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Abstract: We prove that any sufficiently differentiable space-like hypersurface of R'*¥ coincides locally
around any of its points with the blow-up surface of a finite-energy solution of the focusing nonlinear wave
equation dyu — Au = [ulP"luon Rx RN, foranyl < N<4and1<p < % We follow the strategy developed
in our previous work (2018) on the construction of solutions of the nonlinear wave equation blowing up at
any prescribed compact set. Here to prove blow-up on a local space-like hypersurface, we first apply a change
of variable to reduce the problem to blowup on a small ball at ¢t = O for a transformed equation. The construc-
tion of an appropriate approximate solution is then combined with an energy method for the existence of
a solution of the transformed problem that blows up at ¢ = 0. To obtain a finite-energy solution of the original

problem from trace arguments, we need to work with H? x H' solutions for the transformed problem.
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1 Introduction

1.1 Main Result

We consider the nonlinear energy-subcritical or -critical wave equation
dptl — Au = ulP'u, (t,x) e RxRY, (1.1)

forN>1and1<p< % (1 < p <0 if N =1, 2). For simplicity, we restrict ourselves to space dimensions
1 < N < 4. In this case, it is well known that the Cauchy problem for (1.1) is locally well posed in the energy
space H'(RN) x L2(RY). (See Remark B.1.)

When a solution u with initial data at t = t is not globally defined ([1, 14, 23]), we introduce its maximal
influence domain whose upper boundary is a 1-Lipschitz graph. See [1, Section III.2] and, for the present
setting, Section 1.2.

We prove that any sufficiently differentiable space-like hypersurface of R coincides locally around any
of its points with the blow-up surface of a finite-energy solution of the focusing nonlinear wave equation (1.1).
More precisely, our main result is the following.
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Theorem 1.1. Let 1< N <4and1 <p < ¥*2. Let

2p+2
=2 . 1.2
a0=2[ 77| +3 (1.2)
Let ¢ : RN — R be a function of class @9 such that
90)=0 and |Vo(x)|<1 forallx e RV, (1.3)

There exist € > 0, Tg > 0 and (ug, u1) € HY(RN) x L2(RY) such that the upper boundary of the maximal influ-
ence domain of the solution u of (1.1) with initial data (u, d:u)(0) = (ug, uy) contains the local hypersurface
{(¢t,x) : t = 7o + p(x) and |x| < €}. Moreover, u blows up on this local hypersurface in the sense that if |xo| < €
and o € ([Vp(0)|, 1), then

To+¢(xo0)
lim inf . J dt' J |0:ul? dx > 0. (1.4)
t110+9(x0) To + P(Xo) —
{lx=xol<o(To+p(x0)-t")}
It follows from (1.4) that o;u concentrates on the local hypersurface {(t, x) : t = 7o + @(x) and |x| < €} in the
sense of L2. In particular, this local hypersurface is a blow-up surface for the solution u.
Compared to previous results (see Section 1.3), Theorem 1.1 applies to any space dimension N < 4 and
any subcritical or critical p. Moreover, our strategy is different. It mainly relies on the construction of an ansatz
by elementary ODE arguments. (See Section 1.4.)

Remark 1.2. In the definition of go above, we use the notation y — |y| for the floor function which maps y to
the greatest integer less than or equal to y. Note that go = 7 forp > 5and g9 —» coas p — 1*. See Remark 2.3
for comments on this condition.

1.2 Definition of the Maximal Influence Domain

We adapt the presentation of [1, Chapter III] (see also [24]) to the framework of H! x L? solutions for the
energy subcritical or critical wave equation in space dimension N > 1. Let

RN = [0, +00) x RV,
For any (t, x) € R1*N, we define the open (in R}*") backward cone
C(t,x) =1{(s,y) e RN = |x —y| < t - s}. (1.5)
Definition 1.3. An open set Q of R}*Y is called an influence domain if (¢, x) € Q implies C(t, x) c Q.
For Q an influence domain containing {0} x RN, define for any x € RV,
¢(x) =sup{t > 0:(t,x) € Q}.

From the above definition, either ¢ is identically co, or it is finite for all x € RY. In the latter case, ¢ is
a 1-Lipschitz continuous function.

Recall that by the Cauchy theory in the energy space H!(RN)x L2(RY), for any (ug, u1) € H*(RV)xL?(RN)
there exist T > 0 and a solution (u, o;u) of (1.1) belonging to C([0, T], H*(RN)) n C([0, T], L%(RN)). These
solutions are unique in that class, except for the 3D critical case p = 5, where uniqueness is known in
C([0, T], HY(R3)) n C([0, T], L2(R3)) n L8((0, T) x R3). (See Remark B.1 for details.)

From the local Cauchy theory, it is standard to define the notion of maximal solution and maximal time
of existence Tmax(Uo, U1) > 0; if Trax(Uo, U1) = 0o, the solution is globally defined, otherwise it blows up as
t T Tmax(Uo, u1) (in a suitable norm related to the resolution of the Cauchy problem).

To define the notion of maximal influence domain corresponding to an initial data, we first extend the
Cauchy theory of RN to truncated cones. For xo € RN and 0 < 7 < R, we define

E(xo,R,7) = {(t,x) e RN : 0 <t < 7tand |x-xo| <R -t}. (1.6)
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Suppose that xo € RY and R > 0, and let (ug, u1) € H*(B(xo, R)) x L(B(xo, R)). Consider any extension
(To, 1) € HY(RN) x LZ(RN) of (ug, uy), i.e. any function satisfying

fip=up and 1u; =u; onB(xg,R).

Next, consider the solution (i, 0;u) of (1.1) corresponding to the initial data (i, ti1) defined on a time inter-
val [0, 7], where T > 0, given by the above Cauchy theory. Note that if (i1, i11) € H}(RY) x L2(RN) is another
extension of (ug, uy) and (i1, o,11) is the corresponding solution of (1.1) on a time interval [0, 7] (7 > 0), then
by finite speed of propagation (see Proposition B.2), the two solutions (i, d,u) and (i, o,11) are identically
equal on the truncated cone E(xg, R, min(%, 7)). In this way, we have defined a notion of solution of (1.1)
on E(xo, R, 7) for some T > 0 which is independent of the extension chosen and includes a uniqueness prop-
erty. From now on, for any (ug, u1) € H'(B(xo, R)) x L?>(B(xo, R)) and any T > 0, we refer to the solution of (1.1)
on E(xg, R, T) in this sense.

By time-translation invariance of the equation and considering the map (t, x) € E(xo, R, T) — u(to + t, x),
we extend this definition to any truncated cone in R}V,

Now, we define the notion of solution in an influence domain.

Definition 1.4. Let (ug, uq) € H'(RY) x LZ(RN). Let Q be an influence domain. We say that (u, o;u) is a solu-
tion of (1.1) on Q with initial data (ug, u1) if the following hold:

(i) ueH;,.(Q).

(ii) Forany to > 0, xo € RN and R > 0 such that [0, to] x B(xo, R) c Q, it holds

Uj[0,6,]xB(xo.R) € C([0, tol, H'(B(xo, R))) N C'([t1, t2], L*(B(xo, R)));

moreover, u(0) = ug and 9,u(0) = u; on B(xg, R).
(iii) For any (to, xo) € Q and R > 0 such that {to} x B(xg, R) ¢ Q, there exists T with 0 < T < R such that
(t, x) € E(xo, R, T) = u(to + t, x) is solution of (1.1) in the above sense.

Definition 1.5. For any (uo, u1) € HY(RY) x L2(RN), we denote Qmax(uo, u1) the union of all the influence
domains Q such that there exists a solution (u, o¢u) with initial data (ug, u1) on Q in the sense of Defini-
tion 1.4.

It follows that, for any initial data (1o, u1) € HY(RY) x L2(RY), Qmax(Uo, u1) is the maximal influence domain
on which a (unique) solution of (1.1) with initial data (uq, u) exists. Finally, in the case Tax(uo, u1) < +00
the upper boundary of the maximal influence domain is the graph of the 1-Lipschitz application

x € RN s ¢(x) = sup{t > 0 : (t, x) € Qumax(tto, u1)} € (0, 00).

1.3 Previous Results

Under certain assumptions, it is known that the upper boundary of the maximal influence domain is
a blow-up surface in the sense that the solution blows up (at the same rate as the ODE) on the surface,
and the blow-up surface is C!. See [3, 4] and [1, Chapter III]. See also [9, 25, 26] and the references therein
for further blow-up results.

Constructing solutions of the wave equation (1.1) with prescribed blow-up surface is a classical ques-
tion. Results similar to Theorem 1.2 have been proved in several cases. For the wave equation with cubic
nonlinearity, it is proved in [18, Theorem 10.14, p. 192] that there exist solutions (locally defined around the
blow-up surface) blowing up exactly on a prescribed surface of class H'(RY) with r > g +7.1In [22, Theo-
rem 1.1], an analogous result is proved in space dimension 1 for equation (1.1) for any p > 1. For previous
results, see [1, 16, 17, 20, 21].

A related question is the study of the blow-up set, which is the intersection of the blow-up surface with
the hyperplane {t = Tpax}. In [22, Corollary 1.2], it is proved for (1.1) in space dimension 1 that, given
any compact subset K of R, there exist smooth initial data for which the blow-up set is precisely K. This
result is extended in [6, Theorem 1.1] to any space dimension and any energy-subcritical p. See [19] for
arelated result.
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1.4 Strategy of the Proof of Theorem 1.1

We follow closely the strategy of [6] (see also [7]). It is based on the construction of an appropriate approxi-
mate solution which blows up at t = 0, combined with an energy method for the existence of an exact solution
that also blows up at t = 0. Here, we wish to prove blowup on a local space-like hypersurface. In order to apply
the previously recalled strategy, we therefore apply a change of variable to reduce the problem to blowup
at t = 0 (Section 2.1). By doing so, we are led to study the transformed equation

(1 - IViI*)dssv — 2V - VOsv — (A)dsv — Av = f(v)

in the dual variables (s, y) € R x RV. The construction of an appropriate ansatz for this equation (Sections 2.2
and 2.3) is similar to the construction made in [6]. In particular, it is based on elementary ODE arguments.
The energy method for this transformed equation requires a smallness condition on ||V ||.~, and yields an
existence time that depends on 1. See Section 3. This smallness condition can be met through a localiza-
tion argument (Section 4.1) and a Lorentz transform (Sections 4.2-4.4). Going back to the original variables,
to obtain a solution in the framework of H! x L2, we are forced to apply a trace argument which requires
higher regularity of the solution v (Section 4.5). This is why we use the energy method for v in the framework
of H? x H'. The restriction 1 < N < 4 implies that H> — L9 for every 2 < q < oo, which simplifies the energy
argument. The blow-up estimate (1.4) is a consequence of an ODE blow-up estimate for the solution of the
transformed equation, and the change of variable (Section 4.6).

1.5 Notation

We fix a smooth, even function y : R — R satisfying
x=1lon[0,1], y=0on[2,+00), x' <0<y<1on][0,+co). (1.7)

Let f(u) = |u/P~'u and F(u) = Jg f(v) dv. For future reference, we state and justify two Taylor formulas
involving the functions F and f (see Introduction of [7] for proofs). Let p = min(2, p). For any u > 0 and any v,
it holds

‘F(u +v) - F(v) - F'(wv - %F”(u)vzl < [P uP PPt (1.8)
|(fu +v) = fu) - f @v)vl < VP + uP Py P, (1.9)
If'u+v) = f' )] < [l PP+ [ulP 2], (1.10)
|f(u +v) - f(u) - f (uyv - %f”(u)vzl <u HyPrt 4 PPy L, (1.11)
In the present article, we use multi-variate notation and results from [8]. For 8 = (81, ..., By) € N¥ and
X=(x1,...,xy5) € RN, we set
N N
BI=Y 8 B =T1BY,
j=1 j=1
N 1Bl
xB = Hxl.}’, of - % for || >0, 09=1Id.
j=1 O, - Oy

For B, B’ € NV, we write B’ < ﬁprovided,B]f < Bj, forallj =1,..., N.Note that in this case |3 - B'| = |B| - |B'I.

For B’ < B, we denote
B\ _ T (Bj)_ p!
(ﬁ')-,ﬂ B)  (BHB-B

Recall that for two functions g, h : RN — R, Leibniz’s formula writes

A=Y (lﬁ)(aﬁ’g)(aﬁ-ﬁ’h). (1.12)
p=p
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We write 8’ < B provided one of the following holds:
« 1Bl <IBI;
« |f'|=1Bland B} < B1,
« 1B1=IB, B =B1,..., B, =PBeand B, < Pe.1 forsomel < e <N.
We recall the Faa di Bruno formula (see in [8, Corollary 2.10]). Let n = |B| > 1. Then, for functions f: R — R
and g : RN S R,

Aifog - Z(f(’ -g) P% (8! )H o ,)(g),),g (1.13)

where
P(B, 1) = {(rl,...,rn;ﬁl,...,ﬂn):thereexistsl <m<nsuchthatr,=0and 8, =0forl1<f<n-m;

re>0forn-m+1<¢€<n;
n n
and O < By—m+1 < -+ < B are such that Z re=r, Z refe = B}.
e=1 e=1
We will also need to differentiate in space and time, so we define multi-index notation in space-time:

V= (a9ﬁ15 ---)ﬁN) € N1+N)B= (Bl""’ﬂN)’and
Vi=a+|fl, v=alpl, o=0%".

Forv,v' € NN we write v/ < v provided a’ < a and ﬁlf <Bj,forallj=1,...,N.Insucha case, we denote
v a\(p
v = a J\p .
Then, for two functions g, h : R*N — R,
Vv ’ !
gh =Y (v,>(av )"V h). (1.14)
v'<v

We write v/ < v provided one of the following holds:
o WVI<vl,
e |V|=|vjand a’ < a,
« V|=vl,a =aandp] < B,
« WV=W,a =a,p=p1,...,B,=Peand B}, < Bes1 forsomel <€ <N.
Last, we write in this context the Faa di Bruno formula. Let n = |v| > 1. Then, for functions f : R — R and
g: RN SR,

v nTT (08"
0"(fog) = Z(f °g>P(Z v! )1‘[ T (1.15)
vr
where
P(v,r) = 1(r1,...,rn;v1,...,v,,):thereexistslsmsnsuchthatrg:Oandw:Oforl <€<n-m;

re>0forn-m+1<¢€<n;

n n
and 0 < Vy_ms1 < -~ < Vyaresuchthat Y re=r, Y reve = v}.
=1 =1

2 Blow-up Ansatz

2.1 Change of Variables

Let i € @9 (RYN, R), where qq is defined by (1.2), be such that for some R > 2,
Yx)=0 for|x| >R and IVYlre < 1. (2.1)
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We perform a change of variable related to ¥
u(t,x)=v(s,x), s=ypx) -t
so that s > 0 is equivalent to t < (x). Then the following holds: forj=1,..., N,

OtU = OgsV,
Ox;U = (0x;P)0sV + Oy, V,
OxyxyU = (Oxyx; Y)OsV + (Ox, ) OssV + 2(0x, 1) x5V + Oy Vs
Au = (AY)OsV + [VP|?dssV + 2V - VOgV + Av.

Therefore, equation (1.1) on u(t, x) rewrites

(1 = |[VP|?)0ssV — 2V - VOsv — (A)dsv — Av = f(v).

In this section, we focus on finding ansatz for this equation under assumption (2.1).

2.2 First Blow-up Ansatz

Let

2 2
]:[ p+1J sothat qo =2+ 3,

where g is defined by (1.2), and let
k>qo+1

be an integer.
We consider the function 4 : RN — [0, +oo[ given by

0 if [x] <1,
A(X) = { (x| - x(x)k if1 < |x] < 2,
x| if x| > 2.

It follows that A is of class C¥~! and that, for any g € NV, with |8| < k-1,

{A >0and|0fA] < A% onRY,

A(x) = |x|¥ for any x € RY such that |x| > 2.

We define a basic blow-up ansatz Vo, for s > 0 and x € RV,
Vo(s, x) = K(x)(s + A(x)) 71,

where

K(X) = ko(1 - [V(O)12) 7T, Ko =

>

2(p+1) =
-]
which satisfies

(1 - VI?)dssVo = VB on (0, +00) x RV,

DE GRUYTER

(2.2)

(2.3)

(2.4)

(2.5)

(2.6)

(2.7)

Since the functions i and A are of class €%, we remark that the function Vj is of class € in the variable

s > 0 and of class €91 in the variable x € RY.
In view of (2.2), it is natural to set

Eo = —(1 = [Vi|?)0ss Vo + 2V - Vs Vo + (A)ds Vo + AV + f(Vo)

= ZVl/) . Vas V() + (Al/))as Vo + AV().

We gather in the next lemma the properties of V and &g.

(2.8)
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Lemma 2.1. The function Vy satisfies

2

1
A= wpPiovo= (V") -1Vt = V5. 2.9)

Moreover, foranya € N, B € N¥, p € R, 0 < s < 1, x € RV, the following hold:
(i Ifo<|Bl<qo-1and|x| <R,then

1By p—1
p+(a+ ) B

020k(VE) < VP (2.10)
(ii) If|Bl < qo — 3 and |x| < R, then
prl, o, L4IBl po1
0%beg| < V7 )T (2.11)
(iii) If |x| > R, then
10492 Vol < x| 7 kBl, (2.12)
10808 0] < x| G OkIA2, (2.13)
Furthermore, if |xo| < 1, then for any ¢ > 0,
Lo N+2-(N-2)p
lngll%)nfs D [|05 Vo(S)L2 (jx-xol<as) > O (2.14)

Proof. First, we observe that the function « is constant for |x| > R and satisfies k > 1, |a§x| <1 on RY, for
any |B| < qo - 1.

Proof of (2.9). This follows from direct computations.

Proof of (2.10). For 0 < s <1 and |x| <R, one has 0 < s + A(x) < 1 and thus, Vy > 1. We introduce some

notation:
2

h(z)=z»1 forz>O0, W(s,x) =s +A(x).

In particular, Vo (s, x) = k(x)h(W(s, x)). Let & > 0. Since |h'?(z)| < 2| 7772, we have
0%Vo = KOh@(W(s, x)) andso [0%Vo| < |Vo|' 4" .
Let B € N¥ be such that 1 < |B| < qo — 1. Using (1.12), we have
NNV =Y (ﬂ,)(af"’ K)(3% (K@ W)
ﬂlsﬁ ﬁ
For 0 < B’ < B, it holds |aff“"x| < 1. Thus, for B’ = 0 in the above sum, we have
(OR@ W) < Vol

For 1 < |B'|, B’ < B, setting n' = |B’| and using (1.13),

nl

: v Wy
O = e N R
o= Yo ¥ @01

where

P, 1) = {(rl,...,rn;/il,...,ﬁnr):thereexistslsmsn’suchthatrg=Oandﬁg=0for1s€sn’—m;

re>0forn' —-m+1<e<n';

n' n'
and 0 < By _ms1 < -+- < By aresuchthat Y ro=r, Y refe = B’}.
=1 e=1
As before, we use for r > 1, [ @ (W)| < WorTe Moreover, using the assumption (2.6) on A, we have, for
1<|Bel<qo-1,

10Pew < 10Pa) < a1
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Since Y, re =1, Y relBel = |8l and |B'| < go — 1 < k — 1, we obtain

|aﬂ h(a)(W) gi — 5T z [Al_gkel]re

P(")
< 3 W’ﬁ‘““A"@ < W‘ﬁ‘“‘% < Véﬂm&kl)%.
r=1
We obtain, forall 0 < |f] < go — 1 and |x] < R,
1Blyp=1
10%8vo < v T (2.15)

which proves (2.10) forp = 1.
We use the notation v = (a, B1,...,BN) as in the context of formula (1.15). Let n = |v| > 1. Then,
by (1.15), for p € R,

W= Yoo -re VT ¥ 1‘[("%)“
r=1

Phvn) reh(vel)e’

where

P(v,r) = {(rl,...,rn;vl,...,vn):thereexistslsmsnsuchthatrg=0andve=0for1s€sn—m;
re>0forn-m+1<¢€<n;

n
and 0 < Vy,_y41 < -+ < Vv, are such that Z re=r, Z TeVe = v}.
e=1 e=1
Using (2.15)and Y)_re =1, Yo reas = &, Yo refe = B in P(v, r), we estimate
g =1 =1 e=1
rel1+(ae+ 82y 251
|aV(VP)|<ZVp" z HV /2
r=1 P(v,r) =1
n 1y p-1 181y p=1
r+(a+f = p+(a+7 )5
Z k)2 < VO LaEa

Proof of (2.11). We estimate the three terms in (2.8). It follows from Leibniz’s formula (1.14), the properties
of i, Vo = 1, and estimate (2.10) that, for || < go — 3, and |x| < R,

1+(L+at BB et

10208 [V - Vo, Vo]l < V, ,

Le(Lra+ Byet

10238 [(AY)s Vol < V ,

2+|/3| -1
1+(a+ Y5

1029V [A Vo]l <
Using once more that Vo > 1 for |x| < R and k > 1, these estimates imply (2.11).
Proof of (2.12). It follows from the properties of the functions i and A that
Vo(s, x) = ko(s + |x|k)_P%1 for any |x| > R.
Estimate (2.12) follows immediately. Then we have, for any |x| > R,
102051V - Vo5 Vo]l = 0
023K 1(A)as Vol = 0
1025 Vo]l < x| (7T r kA2,
which implies (2.13).

Proof of (2.14). Since |xg| < 1, we have for s small |0;Vy]| = S_%, and (2.14) follows. O
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2.3 Refined Blow-up Ansatz

Starting from V, we define by induction a refined ansatz to the nonlinear wave equation (2.2).
Let V be defined in (2.7) and let €y be defined in (2.8). Let s = 1. Forj > 1, let

Sj-1

1 ﬂp+n]% pﬂj J 2t '
p=— —_— 1775 V Pe. 1 d V V.2 &_1ds' |,
Vi 3p+1[1—|v¢|2 0 j1ds’+ 0o ©-108
0 5
j

Vj=Vo+ ) Xeve,

=1
& = ~(1 - [VYp|»)dss Vj + 2V - VOs Vj + (AP)Os Vj + AV; + f(V5),

where x;j(x) = )((A(X )and 0 < rj <1, 0 < sj < 1 are parametets to be defined foreach j =1, ..., J. Since Vy is

of class € in s and of class €91 in x, the above expressions make sense as continuous functlons for j such
that j < J. This restriction is due to the spatial derivatives in V; in the expression of ;.

Lemma 2.2. ThereexistO <rj<---<ry<land0<sy<---<s; < 1suchthatforanyO<j<], foranya € N,
BeNVN,0<s<sj, x e RV, the following hold:
() If1<j<J,|Bl<qo-2j-1and|x| <R,then

0%aby,| < pirIre (2.16)
(ii) If1 <j <], then
IV - Vol < %(1 — 2V, |Vj= Vol < (1-27)1 + Vo) Vo, (2.17)
105V - 9 Vol < VT . (2.18)
(iii) If 1Bl < qo — 2(j + 1) — 1 and |x| < R, then
ordbe) < vt I DT (2.19)
(iv) If |x| > R, then
10805 V| < [x| (7 +OkA, (2.20)
10898 e;| < |x|"Grrrk-IA-2 (2.21)

Remark 2.3. To complete the energy control in Section 3, we need an error estimate of the form
lefle < 571+,

asin [6] (see (3.28)), as well as an estimate of the form [|0s&/]|2 < s71+6 (see the proof of (3.30)), with 6 > 0.

This requires a sufficiently large J, see (2.3), and then a sufficiently large k. Compared with Lemma 2.3 (see

also Remark 2.4) in [6], we need twice as many steps. This is due to the terms depending on d,V; in the

expression of the error term ;. These necessary restrictions have the important consequence that the minimal

regularity of the hypersurface that we can consider in Theorem 1.1 depends on p, see (2.3).

Proof of Lemma 2.2. We observe that (2.19), (2.20) and (2.21) for j = 0 are exactly (2.11), (2.12) and (2.13)
in Lemma 2.1. We proceed by induction on j: for any 1 < j < J, we prove that estimate (2.19) for ;_; implies
(2.16)—(2.19) for vj, Vj and &;. Let sg = 1.

Proof of (2.16). Let 1 <j < J. First, assuming (2.19) for £;_;, we show the following estimates related to the
two components of vj: for [B] < go —2j - 1,0 < s < sj_1 and |[x| < R,

S

agaﬁ( J g ds' )
0

Sj-1
/+IBI p-1
6?65( I Vo' 8] 1 ds' )I /A (2.23)

S

p-1 (= ]+a+1+\ﬁl)p 1

v, ? , (2.22)
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Indeed, we have by Leibniz’s formula

ALV €)= ). Z( )(ﬁ,)(as’a€’<vop>)<az-“’a€"3'e]--n,
a’<aﬂ’<ﬂ ﬂ
and thus using (2.10) and (2.19) for &;_;, we obtain

_ Byp=1  prl g ' 1+I/5 81y p-1
AT P Y Y S R /A
/<aﬁl<ﬁ

1+\I3I)Q
2

(—j+a+

<V,
Fora=0,|fl<qo-1<k-1and1 <j <], wenote that
_qPol
108(V5Pe; 1) < Vo' 7 < (s+A),

where

. j+Ipl ( 1 ) 1Bl
—j- 1-2)-=>0.
W T Tk
This means that we can integrate this term on (0, s) for 0 < s < s;j_;. We obtain

S
— (- J+|ﬁ\)p 1
J|alxg(V0”€,;1)|ds’ < (s +A)“Jrl <V, SR
0
Fora>1,
S
1+IB\ p-1
a?ag( J. V(;PE]__I dsl)‘ _ Iagflag(vap(g]_l)l < V 2 Li(—jra+ A 5 ’
0
which proves (2.22). Similarly, using Leibniz’s formula, we check the estimate
0208 (Vo7 &j)| < VoI AT D
j-
In particular, for a = 0,
By bist b
|ax(V() ‘gj—l)l < VO <(s+A)7",
where, using1 <j<J < 21’*12
2p+2 j i
po2pt2 o JHIBL L JrIBL
r-1 k k
Thus, by integration on (s, sj-1),
Sj-1
p+La(—j+ ey e

<s(s+A) P gy

B B '
ax VO 8]_1(15

S

Fora>1,
Sj-1

B e ’
9% J Vy? &1 ds
S
which proves (2.23).

Using estimates (2.10), (2.22), (2.23) and again Leibniz’s formula, we obtain, for all s € (0, sj_1],

p+1+( —jra+ LBy P

= |02 1aﬁ(v s, )| < ,

S

pL - 1+(—j+at By oL
a‘;aﬁ(voz Ivope,-_l ds’) <V, R
0

Sj1

a“aﬂ< JV E,lds)

S

1Bl 1
T+(—jra+ e 2oL

Vo

These estimates imply (2.16) for v; on (0, sj_1].
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Proof of (2.17)-(2.18). Forj = 1, we prove (2.17) as a consequence of (2.16). For 2 < j < J, we prove (2.17)
as a consequence of (2.16) for j and (2.17) forj - 1.

For x| >R > 1, (2.6) implies A(x) > 2k > 2ry > -+ > 2rj, thusx; = 0and Vj = V.

For 0 < s <sj_; and |x| < R, by (2.16) with a = 0 and 8 = 0, using the definition of x; and the bound
Vo = 1, we have

(1 _1yp-1
-A-05

1-j( 1-(1-}) 5+
Xilvil < XV, o

<xiVo < xj(s +A)1_%Vo < (S+Tj)1_%V0.
Choosing 0 < rj < 1and O < s; < sj_1 sufficiently small, we impose, for s € (0, sj],
—j-2 -j _p1
Xjlvil <2 Vo and yjlvjl <27(1 + Vo)™ = V.
In the case j = 1, this proves (2.17). For j > 2, combining this estimate with (2.17) for j — 1, we find, for all

s €(0,sj]and x € RV,

j 1 P j P o
Y Xelvel < 7 (1-27)Vo and  y xelvel < (1 -27)(1+ Vo) ™'% Vo,
e=1 =1

which is (2.17).

_pt
To prove (2.18), we note that by (2.16), and usingA < V, * ,
J J 1+(1-e(1-1) 5t 1+22
Y Xeldsvel £ Y xeVy <V, %L
=1 =1

Proof of (2.19). Note that (2.19) for j = 0 was already checked. Now, for 1 <j <], we prove (2.19) for &;
assuming (2.19) for £;_4, (2.16) for vj and (2.17) for V;. This suffices to complete the induction argument.
By direct computations, we briefly check that the function v; satisfies

(1 - 1VYI*)dssvj = f' (Vo)vj + Ej1. (2.24)

Indeed, we have

Sj-1

S
1 pe1
s VoV ngpej_l ds' - posVoV,"™! J Vy? &4 ds’),
0

ooy o1 [2(p+1)]% p+1
ST 3p+r1l1-|vy2 2

%)

and thus, using (2.9),

1 1 s 1 Sj-1
1 1 -3 pil
(1 IV oy = - [ZWD]2((“1)2‘/’5[Va”ej-lds’—l’(p”)ZVoZ | v ej-lds')'
0 S

3p+1l1-|vyP2 2

Differentiating in s again, and using (2.9), we obtain
-1
(1 - |V§I»)ossvj = PV v + &1,

which is (2.24).
Using (2.24), V; = Vj_1 + x;vj and the definition of ;_1, we have

&j = &1 — xj(1 = [VPIH)dssvj + 2V - VOs(xjvj) + (A)ds (xjv)) + Alxjvy) + f(Vj) - f(Vj-1)
=1 -x)€j—1 + 2V - Vas()(,-v,-) + (Az/))as()(,-vj) + A(xjvj) +f(Vj) —f(Vj_1) —f’(VO)XjVj.

We estimate each term of the right-hand side above for |x| < R. ’
For the first term, recall that for A < rj, and any ', 1 — y; = O and a‘x’ X;j = 0. Moreover, for 0 < s < 1, for x
such that A(x) > rjand |x| < R, onehas A = 1 and Vj = 1. Thus, using (2.19) for £;_, we find

p+1 . 1+j+Bl\ p—-1
Totjrar =) 5

1020511 - x)€jall < V,
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Now, we treat the next three terms in the expression of £;. By Leibniz’s formula, the properties of 1 and y;,
(2.16) and then Vy > 1, we have, for 0 < s < sj and |x| < R,

a+1 1+/+\ﬁ| -
o2V -vosappll < Y Y Jo¥ ok v < /AR
a'=1|p'1<|Bl+1
a+1 Flfl pot
0208 [(A)os (xjv))]| < <Y Y o Py vi| < Vi plrciLa
a'=1|p'1<IBl
. Z+J+Iﬂ\ p-1
pefiagll s Y Y ¥l v < vy T
a'=1|p"|<|Bl+2
L —jra+ 1+J+Iﬁ\)p 1

we see that these three terms are estimated by 1/, a

Finally, we estimate 0% aﬁ V) -fVio) - f ’ (Vo)xjvj] using Taylor expansions on f and its derivatives.
We start with the case a = 8 = 0. Recall that by (2.17), we have 0 < 2V0 < Vj < 2V,. The following Taylor
expansions hold:

f(V)) = A1) = ' (Viexgvil < XF VB2V
and

j-1
If (Vi) = ' (Vo) < VB2 ) xelvel.
e=1
These estimates imply

j
f(V)) - (V1) = £ (Volxjvil < iV 2 1vil Y. xelvel.
=1

For 1 < ¢ < j, using (2.16) and next Vy = 1, we have

-2 2 1-ja-HEt 1-ea-1) 2
VE lvjllvel < VB2V, 2V, 2
_1ypt G _1ypl
< Vp (j+0)(1- 5 < Vg (+1)(1-0)5 .
) P D B
Thus, |f(V}) - fiVj-1) = f'(Vo)xjvjl < V)? ?" is proved.

Now, we consider the case |a| + || > 1. By the Taylor formula with integral remainder we have for any V'

and w,
1

FV +w) - fV) — F' (V)w = w? [(1 —O)f"(V + Ow) 6.

0

Therefore, using the notation v = (a, B1, - . ., Bn), by the Leibniz formula (1.14),

1
AV +w) - f(V) - f' (Vyw] = Y ( “,’,)(a"-"sz)) j(l —0)0¥ [f"'(V + 6w)] db

!
V' <v 0

and, by the Faa di Bruno formula (1.15), for v’ # 0, denoting n’ = |v'|,

VoW =Y IV +0w) Y (v’!)Hw. (2.25)

r=1 P(V',r) =1 (rf!)(vfl)rj

To estimate the term 0V [f(V}) - f(Vj-1) — f'(Vj-1)x;v;j], we apply these formulas to V = Vj_; and w = y;v;. First,
for v’ < v, using (2.16) and the properties of y, we obtain

Vvl s Y [0 vl ™ ™ (vl
v''<v-v/
2+(a—a’' 2]+2'H€7'B")¥

<V,
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Thus, for v/ = 0and 0 € [0, 1], from (2.17), we obtain

2+|ﬂ\ -1
+Ha-2j+ L) B2

p-2
VO

1++|B| 1
+a—j+ =58 B

2
Iav[(X V] f”(V] 1+ GX]V])l < V
pt+l

2
<V,

Second, forv' # 0, v' <vand# < [0, 1], from formula (2.25), using (2.10) and (2.17), we have (the definition
of P(V', r)implies Y} re =71, Y) 1 reve = V')

|av' [f"(V‘ Ovivi)ll < o VP—T—Z u V1+(ae+|ﬁz‘)P 1
-1+ 0xvll < Z 0 Z H( 0 )
r=1 PV, r) £=1

o’ v 2 r+(a’ ‘ﬁ—‘)? p-2+(a’ +"g‘)” 1
Z < Vo :

Thus, we have proved

+( —jra+ LB 1+1+Iﬂ\ )p 1

0¥ [(xjv))210Y [f" (Vi1 + Oxv)]| < V, - ;
and so by integration in 8 € [0, 1],

1+/+IBI p-1
+Hjrat+ =) 5

[0VIf(V;) - f(Vj_1) = f1 (Vi—)xjvi| < VO2 (2.26)

We now estimate 9V [f(V}) - f(Vj_1) — f'(Vo)x;v;l. For any V, W, w, we have
1

'y = (W)= (V-w) jf"(W+ oV -Ww))de,
0

and thus

1
O w(f' (V) - f' (W) = Y. (Vv><a (w(v = W) [ 0¥ LF" (W + OV - W) do
0

v'<v

Moreover, for v/ # 0, formula (2.25) (with V replaced by W, and w by V — W) yields

Ve (W + O(V — W)))'e
[f"(W+ G(V W)) Zf(r+2)(W+ O(V W)) Z (VII)H (a ( + 9( W)))

= e (re!)(vel)re

To estimate the term oY [y;v;(f'(Vj-1) — f'(Vo))], we apply these formulas to V = Vj_y, W = Vo and w = y;v;.
For v/ < v, using (2.16) and Leibniz’s formula, we have, for1 < £ <j—1

. ’
2+(—j—bra—a'+ LEEEL) o1

|0V [jvixevel| < Vg

p-5 3 !
— 52 H(jra-a'+

14j+18-p'| =
S V() k 2

Forv' =0and @ € [0, 1], from (2.17), we obtain

(jeas L2y p1

10" Vi (Vit — VO)f" (Vo + 8(Viy - Vo)) < Vo

Second, for v’ # 0, v/ < vand 6 ¢ [0, 1], by formula (2.25), using (2.10), (2.16) and (2.17), we have

+a€+lﬁz\ p-1\Te
|¢3V[f”(Vo+9(V]1—V0))]|<ZVpr2 y 1‘[( vy )

r=1 P(V',r)¢=1

n' —
yP T2y a+BHEL o pa(al+ Best
Z < Vg .
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Thus, we obtain

10V [y, (Vi1 — Vo)l [ (Vo + B(Vj_y — Vo))l| < Vo * e 50
Integrating in 0 € [0, 1] and summing in v’ < v, we obtain
0" DGV (Vo) — (Vo) < V! "M 50 (2.27)
Combining (2.26) and (2.27), we have proved for s € (0, s, |x| <R,
Ly (jear B 21

[0VIAV)) = (Vj-q) - f! (Voxvil| < V, i
In conclusion, we have estimated all terms in the expression of &; and (2.19) for j is proved.

Proof of (2.20)-(2.21). For |x| > R > 2, (2.6) implies A(x) > 2K > 2r; > ... > 2rj, thus xj =0 and V; = Vj,
&j = &o. Thus, (2.20)-(2.21) follow from (2.12)-(2.13). O

3 Construction of a Solution of the Transformed Equation (2.2)

Let the function y be given by (1.7), let ) € €% (RN, R), where gy is defined by (1.2), satisfy (2.1), let J, qo

and k be as in (2.3)-(2.4). Set
A= mln{ <]—§+i) ;}6(0,%], (3.1)

and impose the following additional condition on k:

2[p+1+A(p -1)]

k> A1) (3.2)
Recall that A : RN — [0, +oo[ is defined by (2.5), and let V; be defined as in Section 2.3.
Our main result of this section is the following.
Proposition 3.1. Assume that
Il < g2 (3)
There exist 0 < 6y < 1 and a function
v € C((0, o), H*(R)) n C'((0, §0), H'(RY)) n C*((0, o), L*(RY)), (3.4)
which is a solution of (2.2) in C((0, 8o), L>(RN)), and which satisfies
v = VD)2, +10s(v = V()3 < Cs* forall 0 < s < 8, (3.5)

with A given by (3.1). In addition, there exist a constant C and a function g € L®((0, 8o), H*(RN)) such that
1
|0svI® — |Vv|? > ZlasVoIZ—C—g2 (3.6)

a.e.on (0, 8o) x RV,

We construct the solution v of Proposition 3.1 by a compactness argument. For any n large, let S, = % < Sy
and
By = sup |[Vy(s)lL~ so that nli_)rgan =00

S€[Sn,s7]

We let n be sufficiently large so that B, > 1, and we define the function f, : R — [0, co) by

flu) for |u| < By,

falu) = f(u)X<| l) sothat fr(u) = ‘|O for [u| > 2B
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Let Fp(u) = j(;‘ fn(w) dw. Note that Taylor’s estimates such as (1.8)—(1.11) still hold for F,, and f,, with con-
stants independent of n. We will refer to these inequalities for Fy, and f,, with the same numbers (1.8), (1.9)
and (1.11). In this proof, any implicit constant related the symbol < is independent of n.

We define the sequence of solution v, of

{ (1- |Vl/)|2)assvn =2V - VOosvy = (AY)0svy — Avy = fr(Vvn),

(3.7)
Vn(Sn) = Vi(Sn),  0sVn(Sn) = 05V (Sy).

The nonlinearity f, being globally Lipschitz, the existence of a global solution (v, dsvy,) in H2 x H! is a con-
sequence of standard arguments from semigroups theory, see Appendix A, and in particular Section A.4.
We set, for all s € [Sy, sy],
vn(s) = Vy(s) + wn(s),

thus (Wn, 0sWn) € C([Sn, 51, H*(RN) x HY(RN)) n € ([Sp, 571, HY(RN) x L?(RN)). The crucial step in the proof
of Proposition 3.1 is the following estimate.

Proposition 3.2. There exist C > 0, np > 0 and O < 6y < 1 such that

IWn($)17 + 10sWn ()71 + 19sswn($)II7, < C(s — Sp)* (3.8)
foralln > ng and s € [Sy, Sy + 6o].
Proof. We fix n > ng large, and we denote w, simply by w in this proof. By (3.7) and the definition of &;, w

satisfies the equation

{ (1 = |V[»)0ssW — 2Vih - VOsw — (A)Osw — Aw = fo(Vy + W) — fu(V)) + &5, (3.9)

w(Sp) =0, osw(Sy) =0.
We define the auxiliary function Q as follows:
Q = (1 _X+ Vo)p+1’

where, by abuse of notation, we denote y(x) = x(|x|). Note that Q > 1. We make the following preliminary
observation:

dssW = 05s[QF(Q77W)] = 355(QT)(Q T W) +205(Q7)d5(Q 7 w) + Q7 055(Q 7 W)
= 055(Q2)(Q77W) + Q72 05[Q05(Q 2 w)].
Thus, setting
G =f'(Vo)Q7 (1 - [V[*)ds5(Q7)
(by the definition of Q and V, we expect G to be small in some sense), we rewrite the equation of w as follows:
(1 - [V912)05[Q05(Q T w)] = Q2 [2Vi - VOsw + (A)dsw + Aw]
+ Q2[fu(Vy + W) = fu(V)) = fL(Vo)W] + Gw + Q& (3.10)

The nonlinear term f,(V; + w) — f(V)) - f1(Vo)w is mostly quadratic in w (some linear terms in w remain but
they are also small in Vj — V), which is an important gain with respect to the previous formulation.
We define the following energy functional related to the above formulation of the equation of w:

3= [ @ - muPeas@ twi « V@ twi + S5 aw?
~ Q2FR(Vy + W) - 2Fa(V)) = 2F4(Vyw ~ Fa(Voyw? ]

We also define a weighted norm related to the above functional

1

N= (j[aas(a-%w)l2 F V@ WP + %S-ZQWZ)?
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Since we may be dealing with H' x L? supercritical nonlinearities (but H? x H! subcritical by the condition

1 < N < 4), we need higher order energy functionals. We set
Ko = [ {1 IV @ew)? + Vo),
Ke = {1 - V9RO + WO, w7}, 155N,

and

=

N
X = Z Ke, M= (”W”i[z + ||asW||?.11 + ”assW"iz) .
€=0

For future reference, we establish two estimates on 0;Q and VQ. By the expression of V in (2.9), we have

395Q = (p + 1)AsVo(1 - x + Vo) = (p + 1)(3s Vo) Q7T
= 20+ DA - VPV Q.
Thus, since QZ’G%U <s 1
p+l _
10:Q < Vy? Q71 < QM7 < s71Q.
Similarly, by (2.10),
p-1 1 p-
VQI = (p + DIVVoI(1 -~y + Vo) < Vo' * @71 < QM7 <57k

and
IAQI<s7FQ, |VasQl ssTItQ.

Step 1: Coercivity. We claim the following estimates.

Lemma 3.3. It holds
M? < N? + K.

For0 < 6 < syand 0 < w < 1 sufficiently small, for n large, if N < w and M < w, then

2H + K > N2,

Proof. First, we prove the following estimates. For any p > 0, the following holds on [S;,, do],

[rrwwe < [ errw@twp + [ @,
[ @@ twr < [@vw? + [ @,
J Qloswl® < j Q**105(Q T w)|? + j QP w?,
J Q" 1105(Q i w)l? < j Q1aswl + j PR W,
We have, using (3.13),
[ @ww? = [ @iaiva i+ wvaha e
< I Q"™PIV(Q I w)? + J Q°~1vQ: |Pw?
< [arvatwe + [ o Fwe,
This proves (3.17) and the proof of (3.18) is similar. Moreover, using (3.12),
j Q°|osw|* = J Q°1Q205(Q 2 w) + (05Q2)Q 2 w?
< [@raiwe+ [ @ toatrw
< [@tos@twr + [ @ Fw,

which proves (3.19); the proof of (3.20) is similar.

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)
(3.18)
(3.19)

(3.20)
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We prove (3.15). The inequality [wlz> < N is obvious. Next, (3.19) with p = 1and Q¥ < 572 show that
J loswl® < J Qlosw|* < N2

Since |V < % (from (3.3)), it follows (using [|w| g2 < |Aw||z2 + [|w];2) that M? < N? + K, which is (3.15).
Last, we prove (3.16). Let

1
A = |Fa(V) + W) = Fa(V)) = F(V))W = SF I (Vo)w?|. (3.21)
The triangle inequality and the Taylor inequality (1.8) yield
! F;,(V]) 2 " " 2
Al < Fn(V] +w) - Fn(V]) - Fn(V])W - TW + |Fn(V]) -F, (Vo)lw* < Aq,
where )
Ay = WP+ VE PP+ 2 VP72 ) - Vo w?. (3.22)

— -1
From (2.17), Vy s Voand |V; - Vol s (1 + Vo)‘% Vo < Q’ﬁ Vo. Moreover, Vg+1 < Q. Thus,
Ay < WP+ Q7 [wiPt + QF T w?, (3.23)

and so

J QA; < J QlwlP+! + J QU EE [wip L 4 J QU E w2,

For the first term, we prove the following general estimate: forany 0 < { < 1,
J QIO WPt < NPHL 4 PHL (3.24)
Indeed, using Holder’s inequality and the embedding H2(RY) — L4(RN) for 2 < g < oo (recall that N < 4),

JQ(1—0%|W|p+1 < §720-0 J' QLS P+t

coro{ o) )

< Nz(l—()Mp—HZ( < Np+1 + Mp+1'

In particular, from (3.24), it holds
JQ|W|p+1 SNIHl +Mp+1.

Inthecase 1 < p < 2,one has p = p and the second term is identical to the first one. In the case p > p 2, the
second term is estimated as follows. Usmg the inequality |w|*> < aw? + a~®~2|w|P*! with a = £Q71,e>0to
be chosen later, and the estimate QP+1 < 572, we see that

Q% WP < £Q5 Qw? + &P QP+

< es72Qw? + e P QwP*,
and so, using (3.24)
21 D 2 —(p-2) (\(p+1 p+1
Q7T |wPt! < eN? 4+ g7 @D (NPHL 4 \PHL, (3.25)

1

. -1
Last, since QZ»+D < s~*, we observe that

3

J QiR w? <573 j Qw? < sTN2.
In conclusion, we have obtained, for N < w, M < w, S, <5 <6,
J QA1 < (e+ 5 N 4 (14 D)2+ 4 P+
<(e+ 8N + (14 PP 202,

which, combined with (3.15), implies that for § > 0 and w > 0 small enough, it holds 23{+%X > N? on [Sy, 80].
(Recall that 1 — |[V|? > 3 by (3.3)and A < 3.) O
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Step 2: Energy Control. We claim that there exist C > 0 such that

‘2—9: < Cs™1 AN + %s-w2 + Cs 2N? 4+ Cs~L(ONPHL 4 vPtY (3.26)

provided N < w and M < w with w sufficiently small.
Proof of (3.26). We compute ‘fj—}sf:

2O~ [ {a- wemaasa-twasaos@ iy
£ QVQ W 05 [V(Q W) + s QI was(@ W)
- QHFuVy + W) = FulV) ~ Fa(Vowos(Q Hw)]
+ [esoam@ i + Ss2.0w - s aw?
= 3 [ 05 QU2E Y + W) = 2Fa(V)) = 2BV = Fi(Vo)w?]
=3 [ 0sQUVy + W) = V) - FiVorwlw
=3 | Qd:Vol2faVy + w) - 26V - 213(Vyw - £ (Vow?)
=3 [ @0V - Vor2£utVy 4 w) = 26V - 265V w)

=h+L+13+14+1s5+I¢.
First, we remark the negative contribution of I,. Since 05Q < 0 by (3.11), we have
I < —%5‘3 J Qw?. (3.27)
Second, we compute I; using equation (3.10) of w:
I = [ Qlas@tw)2vy - vosw + (ay)osw
+ j [Q305(Q 2 w)(Aw) + Q?V(Q" 2 w) - V[95(Q 2 w)]}
+ j Q05(Q T w)Gw + j Q3 05(Q T w)E; + 1165_2 j Q¥ was(Q 2 w)
=I;+Ig+1Ig + 110+ I11.
For I7, we first observe that
2 [ Qtas@twivy - vow) = 2 [ Qou(@ Fw) (T - 72,(Q ) + [ Q@ Hw)(vy - vQ)
+ [ @004 )y - V(@ Hw) + [ QFwas(@ Hw)(vy - vsQ)
-3 | @ toawes@ iy va).
Second, by integration by parts,
2 j Q205(Q 2 W)(Vih - VOs(Q T w)) = j Q24 - V[(0s(Q Fw))?]
- - [ @aytos@ w2 | atos@ twivy - va).

By the definition of N, we estimate
|j Q2 8pl0,(Q w2 <22,
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Using (3.13), we also have
[ aeu@twyrwy - vo<s i,

Now, by the expressions of Q and Vj, we have

10sQl = (p + 1)I0s Vol(1 — x + Vo)? = 'q,

1 1
s (5 + A Vo1 - x + Vo)’ < zﬁ s

and thus

[ Qo:00:@ twivy - via-twy| < 22157 [ 9iQ?ox(@ IV @t wl < P s IVl

Similarly, using (3.12), (3.13), (3.14)

1

U Q3 was(Q Ew) (Vi - vaSQ)I < s‘?(J Q2105(Q 3 w)|? + 572 j sz) < 5N

and
|j Q" 10,Qwos(@ I w)(V - V)| £ 5N,

Using the same estimates and then (3.19), we finish estimating I as follows:

|j 0% 04(Q tw)(Ap)dsw

< j Q?10s(Q W) + j Qasw)? < j Q%105(Q T w)? + 572 j w2 < N2,

Thus, for some constant C > 0, using (3.3),

I < gf LTIV + TN < gs-lwz + CsTEN?
Next, integrating by parts, using the identities
Q*VI05(Q" 2] = QFVIQH@5(Q W)l - 205(Q WV
~Vw + QIV(Q tw) = ~Q 2 V(Q?),
and integrating again by parts, we find
I = - [ V@i os(@ tw)) - vw+ [ @2V Hw) - vias(@Hw)

- [ivatasatwy - vatnatw-2 [ Qo twiva- v@ tw

- [easatwivia tw)-va + [ a@bawas@iw.
By (3.13) and the definition of N,

|| @ost@twivi@tw - vay| < shx2.

Similarly, using (3.13) and (3.14), we have |A(Q%)Q%| < |VQ|? +|AQIQ < s~%Q2, and thus

|| a@hawos@iw) < [ @os@ twi? + 57t [ aw? <2,

For Iy, we start by an estimate of G = f},(Vo)Q2 —(1-|V)|?)dss(Q?). By the definition of Q = (1-x+ Vo)P*!
and (2.9), we observe

ds5(Q?) = dgs[(1 - x + V)7 |

+1 1
e AL (R SR Oy
p

1 +1 _p-1
_(1_|V¢| )_ [pTVgHQZU’”) +TV5Q250+1) .

1 _
dssVo(1 —x + V)T
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Thus,

G=pVilQ:- I%lvg“gzﬁ%fn - 1%11/3@25%)

p-1
2
For |x| > 1, we have Vy < 1 and Q < 1; since also Q > 1, we see that |G|z~ < 1. Therefore,

- Vg_lQ%[p(l—X+Vo)+ Vo](1 -x).

o] < [IGllLoN* < N2
For I, by the Cauchy-Schwarz inequality
1ol = |[ @Fas@we | < 1@t e 1N,
and we need only estimate ||Q? &sllz2. From (2.21), for |x| > R, we have
Q3lesl < 1€yl < x| 712,

Since 1 < N < 4, this implies ||Q%8]||L2(|x|>R) < 1. Next, from (2.19), for |x| < R, we have

Q%|8]| < Q%V;%H(—JHT*’)# < Vg+1+(—]+17+’)# < Vg+1+%1’2;1—](1—%)%
Recall that by (3.1), . 3
g =<2 -
and that (3.2) is equivalent to
Thus, for |x| < R,
Q%|Sl| - Vg+1+%%—%(1—%)—/\@—1)(1—%) - V(‘)’%+%—A<p—1><1—%)
p1_jpot

It follows that
||Q%8 2 < S_1+A. (328)
J

For this term, we have obtained
1ol < 1Q &7ll2N < sTHAN.

Finally, by the Cauchy-Schwarz inequality,
A A
Il <5712 [ @os@ wk + 57 7 [ aw.
Using (3.27), we obtain
A

I — s IN? — L.

[I11] < 16S 2
In conclusion for I; + I, we find

A
I+ < Cs AN + i—6s’13\fz + Cs kN2,

To continue with the proof of (3.26), we estimate the term I3. To that end, recall that p = min(2, p). First,
by (3.21)-(3.23) and (3.12)

p+l b 3p+1
[0sQlA1 < 105QIA1 < V? QPTA; < Q2D Aq
< QU [P + QT QFF (w4 Q7D w2
Using (3.24), the first term is controlled as follows:

3p+1
[bips <3t a0,
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In the case 1 < p < 2, one has p = p and the second term is identical to the first one. In the case p > p = 2,

using QZ%H < s 'and (3.25),
| e Qi - [ QB <57t [ @ pwit
< esTIN? 4 g7 P2 L (NPHL 4 gv(PHLy,
where € > 0 is to be chosen. Last, we observe that Q% w2 < 573 Qw?, and thus
J Qirmw? < 5N,

In conclusion, we have proved

5] < j|asQ|A1 < jo%z\l < (st +esTHNZ 4 (14 e P-Dghy NP+ 4 Pty

We proceed similarly for I,. Indeed, setting
Ay = |fa(Vy +w) = fu(V)) = fr(V))w||w|
< fa(Vy +w) = fu(V)) = fp(VW|Iwl + Ifn (Vo) = fr(V)Iw?,
by (1.9) and Taylor’s inequality,
Ay < WP+ VEPlwiPH 1+ VBTV - Volw? = Ay
Using (3.29), we conclude that
I4] < j 105QIA1 < (577 + &5 HYN? + (1 + & P D5 ) NPHL L P+,
Now, we estimate Is and we set

A3 = [2fn(Vy + W) = 2fn(V)) = 2 (VY)W = f; (Vo)w?|.

p+l
By the triangle inequality, Taylor inequality (1.11), [0sVol < V)* (see (2.9)), we have

p+1

QI0sVolAs < QVy™ [2fn(Vy + W) = 2fu(V)) = 2fn (VY)W — f; (V))W?| + QV;% Ifd (V) = £ (Vo) |w?

<QVyT Ay < QA
Using (3.29), we conclude that
IIs| < (577 +es HN? + (1 + & P Hy(\NP+1 4 P+,
Finally, we estimate I and we set
Ay = |2fn(Vy + W) = 2fn(V)) = 2f(V))W].
By the triangle inequality and Taylor’s inequality (1.11)
Ay < |2fn(Vy + W) = 2fn(V)) = 2f (V)W = £ (V)w?| + If (V) Iw?

< Vo w4 VB  wiPt 1 vE TR w2,

Using (2.18), Vo < Q71,Q21,Qx% s and k> 1, we obtain
QIs(V) — VollAa < QVZ (WP + VEPlwiP™t + V2 'w?)
< QU T (jwlPr 4+ VEP|wPrh) + QU (1302

< Q;z:}) (lw|p+1 + Vgiﬁlwlp+1) + s 2kkﬂ QW2

< QWA +5 s 2Qu2.
Using (3.29) and k > 2, we conclude that

|IG| < (S_% + 85_1)N2 + (]_ + g—(p—Z)S—l)(Np+1 + Mp+1).

(3.29)

Choosing € < 116, then w sufficiently small, and collecting the above estimates, we have proved (3.26).
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Step 3: Higher-Order Energy Terms. We claim that forany#=0,1,...,N,
dx
|d—;I < STHAN + N2+ M2) + NPL 4 vPr, (3.30)

Differentiating (3.9) with respect to s, setting zo = o;w, we have
(1 = |V|*)0ssz0 — 2V - VOszo — (Ah)dszo — Azo = fo(Vy + W)zo + (Fu(Vy + W) = Fa(V))OsVy + 05€5. (3.31)
Differentiating Ko = f(l — |V§1?)(9s20)? + |Vzo|?, we find from (3.31) and integration by parts

14X
Tds T JWVI +W)zo + (fr(Vy +w) = f(V))0s Vy + 05€/}0520
=TI + 113 + I14.

First, by the Cauchy-Schwarz inequality

1
12| < Ifn(Vy + W)zollr2KG < Ifn(Vy + w)zoll2 M.
From
_plpt _pt
"Vi+wW)| < [VolP e wPlss 7 Q% +wPl<s 7 Q2+ |wpP?
n\V]J

and then (3.19) with p = 1, we have (recall that 1 < N < 4 and thus H?(RY) < LI(RY) for all g > 2, and
HY(RY) — LY(RYN) forall 2 < g < 4)

_2=1) _
IF (V) + wyzollZs < 57 j Q(asw)? + j WPV (3w)?
2(p-1)
-2 2 2(p-1) 2
< 5N 4 WV ogwl? L,
Lp+1
2(p-1)

_2p=) 2(p-1
<577 N2+ wlzP P oswlZ, .
Thus, using also —‘%1 > -1+ A(since A < %) we have
-1
2] < 577 NM + MPL < s7HANZ 4 M2) + MP+L,
Second, using (2.10) and (2.18),
p-1 p-1 -1
0sV)I < Vo' 7 +Vy & < VoQitm,
so that Taylor’s inequality (1.10) yields
’ ] _p-1_ p _p-1 p-1
[(Fa(Vy +w) = f(V))os V)l < Q7D [w|P + Q2o Vi~ |w|
1 3-1)
< QD |W|P + Q2 |w.

We have

|

p-1
+1

CElGE j(QwZ)IﬁwF”ﬁ% <([aw?) ™ ([wr)”

p=l  5plil
< N2 M2 5T < (N + M),

=

(p-2) _ 2p-1(p-1) - 2pD) 1
s Ty Q=1,Q<s 7T ,andA < p,wehave

3(p-1) 2 2(p-2) 2 @p-1)(p-1) 2
Qrwl< [ Q7 aw? < [ @ Qw

Moreover, since 2

_2@2p-1) _2(p-1) _ _
<s Iszss 7 N2 < 57210 N2,

Thus,

p-1 3(p-1

3(p-1)
31 < (1Q2F [wiPll2 + Q20 12 )M
< (STHAN + (N + MOP)M < sTHANZ + M2) + NPHL L vPHL,
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Kpt1) _ .
Third, from (2.21), for |x| > R, [0s&;] < |x|” »T 2 and thus, since 1 < N < 4, 0s€5llL2(x=R) < 1. Now,
from (2.19), for |x| < R,

O Y S L

bty
|aS€]| < VOZ < VO 3

and thus, following the proof of (3.28), we have [0s&/llr2(x<r) < s Thus,
114l < 105&52M < 7M.

The above estimates prove (3.30) for K.
We now prove (3.30) for ¢ € {1, ..., N}. Differentiating (3.9) with respect to x,, setting z, = 05, w, we have

(1= [VYI*)0ssze — 2V - VOsze — (A)dsze — Aze = fr(Vy + W)ze + (Fr (V) + W) = fr(V)))Ox, V)
+0x, &) + 2(VY - VO, ) 0ssW (3.32)
+2VO0yx, Y - VOsw + (A0y, P)0sw.
Differentiating XK, = [(1 - |V|?)(3s2¢)? + |Vz¢|?, we find from (3.32) and integration by parts

14X
3 ds I {Fa(Vy +w)ze + (Fa(Vy + W) = fr(V))dx, Vs + 0, €5} 0520

N J (2(V - Vo, )dssW + 2V, - VAW + (Ady, )95 W} ds2e
= 115 + Il6 + 117 + 118-

The term I;5 is estimated exactly like I1,. Next, it follows from (2.10), (2.16), (2.20) and the properties of y
that

14221
lox Vil < Vo %,

so that I¢4 is estimated like I;3.
Moreover, from (2.21), for |x| = R, [0x,&;] < |x|™> and thus, since 1 < N < 4, [[0s&)ll12x=r) < 1. Now,
from (2.19), for |x| < R,

1 2 -1
A b

=t
[0x,E5] < V,?

p-1,1p-1 1yp-1
pliipl g lypd
< VOZ k 2 k)2 ,

and thus, following the proof of (3.28), we have [0s&;l12(x<r) < s~ 1*A_ Thus we see that I;; is estimated
like 114.
Finally,

|2(Vi - VOx,1h)0ssW + 2V 05, P - VOsW + (Adx, 1) 0sW| < [0ssW| + [VOsW| + [0swW,
so that I1g < M2. Therefore, estimate (3.30) holds for € € {1, ..., N}.

Step 4: Conclusion. Since H(Sy) = K(S,) = 0, the following is well defined:
Sk =sup{s € [Sp, 6] : forall s’ € [Sy, 5], N? + X < min(s", w)},

and by continuity, Sy € (Sy, 6]. It follows from (3.26), (3.30), (3.15), and A < % that

%(9{ +%0) < s—“"(CN . %S_ANZ + COV? +%) + CsA N + ﬂcﬁ)
for some constant C > 0 independent of §. By the definition of S;;, we deduce that

%(}C +X) < /ls‘”"(Cs%’1 +CsT %)
for some constant C > 0 independent of §. We fix 0 < §y < 6 such that
a1 1

1
cs2" + cs, +7<3

This gives, for all S, < s < min(S;;, 8o), 4 (3 + X) < 4571+,

A
0y < w.
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By integration, using H(s,) = K(sn) = 0, we find for S,, < s < min(S;;, o),
H(s) + K(s) < %(s’t -Sh< %(s - S
Thus, from (3.16), it holds, for S, < s < min(S}, 6o),
N2(s) + K(s) < %(s - St
It follows from (3.15) and the definition of Sj; that S}; > 6 and so, for all s € [Sy, o],
M(s) 5 (s = Sn)?.
This completes the proof of the proposition. O
Proof of Proposition 3.1. We set
Zn(8) = Vi(Sn+5),  Mu(s,y) =Wn(Sn+5), Fnls) = E;(Sn+5).
From Proposition 3.2, there exist C > 0, np > 0 and 0 < §y < 1 such that

A
2

IMn(S)a2 + 19snn (S + [0ssnn(S)l2 < Cs (3.33)

forall n > ng and s € [0, §¢]. Moreover, from (3.9),
- |V¢|2)assrln —2VY - Vosn, - (Alp)asrln —Ann = fu(Zn + Mn) = fu(Zn) + Tn. (3.34)

It follows from estimate (3.33) that there exist a subsequence of (1,) (still denoted by (1,)) and a map
1 € L®((0, 80), HX(RN)) n W1-°((0, 80), HL(RN)) n W2:%°((0, 8o), L?(RY)) such that

Mo —— 1 in L®((0, 8o), H*(R")) weak*, (3.35)
Ostn —— 0sn in L2((0, 6o), HY(RY)) weak*, (3.36)
Ossln —— s 0 L((0, o), L2(RY)) weak*, (3.37)
Mn(s) ——n(s)  weaklyin H*(RM), forall s € [0, 6o], (3.38)
OsMn(s) —— 0s1(s) weakly in H'(RM)), for all s € [0, 8o]. (3.39)

It is then easy to pass to the limit in (3.34), and it follows that
— [V1*)dssn = 2V - VOsn — (Ap)osn — An = f(Vy + 1) = fu(V)) + &;
in L®((0, 80), L2(RN)). Therefore, setting
v(s) = Vy(s) +n(s), s €(0,b0),

it holds
(0, 80), HA(RN)) n W((0, 8o), HL(RYN)) n W2 ((0, 8o), L2(RY)) (3.40)

loc loc
and, using the definition of €;, we see that v is a solution of equation (2.2) in L.((0, o), LZ(RY)). Esti-
mate (3.5) follows by letting n — co in (3.8) and using (3.38) and (3.39). We now prove that v satis-
fies (3.4). By standard semigroup theory (see Section A.3) it suffices to prove that [v|P~v € C((0, 60), H (RY)).
Since by (3.40) v € C((0, 6o), H*(RN)) for every n >0, and N < 4, we have by Sobolev’s embeddings
v e C((0, 8o), WH4(RN)) for all 2 < g < 4 and |v|[P~1 € C((0, 8p), L"(RN)) for max{1, = -2} < r < co. Choosing
for instance q = 4g’++31) andr = 4(’”1) yields |[v|P~1v € C((0, 8¢), H (RN)).
Finally, we prove (3.6). We wrlte

(o)
Ve Lloc

[0sv] > 05 Vol — [05(V) - Vo)I - |as(V_ Vpl.

p-1 iy
On the other hand, Vé+ 2 <105 Vol, so that V T < |0s VOI T . Therefore, given any n > 0, there exists

a constant Cy such that
1+%

Vo % <nlosVol + Cy. (3.41)
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E
Since [05(V; - Vo)l < Vé+ ** by (2.18), we see that there exists a constant C such that
1
|0sv|? > E|asV0|2 - Clos(v - Vp)|* - C. (3.42)

Next, we write
]

V] < V(v = V) + IV < V(v = V)| + [VVo| + z [Vvjl.
j=1
It follows from (2.20) that [VVj| < 1 for x| > R. For |x| < R, by (2.16) and k > 2, [Vvj| < Vo for j > 1; and
p-1
IVVol < Vg &
by (2.10). Using again (3.41), we conclude that
1

IVv|? < Z|asvo|2 - ClV(v-Vp*-cC. (3.43)

Since [0s(v — V)| + V(v = V)| € L*®((0, 8o), H'(RY)) by (3.5), the lower estimate (3.6) follows from (3.42)
and (3.43). O

4 Proof of Theorem 1.1

In this section, we use the following notation. Welet {ey : k = 1, ..., N} be the canonical basisof RN. If N > 2,
then for x ¢ lliN, we denote x = (X1, X, ..., xy) and X = (x2, ..., xy). We set Au= Y&, Oyt If N = 1, we
ignore x and A.

4.1 Cut-Off of the Local Hypersurface

Let ¢ be a function satisfying (1.3) (see statement of Theorem 1.1). Without loss of generality, by the invari-
ance by rotation of equation (1.1), we assume that

Vp(0) = te; where0<#£< 1.

(For dimension 1, the reduction is done by possibly changing x — —x.) For a positive real r < 1 small to be

defined later, set

P00 = () - €xl)x(@) +€x1.

On the one hand, from this definition and the properties of y, it holds
P(x) =) for|x| <r, P(x)=~£xyforl|x|>2r, V@(0)=_—Le;. (4.1)

On the other hand, from ¢(0) = 0 and V¢(0) = fe;, there exists a constant C > 1 such that for |x| < 1, it holds
lp(x) — €x1] < C|x|? and |Vp(x) — €eq| < C|x|. In particular, since

(0] X 1 x|\ x
Vo() = (Vo) - fe1)x(u) +ber + ~(p(x) - exl)x’(u)—,
' ’ r/lx]
it holds on RV,
IV(x) - eq| < Cr.
We fix r > 0 small enough so that
= . (Ap-1 1
IV - tey e s(1—e)mm{gm,§}, 4.2)

The first constraint on @ is related to assumption (3.3) in Proposition 3.2, and the second implies

o (4.3)

_ e+
V@Il <
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4.2 Construction of the Function ¢

We claim that for any y € RV, there exists X; (y) € R such that

X - p(X1(y), ¥y
Yy = 1(y) — €9( 11(y) ) (4.4)
(1-¢2)2
(As observed before, we ignore y in dimension 1.) To prove the claim, we define
_ X1 —€p(x1,¥
O(x;,7) = LY (4.5)
(1-¢2):
and we compute, using (4.3),
_ 1 - €0y, 9(x1,Y) 1-¢ 1-¢6\3
0x, P(x1,¥) = : > = >0 4.6
P09 = — R = (1) (4.6)
and )
_ 1+¢ 1+¢€\2
3y, D(x1, 7) < < ( ) . 4.7)
(1-¢2)2 1-¢

Thus, for fixed y € RN-1, the function x; € R — fﬁ;,(xﬂ =: ®(x1, ¥) € R is increasing and surjective. It has
an inverse function (T)}_jl on R, which is also (strictly) increasing, and we set X1 (y1, ¥) = 5;1(y1) for y; € R.
Setting X1(y) = X1(y1, ¥), we have proved the claim. Note that

X1(®(x1,¥),¥) = 5;71((D(X1, V) = 5)-_,1((5;7()(1)) = X1,

so that by (4.5)

X1 =X1(—X1 _e(p()f),)_() (48)
(1-¢2)}
for all x € RN. Moreover, it follows from (4.6)—(4.7) that
1-6\z 0X; [1+¢€\:
(1+e) Sa_ylg<1—e> (4.9)
on RY. Setting X(y) = (X1(y), y), it holds
X - p(X
), = X100 - BEO) (4.10)
(1-¢%):
Moreover, using (4.9), we see that
IX(¥)| = max{|X1(y)l, yl} MTOO’ 0. (4.11)
For all y € RV, we define the function 1 : R — R by
oX -eX
Py) = XY ll()’). (4.12)
(1-¢2):
Equivalently, the functions 1 and @ are uniquely related by the following relation on R":
00 =(1 —€2)%¢<M,2>+€x1. (4.13)
(1-¢2)2

We check that v is of class €70, where g is defined in (1.2), and satisfies assumptions (2.1) and (3.3).
First, since ¢ is of class C%° and y is of class €%, it follows from their definitions that ® and then the
functions X and y are of class €% in RY. Since ¢(0) = $(0) = 0, from (4.13), we also have (0) = 0.
Second, from (4.1), it follows that ¢(x) = €x; for any |x| > 2r. From (4.11) and (4.12), we see that )(y) = 0
for |y| large.
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Last, we estimate |Vy|. From (4.13)

— x1—-€p(x) _ —
(1 -eaxl<p(x))aylzp(1—"’(l),x) = 04, P(X) — &, (4.14)
(1-e2)3
and forj # 1,
X1 - €P(x) _ gl X1 - €Q(x) _
o, (ZL 9 ) (1 eyt pia(1+ 0, (P 1)), 415
)’}llb (1—62)% ( ) qu)( ) hlp (1 _ez)% ( )
It follows from (4.3) that |1 — €04, ®(x)| > 1 — ¢, so that (4.14) and (4.2) yield
1 _ Ap-1
9y, Yl < 1 _€||6x1<P — 1o < §p+ 1

In particular, we see that |9y, P|l1~ < 1. Since [0y, Pllr < (1 - €) AD-1 Ky (4.2), we deduce from (4.15) that

8 p+1
oyt _pAp-1 _(1_piAp-1l _Ap-1
Iyl < (=) F 105 v p= - gD < TP

so that (3.3) is proved.

4.3 Definition of an Appropriate Solution of the Transformed Equation

We assume (2.3), (2.4), (3.1), (3.2) and we consider the function 1 defined in (4.12)—(4.13). Note that ) is of
class C7° where qq is defined in (1.2), and satisfies assumptions (2.1) and (3.3). Let the function A be given
by (2.5). We consider the solution v € C((0, o), H2(RN)) n C1((0, 80), H(RY)) n C%((0, 80), L>(RM)) of (2.2)
given by Proposition 3.1.

4.4 Returning to the Original Variable

Let .
1-¢\26 1-¢
o-(7e) B oz (4.16)
Recall (see (4.1) and (4.3)) that (0) = 0 and [V@| < %, so that [p(x)| < % |x]. Thus we see that
7o+ inf @(x) > 0. (4.17)
|x|<T0+€0

It follows that the space-time region
T={t,x) e RN : 0<t <19+ PX), |x| < To+&0 -t}

is an influence domain in the sense of Section 1.2. (See Figure 1.) Moreover, let |x| < %" We have ¢(x) < %0
Therefore, if 0 < t < 79 + P(x), then t < 79 + %" so that |x| < Tg + &g — t. It follows that

[x] < 82—0 = max{t>0:(t,x) € T} = 7o + P(x). (4.18)

Given 0 < ¢ < 1 and 7¢ € R, we define the Lorentz transform Ag, r, : RN — R1*N by
t—T0-€x1 x1 —€(t — To)
It is well known that A, 7, is a C* diffeomorphism with Jacobian determinant |det J Aerrg | = 1. We also define
the transformation Ay : R**N — R*N by

Nz (8, X) = (S,¥) = (S, Y1, ), where s =

Ayp(t', X"y =(s",y"), wheres' = p(x')-t/, y' =x.

Since 1 is of class €9° where qo is defined in (1.2) (see Section 4.2), it follows easily that Ay is a diffeomor-
phism of class €. Moreover, |det ], | = 1. We define the map A : RN — R1*N as the composition of the
above two maps, i.e.

A=Ay A,
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t=70+®X)
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t=19 I

N

Figure 1: The set T is the part of the cone |x| < 7o + &9 — t below the surface t = 1o + @(x).

The map A has the expression

To — €X1 o xy-e(t-10) _

_ t—
Alt,x)=(s,y)=(s,y1,¥),  wheres=y(y)-————, ) T y=x (419
(1-¢%)> (1-¢2)>
and it follows that A : RN — RN s a diffeomorphism of class €% and that |detJ,| = 1.
We prove that
$>0 & t<To+P(X) (4.20)
and that 5
AT ¢ (o, 70) xRV, (4.21)

In the case where ¢ = 0, by (4.4), we have X(y) = y and thus by (4.12), ¥(y) = ®(y). Thus in this case,
A(t, x) = (@(x) — t + 19, X). (4.22)
Property (4.20) follows. Moreover,
S<PMX)+To < IX|+To <2To+ &0 <370 < %

by (4.16). Thus (4.21) is proved in this case.

In the case where ¢ # 0, we observe that from (4.12),

s = PX(y) - €X1(y) t-To-tx;
(1-¢2): (1-¢2):

Using (4.10), we replace @(X(y)) = %(Xl y)-(1- 62)%y1) so that

1 (0] _p2 _ _p?
o2y is = CPX(y) —€°X1(y)  €(t—70) - €°x3
(1-£2) (1-¢2)
Vi x1 = €(t - 7o)
=X - + -X
1(¥) 1) D 1
= X1(y) - x1.
Recall that by (4.8), we have N
X1 = Xl(X—l ~ E(P()f) N )_()
(1-¢2)>
which means that ¢ e
e(l-ez)-%s=Xl<w,x>—xl(’“_—"’(’f),x), (4.23)
(1-¢2)2 (1-¢2)2

hence, using (4.9),

1+6\7 0s 1-2\z2
_<1—e) SES_(1+6> (4.24)
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on RV, Thus we see that s > 0 is equivalent to ¢ < Ty + §(X), i.e. (4.20) holds. Moreover, by (4.24), we have
on7T

1 1
s<(10g) 1= 0= 001 = (1) (T0+ 00 - 0.
Using (4.16), we see that 7o + @(x) — t < P(x) + Tg < 3Tg, so that s < %. Thus (4.21) is proved in all cases.
We now set
u(t, x) = v(A(t, x)), (t,x)eT. (4.25)

We refer to [18, Exercise 10.7.c] for a similar use of the Lorentz transform. Note that by (4.21), u is well
defined.
Let w be an open subset of RN and let 0 < a < b. Suppose that [a, b] x @ c T. We claim that

u € H*((a, b) x w), (4.26)
ueli(a,b)xw) foralll<gq < oo, (4.27)
O = Au+ |ulP'u inL*((a, b) x w). (4.28)

Since [a, b] x @ is a compact subset of R1*V it follows that A([a, b] x @) is a compact subset of R**N. More-
over, it follows from (4.20)—(4.21) that A([a, b] x @) is a compact subset of (0, §p) x RN. Let 1 < q < co. Since
v e C((0, 8p), H*(RY))and H2(RN) — L"(RN) forevery r < co (because N < 4), wehavev € LY(A((a, b) x w));
and so (4.27) follows from (4.25) and the change of variable formula. Next, let 6 € C((0, §p) x RN) such
that 6(x) = 1 on A([a, b] x w). Thus we may replace v by v in formula (4.25), this does not change the val-
uesof uon (a, b) x w. Since Ov € H2((0, §o) x RY), we can approximate v in H2((0, §o) x RY) by a sequence
(Wn)ns1 € C2((0, 80) x RN) supported in a fixed compact of (0, 8o) x RN. Setting u, = wy, o A, we have

[ -l [ - vPidetr?
(a,b)xw A((a,b)xw)
- Wy = v]* —— 0. (4.29)
A((a,b)xw)
Next, it follows from (4.25) that
(1-€%)0¢eup = [€2(ay1¢( )+ 260y, Y(-) + 1]0ssWn(-) + €2ay1y1 Y(-)oswn(-)
+26(€dy, Y(+) + 1)0sy, Wn(+) + €29y,y, Wn(-)
and

(1- ez)Aun = (ayl ')[)( : ))2 +(1- 62) Z(ayklp(' ))2 + zeayl l/)( )+ ez]asswn( )+ aylyll/J( )0swn(+)
k+1

+2(0y, Y(+) +€)0sy, wn(-) +2(1 - ez) z Oy, Y(+)0sy, Wn(-)
k#1

+0yy, Wn(+) + (1 = )Awn () + (1 = €2)(A(-))dswn(-),

where the argument of ¢ is y and the argument of wy, is A.

Similar formulas hold for all first and second space-time derivatives of u,, so arguing as in (4.29) we
conclude that u, is a Cauchy sequence in H?((a, b) x w), from which (4.26) follows. In addition, the above
two formulas imply that

OttUn — Aup = [1 - |V¢(')|2]asswn(') =2VYP(-) - Voswn(-) = AP(-)oswn(-) — Awy(-).

Since u, — u in H2((a, b) x w) and w, — v in H2((0, 8p) x RY), we may pass to the limit in the above
equation. Since Ov = vin A((a, b) x w), we obtain using (2.2)

Orelt = Au = [1 = [VP(-)[*]0ssV(+) = 2Vih(-) - VOsv(-) = A(-)osv(-) — Av(-)

= (VP"v)(-) = [ulPtu

in L?((a, b) x w). This proves (4.28).
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Set
— &o
ptory
and

7= min{e—o, To+ inf {?ﬁ(X)}}

2 IX|<To+€0
so that 7 > 0 by (4.17). We see that (0, T) x B; ¢ T so thatu ¢ H2((0,7) x Bz) N L9((0, T) x Bp) for all g < co.
In particular, u € C([0, 7], H'(Bp)) n C*([0, 7], L?(Bp)), so that u(0) € H'(Bj) and 9;u(0) € L?(Bjp) are well
defined.

4.5 Choice of a Solution of the Nonlinear Wave Equation

We apply Section 1.2 to extend u, which is a solution of (1.1) on T, to a solution of (1.1) on a maximal domain
of influence that contains 7. For this, we consider any pair (i, ;) € H'(RY) x LZ(RN) such that #ip and &1
coincide with u(0) and 0:u(0), respectively, on Bz. The initial data (iio, ii1) give rise to a solution u of (1.1)
defined on the maximal influence domain Qax (g, 1) in the sense of Section 1.2. We claim that this maximal
influence domain contains

T=Tn{(t,x) €[0,p) xRN : |x| < p -t}

and that # coincides with u on 7. Indeed, let (t, x) € T and consider the corresponding open backward
cone C(t, x). The cone C(t, x) is an influence domain, and it follows easily, using Proposition B.2 and (4.27),
that u is a solution of (1.1) in C(t, x) with initial data (ug, u1), so that C(t, x) ¢ Qmax(Tio, &1). Since (¢, x) € T
is arbitrary, this proves the claim. From now on, we denote by u this solution.

4.6 Blowup on the Local Hypersurface and End of the Proof

We show blowup on the local hypersurface by proving (1.4). For this, we further restrict the size of the
hypersurface. Arguing as in the proof of (4.18), we see that

[x| < %O = max{t>0:(t,x)e‘TT}:To+§6(x).

Thus we see that if |xg| < %0, then the open backward cone C(7¢ + ¢(xo), Xo) is a subset of T.

We fix £ < 0 < 1 and |xo| < £, and we prove (1.4). We use the geometric property that the image by the
map A of a cone of slope ¢ contains at least a small cone (estimate (4.31)), and the lower estimate (3.6) for v
on this small cone.

Let so >0 and yo € RN be given by A(to + $(xo), X0) = (So, Yo). We first note that so = 0 by (4.12)
and (4.19). Moreover, it follows from (4.19), (4.3) and (4.16) that

€0 2
|)/0| < Z(l + m) <1. (4.30)

Given 0 < t < 79 + Q(x0), we set
K(t) ={(t',x) e R™N; t < ' < 79+ P(x0), Ix — x0| < (10 + P(x0) — t')}
and, given s > 0 and ¢’ > 0 we set
L(s,0") ={(s",y) e R"N; 0<s" <s,|y-yol < 0's'}.
We claim that there exist ¢’ > 0 and n > 0 such that
L(s(t), 0") ¢ A(K(t)), (4.31)

where
s(t) = n(to + P(xo) - 1). (4.32)
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Assuming (4.31)—(4.32), we conclude the proof of (1.4). Given (¢, x) € 7, it follows from (4.25) and (4.19)

that 1
deu(t, x) = ————[9sV(A(t, X)) + 9y, V(A(t, X))]
1-¢2)2

so that, using 2€xy < €2x? +y?,
[0¢u(t, X)1* = [9sV(A(L, X))I* = 19y, V(A(L, X))I.

Therefore,

j ocul? > j (195v1? — 3y, V1)
K{t) AR®)
Applying (3.6) and (4.31), we deduce that

1
j|atu|zzz j 105 Vol? - CIACK(D)] - j 2.
K(t) L(s(t),0") A(K(t)

It follows from (4.32), (2.14) and (4.30) that

1 1
liminf ———— j 195 Vol? = liminf = j 195 Vol? > 0.
sl0 S

t170+@(%0) To + P(Xo) — £
L(s(t),0") L(s,0")

Furthermore,
IAK(t))] < IK(t)] < (o + Px0) — )N,
2(N+2)

Next, HL(RN) — L% (RV), so that g € L'¥ ((0, 80) x RY)); and so by (4.35),

&2 < IAK(E)| 77 < (To + Blxo) — )1 7.
A(K(0)

Estimate (1.4) follows from (4.33)—-(4.36).

(4.33)

(4.34)

(4.35)

(4.36)

It remains to prove the claim (4.31)—(4.32). Let (s’, y) e R2*N and (¢, x) e R**N such that (s', y) = A(t, x).

In particular, t' < 7o + @(x) by (4.20). We prove that

ATV _ )
s S(ﬁ) (To + @(x0) =t + |x = Xol).

(4.37)

In the case ¢ = 0, this follows from (4.22) and the inequality |@(x) — P(xo)| < |x — xo| (see (4.3)). In the case

¢ # 0, then by (4.19) and (4.23),

1 _ L(To+Px) -t _
(01— = Xty ) - Xy, - TP g,
(1-¢2)2
Using the right-hand side inequality in (4.9), and then (4.3), we deduce

s' <

1+6\2 _ '
(1) o+ @00 - ¢
and (4.37) by using again (4.3).
Next we claim that
Ix = X0l < [y = yol + €(To + P(xo) — t').

Indeed, by (4.19) for (t', x) and for (1o + @(xo), X0),

x1 — (X0)1 . o(To + P(xo) — t')
(1-¢2) (1-e2)

Vy-Yo=X-Xo

y1- (o)1 =

so that
X1 = (o)1l < ly1 — Vo)1l + €(To + P(x0) — t'),

X = Xol =y = Yol

(4.38)
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Estimate (4.38) follows by using the triangle inequality +/(a + b)2 + c2 < Va2 + c2 + |b|. Assuming now
(s',y) € L(s, 0') for some s > 0 and ¢’ > 0, we deduce from (4.38) that

Ix = xo| < 0's" +€(To + P(x0) - t).

Estimating s’ by (4.37), we obtain
(12) Y-t < (¢4 0/ (325 Yo e - ¢
(1 0(1_£ [x=xo|l<(€+0 17 (o + @(xp) - t').
Since o > ¢, we see that if ¢/ > 0 and § > 0 are sufficiently small, then

Ix — xo| < (0= 8)(To + P(x0) — t'). (4.39)

It now remains to prove that if s’ < (1o + @(xo) — t) for some sufficiently small > 0, then t’ > t. By (4.24),
and then (4.3), we deduce

1+¢

1-¢\3 :
§'> (1) @0+ B0 - )2 (1) 7o+ Bxo) - '~ b= Xo.

Using (4.39), we obtain
s'>(1-0+ 6)(ﬂ>%(ro L B0x0) — 1),
1+¢
which proves the claim forn = (1 - o + 6)(%)%.
Finally, we prove that the hypersurface {(¢, x) € IRi*N : |xo| < %0, t = 7o + P(xp)}is contained in the upper
boundary of the maximal influence domain Qmnax of the solution u. Indeed, otherwise there would exist
[xol| < %0 and t > T + @(xo) such that C(t, xo) ¢ Qmax With the notation (1.5). In particular,

du e c([o, 7o + ga(xo)),LZ({|x—xo| < w}»

This is absurd, since by (1.4), given £ < 0 < 1, there exist a sequence t, T To + P(Xo) and § > 0 such that

|0¢u(tn)l® > 8.
{Ix=xol<a(To+@(x0)~tn)}

This completes the proof of the theorem, where 7 and &g are given by (4.16),and € = min{%o, r} with r defined
in Section 1.1 (recall that ¢ = @ on {|x| < r}).

A The Wave Equation (2.2)

Let i € C2(RN)n W2 (RN) satisfy | V)| 1~ < 1.1t follows in particular that (1-|V|?)~ € CL(RN)n WL (RY).

A.1 The Associated Semigroup
Let X be the Hilbert space H! x L2, equipped with the (equivalent) scalar product
((@,b), @ B))x = [(Va-Va+aa)+ [ b1 - 1vyP),

and consider the linear operator A on X defined by

0 1
A= a1 2vpvery |
1-|V|? 1-|Vy|?

with domain D(A) = H?> x H!. We compute

(A(a, b), (a, b))x = j(Va Vb +ab) + j(Aa —a)b+ 2V - Vb + (AY)b)b = 0,
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which proves that A is dissipative in X. Moreover, for any (c, d) € X, there exist (a, b) € D(A) such that
(a, b) — A(a, b) = (c, d). Indeed, this system reduces to

b=a-c,
{ 2a-Aa -2V -Va - (Ap)a = -2V - Ve — (A)c + ¢ + (1 - [Vp|?)d.

It is easy to solve the second equation by the Lax-Milgram theorem, and we obtain a solution a € H*(RY).
Since, by the equation, Aa € L2(RY), we see that a € H2(RN). The first equation then yields b € H*(RM). In
particular, A is maximal dissipative, hence is the generator of a Cy semigroup of contractions (e**);o on X.
(See, e.g., [27, Chapter 1, Theorem 4.3, p. 14].)

A.2 The Nonlinear Equation

Using the notation U = (,, ), we rewrite equation (2.2) as
osU = AU + F(U), (A.1)

where

ay_ ., 21 0
o(5)-0-ro 1)

A.3 Regularity

Suppose T > 0 and U € L®((0, T), D(A)) n WH®((0, T), X) is such that F(U) € L*®((0, T), X) and U satisfies
equation (A.1) for a.a. 0 < t < T. If F(U) € C((0, T), D(A)), then U € C((0, T), D(A)) n C*((0, T), X). Indeed,
U is weakly continuous (0, T) — D(A). In particular, U(t) € D(A) forall 0 < t < T and the result follows easily,
see, e.g., [27, Chapter 4, Corollary 2.6, p. 108].

A.4 The Case of Equation (3.7)

Equation (3.7) is equation (A.1), where f is replaced by f,, in (A.2). Since f,,(0) = 0 and f;, is globally Lipschitz
R — R, we see that the map u — fy,(u) is globally Lipschitz LZ(RN) — LZ(RN). In particular, ¥ : X — X is
globally Lipschitz, and the existence and uniqueness of a global, mild solution U € C([0, co), X) of (A.1)
with the initial condition U(0) = Ug € X is a direct consequence of standard semigroup theory. (See, e.g.,
[27, Chapter 6, Theorem 1.2, p.184].) Moreover, since f, is globally Lipschitz and C?, it follows easily
that the map u — f,(u) is continuous H'(RN) — H'(RN). Therefore ¥ is continuous X — D(A), so that
F(U) € C([0, 00), D(A)). It follows, again by the semigroup theory, that if the initial value is in D(A), then
U € C([0, 00), D(A)) n CL([0, 00), X) is a solution of (A.1). (See, e.g., [27, Chapter 4, Corollary 2.6, p. 108].)

B Uniqueness on Light Cones

We state and prove a uniqueness property for solutions of the nonlinear wave equation on light cones (Propo-
sition B.2), for which we could not find a reference. We first recall in the following remark the relevant results
concerning the local well-posedness of the Cauchy problem.

Remark B.1 (Local Well-Posedness). Let N > 1, let p such that 1 <p < % (1<p<ooif N=1,2)and let

(uo, u1) € HY(RN) x L2(RY). We summarize some results on the existence of T > 0 and a local solution

u € C([0, T], H'(RN)) n c'([0, T], L*(RN)) (B.1)
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of the wave equation

Ol — Au = |ulP1u, (8.2)
u(0) = ug, 0u(0) = uj. '
We also discuss the property
2(N+1)
u e LF2 (0, T) x RY) (B.3)

in the case N > 3.

(i) Case N =1, 2. There exist T > 0 and a unique solution u of (B.2) in the class (B.1). See, e.g., [5, Theo-
rem 6.2.2].

(i) Case N > 3, p < ¥*2. There exist T > 0 and a unique solution u of (B.2) in the class (B.1), and this solu-
tion satisfies (B.3) by possibly choosing T smaller. Indeed, existence follows from [12, Proposition 2.3] and
uniqueness from [11, Proposition 3.1]. Moreover, applying [11, Lemma 3.3] with p = 2(]\1,\’_ o7 = I\?Z(NZN}J and

q= 25\1,\”11) , we see that u € L9((0, T), B? z(lRN )), hence (B.3) by Sobolev’s embedding.

(iif) Case N = 3, p = 5. Thereexist T > 0 and a solution u of (B.2) in the class (B.1)-(B.3). See, e.g., [15, Theo-
rem 2.7]. Moreover, solutions of (B.2) in the class (B.1)—(B.3) are unique. This last property is not explicitly
stated in [15], but it easily follows from the proof. (It also follows from Proposition B.2.)

(ivyCase N> 4,p = N+2 . There exist T > 0 and a unique solution u of (B.2) in the class (B.1), and this solu-
tion satisfies property (B 3) by possibly choosing T smaller. Indeed, existence is established in [10] (see
also [15, Theorem 2.7] for the case N = 4, 5 and [2, Theorem 3.3] for the case N > 6). Uniqueness is proved
in [28, Theorem 2] for N = 4, in [28, Theorem 3] for N = 5 and in [2, Theorem 3.4] for N > 6. Property (B.3)
follows from [15, Theorem 2.7] in the case N = 4, 5. In the case N > 6, it follows from [2, Theorem 3.3] that

uelLi(0,T),B° 2(IRN )) with p = r= A%Z(NZNg and q = %, hence (B.3) by Sobolev’s embedding.

N
2N-T)°
Proposition B.2 (Uniqueness on Light Cones). Let N > 1 andlet p satisfy 1 < p < %*% (1<p<ooifN=1,2).

LetR > 0,0 < 7 < R, and let By be the open ball of center 0 and radius R in RN Let
u, v € C((0, 7], H'(Bg)) n C*([0, 7], L*(Bg)) N C*([0, 7], H"'(BR)))

be two solutions ofthewave equatzon OpU = Au+ |ulPYuinH Y (Bg))for< t < 1.IfN > 3andp > e 2,suppose
in addition that u, v € L ((O T) x Br). If u(0) = v(0) and 0:u(0) = 0¢v(0), then

u=v onf{(t,x) e (0, 7)xBgr:|x|]<R-t}
The proof of Proposition B.2 relies on the following local estimates.

LemmaB.3. LetR > 0,0 < 7 < R,he C([0, 1], LY(BR))forsomeq >1,q > A%—J’rvz (sothath e C([0, 7], H"1(Bg))),
and let
z € C([0, 7], L*(Bg)) n C*([0, 7], H*(Bg)) N C*([0, 7], H*(BR))

satisfy o4z = Az + hin H"2(Bg) for all 0 < t < T and if z(0) = 0¢2(0) = 0. If higo,r,r) € L?(E(0, R, 7)) with the
notation (1.6), then z(t) € H (Bg—y) forall 0 < t < 7, and

12O (Be ) < Ce NNz (RO, R, ) (B.4)

forall0 <t < T.IfN>2andh e L% (E(0, R, 7)), then zjgo.r,r) € L ¥ (E(0, R, 7)) and

”Z"L 2+) E (B.5)

(0,R, 7))
In (B.4) and (B.5), the constant C independent of h, R, T and t.

Proof. We define h € C([0, 7], L1(RN)) by

P h on(0,T) x Bg,
o elsewhere.
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We let Z € C([0, 7], LZ(RN)) n C1([0, 7], H"L(RN)) n C%([0, ], H2(RYN)) be the solution of the wave equa-
tion 04Z — AZ = h on RY with the initial conditions Z(0) = 9;Z(0) = 0. Note that, givenany 0 < t < T < R and
1<r<oo,

IRl 5.k, 6) = IhllLrE,R,b)-

Therefore, estimate (B.4) with z replaced by Z follows from the standard energy inequality for Z; and (B.5)
with z replaced by Z follows from the Strichartz estimates (see [13, Corollary 1.3]).
To conclude the proof, we show that z and Z coincide on E(0, R, 7). We let w(t) = (z(t) - Z(t)),s, for all
0<t<T,sothat
w € C([0, 7], L*(Br)) n C*([0, 7], H"'(Br)) N C*([0, 7], H~*(Bg)) (B.6)

satisfies 0w = Aw in H-2(Bg) forall 0 < t < T and w(0) = 9;w(0) = 0. Thus we need to show that w = 0 a.e.
onE(0,R, T).Letp € CS"(IRN), p = 0, be radially symmetric, supported in By, and satisfy fp =1.Givene > 0,
let pe(x) = e ¥p(%¥). Let 0 < 7 < Rand O < € < 1. Since p, is supported in By, it follows that pe » w is well
defined in Bg_y, and we set w, = (p¢ * W)|Bg_,- We claim that

We € CZ([O’ T] X BR*)’[)’ (B~7)
O0uWe = Awe  on [0, 7] x Bg_y, (B.8)
We(0) = 9We(0) =0 on Bg . (B.9)

By finite speed of propagation, it follows that w, identically vanishes on E(0, R — n, 7). Letting £ — 0, we
deduce that w vanishes a.e. on E(0, R — 17, 7); and letting n — 0, we see that w vanishes a.e. on E(0, R, 7).
It remains to prove the claims (B.7)—(B.9). Given m € N and 6 € H™(Bg)), recall that p, « 6 € H™(Bg_y)) is
given by
(Pe * 0, OYH-mBy ), B (Bry) = (0, Pe * Q) H-m(By),HI (Br)
forall ¢ € C(Br-p). It is well known that
Pe * 0 € C*°(Br_y)),
D%(pe * 0) = pe « (D“0) foralla € NV,
loe * Ollcyy < 100E-()-

On the other hand, it follows from (B.6) that D“afw € C([0, 7], H2(BR)) for all @ ¢ N¥ and B € N such that
la| + B < 2. Thus we see that D"‘a/fws € C([0, 7] x Br_y) and that

D‘)‘afw£ =pe * D“afw.
Properties (B.7)—(B.9) easily follow. O
Proof of Proposition B.2. We need only prove the result for T small, the general case follows by iteration.

The Casep < i (any1 < p < c0if N = 1, 2). Wenotethatr = 2psatisfies2 < r< 2% (2 <r < 0ifN =1, 2),
so that by (B.4) and Sobolev’s embedding

t
162 = VO s, < C [ Nl u= P VI, ds.
0

Since [|[ulPYu - [vIP" |12 < C(lullzr + VI )P~ Ylu - v]rr and u and v are bounded in H!, hence in L', the
result follows by Gronwall’s inequality.

The Case N > 3 and p = ¥*2. We note that, since p < ¥*2,

4 4
[P~ tu = [P < (uiPt + [P - v < (1 + Jul 72+ [v[72)|u - v].

By Holder’s inequality, it follows that

4 A

-2 N-2 _
s+l S Yt = VI 2

2
T s e G P
L N+3 L
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where all the integrals are on E(0, R, T), with the notation (1.6). Applying the Strichartz inequality (B.5), we
deduce that

2 4 4
u-v z(N1>sC(TW+u”‘2 + Jlu|| V52 )u—v 2N+1)
|| ”Lﬁ I |Lz%v_+21) I ||Lz<ly_+21> ll ”Lﬁ’

where all the integrals are on E(0, R, 7). Since

llull 201 + V|l 2w+ —
L N=2"(E(O,R,T)) L™N-Z (E(O,R,7)) 1|0

the conclusion follows by choosing 7 sufficiently small. O
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