ0 > ηw ≥ ηφγ. As θλ ≥ θλ0 for all λ ∈ (λ0, Σ(∞)), by Proposition 3.4 we have that

θλ > ηw ≥ ηφγ

for all γ ≥ 0 and all λ ∈ (λ0, Σ(∞)). Thus, by taking into account that θ󸀠λ0 ≥ 0, it follows from (3.7) that

(A − λI + γm)θ󸀠λ ≥ ηφγ in Ω,
Bθ󸀠λ = Bφγ = 0 on ∂Ω

for all γ ≥ 0 and all λ ∈ (λ0, Σ(∞)). We therefore have

θ󸀠λ0 ≥ Ψγ ,

where Ψγ stands for the unique positive solution of

{
(A − λI + γm)Ψγ = ηφγ in Ω,

BΨγ = 0 on ∂Ω.

An elementary calculation shows that
Ψγ =

η
Σ(γ) − λ φγ
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for all γ ≥ 0 and all λ ∈ (λ0, Σ(∞)). Now let φ∞ be the function from Theorem 1.2. We know that for a subse-
quence γn →∞ we have φγn → φ∞, and hence

θ󸀠λ(x) ≥ lim
n→∞

Ψγn (x) ≥ lim
n→∞

η
Σ(γn) − λ

φγn =
η

Σ(∞) − λ φ∞

for all λ ∈ (λ0, Σ(∞)). Let Ω0,k be a component onwhich φ∞ > 0. Fix a compact set K ⊆ Ω0,k. Since φ∞ is con-
tinuous and, by themaximumprinciple, φ∞(x) > 0 for all x ∈ Ω0,k, there exists c > 0 such that φ∞(x) > c for
all x ∈ K. Hence, as λ ↑ Σ(∞), the derivative θ󸀠λ becomes as large as we like on K, and hence θλ ↑ ∞ uniformly
on K as λ ↑ Σ(∞).
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