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Abstract: This paper is concerned with the existence of a heteroclinic solution for the following class of elliptic
equations:
—Au+A(ex,y)V'(w) =0 inQ,

where € > 0, Q = R x D is an infinite cylinder of RN with N > 2. Here, we consider a large class of potentials V
that includes the Ginzburg-Landau potential V(¢) = (t* — 1)? and two geometric conditions on the function
A. In the first condition we assume that A is asymptotic at infinity to a periodic function, while in the second
one A satisfies

0<Ap=A0,y)= inf A(x,y)< liminf A(x,y)=Aw <oco forally e D.
(x,y)eQ [(x,y)|—>+c0
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1 Introduction

This paper is concerned with the existence of a heteroclinic solution for the following class of elliptic equa-
tions:

~Au+A(ex,y)V'(u)=0 inQ, (PDE)

together with the Neumann boundary condition
ou
E(X,Y):O, XEIR’yEaDs (NC)

where N > 2, € > 0, Q is an infinite cylinder of the type Q = R x D with D ¢ R¥-! being a smooth bounded
domain and v = v(y) is the normal vector outward pointing to 0D. Related to the functions A : Q — R and
V: R — R, we are assuming the following conditions.

Conditions on V:

(V1) Ve CHR,R),

(V3) V(-1)=V(@)=0and V(t) >0forall t € R,

(V3) V(t)>Oforallt+ -1, 1.

An example of V satisfying (V1)—(V3) is the Ginzburg-Landau potential V(¢t) = (2 — 1)2.
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Conditions on A: Throughout this paper, A is a C'-function that belongs to one of the following classes:
Class 1. The function A is asymptotic at infinity to a periodic function.

In this class, we assume that there exists a C!-function Ap: Q — R, which is 1-periodic in x, such that

(A1) 1A(x,y) - Ap(x, y)| = Oas|(x, y)| — +oo,

(A2) 0<Ap =inf(yyeq AlX,y) < A(X,y) < Ap(x,y) forall (x,y) € Q.

This type of condition is well known when we are working with periodic asymptotically problem of the type

—Au+A(X)u = f(u) inRY,
see for example Alves, Carrido and Miyagaki [7], Jianfu and Xiping [16] and their references.

Class 2. The function A satisfies the Rabinowitz condition.

In this class of functions, we suppose that
(43) 0 <inf, , 5 A(x,y) <max, g A(0,y) < iminfxy)—+00 A(X, ¥) = Ae < 00.

A condition like the above has been introduced by Rabinowitz [10, Theorem 4.33] to study the existence of
solution for a PDE of the type
—e?Au+A(X)u = f(u) inRY,

where € > 0, f: R — R is a continuous function with subcritical growth and A : RN — R is a continuous
function satisfying
0 < inf A(x) < liminf A(x).
X€RN |x|—00

By using variational methods, more precisely the mountain pass theorem, Rabinowitz has established
the existence of solution for € small enough. For this reason, throughout this article, we will call (43) of
Rabinowitz’s condition.

By (V1)-(V3), V is a double well potential and we are interested in the existence of solutions for (PDE)
and (NC) that are heteroclinic in x from 1 to —1. A heteroclinic solution from 1 to -1 is a function u € C2(Q, R)
verifying (PDE)—(NC) with

u(x,y)—1 asx - —-oo and u(x,y) » -1 asx — +oo, uniformlyiny € D.
In [11], Rabinowitz has proved the existence of a heteroclinic solution for elliptic equations of the type
-Au=g(x,y,u) inQ,
together with the boundary condition (NC) and also with the Dirichlet boundary condition, that is,
u(x,y)=0, xeR,yeodD.

In order to prove the existence of heteroclinic solution, in [11, Section 2], Rabinowitz has used variational
methods by supposing on g the conditions below:
(g1) g€ CHQxR,R).
(g2) g(x,y,t)iseven and 1-periodic in x.
In [11, Section 3], Rabinowitz has considered some conditions on g that permit to study other classes of
nonlinearity. From these comments, we see that if
(g) g(X’ Vs t) :A(X’ y)V’(t),
Rabinowitz has studied the case when A(x, y) is 1-periodic in x, see [11, Section 2]. Here, we continue this
study, because we will work with two new classes of function A that were not considered in that paper, more
precisely Classes 1 and 2.

After Byeon, Montecchiari and Rabinowitz [8] have established the existence of heteroclinic solution
u : Q — R™ for a large class of elliptic system like

-Au+Vy(x,u)=0 1inQ,
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together with the boundary condition (NC) by supposing the following conditions on potential V:
(Hy) VeCYQxR",R)and V(x1 +1,X2,...,XN,¥) = V(x,y), i.e., Vis 1-periodic in x;.

(H;) There are points a~ # a* such that V(x, a*) = 0 forall x € Q and V(x, y) > O otherwise.

(Hs) There is a constant V > 0 such that lim inf}_, V(x, t) > V uniformly in x € Q.

(H4) For N > 2, there exist constants ¢y, C; > 0 such that

IVu(x, )] < c1 + CaltlP,

where 1 < p < % for N > 3 and there is no upper growth restriction on p if N = 2.

In the present paper, we are working with the potential V(x, y, u) = A(x, y)V(u), with A belonging to Classes 1
or 2 and V satisfying (H;)—(H,). Our paper also continues the study made in [8] for m = 1, because we are
working with other classes of function A. Here, it is very important to mention that the study of elliptic system
as above is very subtle because some arguments used for the scalar case m = 1 cannot be used for general
case m > 1 as for example maximum principle.

In the literature we also find interesting papers that study the existence of heteroclinic solution for elliptic
equations in whole R¥ like

-Au(x,y) + A0, V' (ux, ) =0, (x,y)eR",

by supposing different conditions on A and V, see for example Alessio and Montecchiari [5, 6], Alessio,
Jeanjean and Montecchiari [3, 4], Alessio, Gui and Montecchiari [2], Rabinowitz [12], Rabinowitz and
Stredulinsky [13-15] and their references. The reader can find versions for elliptic systems of the above equa-
tion in Alama, Bronsard and Gui [1], Alessio, Jeanjean and Montecchiari [4], Montecchiari and Rabinowitz [9]
and the references therein.

Motivated by papers [8] and [11], we intend to establish the existence of a heteroclinic solution for equa-
tion (PDE) under the Neumann boundary conditions by working with Classes 1 and 2. As in the above papers,
we have used variational method, more precisely minimization technical on a special set, however new
ideas have been introduced in the study of the problem, see for example Proposition 3.1. The regularity and
behavior of the heteroclinic are obtained by using the same arguments found in [8].

Our main results are the following:

Theorem 1.1. Assume (V1)—(V3), € = 1 and that A belongs to Class 1. Then problem (PDE)-(NC) has a hetero-
clinic solution from 1 to —1.

Theorem 1.2. Assume (V1)-(V3) and that A belongs to Class 2. Then there is a constant €y > 0 such that prob-
lem (PDE)—(NC) possesses a heteroclinic solution from 1 to -1 for all € € (0, €).

The plan of the paper is as follows: In Section 2, we prove some technical results, which will be useful to
prove the above theorems. In Section 3 we prove Theorem 1.1, while in Section 4 we prove Theorem 1.2.

2 Preliminary Results

Consider problem (PDE)-(NC) with € = 1, more precisely,
—Au+ACGYV'W) =0, (x,y) e Q=RxD,
0
a—:(x,y) =0, xeR,yeoD.
In the sequel, we define the set
T ={UeWg2(Q): VUl € LX(Q), IPcU - 1l12(q,) — 0as k — —co, [PxU + 1ll2(q,) — 0as k — +co},

where Q; = (0, 1) x D and

P UXx,y)=Ux+k,y) for(x,y)e Qandk e Z.
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It is very important to observe that I' + @, because the function ® given by

1, ifx<j,yeD,
Dx,y)=142j+1-2x, ifj<x<j+1,yeD,
-1, ifj+1<x,yeD,

belongs to I'. Furthermore, we also fix
1 2
L(u) = EIVuI + A, y)V(w),
and the functionals J : I' —» R U {+co} given by

JWU) =) L)

kez

and I : Wh2((k, k + 1) x D) — R defined by

k+1
I(U) = j JL(U)dxdy.
k D

Associated with functional J we have the number

®* =inf{J(U): U e T}.

DE GRUYTER

(2.1)

(2.2)

(2.3)

By (2.1), ® €T, then ©* < +co. By the definition of ©*, there exists a minimizing sequence (U,) c T for J,

that is,
J(Up) —» ©* asn — oo.

Without loss of generality, we can assume that (Uy,) verifies
-1<Upx,y)<1 forall(x,y) € Q.

Indeed, for each n € N let us consider

_19 lf Un(Xs }’) < _1)
Un(X,y) = { Un(x,y), if —1<Un(x,y) <1,
1, if Up(x,y) > 1.

It is easy to check that U, € Wllo’cz(Q) with
|Un(x,y) = 1] < [Un(x,y) - 1| forall (x,y) € Q,

and
[Un(x,y) + 1] < |Un(x,y) + 1| forall (x,y) € Q.

Hence (U,) c T, and so
0* <J(U,) forallneN.

Since
J(Un) < J(Uy) foralln e N,

it follows that
0* < J(Un) < J(Up) = 0" + 04(1),

thereby showing that (U,,) is also a minimizing sequence for J on I with

-1<Unlx,y) <1 forall(x,y) € Q.

(2.4)

(2.5)
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From (2.4)—(2.5), there is M > 0 independent of k and m such that
NV U2 ks 1y)xp) + 1Umll2 (i ke1)xoy < M forallm € Nand k € Z.

Consequently, (Uy,) isbounded in Ex = WY2((k, k + 1) x D), endowed with the usual norm, forall k € Z. Then

for some subsequence, there is U ¢ Wllo’cz(Q) such that

U,—U inEiforallke?Z, (2.6)
Up— U inL?((k,k+1)xD)forallk € Z, (2.7)
and
Un(x,y) — U(x,y) a.e.inQ. (2.8)
Therefore, from (2.4)—(2.8),
JU)<O®* and -1<U(x,y)<1 a.e.inQ. (2.9)

In the next section, our main goal is to prove that U is the desired heteroclinic solution, and in this point,
the conditions on the function A play their role. However, before doing that, we need to say that if A is 1-
periodic in x, the same arguments explored in [8] guarantee the existence of a heteroclinic solution W* from
1to-1.

3 Proof of Theorem 1.1: A is Asymptotic at Infinity to a Periodic
Function
By hypothesis,
A(x,y) < Ap(x,y) forall (x,y) € Q.
If W* € T is a heteroclinic solution for the periodic case, we must have
0" < J(W*) < Jp(W*) = 0,

that is,
0" < 0,. 3.1)

Here ], : I' = R U {+o0} is given by
Jp(U) =) Iip(U)

kez
and Iy, : WH2((k, k + 1) x D) — Ris defined by
k+1
Iy @) = | [ Lo dxay,
k D

where 1
Lp(u) = 5|Vu|2 + Ap(x, V) V().

Moreover, (E); is the real number given by
@; =inf{Jp(U) : U e T}.
In what follows, (U,,) c I is a minimizing sequence for J with
-1 <Un(x,y) <1 forall (x,y) € Q,

and U € Wllo’cz(Q) satisfies (2.6)-(2.9).
The next proposition is a key point in our approach.
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Proposition 3.1 (Main Proposition). For fixed T € (0, \/|Q1]), there is jo € IN such that
||U - 1"L2((—j,—j+1)><'D) <1 and ||U + 1"L2((j,)'+1)><‘D) <T fOY all] > jo. (32)
We will assume for a moment that Proposition 3.1 is proved and show Theorem 1.1.

Proof of Theorem 1.1. From the limit J(U,) — 0%, we get

2L =JU) < e, (33)

jez

from where it follows that
I;(U) - 0 asj— oo,

or equivalently,

1 1
j j |VP;UI* dx dy + j IA(X, VV(P;U)dxdy — 0 asj — +oo.
0D 0D

As U e L*(Q), we have that (P_;U) is abounded sequence in W'2(Q4). Thus, there are a subsequence (P, 0)
of (P_jU) and U € W'2(Q;) such that

P,;,U—U inW"“*(Q) asjx— +o0

P,U—U inL*(Q) as jx — +0o

and
P Ulx,y) — fJ(X, y) a.e.inQ; asjx — +oo.

From this,

1

J J V(U)dxdy =0,

0D
then

U=1 or U=-1,
and so

PU—1 or PU— -1 inL*Qi) asjx— +oo.
Since 7 € (0, \/|Q1]), these limits combine with (3.2) to give
P,U—1 inL*(Q) asjx — +oo.
The above argument also yields
PU—1 inL*(Q;) asj— +oo.

Similar reasoning proves
PiU - -1 inL%*(Q;) asj— +oo.

Consequently, U € T'and -1 < U(x, y) < 1 forall (x, y) € Q. Moreover, by (3.3),
J(U) = 6*.

Now, we claim that for each ¢ € C3° (Q), we have %(U) = 0, where %(U) denotes the directional derivative
of J at U in the direction of ¢ € C5°(Q), where

Cgo(ﬁ) ={¢: Q — R : there exists i € Cgo(IRN, R) such that (x) = ¢(x) for all x € Q}.

Indeed, taking w = U + t¢p with ¢ € Cgo(ﬁ) and t € R, we derive that for k large enough, let us say, |k| > €,
we have
L (U + tg) = [1(U) forall |k| > £p.
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Thereby
14 _
JU + tp) - J(U) _ 1 Z(Ik(U+t¢) _I(U)) = z (Ik(U+ tp) Ik(U)>’
t tkEZ k=—€y t
and so .
oJ L JU ) -JU) &,

Asw € T and J(U) < J(w), a standard argument ensures that g—é(U) =Oforall ¢ € Cgo(ﬁ). Therefore,
J VUV¢ dx + JA(X, VV(U)¢pdx=0 forallg e C8°(§).
Q Q

From this, U is a weak solution of (PDE). A regularity argument from [8, Section 6] implies that U € C2(Q, R),
and that U is a classical solution of

AU +A(x, )V (U)=0 inQ and ?)—[5:0, xeR,yeoD,
with
Ux,y)—>1 asx — -o0 and Ukx,y) —» -1 asx — +oo, uniformlyiny € D.
From this, U is a heteroclinic solution from 1 to —1, which finishes the proof of Theorem 1.1. O

Proof of Proposition 3.1. Arguing as in the proof of Theorem 1.1, there is a sequence (P;, U) such that
Pj,U—1 inL*Q;) or P,U— -1 inL*(Q;) asjx— +oo.
Claim 1. Thelimit P;,U — -1in L*(Q1) as j, — +oo holds.
If the claim is not true, we must have
P, U—1 inL*(Q1) asjn — +oo. (3.4)

Hence, as Uy, — U in L%([j, k] x D) for all j, k € Z with j < k and U, € T, there are a subsequence of (Uy,),
still denoted by itself, i., k;;, € N with i, < ky, and k;;, — +o0o such that

1Un(- +J,¥) = Uiy <7 and  |[[Un(- +km,y) - 1l12(0,) =7 forallj € [i., km — 1] N N. (3.5)
Indeed, by (3.4), thereis i, € IN such that
”PjnU_ 1”L2(Ql) <t for alljn >, (3.6)

in particular
1U = L2, iv+1]xD) < T.

From this, there exists m; € IN such that
1Um, = U2, i, +1)xD) < T
Since Up, €I, letus fix k1 € Nand k; > i, + 1 as the first number satisfying
1Um, = U2 jergxmy < T and  [|Upm, = 2, kq+1jxpy = T forallj e [i,, kil NN,
By (3.6), we also have
1U - 2, iv+11x0y  @and U = Llla(ii, +1,i.+2]xD) < T.
Hence, there exists m, € N such that

1Um, = Ui, ,i.+11xo) and  [|Um, = Ulr2(i,+1,i.+21xD) < T-
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Using the fact that Uy, € I', we fix ko € Nand k; > i, + 2 as the first number such that

1Um, = Urzqjjenixny < T and  (Um, = U2k, ko411x0) = T forallj e [is, ko - 1].
Now, using the fact the inequalities below hold

U -2, iv+11xm)s MU = U2, +1,i421x0y) < T and U = gz, +2,i.+31xD) < T,
there exists m3 € IN such that

1Um, = Uz, i +11x0)s  1Umy = L2, +1,i.+21x0) < T and [|Umy = Lllz2(ii, 42,1, +31xD) < T-

The fact that Uy,, € T yields that there is k3 € N and k3 > i, + 3 such that

1Um, = Urejerixoy) < T and  |[Upy = L2k, ks+11x0) = T forallj € [is, k3 - 1].

Repeating the above argument, we will find sequences (Up,,) and (ks) verifying (3.5). We would like point out
that ks — +oco as s — +oo, because ks > i, + sforall s € N.

Since [|[Unlloo < 1 and ([IVUnlllz2(k,k+1)xD)) is @ bounded sequence, the sequence Qn(x, y) = Un(x+km, y)
is bounded in Ey, for all k € Z. Thus, for some subsequence, there is W ¢ Wlloc2 (Q) such that

Qnm - W inEiforallk € Z, (3.7)
Qnm > W in L?((k, k + 1) x D) forall k € Z, (3.8)
Qum(x,y) —» W(x,y) ae.inQ, (3.9)
and
-1<W(x,y)<1 ae.inQ. (3.10)

A simples change of variables gives us

Y 1(Qm) =J(Un) = 0" + 0m(1) < 0% +1, (3.11)
keZ
where
k+1 1
L(U) = J J (EIVuIZ +AK+ km,y)V(u)> dx dy.
k D

Consequently, Fatou’s Lemma together with (4;) and (3.7)-(3.11) provide

J,(W) < 0°, (3.12)

which gives
L p(W) -0 asj— tco. (3.13)

Setting for each j € N the function W]‘ = P_jW, the factthat W € L*°(Q) together with the Sobolev embeddings
guarantee the existence of Wy € L%(Q1), and a subsequence of (V~V,-), still denoted by itself, such that

W; — Wy inL*(Qy),

that is,
IW; — WollL2q,) — O.

By (3.5), for each j € IN, there is m,. = m.(j) € N such that
IP_jQm -1l <t forallm=>m,.
Therefore, taking the limit of m — +oc0, we get

IW; -1 <7 forallje N.
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Now, taking the limit of j — +oo, it follows that
[Wo - 1ll12q,) < T.

On the other hand, by (3.13),
Ip,»,(Wo) =0,

from where it follows that Wy = 1 or Wy = —1. As 7 € (0, v/|Q1]), we must have W, = 1. Thereby,
||W] - 1"L2(Ql) -0 asj — +00.

Now, fixing Wj = P;W for j € IN, the same reasoning works to show that there exist WO € L?(Qq) and a
subsequence of (W;), still denoted by itself, such that

W; —» Wy inL*(Q;) asj— oo,

or equivalently,
|W; — Wollz2¢q,) — O.

This information gathering with (3.13) leads to Wy = 1 or Wy = —1. Next we are going to show that Wy = —1.
To see why, assume by contradiction that Wy = 1. From (3.5), there is j; € N such that

W - 1l2(,-1,jyxpy = T and  |W = 12, j+1)xD) < T
As Qm — Win L%((j1 — 1, j1 + 1) x D), there is mg € N satisfying
T
1Qm — lr2((y-1,j1)xD) = 3 and  [Qm — 2y, j1+1)xD) < 2T forall m = mo.

In what follows, we denote by = B(7) the real number given by

= = Hlf 1* T u),
N » ( )
‘Nhele 110 - IIllIl{l, 110}’

T
N = {u e Wh2((=1,1) x D) = Jullzeo(-1,1xDy < 1, = lz2¢-1,0)xD) = 3 and [lu — 1lz2(0,1)xD) < ZT}

and I, ; : WH2((-1, 1) x D) — R is defined by
1
Lo = [ [Qvul? + vw) dxdy.
-1D

Hence, by a simple change of variable

ji+l
j j<|vczm|2 + V(Qu) dxdy =

j1i-1D

B

forall m > myg. (3.14)
Ao

Here we would like point out that the same arguments found in [8, Proposition 2.14] work to show that 8 > 0.
Having this in mind, we can assume without loss of generality that

B

JUp) < 0% + % forallm > mo. (3.15)

In the sequel, for each j > j; + 2 and m > my, let us consider the function

1, ifx<j,yeD,
Zim(y) = ((+1) -0+ (x-))Qnu(x,y), ifj<x<j+1,yeD,
Qn(x,y), ifj+1<x,yeD.
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By a direct computation, we see that Zj ,, € I and

o0 o0
JoZim) = IpjZim) + Y Ipi(Qm) = Ipj(Zim)+ Y Ipx(Un),
k=j+1 k=j+1+kn
and so
o0
@; < ]p(Zj,m) = Ip,j(Zj,m) + Z Ip,k(Um)-
k=j+1+kn

As A verifies (A1)-(4,) and (J(U,)) is bounded, increasing my if necessary, we have

Y LaUm< )Y Ik(Um)+E forall m > mo. (3.16)
k=j+1+kn, k=j+1+kmn 4

Here, we have used the fact k,, — +0co. Now, as j > j; + 2, (3.16) implies in the inequality

j1+1

0; < Ipj @) + JU) = Ao | [(1VQul + V(Qu) dxay + g,
j1i-1D
which combined with (3.14)-(3.15) gives
0, <Ipi(Zjm) + 0" + i_} _AOAEO + i_} =1pj(Zjm)+ 0" - l; (3.17)
Since
-1<Wj(x,y)<1 and W; -1 in W'3(Q;) asj — +co,
it is easy to check that
1
lim J JA(X +,L,VVI(-x+1+xWj)dxdy =0
] +OOO D
and

1
lim ”|1— W;j|*> dxdy = 0.

j—o+00
0D

Thus, given 6 > 0, there is jo = jo(6) > j1 + 2, which is independent of m, such that

|

AXx+j,y)V(-x+1+xW;)dxdy <6 forallj > jo

G —

and

1

JJIl—WjI2 dxdy <8 forallj > jo. (3.18)

0D

To continue, we further claim that there are j = j(m) > jo and m > mg such that

j+1

I j(Zjm) = J jﬁp(Zj’m) dx dy < g (3.19)
j D

If the claim does not hold, for each j > jo, there exists m; = my (j) > mg verifying

j+1
J JLp(Zj,m) dx dy > g forall m > m;.
i D

From the definition of Z; ,, and condition (4,),
j+1 j+1
| [z axay > b | [ace i+ 1) -x+ c- am dxdy.
j D j D
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Recalling that
j+1 1
ml—i>IPoo J jA(x, YV((G+1)-x+(x—-j)Qp)dxdy = J JA(X +j, VV(-x+1+xWj)dxdy <6,
i D 0D
forj>joand § < %, there exists m, = m,(j) > m1(j) such that
j+1
I I IVZjml|* dx dy > [Z; forall m > m,.
i D

By using again the definition of Z; ;,;, there is a constant C > 0 such that

j+1 1 j+1
J J VZjml? dxdy < c( j J 11— Py(Qu)I? dxdy + J J VQml? dxdy).
i D 0D i D

Now, fixing § < 8’% in (3.18), we obtain

j+1

J J IVQu|? dx dy > B for all m > m>(j).
j D 8
Let [ € IN such that

(I + 1)§ >0%+1

and fix m > max{m,(j) : jo <j < jo + [}. Then

Y I(Qm) = 0" +1,

keZ
which contradicts (3.11), thereby showing (3.19). Thus, by (3.17) and (3.19),

0, <07,
contrary to (3.1). This ensures that W, = —1. From the above study, we deduce that W € T, then by (3.12),
0, <J(W) < 0%,
which is absurd. This proves Claim 1. As a byproduct of Claim 1, there is j. € IN such that
IP;U + 1l12¢q,) < T forallj>j,.
A similar argument works to prove that
IP;U - 112,y < T forallj < —k..

Therefore, Proposition 3.1 follows with jo = max{j., k.}. O

4 Proof of Theorem 1.2: A Verifies Rabinowitz’s Condition

In this section we establish the existence of a heteroclinic solution for Class 2. In what follows, we are con-
sidering the equation

—Au+A(ex,y)V'(w) =0 inQ,
together with the Neumann boundary condition

ou

—(x,y)=0, eR, yeoD,

5y (x,¥) X y

where € is a positive parameter and A satisfies
(43) 0< inf(x’y)eﬁA(x, y) < maxyeﬁA(O, y) < liminf|(x, )| 400 A(X, y) = Ao < 00.
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From now on, we are denoting by J¢, Jo : I' = R U {+00} the functionals

Je(U) = Y Iex(U) and Jeo(U) = ) oo i(U),

keZ keZ

where I¢ k, Ioo,k : Ex — Rare given by

k+1 k+1
Tek@ = | [AVUP + Alex. )V dxdy and Tou@) = | [QVUP + A V(D)) dxay.
k D k D

Moreover, we denote by O, and 0, the following numbers:
O =inf{Jc(U) : U eT} and O =inf{J,(U): U eT}.

From Section 2, we know that there are Wax, Weo € I verifying Jmax(Wmax) = Omax and Joo (W) = O. Here

k+1
Toax(®) = ¥ Inasa) and Inaci(0) = | [AVUI + AoV(W) dxdy
kez kD

with Ag = max, .z A(0, y). Moreover,

Omax = inf{/max(U) : U € T'}.
This fact permits us to prove the following lemma:
Lemma 4.1. We have limsup,_,o O¢ < Omax and Omax < Oo.-

Proof. Foreache > 0,
O¢ < Je(Wmax).
Since
}Tif(l)]e(wmax) < Jmax(Wmax) = ©max.,

it follows that

limsup O, < Opax.
€—0

On the other hand, by (43),
Omax < Jmax(Weo) < Joo(Weo) = Oro,

which shows the lemma. O

In the sequel, we fix €y > 0 small enough such that

O < O, foralle € (0,¢g). (4.1)

4.1 Proof of Theorem 1.2

Arguing as in Section 2, for each € > 0 there is a minimizing sequence (U,) ¢ T with -1 < Uy(x, y) < 1 for all
(x,y) e Qand U € Wllo’cz(Q) such that

]e(Un) - @e,
U, —~U inExforallk € Z,
U,—-U inL>((k, k+ 1) x D) forall k € Z,

Un(x,y) —» Ulx,y) a.e.inQ,
-1<UKx,y)<1 forall (x,y) € Q,

and
Je(U) < ©c.
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Proposition 4.1. For fixed T € (0, \/|Q1]) and € € (0, €o), there is jo € N such that
U = 1p2—j,—jsnyxpy T and U+ 1lr2jjenyxpy) < T forallj = jo.
Proof. For fixed € € (0, €), arguing as in the proof of Proposition 3.1, there is a sequence (P;, U) such that
PjU—1 inL%(Q;) or P,U— -1 inL*Qq) asjk— +oo.
Claim 2. The limit P;,U — -1 in L*(Q1) as jx — +oo holds.
If the claim is not true, we must have
PjU—1 inL*(Q) asjx — +oo.

Hence, as U,;, — U in L%([j, k] x D) for all j, k € Z with j < k, there are a subsequence of (Uy,), still denoted
by itself, i., k;, € N with i, < kp, and k;;; — +o0o such that

N1Un(- +j,¥) = U2y <7 and |Un(- +km,y) - 120,y =7 forallj e [i., kn — 1] N N. (4.2)

From the definition of (k;;), we have that k, — +ooas m — +oco. Since |Unllco < 1 and (||IVUmlllr2¢k,k+1)xD))
is a bounded sequence, the sequence Qp (X, y) = Un(x + ki, ¥) is bounded in Ej for all k € Z. Thus, for some
subsequence, thereis W ¢ Wl’z(Q) such that

loc

Qm — W in Ex forall k € N,
Qm(x,y) —» W(x,y) ae.inQ,

and
-1<Wkx,y)<1 a.e.inQ.

By a simple change variable,

Y Ti(Wi) < Je(Un) = Oc + 0m(1), (4.3)
kez.

where

k+1

je,k(U) = j Jﬁe,m(U) dx dy

k D

with 1
Lem(u) = E|Vu|2 + A(ex + €k, y)V(u).
Now, Fatou’s Lemma combined with (4.3) lead to
Joo(W) < O.

Then
I j(W) - 0 asj — *oo. (4.4)

Setting for each j € N the function Wj = P_jW, the factthat W € L*°(Q) implies that there are Wy € Wlloc2 (Q, R)
and a subsequence of (W,-), still denoted by itself, such that

W; —» Wy in W-3(Q;) asj— +oo,

and so
|W; — Wollz2¢q,) — O.

Arguing as in the proof of Proposition 3.1, the first inequality in (4.2) leads to

[Wo - 1ll12q,) < T.
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On the other hand, by (4.4),
Ioo,0(Wo) =0,
which gives Wy = 1 or Wy = —-1. As 7 € (0, v/|Q1]), we must have Wy = 1. Then
W - 1l2@,) - 0 asj — +oo.

By using the same type of argument, fixing W; = P;W for j € N, it is possible to prove that there exist
Wo € Wh?(Q)and a subsequence of (W), still denoted by itself, such that

loc
W; —» Wy in Wh2(Q;) asj— —oo,

and so
[W; - Wollz2(q,) — O.

Thereby, Wy = 1 or Wy, = —1. Here, as in the previous section, we have that W, = —1. Indeed, assuming by
contradiction that Wy = 1, we set the function

1, x<j,yeD,
Hix,y) =1 (G+1) =)+ (x-j)Qu(x,y), j<x<j+1,yeD,
Qmx, ), j+1<x,yeD.

Arguing again as in the proof of Proposition 3.1, we will find
O < O,

which contradicts (4.1), and then W, = —1. Now we follow the same idea explored in Proposition 3.1 to con-
clude the proof. O

Now, we are ready to prove Theorem 1.2.

Proof of Theorem 1.2. As an immediate consequence of the last proposition, for each € € (0, €p), there is
jo € N such that

||U - 1||L2((—j,—j+1)><D) <1 and ||U + 1||L2((j,j+1)xD) <1 for a11] > j().

Now, arguing as in the proof of Theorem 1.1, it follows that U € C2 «Q, R). Moreover, U is a classical solution
of

-AU +A(ex, y)V'(U)=0 inQ and Z—Ij =0, xeR,yedD
with
Ux,y) > 1 asx — —oo and Ukx,y) > -1 asx — +oo, uniformly iny € D.
From this, U is a heteroclinic solution from 1 to —1, which finishes the proof of Theorem 1.2. O
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