DE GRUYTER Adv. Nonlinear Stud. 2018; 18(2): 217-236

Research Article

Daniel Daners and Julian L6pez-Gomez*

Global Dynamics of Generalized Logistic
Equations

https://doi.org/10.1515/ans-2018-0008
Received November 13, 2017; revised February 20, 2018; accepted February 22,2018
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1 Introduction and Main Results

This paper characterizes the dynamics of the parabolic problem

o + A(x, D)u = Au — m(x)g(x, u)u in Q x (0, c0),
B(x,D)u=0 on 0Q x (0, co), (1.1)
u(-,0)=up >0 in Q,

where Q is a bounded domain of RN, N > 1, with boundary 0Q, of class €2, A € Ris a parameter, m € L®(Q),
m # 0, is non-negative and A is a second-order uniformly strongly elliptic operator with associated boundary
operator B(x, D) of Dirichlet, Neumann or Robin type. The function g: Q x [0, c0) — R is assumed to be
continuous in x € Q and of class €! in u € R. Moreover,

8(x,0)=0, gx,u)>0, dugx,u)>0 (1.2)
forallu > 0and x € Q, and
ulLrgo g(x,u) = co locally uniformly with respect to x € Q. (1.3)

Note that this is weaker than the standard assumptions in the literature where uniform convergence is
assumed on Q.

We are interested in the case where m has a non-trivial zero set. It is the focus of this paper to weaken the
assumptions on this zero set substantially compared to earlier works, and to simplify a number of proofs at
the same time. We refer to our discussion below for more detail.
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Before stating our main results, we introduce precise assumptions and notation. The operator A(x, D) is
assumed to be expressed in divergence form

A(x, D)u := —div(A(x)Vu) + (b(x), Vu) + c(x)u,
where A = (ajj)1<i j<n is @ symmetric matrix function with Lipschitz continuous top-order coefficients
ajj = ajj € Wl’OO(Q),

and bounded and measurable lower-order coefficients b = (bq, ..., by) € (L®(Q))N and ¢ € L®(Q). As
strong ellipticity is assumed, there is a constant @ > 0 such that

ETA(X)E = alé)? forall ¢ e RN andallx € Q, (1.4)

where T stands for transposition. As far as the boundary operator B(x, D) is concerned, we assume that Iy
and I'; are open and closed disjoint subsets of 0Q such that 0Q = I'y U I'1, and we define the boundary oper-
ator
Bx, Dy 1= {u on Iy (Dirichlet), (1.5)
(A(x)Vu, v) + B(x)u onT; (Neumann or Robin),
for all u € C1(Q UT;) N C(Q), where v(x) is the outer unit normal vector field on 0Q and 8 € L°(T'1), with
no restrictions on the sign of (x). So, A(x, D), B(x, D) and Q satisfy the general structural hypotheses of
[30, Chapter 4]. As B(x) can vanish somewhere on I';, the operator B(x, D) can be of either Neumann or
Robin type on T';. If I'; = 0, then B becomes the Dirichlet operator on 0Q = T'y. In such case it is denoted by
D = B.
Throughout this paper, for any function f defined in Q, we will use the notations

fr=max{o,fi, fr=f"~f fi=iff, fu:= Sl(llpf-

We now discuss some existing results for comparison. In the classical case when m is separated away
from zero, it is folklore that the dynamics of the positive solutions of (1.1) is governed by the non-negative
solutions of the associated elliptic problem

{A(x, D)u = Au-m(x)g(x,w)u inQ, (1.6)

B(x,D)u=0 on 0Q.

But if m vanishes somewhere on Q, then the meta-solutions might play a significant role in describing the
dynamicsof (1.1); see[17, 18, 20, 21, 28] and the recent monograph [31]. Since [4, 14, 35] studied a very sim-
ple degenerate prototype of (1.6) by using variational methods and global continuation techniques, [18] can
be considered to be the first paper where the problem of ascertaining the global dynamics of the positive
solutions of (1.1) was addressed.

The main goal of this paper is to sharpen the most important results from [18] in order to characterize
the dynamics of (1.1) in all possible degenerate situations. Although these results were already improved
in [5], at least in the context of [6], our findings here are significant refinements containing all previously
available results as a special case. Actually, one of the main assumptions of [18] imposed a severe restriction
on the nodal behavior of the weight function m(x), like in [17] and in all subsequent literature on degenerate
problems. Indeed, [18, Theorem 3.5] was established under the following very strong structural assumption:
e Qo :=intm~1(0) is a possibly empty €2*¥-subdomain of Q such that Q¢ < Q and Qo = m~(0). In case of

Dirichlet boundary conditions, i.e., when B = D, we only require Qg ¢ Q. Hence, in this case we allow

m(x) to vanish on 0Q.

This restriction was weakened in [31] in the special case when I'; = 0. Hypothesis (Ha) of [31] still seems
much stronger than desirable in order to give a really general and sharp result.
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In this paper, we adopt a rather different approach in finding optimal results with no special restriction
on the structure of m~1(0). The key that allows us to do that is an alternative construction of a supersolu-
tion carried out in the proof of Proposition 3.2 below. To be more precise, we need to introduce some more
notation. For any given potential V' € L*°(Q), we denote by

01[A+V, B, Q]

the principal eigenvalue of the linear eigenvalue problem

(1.7)

AX, D)+ V)p=0¢p inQ,
B(x,D)p =0 on 0Q,

whose existence, uniqueness and main properties are for instance collected in [30, Chapter 7]. In that refer-
ence, the reader can find precise statements of all the monotonicity properties used in this paper, in particular
the fact that o1 [A + V, B, Q] is strictly monotone as a function of the potential V. In our general context here,
most of them go back to [6, 27], but earlier versions appear for example in [23, Lemma 15.5]. The principal
eigenfunction ¢ is unique up to a multiplicative constant and can be chosen to satisfy ¢ > 0, that is,

@(x)>0forallx e QuT; and 3—‘5(){) < Oforall x € Tg. (1.8)

Since m > 0 and m # 0, we have that
meas(m 1(R,)) > 0,

where meas(M) stands for the Lebesgue measure of any measurable set M ¢ RV. Hence, by the monotonicity
of the principal eigenvalue with respect to the potential, the map X: [0, co) — R defined by

Yy Z(y) :=01[A +ym, B, Q] (1.9)
is strictly increasing. Thus, the limit
Z(00) := lim X(y) € (—00, 00] (1.10)
yTeo

is well defined. Our first result concerns the existence of positive steady-state solutions of (1.1), and it can be
stated as follows.

Theorem 1.1. Let A, B, m and Q be as introduced above. Then problem (1.6) has a positive solution if and only
if A € (2(0), Z(00)). Moreover, that solution, denoted by 0,, is unique and the map

(2(0), £(00)) — C(Q), A+ By,

has the following properties:
(@) The solution 0} is strictly increasing and of class C' as a function of A.
(b) The solution 0, bifurcates from zero at A = £(0). More precisely,

lim 6, =0 inCQ).
ALZ(0)

(c) IfZ(c0) < oo, then 0, bifurcates from infinity at A = (o) in the sense that

lim [[0lleq) = co. 1.11
ATZ(oo)" /\”e(Q) ( )

We provide a more precise statement about how (1.11) happens in Proposition 6.1. As a consequence of the
above theorem, the global bifurcation diagram of positive solutions of (1.6) when Z(co) < co looks as shown
in Figure 1. As we are not imposing any special requirement on the structure of the vanishing set of m,

K := m™1(0),
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Z(0) Z(c0) A

Figure 1: Global bifurcation diagram when Z(co) < co.

Theorem 1.1 sharpens all previous available results. In particular, our result is a substantial extension of
[18, Theorem 3.5] and of [5, Theorem 1.1], where

Qo := intm~1(0)

was assumed to consist of finitely many smooth components. It turns out that, except for the two existence
results just referred to, most of the remaining ones were established in the special case when A = —A under
much stronger requirements on the structure of Q.

The next theorem gives two simple criteria that guarantee whether or not X(co) is finite. They are essen-
tially known, see for instance [27], but we include them because we provide a much simpler proof and make
weaker assumptions on the regularity of m. Indeed, the proof of [27, Theorem 6.4] is based on some sophis-
ticated ideas going back to [8, 33], while our proof here is rather direct.

Theorem 1.2. Let A, B, m and Q be as introduced above. Set K := m~1(0). Let %(co) be defined by (1.10). Then

the following assertions are true:

(a) Ifint(K) # 0, then Z(co) < co.

(b) If meas(K) = 0, then Z(co) = oo.

(c) If Z(0o) < oo, then there exists @, € WH2(Q) such that po, = 0, |@Peoll2 = 1 and mey, = 0 almost every-
where in Q. Moreover, ¢, is a weak solution of Apy, = Z(00)Poo in int(K).

(d) Ifin addition (1.7) is self-adjoint, then X(co) < oo if and only if there exists ¢ € W'2(Q) non-zero such that
me = 0 almost everywhere, regardless of whether or not K has empty interior.

It is remarkable that this result does not depend on the sign of the function § in the boundary operator B,
though proving it in the general case when f takes negative values is far from straightforward and requires
using a rather sophisticated device going back to [29] and collected in [30, Chapter 4]. An alternative method
to achieve the same can be found in [11].

When Qo := int(m~1(0)) is non-empty and, in addition, m(x) satisfies the requirements of [6, Section 11]
or [7, Definition 1.1], then it is well known that

%(00) = 0[A, B%, Qol,

where B stands for the boundary operator

0QoNQ,
BOY := v on oo
By onoQynoQ.
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The first result in this spirit was [26, Theorem 3.3], where Qg was assumed to be a connected subset of Q with
Qo = K ¢ Q. Substantial refinements of these results were obtained in [30, Chapter 9] if Qo possesses finitely
many smooth components that are separated from each other. Later, some of these results were adapted to
cover the case of cooperative systems in [1, 9, 13].

This paper weakens substantially the previous assumptions on the zero set of m and, in addition, allows
infinitely many components that are not necessarily at a positive distance from each other. We only require
a very weak regularity assumption on the zero set of m.

Theorem 1.3. Suppose that m € L*°(Q) is non-negative and let
Qo := int(m™1(0)) # 0.

To avoid certain pathological situations, we assume that Qg = int(Qq) # 0. Furthermore, suppose that Qg sat-
isfies the following properties:

(@) Qo € QuTqand mis separated away from zero on any compact subset of Q \ Qq.

(b) Qo consists of connected components, Qo ;, j € J, with J either finite or countable, such that

fue Wr*(Q): u=0ae onQ\Qo} = Wy (Qo),
that is, Qg is stable.
Then Z(c0) < co and

b 2
B3, , .

oa (1.12)

a
X(co) =minoq[A, D, Qo ;] = - mino[-A, D, Qq ;] -
jel 2 jeJ

We now discuss the conditions of the theorem and provide some examples. Figure 2 shows a two-dimensional
example not previously dealt with in the literature. In this example, Q is the annulus % < |x] < % We assume
Dirichlet boundary conditions on the inner circle I'y and Neumann or Robin boundary conditions on the outer
circle T';. The black smaller regions of Q make up the set on which m = 0, that is, Q¢ = m~1(0), the remaining
portion of Q stands for the region where m(x) > 0. In the plotted example, Q¢ consists of infinitely many
components. More precisely, it consists of four sequences of touching discs (Q(’;’j),-zz, 1 < k < 4, rotated from
each other by the angle 7, the largest of which touch I'y. The discs have radius 1/ j2 and are centered on the

four half axes at a distance of c; from the origin. More precisely,
Cj := ! + 2 + 2 et 2 + !
7T T2 7 32 (G-1)2  j2 ’

for all j > 2. By definition,

1
Ql i=1xeR?: |x-(cj,0)| < =1,
0,j { J ]2}

2 ._ i1 3 ._ ,inpl 4 . i A1 .
QO,]. '_eZQO,j’ QO,j =e Qo,j’ QO’]. =e ZQO’]., j=2.

By construction, the connected components of Qg are mutually disjoint and touch each other at exactly one
point. Moreover, they accumulate at points on the axis at a distance of
1 3 72 3 5
limci=2) =-==2—-=<=
jooo e; 2 2 "6 22
from the origin; see [12] for an elementary proof of the well-known fact that Y92, 1/n? = n?/6.
As Qg is a disjoint union of smooth sets whose closures only intersect on a set of capacity zero, it is stable.

We refer for instance to [40, Satz 4.8] or [39, Section 3.2] for this fact. Stability of smooth domains is discussed
in [30, Section 8.4]. As a consequence of Theorem 1.3,

%(c0) = 01[A, D, Qf ], k=1,2,3,4.

It is interesting to have a rough estimate on the size of Z(co) depending on the structure of Q. We can obtain
a lower estimate of X(co) in terms of explicitly known eigenvalues by using the Faber-Krahn inequality stat-
ing that, amongst all domains of the same volume, the Dirichlet problem for the Laplacian has the smallest
principal eigenvalue on the ball. Hence, (1.12) yields

a . IB113,
Z(co0) = = minoy[-A, D, Bj] - +cL,
2 jeJ 2a
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Figure 2: An example where Qg = int(m~1(0)) consists of infinitely
many components: four sequences of disjoint discs touching each
other, accumulating at some point on each of the axes. The discs
are uniformly separated away from I'1, but intersect l'p.

Figure 3: Examples of different types of fragmented domains where Z(oco) is very large despite the total area of Qg (shown in
black) being large.

where B;j is a ball of the same volume as Q j forall j € J. As the Dirichlet eigenvalue decreases with increasing
radius of the ball, a lower estimate of £(co) is given by the component of Q with the largest volume. Taking Q¢
with many components with small measure, we can make X(co) as large as we like, keeping the total volume
of Qg large. An example is given in Figure 3 on the right. Hence if Q¢ is non-empty, then Z(co) is finite, but its
magnitude depends not just on the measure of Qg but on how fragmented it is. Hence thanks to Theorem 1.3
and its predecessors, a more fragmented refuge area Qg leads to a larger Z(co).

On the other hand, as discussed already in [30, Chapter 8], Z(co0) = 01[A, D, Qo] can be taken as close as
wewishto g1 [A, D, Q] by taking Qg close to Q in an appropriate sense. However, note that “close” in measure
is not sufficient since o1[-A, D, Qo ;] depends very much on the geometry of Qo ; and is quite independent
of the measure. It turns out that for simply or doubly connected Qo ; in R? what counts is the inradius of Q,
that is,

pj :=sup{r > 0: there exists x € Qo j such that B(x, ) € Qo j}.

An inequality due to [22, 34] establishes the next lower bound for o1 [-A, D, Q¢ ;] in terms of the inradius p;,
namely

1
01[—A,D,QQ"] > —.
7 2p;

If we consider the largest inradius p := maxj; pj, then we deduce from (1.12) that

S(o0) » X _ 1Bl

4p 2a (1.13)

Hence, by choosing simply or doubly connected Qo ; ¢ R? with a sufficiently small inradius, we can make
¥(0o) as large as we like regardless of the area of Q. An example is shown in Figure 3 on the left. By making the
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spiral thinner, we can almost exhaust the area of Q but make sure that X(co) is larger than any given number.
We can still consider such Qg a fragmented domain in the sense that it does not contain any large balls. There
are similar inequalities for multiply connected domains in [34]. Note however that such inequalities are only
valid in two dimensions, unless the domain is convex or otherwise of special geometry. This is because in
higher dimensions, starting with a simply connected domain, one can remove sets of very small capacity to
produce a domain with an arbitrarily small inradius, keeping it simply connected. Removing a set of very
small capacity does not change the principal eigenvalue of the original domain very much.

Nevertheless, even in higher dimensions one can produce analogues of examples such as the “sliced”
domain in the middle of Figure 3. Indeed, we have |ull, < d|Vull, for all u € Wé’z (U) if U is an open set
between two hyperplanes at distance d apart; see for instance [38, Theorem III.5.3]. Hence if Qg consists of
slices between hyperplanes of distance §, then we have an estimate similar to (1.13) with p replaced by 6. To
obtain a connected domain, we can connect the slices with very thin tubes and not change the lower bound
very much.

In all three situations above, we have domains Qg that are fragmented in different ways, having large
volume and nevertheless a large value for Z(co).

As far as the dynamics of (1.1) are concerned, the main result of this paper can be stated as follows: for
any given ug € C(Q) such that ug > 0 and ug # 0, we will denote by u,(x, t; ug) the unique classical solution
of (1.1).

Theorem 1.4. Suppose A, B and m satisfy the assumptions stated near the start of this section. Then for each
Uy € C(Q) such that ug > 0 and uq # 0 the solution u,(x, t; up) of (1.1) has the following properties:
(@) IfA < Z(0), thenlimspeo Ua( -, t; Ug) = O uniformly in Q. In particular, 0 is a global attractor.
(b) If 2(0) < A < Z(00), then lim¢oo Ua(-, t; Uuo) = 63 uniformly in Q. In particular, 0, is a global attractor
of (1.1).
(c) IfA > Z(c0), then
lim[lua(-, t; uo)llg(q) = o-
tToo

Moreover, if there exists a component Qg  of Qo := int(m=1(0)), where the function ¢, from Theorem 1.2 is
positive, then
tlim ux(x, t;up) = co locally uniformly with respect to x € Qg k. (1.14)
—00

Note that the last statement of the theorem holds in particular when the conditions of Theorem 1.3 are sat-
isfied. In the light of Theorem 1.4, the more fragmented Qg is, the worse for the species u, as the growth of
the population is controlled by 6, for all A € (£(0), Z(c0)), while the unlimited growth described in part (c)
occurs for all A > X(00).

This paper is organized as follows: Section 2 gives some important technical results on the principal
eigenvalue, Section 3 consists of the proof of Theorem 1.1, Section 4 provides the proof of Theorem 1.2,
Section 5 gives the proof of Theorem 1.3 and, finally, Section 6 proves Theorem 1.4.

2 Convergence Properties of Principal Eigenvalues

In this section, we collect some properties of the principal eigenvalue and the corresponding eigenfunctions
of (1.7). We start by deriving an estimate for the eigenvalue Z(y) defined by (1.9). Let 0 < ¢ € Wﬁ(’)l(Q) be
a corresponding eigenfunction normalized such that

lel2 =1, (2.1)
where « is in the sense of (1.8). Then, by definition,

—div(A()Ve) + (b(x), Vo) + [c(x) + ym()]p = Z(y)p inQ (2.2)
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and B = 00on 0Q = o U T'y. Every eigenfunction is a weak eigenfunction, and hence, multiplying (2.2) by ¢,
integrating over Q, applying the divergence theorem and using the boundary conditions yields

X(y) = IWAq;, Vo) dx + I (b, Vo) dx + I[c +ym]o? dx + I Bp? ds (2.3)
Q Q o) T,
for all y > 0. By the ellipticity condition (1.4),
J(VA(p, Vo) dx > a JIV(pIZ - alvol2. (2.4)
Q )
Applying the Cauchy-Schwarz and Holder inequalities and (2.1) leads to

IBIZ,
2a

a
|| ob.v0) @ < [ oIbl1Vl < IbllolipIVol: = 151l Vol < 519013 + 2.5)
Q Q

where we denote by || b, the (essential) supremum norm of b. Substituting (2.4) and (2.5) into (2.3) shows

that
IBIZ,

2a

2(c0) = Z(y) = %uv(png - +cL+y J me? dx + jﬁ(pz ds (2.6)

Q Iy

forally > 0. For many purposes it is convenient to drop the boundary integral, but this is only possibleif 8 > 0.
We do not want to make restrictions on the sign of . If (x) < 0 for some x € I';, we show, using a device col-
lected in [30, Section 4.6], that there exists an equivalent boundary value problem with the same principal
eigenvalue and a reweighted eigenfunction. As we are assuming that I'; is of class €2, the distance function
—dist(x, T1) is of class @2 in a neighborhood U of I';; see for instance [25, Theorem 3]. Choosing a test func-
tionn € CX(U) with 0 <5 <1 and 1 = 1 in a neighborhood of I'1, we can set (x) := —-n(x) dist(x, I'1). Then
P € C%(Q) satisfies

P=00n0Q and Vi =vonTly. 2.7)

Alternatively, one could use a function ¥ similar to that constructed in [30, Lemma 2.1], and observe that it
vanishes on I'; from its proof. Using the ellipticity condition (1.4) and (2.7), we can choose M > 0 such that

M(AVY, V) + B = M(Av,v) + B> aM|v]* + B=aM + 8 > O (2.8)
on I';. Now consider the function defined by

h(x) =M™ 50, xeQ. (2.9)

Then, by following [36], the weighted principal eigenfunction

¢ := %, >0,
satisfies
hi(y)¢ = Z(y)p = Ap + yme = A(h) + yhm¢p = hApp + yhmp (2.10)
in Q, where
Ap = —=div(AV-) + (b, V-) + cp
with

bp:=b- %Avh and cp:= ATh

We next look at the boundary conditions. Since h = 1 on I'y, we have that ¢ = ¢ = 0 on I'y. Moreover, setting
Br = (AVh,v) + B

and taking into account that h = 1 on I'1, we find that

0=(AVe,Vv) + Bp = (AV(h), V) + hfp = (AV, V) + Br
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on I'y. Moreover, by (2.8) and (2.9), we have that
Bn=MAVY,v)+B=aM+>0 onljy.

Hence, if we define

u on I,
Bhu =
(AVu,v) + Bpu onTjy,

and divide (2.10) by h, it becomes apparent that ¢ satisfies the eigenvalue problem
App+yme = 2(y)¢p inQ,
Brp =0 on 0Q,

if and only if ¢ satisfies
Ap +yme =Z(y)p inQ,
Bp =0 on 0Q.

As h > 0 on Q, we also have ¢ > 0 in Q, and hence, by the uniqueness of the principal eigenvalue,
2(y) = 01[A+ym, B, Q] = 01[An + ym, Bp, QJ.

Note that the function h used in the previous argument does not in any way depend on the operator, but only
on I'; and the distance to I'g. Hence it can be used for any parameter y > 0 and any weight function m. We
can therefore assume without loss of generality that 8 > 0 in any of the proofs below. Instead of the method
described here, we could have used a method from [11] to deal with the case when 8 < O somewhere.

The next result establishes a pivotal continuity property that will be used to prove that A € (£(0), Z(c0))
is not only necessary but also sufficient for the existence of a positive solution of (1.6). It should be noted
that, unless m = 0 in a neighborhood of 0Q, it cannot be derived directly from the continuity properties of
[6, 30] because m, does not converge in L>°(Q) to m as € | 0, but merely approximates m pointwise. In fact,
the proof below works under even weaker assumptions. It only requires that m, = m weak* in L®(Q), but
we do not need that for our purposes here.

Lemma 2.1. For sufficiently small € > 0, let Q. be the open subset of Q defined by
Qe := {x € Q: dist(x, 0Q) > &}

and set
me := myq,, (2.11)

where yq, stands for the characteristic function of Q,, i.e.,

1 ifxeQ,,
Xo,(X) := :
0 ifxeQ\ Q.

Then, for every y > 0,
lintl) o1[A +ym:(x), B, Q] = 01[A + ym(x), B, Q].
E—

Proof. As shown above, we can assume without loss of generality that § > 0. To simplify notation, we set
Zs()’) =01 [‘A + ymS(X)s B’ Q]'

As m; T m in a monotone fashion as € | 0, we conclude from the monotonicity properties of the principal
eigenvalue referred to in the introduction that

Zo(y) = lim Ze(y) < 2(y) < o0
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exists. We need to show that Zy(y) = Z(y). It follows from (2.6) and the assumption that 8 > 0 that

Ib1IZ,
2a

a
20) > 2) 2 SIVgel3 - 52 ey vy [ o dx

Q

Hence, as Z(y) < oo, there exists a constant C > 0 such that
[Voelo < C foralle > 0.
Thus, {@,}e>0 is a bounded subset of W12(Q). So, there exists a function ¢ € W2(Q) such that
lim @¢, =¢ in L?(Q) and weakly in W'2(Q) (2.12)

for some sequence (e,)n>1 such thatlim,_,., €, = 0. Necessarily, ¢ > 0and ||¢|, = 1. So, in particular, ¢ # O.
Now take a function v € W%(;Z(Q). Then, using that ¢, are weak eigenfunctions, we find that

Z:(y) J Qe vdx = j(AV(pgn, Vv)dx + J v(b, Vog,) dx + J[c +yme, Qe vdx + J Bpe,vdS
Q Q Q Q I

for all n € N. The dominated convergence theorem implies that m.v — mv in L?(Q). Hence, taking into
account (2.12), we can let n — oo to obtain

Zo(y) J pvdx = J(AV(p, Vv) dx + J v(b, V) dx + J[c +ym]ovdx + J BovdsS.
Q Q Q Q I

This shows that Zo(y) is an eigenvalue of (1.7) with positive eigenfunction ¢. By the uniqueness of the prin-
cipal eigenvalue, we must have Zy(y) = £(y) as claimed. O

3 Proof of Theorem 1.1

The proof follows after a series of preliminary results and definitions. Every classical solution of (1.6) is a weak
solution, which can be seen by multiplying the first equation in (1.6) with v and applying the divergence
theorem (integration by parts), making use of the boundary conditions. We use the fact that every bounded
weak solution is a classical solution.

Proposition 3.1. Every non-negative weak solution u € W%(’)Z(Q) N L®(Q) of (1.6) is a classical solution. More-
over,
A=01[A+m(x)g(x, u), B, Q] (3.1

and u is strongly positive, shortly u > 0, in the sense that
u(x)>0 forallx e QuUT, and %(X) <0 forallx eTy. (3.2)
Finally, if (1.6) admits a positive weak solution, then
%(0) < A < Z(c0). (3.3)
Proof. Since g(x, u) € L*°(Q) if u € L*°(Q), by elliptic regularity every weak solution
ue Wr*(Q)nL®(Q)

of (1.6) must lie in ﬂp>1 W2P(Q); see for instance [30, Chapter 5]. Therefore, u is a classical solution as
discussed in [30, Definition 4.1] for instance. Moreover,

A, D)u + m(x)g(x,u)u = Au in Q,
Bx,D)u=0 onoQ.

Thus, by the Krein—-Rutman theorem, (3.1) and (3.2) hold; see for instance [30, Chapter 7].
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Since m(x) > 0 on a set of positive measure and g(x, u(x)) > Oforall x € Q, we find that m(x)g(x, u(x)) > 0
on a set of positive measure, and hence, by [30, Proposition 8.3],

A=01[A+m)gx,u), B, Q] > g1[A, B, Q] = £(0).
Moreover, since u € C(Q), there exists a constant y > 0 such that
gx,ux)) <y forallxe Q.

Thus,
A=01[A+mM)gx, u), B, Q] < g1[A + ym(x), B, Q] < Z(c0).

The last inequality follows from the definition of £(co) given in (1.10). Therefore, condition (3.3) is necessary
for the existence as claimed. O

The next result characterizes the existence of a positive solution for (1.6). The proof uses a new method of
finding a supersolution and allows us to remove all regularity conditions on m~1(0). The method is related
to ideas appearing in [15, 16]. However, we substantially improve and generalize the treatment near the
boundary, and do not assume the elliptic operator to be self-adjoint.

Proposition 3.2. Suppose that A € (£(0), £(c0)). Then (1.6) possesses a positive classical solution.

Proof. The key for proving the proposition is the construction of a supersolution. Suppose A € (£(0), 2(c0)).
Then by (1.10) there exists y > 0 such that

2(0) < A < Z(y) < Z(00).
Thus, by Lemma 2.1, there exists € > 0 such that
2(0) < A < Z(y) := 01[A + ym,, B, Q] < Z(0),

where m, is defined by (2.11). Let ¢ > 0 be a principal eigenfunction corresponding to X.(y). Then, since
A < Z¢(y), we have that, for every x > 0,

A(Kp) = Ze(y)ke — ymekp
= Akp — mg(x, kP)kp + (Z(y) — Dk + (mg(x, kKQ) — ymg)k@
> Ak — mg(x, kp)kp + (mg(x, KQ) — ymg)K@.

Hence, u := k¢ is a supersolution of (1.6) provided
mg(x, kp) — ymg > 0. (3.4)
By construction, m = 0 on Q \ Q,, and hence
mg(x, k@) —yme =mg(x,kp) >0 onQ\ Q..

As Q. ¢ Qis compact and ¢(x) > O forall x € Q,, there exists ¢ > 0 such that ¢(x) > cforall x € Q.. Thus, by
assumption (1.3) on g,

liminf g(x, kp(x)) = lim g(x, kc) = co  uniformly with respect to x € Q,,
kToo xToo

and so there exists a constant kg > 0 such that

m(x)g(x, kp(x)) — yme(x) = m(x)(g(x, kp(x)) —-y) =0

for all x € Q. and all x > ko. Therefore, (3.4) holds for all k > ky. Moreover, B(k¢) = 0 on 0Q, and conse-
quently u := k¢ is a supersolution of (1.6) for all x > k.



228 —— D.Daners and). Lépez-Gémez, Global Dynamics of Generalized Logistic Equations DE GRUYTER

We next construct a subsolution using a standard construction. Let i > 0 be a principal eigenfunction
associated with £(0) = 01[A, B, Q]. We show that for A > £(0) the function u := €1 is a subsolution of (1.6)
for sufficiently small € > 0. To do so note that

A(ey) = £(0)eyp
= ey — mg(x, eP)ey + (2(0) — ey + mg(x, eP)eyp
<Aey) - mg(x, ep)ey

in Q if we can show that
2(0) - A+ mg(x,eP) <0 inQ (3.5)

for sufficiently small € > 0. By the choice of A, we have £(0) — A < 0. Moreover, since 1 is bounded and
g(x, 0) = 0 by assumption, we have

lilrg g(x, ey) =0 uniformly with respect to x € Q.

&

Hence we can choose &y > 0 such that (3.5) holds for all € € (0, o). Lastly, since ¢, i > 0 in Q in the sense
of (1.8), we can enlarge x > 0, if necessary, so that €y < k¢. Therefore, (1.6) must possess a positive solution

between the ordered pair of sub and supersolutions; see for instance the main theorem in [2]. This completes
the proof. O

Propositions 3.1 and 3.2 establish the first assertion of Theorem 1.1. The next result shows the uniqueness
of the positive solution if it exists.

Proposition 3.3. IfA € (£(0), Z(c0)), then problem (1.6) has at most one positive weak solution.

Proof. Fix A € (£(0), £(c0)) and let u; # u; be two positive weak solutions of (1.6). Then, by Proposition 3.1,
u, and u, are positive classical solutions and u1, u, > 0. Thus, going back to the proof of Proposition 3.2,
there exist € > 0 and x > 1 such that € is a subsolution of (1.6), k¢ is a supersolution of (1.6), and

&Y < min{uy, Uy} < max{us, uy} < k.

Thus, according to [2], problem (1.6) possesses a minimal positive solution v and a maximal positive solu-
tion u in [eY, k¢@]. Necessarily,

&Y < v <minfug, up} < max{us, ux} < u < k.
Hence, setting w := u — v, we have that w > 0, w # 0 and
Aw = Aw — m(g(x, u)u - g(x, v)v).

Obviously, we can rewrite the nonlinear terms in the form
1
g, wu - g(x, v)v = glx, ww + (g(x, u) — glx, v))v = glx, u)w + J 028(x, v + tw) dt vw.
0

Since v + tw > 0in Q for all t € [0, 1], by our assumptions (1.2) on g(x, &) we find that
0,8(x,v+tw)>0 forallte[0,1],

and hence
1

V= J 028(x, v+ tw)dtv € C(Q)
0
satisfies V(x) > 0 for all x € Q. Since Bw = 0 on 0Q and w > 0 solves the linear equation

Aw + m(g(x,u)+ VYw=Aw inQ,
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by the uniqueness of the principal eigenvalue we find that
A= 01[‘A + m(g(X, u) + V)s B’ Q]‘

Therefore, by the monotonicity of the principal eigenvalue with respect to the potential, it follows from (3.1)
that
A>o1[A+mgx,u),B, Q] =A,

which is impossible. This contradiction shows that u; = u,, that is, the uniqueness of solution. O

Throughout the rest of this paper, for every A € (2£(0), £(c0)), we denote by 8, the unique positive weak solu-
tion of (1.6), which is classical. The following local continuation result provides us with the regularity of
the map A — 6. Subsequently, we denote by 6%((_2) the closed subspace of C'(Q) formed by all functions
u € C1(Q) such that Bu = 0 on 0Q.

Proposition 3.4. Fix Ay € (£(0), (c0)). Then there exist € > 0 and a map
0: (Ao - &,A0 +£) > CL(Q)

of class @' such that ©(A) = 8, if |A - Ao| < €. Furthermore, if A1,A; € (Ag —€,Ag + &) and Ay > Ay, then
O(A1) > 0(Ay).

Proof. Fix w > -01[A, B, Q] = —Z(0). Then the solutions of (1.6) are the zeroes of the nonlinear operator
F: RxCL(Q) — CL(Q)

defined by
FAu) i=u— A+ o) [(A+w)u - m)gx, u)ul,

where (A + wI)™! is the inverse of A + wI with the boundary conditions (1.5). As there exists n > 0 such that
uelC ;3’" (Q) for all weak solution of (1.6), § is a nonlinear compact perturbation of the identity map. Moreover,
Fisof class Clinu € CL(Q) and

§(Ao, 63,) = 0.

By differentiating with respect to u, it becomes apparent that
Lo = DuF(Ao, 02,): C5(Q) — CH(Q)
is the continuous linear operator defined by
Lot := u — (A + wl) (Ao + w)u — m(x)(g(x, Ox,)u + 04,028(x, 6,)u)].

Since £y is a Fredholm operator of index zero, it is an isomorphism if it is injective. Suppose thereis u € GIB Q)
such that £ou = 0. Then, by elliptic regularity,

Au = Aou — m(x)(g(x, Ox,)u + 0,028(x, O3,)u),

and hence
Ao = o1[A + m(x)(g(x, 0),) + 02,028(x, 63,)), B, Q.

But this is impossible because
o1[A + m(x)(g(x, 0),) + up,028(x, 64,)), B, Q] > 01[A + m(x)g(x, 6,), B, Q] = Ao.

Therefore, £ is an isomorphism and the first part of the result follows from the implicit function theorem.
The monotonicity of ©(A) = 8, in A can be obtained by implicit differentiation with respect to A in

§(A, 6(1) = 0. (3.6)
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Indeed, setting @' := ‘é—f\’, differentiating (3.6) with respect to A, inverting (A + wI)~! and rearranging terms

yields
[A = AL+ m(x)g(x, 6) + m(x)021028(x, 62)]0'(A) = 6, (3.7)

for sufficiently small |A — Ap|. Moreover, setting
UQA) := 01[A - AL + m(x)g(x, 6)) + m(x)0,028(x, 6;), B, Q],
by the monotonicity of the principal eigenvalue with respect to the potential, we find from (3.1) that
HQA) > 01[A - AT + m(x)g(x, 6)), B, Q] = 0.
Therefore, by [30, Theorem 7.10],
0'(A) = [A - AT + m(x)g(x, 63) + m(x)0,028(x, 6,1)]_10/1 > 0.

This completes the proof. O

We now complete the proof of Theorem 1.1. According to Proposition 3.4, Theorem 1.1 (a) holds. It remains
to prove parts (b) and (c). Note that by Proposition 3.4,

Oy > 0, ifZ(c0) > A > u > Z(0).
Hence, as y < Aand 8, > 0, we have that
A(x, D)0y = u8, — m(x)g(x, 6,)0, > A8, — m(x)g(x, 6,,)0,

in Q and B0, = BO, = 0on 0Q. Hence 0, is a positive subsolution of (1.6). Moreover, if A < £(c0), in the proof
of Proposition 3.2 it is shown that equation (1.6) possesses supersolutions of the form 0 < x¢, where ¢ > 0
and x > 0 is large enough. Hence we can choose k > 0 such that 6, < x¢. Therefore, we have 8, <« 0; < k¢.

To prove part (b) of Theorem 1.1, we can argue as follows: Suppose there exists a decreasing sequence
Ap > 2(0), n > 1, such that

lim A, = 2(0) and liminfluy, leo = a > 0. (3.8)
n—.oo n—-oo

Note that, since An11 < A, by Proposition 3.4 we have that 0,,,, < 6,, for all n € N. Hence, by setting
up := 0,,, the pointwise limit
0 < Uy := nlLrglo Un (3.9)

exists. Moreover, we have that, for every n > 1,
Up = (A + o) (An + ©)uy — m(xX)g(x, un)un], (3.10)

and hence, since [lunlleo < [U1lleo and (A + wI)™! can be regarded as a compact operator on C3(Q), the
limit (3.9) is in fact a limit in G (Q), that is, a uniform limit. By (3.8) it follows that u, # 0. Moreover, letting
n — oo in (3.10) shows that u., must be a positive solution of (1.6) for A = £(0), which is impossible by
Proposition 3.1. Therefore, uq, = 0 and Theorem 1.1 (b) holds.

To prove part (c), we proceed similarly. Suppose that £(co) < co and assume that there is an increasing
sequence A,, n > 1, such that

nangoAn =XZ(c0) and 6, <0, <M, nx>1,

for some constant M > 0. Then the previous argument can be easily adapted to show the existence of a positive
solution u, of (1.6) for A = £(co). We only need to replace the decreasing sequence by an increasing sequence
and apply the same arguments. We again obtain a contradiction to Proposition 3.1. This completes the proof
of Theorem 1.1.
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4 Proof of Theorem 1.2

Part (a) of Theorem 1.2 is a consequence of standard monotonicity properties of the principal eigenvalue.
Indeed, suppose there exist xo € Q and € > 0 such that B¢(xo) < Q n m~1(0). Then, by using for instance
[6, Propositions 3.1 and 3.2],

01 [‘A + yms B’ Q] <01 [‘A + yms D’ Q] <01 [‘A + ym’ Ds BS(XO)] =01 [‘A’ Ds BS(XO)]
forall y > 0, and therefore

2(00) = yli_)rgo 01[A +ym, B, Q] < 01[A, D, Bs(x0)] < 0.

To prove part (b), note that we can assume without loss of generality that 8 > 0 by looking at a modified
problem as shown in Section 2. We suppose that X(co) < co. Let ¢, > 0 denote the principal eigenfunction
associated with Z(y) normalized so that [|¢, [ = 1. Applying estimate (2.6) and taking into account that 8 > 0,

we obtain
Ib12,

2a

+CL+ yl me;, dx (4.1)
Q

forally > 0. As 2(y) < Z(c0) < oo by assumption, it follows from (4.1) that there exists a constant C > 0 such

that

a
) = S IVeyl3 -

IVoylo < C forally > 0.
Thus, {¢,},>0 is a bounded subset of H'(Q). So, there exists a function @, € W'2(Q) such that

lim ¢, = ¢oo in L?(Q) and weakly in W2(Q)

n—oo
for some sequence y,, n > 1, such that lim,_,, yn = 0c0. Necessarily, ¢, > 0 and [[¢pll> = 1. It therefore
becomes apparent from (4.1) that

lim J m(x)@;, (x) dx = J m(x)p2,(x) dx = 0, (4.2)
Q Q
and thus m¢., = 0 almost everywhere in Q. If meas(K) = 0, this implies that ¢, = O almost everywhere,
which is impossible since [[@l2 = 1, s0 £(c0) = co in that case. This proves part (b).
To prove part (c), take a test function v € C2°(int(K)). Then mv = 0in Q and v = 0 on I';. Using that ¢, is
a weak eigenfunction, we have that

Z(yn) J @y, vdx = I(AVgo,,w Vv)dx + J v{b, Voy,) dx + J cpy,vdx,
Q Q Q Q
that is, ¢y, is a weak eigenfunction. Using (4.2), we can let n — oo to obtain

2 (00) J PooV dx = J(AVgDOO, Vv)dx + J v(b, Vo) dx + J CPoV dx
Q Q Q Q
forall v e C(int(K)).

To prove part (d), note that if £(co) < co, then we can choose ¢ := @, With ¢, as in part (c). Now assume
that ¢ € W'2(Q) is non-zero and m¢ = 0 almost everywhere. We can assume without loss of generality that
supp(¢p) <€ Q. We then normalize ¢ so that |||, = 1. As the problem is self-adjoint, the principal eigenvalue
is given by the Rayleigh formula

i(y)= inf ( J(AVu, Vu) + (c + ym)u? dx + Jﬁuz dS)

uewA(Q)

r
lull=1 !

< J(AV(p, Vo) + (c + ym)p? dx
Q
= J(AVga, V) + cp® dx < co
Q
since m¢ = 0 almost everywhere. This completes the proof of Theorem 1.2.
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Remark 4.1. According to [24, Theorem 2.20], there exists a compact set K with empty interior supporting
a function ¢ as required in part (d), provided N > 2. Setting m = yq\x, we have Z;(c0) < co despite the fact
that K has empty interior.

We suspect that the result in part (d) remains true for non-self-adjoint problems. We know this is true in
case N = 1 by performing a change of variables that turns the original problem into a self-adjoint one. That
change of variable can be found in [32, p. 548].

Corollary 4.2. If Q¢ := int(m~1(0)) # 0, then the sequence of eigenfunctions ¢,, introduced above converges
to P locally uniformly in Q.

Proof. For simplicity, we just write ¢, rather than ¢,, . The uniform L,-bound given by the normalization
l@yl2 = 1 implies a uniform L*-bound on the ¢,. More precisely, the eigenfunctions satisfy the problem

(A(x, D) + ym)ey = E(y)py inQ,
B(x,D)py, =0 on 0Q,

where the right-hand side is bounded by Z(co)¢,. One can then apply for instance [10, Proposition 6.4] to
get a bound for [|¢y [lo in terms of [ @y [l = 1 and constants independent of y > 0. In particular, as ym > 0, the
constant ¢, in the above-mentioned proposition is independent of y.

As Apy — X(y)pa = 0 0on Qo, the uniform L*-bounds then give rise to uniform local Hélder bounds on Qo;
see [19, Theorem 8.29]. By the compact embedding of the Holder spaces into the space of continuous func-
tions we obtain the local uniform convergence. O

5 Proof of Theorem 1.3

By standard monotonicity properties of principal eigenvalues, see for instance [30, Propositions 8.1 and 8.2],
we have that

I(y) = 01[A+ym,B,Q] < 01[A+ym,D,Q] < 01[A+ym, D, Qg ;] = 01[A, D, Qo j]

for all j € IN. Note that the second inequality does not require any regularity assumption on the open sets.
The last equality holds since m = 0 on Qg ;. By definition of £(co), we deduce that

X(00) = ylggo Z(y) < 01[A, D, Qo ]

for all j € J. In particular,
I(c0) < 0:= i.nlf 01[A, D, Qo] (5.1)
je

exists. To complete the proof of Theorem 1.3, we need to show that
0=01 [*A’ D’ Qo,k] = Z(OO)

for some k € J. We proved in Theorem 1.2 that there exists a non-zero non-negative function ¢, € W2(Q)
such that m@, = 0 on Q and
AP = E(00)Poo  InQoj,j =1,

in the weak sense. By assumption, m is bounded away from zero on every compact subset of Q \ Q, and hence
P = 00n Q\ Qq. The stability of Qq given by condition (b) in Theorem 1.3 implies that ¢, € WS’Z(QO).

As @ # O there exists k € J such that ¢, # O on the connected component Qg . We conclude that
Poolaoy € Wé’z(Qo,k). Here we use the simple fact that ¢, € W(l)’z(Qo) if and only if pla,, € Wé’z(Qo,j)
for every connected component Qg j, j € J. Hence, ¢, is a positive weak eigenfunction of A with Dirichlet
boundary conditions on 0Qo . By the uniqueness of the principal eigenvalue, we have that

Z(00) = 01[A, D, Qo]
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Combining this with (5.1), we see that
¥(00) < 0 < 01[A, D, Qo k] = Z(c0).

Therefore,
Z(00) =0 = 01[A, D, Qo] = mi]n a[A, D, Qo ],
je€

completing the proof of Theorem 1.3.
With a little bit of additional effort, it is easily seen that the minimum is attained on at most finitely many
components.

Remark 5.1. From the proof follows that the statement of Theorem 1.3 is not valid if we omit the stability
assumption on Qo, even for A = —A. If the component Qo i referred to above is not stable, then ¢, is the
principal eigenvalue of the pseudo-Dirichlet Laplacian corresponding to the eigenvalue £(co) as discussed in
[3, Section 2], that is, the maximal realization of the Laplace operator obtained by approximation of domains
from the outside. On the other hand, o1[-A, D, Q¢ «] is the principal eigenvalue of the minimal realization
of the Dirichlet Laplacian using a completion of test functions. If Qg x is not stable, then [3, Proposition 2.4]
implies that 2(co) < 01[-A, D, Qo,x]. The eigenvalue of the pseudo-Dirichlet Laplacian is smaller because the
form domain is larger; see [3, (2.6)].

However, if we replace the principal eigenvalues o1[-A, D, Q¢ k] by those of the pseudo-Dirichlet Lapla-
cian or maximal realization of the Dirichlet problem for the operator A, then we obtain a similar statement
as in Theorem 1.3.

6 Proof of Theorem 1.4

Parts (a) and (b) of Theorem 1.4 are an easy consequence of the proof of Theorem 1.1 and the method of sub
and supersolutions for parabolic problems as developed in [37]. To prove (b), suppose that A € (£(0), Z(c0)).
Then, according to the proof of Theorem 1.1, equation (1.6) possesses arbitrarily small positive subsolu-
tions u and arbitrarily large positive supersolutions & such that Bu = Bt = 0 on 0Q. In particular, we can
choose them to satisfy

u<up(-,l;up)<u inQ.

Thus, by the semigroup property and the parabolic maximum principle,
ur(-, u) <up(-, t+1;up) <up(-, ;) inQforallt > 0.

According to[37, Theorem 3.6], t — u,(-, t; u) increases approximating the minimal positive solution of (1.6)
ast — ooin the order interval [u, it]. Similarly, t — u,(-, t; it) decreases approximating the maximal positive
solution of (1.6) as t — oo in the order interval [u, @]. Since (1.6) admits a unique positive solution 6,, nec-
essarily

lim uy(-, t;ug) = 6).

t—oo

This completes the proof of Theorem 1.4 (b).
To prove part (a), fix u < £(0) and note that the function uy, is a subsolution of (1.1) for every A > %(0).
Thus,
0 <uy(-,t;up) sup(-,t;up) inQ
for all A > £(0). Hence,
0 <limsup uy(-, t;up) < lim up(-, t;up) = 6y forall A > %(0)
t—o0 t—o00
by Theorem 1.4 (b) proved already above. Therefore, according to Theorem 1.1 (b), letting A | £(0) yields
0 < limsup uy(-, t;up) = 0,
t—o0

which completes the proof of Theorem 1.4 (a).
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To prove part (c), we proceed similarly to part (a). Fix u > %(co) and note that the function u, is a super-
solution of (1.1) for every A < Z(c0). Thus,

0 <ua(-, t;uo) <uy(-, t;up) inQ
for all A < %(00). Hence,
0y = litm infu(-, t;ug) < lipl infuy,(-, t;up) forall A < X(co) (6.1)

by Theorem 1.4 (b) proved already above. Therefore, according to Theorem 1.1 (c), letting A T Z(co) yields
that
li;n infllua(-, t; uo)lleo = 00,

which concludes the proof of part (c). The last assertion in Theorem 1.4, the limit (1.14), follows from (6.1)
and the following proposition.

The usual way of proving this theorem is to use the fact that the limit eigenvalue problem of (1.7) is
a Dirichlet problem on some component of Q. To keep the spirit of Theorem 1.1, we avoid this here and
basically only assume that Qg is non-empty.

Proposition 6.1. Suppose the assumptions of Theorem 1.4 are satisfied and that Qg := int(m~1(0)) has a com-
ponent Qo k, where the function ¢, from Theorem 1.2 is positive. Then

lim 0;(x) = co
A2(c0)

locally uniformly with respect to x € Qo .

Proof. We have seen in Section 3 that 6% := d,/dA satisfies equation (3.7) and B8 =0 on 0Q for all
A € (2(0), 2(00)). Fix Ag € (2(0), X(00)) and choose

Y > 18(+, 02,) + 62,028(+, O3y)lloo

such that £(y) > Ag. Denote by ¢, > 0 the normalized eigenfunction associated with Z(y). We have proved in
Corollary 4.2 that there exists C > 0 such that ||@y[l < C for all y > 0 if we normalize the eigenfunctions by
loyl2 = 1. We also know from Theorem 1.2 that %(co) < co. Choosing w > £(0), we have that

A@y +ymey + wey = (Z(y) + W)@y < (E(c0) + w)C =: M.

Hence, if we set w := (A + wI)"1M, then w » O and w > @y forally > 0. As 6, > 0, there exists 1 > 0 such
that 0y, > nw = n@,. As 0, = 0,, forall A € (A9, X(00)), by Proposition 3.4 we have that

Oy > nw = ney
forally > 0 and all A € (Ag, 2(c0)). Thus, by taking into account that 6}0 > 0, it follows from (3.7) that

(A-Al+ym)0) >ne, inQ,
BO, =Bp,=0  onodQ

forally > 0andall A € (Ag, Z(c0)). We therefore have
0, = ¥y,
where ¥, stands for the unique positive solution of

A=Al +ym)¥y, =ne, inQ,
BY, =0 on 0Q.

An elementary calculation shows that

__n
T Im A
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forally > Oand all A € (Ag, 2(c0)). Now let ¢, be the function from Theorem 1.2. We know that for a subse-
quence y, — oo we have ¢,, — ¢, and hence

! . . rl — rl
GA(X) > nlLr&Wyn(X) > nllyngo Z(Yn) _/‘q’)’n - Z(OO) _A(POO

forall A € (Ao, 2(00)). Let Qo,x be a component on which ¢, > 0. Fixa compact set K € Qg . Since ¢, is con-
tinuous and, by the maximum principle, ¢ (x) > O forall x € Qo , there exists ¢ > 0 such that ¢, (x) > c for
all x € K. Hence, as A T Z(00), the derivative 9}( becomes as large as we like on K, and hence 6, T co uniformly
onKasA T Z(co). O

Funding: The second author was supported by the Ministry of Economy and Competitiveness of Spain under
Research Grant MTM2015-65899-P and by the IMI of Complutense University.

References

[1] P. Alvarez Caudevilla and J. Lopez-Gomez, Asymptotic behaviour of principal eigenvalues for a class of cooperative
systems, J. Differential Equations 244 (2008), no. 5, 1093-1113.

[2] H.Amann, Existence of multiple solutions for nonlinear elliptic boundary value problems, Indiana Univ. Math. J. 21
(1971/72), 925-935.

[3] W.Arendtand D. Daners, Varying domains: Stability of the Dirichlet and the Poisson problem, Discrete Contin. Dyn. Syst.
21 (2008), no. 1, 21-39.

[4] H.Brezis and L. Oswald, Remarks on sublinear elliptic equations, Nonlinear Anal. 10 (1986), no. 1, 55-64.

[5] S.Cano-Casanova, Existence and structure of the set of positive solutions of a general class of sublinear elliptic
non-classical mixed boundary value problems, Nonlinear Anal. 49 (2002), no. 3, 361-430.

[6] S.Cano-Casanova and J. Lopez-Gomez, Properties of the principal eigenvalues of a general class of non-classical mixed
boundary value problems, J. Differential Equations 178 (2002), no. 1, 123-211.

[7] S.Cano-Casanova and ). Lopez-Gomez, Permanence under strong aggressions is possible, Ann. Inst. H. Poincaré Anal.
Non Linéaire 20 (2003), no. 6, 999-1041.

[8] E.N.Dancer, On positive solutions of some pairs of differential equations, Trans. Amer. Math. Soc. 284 (1984), no. 2,
729-743.

[9] E.N.Dancer, On the least point of the spectrum of certain cooperative linear systems with a large parameter, J. Differential
Equations 250 (2011), no. 1, 33-38.

[10] E.N.Dancer and D. Daners, Domain perturbation for elliptic equations subject to Robin boundary conditions,
J. Differential Equations 138 (1997), no. 1, 86-132.

[11] D. Daners, Inverse positivity for general Robin problems on Lipschitz domains, Arch. Math. (Basel) 92 (2009), no. 1,
57-69.

[12] D. Daners, A short elementary proof of ¥ 1/k? = n%/6, Math. Mag. 85 (2012), no. 5, 361-364.

[13] D. Daners, Eigenvalue problems for a cooperative system with a large parameter, Adv. Nonlinear Stud. 13 (2013), no. 1,
137-148.

[14] M. A. del Pino, Positive solutions of a semilinear elliptic equation on a compact manifold, Nonlinear Anal. 22 (1994),
no. 11, 1423-1430.

[15] Y. Duand Z. Guo, Boundary blow-up solutions and their applications in quasilinear elliptic equations, J. Anal. Math. 89
(2003), 277-302.

[16] Y.Duand Z. Guo, The degenerate logistic model and a singularly mixed boundary blow-up problem, Discrete Contin. Dyn.
Syst. 14 (2006), no. 1, 1-29.

[17] Y.Du and Q. Huang, Blow-up solutions for a class of semilinear elliptic and parabolic equations, SIAM J. Math. Anal. 31
(1999), 1-18.

[18] ). M. Fraile, P. Koch Medina, J. Lopez-Gémez and S. Merino, Elliptic eigenvalue problems and unbounded continua of
positive solutions of a semilinear elliptic equation, J. Differential Equations 127 (1996), no. 1, 295-319.

[19] D. Gilbarg and N. S. Trudinger, Elliptic Partial Differential Equations of Second Order, Classics Math., Springer, Berlin,
2001.

[20] R. Gomez-Refiasco, The effect of varying coefficients in semilinear elliptic boundary value problems. From classical
solutions to metasolutions, Ph.D. thesis, University of La Laguna, Spain, 1999.

[21] R.GOomez-Refiasco and ). Lopez-Gomez, On the existence and numerical computation of classical and non-classical
solutions for a family of elliptic boundary value problems, Nonlinear Anal. 48 (2002), no. 4, 567-605.

[22] W. K. Hayman, Some bounds for principal frequency, Appl. Anal. 7 (1977/78), 247-254.



236 —— D.Danersand]. Lépez-Gémez, Global Dynamics of Generalized Logistic Equations DE GRUYTER

[23]

[24]

[25]
[26]

[27]

[28]

[29]
[30]
[31]
[32]
[33]

[34]
[35]

[36]
[37]

(38]

[39]
[40]

P. Hess, Periodic-Parabolic Boundary Value Problems and Positivity, Pitman Res. Notes Math. Ser. 247, Longman
Scientific & Technical, Harlow, 1991.

D. P. Hewett and A. Moiola, On the maximal Sobolev regularity of distributions supported by subsets of Euclidean space,
Anal. Appl. (Singap.) 15 (2017), 731-770.

S. G. Krantz and H. R. Parks, Distance to C¥ hypersurfaces, J. Differential Equations 40 (1981), no. 1, 116-120.

). Lopez-Gomez, On linear weighted boundary value problems, in: Partial Differential Equations (Han-sur-Lesse 1993),
Math. Res. 82, Akademie, Berlin (1994), 188-203.

). Lopez-Gomez, The maximum principle and the existence of principal eigenvalues for some linear weighted boundary
value problems, J. Differential Equations 127 (1996), no. 1, 263-294.

). Lopez-Gomez, Large solutions, metasolutions, and asymptotic behaviour of the regular positive solutions of sublinear
parabolic problems, in: Proceedings of the Conference on Nonlinear Differential Equations (Coral Gables 1999), Electron. J.
Differ. Equ. Conf. 5, Southwest Texas State University, San Marcos (2000), 135-171.

J. Lopez-Gomez, Classifying smooth supersolutions for a general class of elliptic boundary value problems, Adv.
Differential Equations 8 (2003), 1025-1042.

). Lopez-Gomez, Linear Second Order Elliptic Operators, World Scientific, Hackensack, 2013.

). Lopez-Gomez, Metasolutions of Parabolic Equations in Population Dynamics, CRC Press, Boca Raton, 2016.

). Lopez-Gomez and M. Montenegro, The effects of transport on the maximum principle, /. Math. Anal. Appl. 403 (2013),
no. 2, 547-557.

). Lopez-Gomez and ). C. Sabina de Lis, Coexistence states and global attractivity for some convective diffusive competing
species models, Trans. Amer. Math. Soc. 347 (1995), no. 10, 3797-3833.

R. Osserman, A note on Hayman’s theorem on the bass note of a drum, Comment. Math. Helv. 52 (1977), no. 4, 545-555.
T. Ouyang, On the positive solutions of semilinear equations Au + Au — huP = 0 on the compact manifolds, Trans. Amer.
Math. Soc. 331 (1992), no. 2, 503-527.

M. H. Protter and H. F. Weinberger, Maximum Principles in Differential Equations, Springer, New York, 1984.

D. H. Sattinger, Monotone methods in nonlinear elliptic and parabolic boundary value problems, Indiana Univ. Math. J. 21
(1971/72), 979-1000.

R. E. Showalter, Hilbert Space Methods for Partial Differential Equations, Southwest Texas State University, San Marcos,
1994.

F. Stummel, Perturbation theory for Sobolev spaces, Proc. Roy. Soc. Edinburgh Sect. A73 (1975), 5-49.

J. Weidmann, Stetige Abhdngigkeit der Eigenwerte und Eigenfunktionen elliptischer Differentialoperatoren vom Gebiet,
Math. Scand. 54 (1984), no. 1, 51-69.



	Global Dynamics of Generalized Logistic Equations
	1 Introduction and Main Results
	2 Convergence Properties of Principal Eigenvalues
	3 Proof of Theorem 1.1
	4 Proof of Theorem 1.2
	5 Proof of Theorem 1.3
	6 Proof of Theorem 1.4


