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Abstract: In this paper, we study global well-posedness and long-time asymptotic behavior of solutions to
the nonlinear heat equation with absorption, u; — Au + |u|%u = 0, where u = u(t, x) € R, (¢, x) € (0, c0) x RV
and a > 0. We focus particularly on highly singular initial values which are antisymmetric with respect
to the variables x1, X2, ..., Xy for some m € {1,2, ..., N}, such as up = (-1)™3103 --- 0| |7V € 8'(RY),
0 < y < N. In fact, we show global well-posedness for initial data bounded in an appropriate sense by ug for
any a > 0. Our approach is to study well-posedness and large time behavior on sectorial domains of the form
Qm=1{xeRN:xq,...,xn >0}, and then to extend the results by reflection to solutions on RN which are
antisymmetric. We show that the large time behavior depends on the relationship between a and y%m, and
2

we consider all three cases, a equal to, greater than, and less than vame Our results include, among others,

new examples of self-similar and asymptotically self-similar solutions.
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1 Introduction

In this paper, we study the long-time behavior of solutions to the nonlinear heat equation with absorption,
us — Au + [u|/*u =0, (1.1)

where u = u(t, x) € R, (¢, x) € (0, 00) x RN and a > 0, which are antisymmetric with respect to the variables
X1,X2,...,Xn for some m € {1, 2, ..., N}. Our goal is to see how some well-known results [1, 3, 5, 6] for
the long-time behavior of solutions to (1.1) carry over with the additional hypothesis of antisymmetry. For
example, some of the results in the cited works concern positive solutions. We will see that these results have
analogues for antisymmetric solutions which are positive on an appropriate sector in R". In particular, these
solutions are not positive on RY. Moreover, in many cases, the range of allowable powers a > 0 will be larger
with the additional hypothesis of antisymmetry than without. Also, the condition of antisymmetry allows
consideration of a class of highly singular initial values.
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Our previous paper [9] considered the linear heat equation on RY with antisymmetric solutions. The
results and the theoretical framework from [9] were applied to the nonlinear heat equation with source term

ur—Au—|ul*u=0 (1.2)

in [12]. In the current paper, these ideas are applied to (1.1). We mention that this approach was earlier devel-
oped in [11], where solutions to (1.2) with antisymmetric initial values of the form ug = (-1)"0910, - 9,6
were studied. In the current paper, as in [9, 12], initial values of the form ug = (=1)"010> - -+ 0| - | ¥ for some
0 < y < N are considered.

In order to state our results precisely, we begin by recalling the definition of an antisymmetric function.

Definition 1.1. Letm € {1, 2, ..., N}. A function f: RV — Ris antisymmetric with respect to x1, . . . , X, if it
satisfies
Tvf=Tf =+ =Twf =—f, (1.3)
where Tj,i € {1, 2, ..., N}, denotes the operator
[Tiﬂ(xly oo s Xi—1s Xis Xigls oo ey XN) :f(XI’ ooy Xi—1s = Xis Xitls e o« ’XN)~
We denote the set of functions antisymmetric with respect to x1, ..., xp by

A=Am={f: RN > R;f satisfies (1.3)}.

A function on RN which is antisymmetric with respect to x1, x2, ..., x, forsome m € {1, 2, ..., N} is deter-
mined by its values on Q,,, the sector of RY defined by

Qm={(x1,%2, ..., xn) e R¥; x1 >0, x2 >0, ..., xpm > O}.

Note that, by definition, an antisymmetric function must take the value 0 on the boundary 0Q,,. Since
the operators T; defined above commute with the operations in equation (1.1), the study of antisymmetric
solutions to (1.1) reduces to the study of solutions on Q,, with Dirichlet boundary conditions. This point is
discussed in detail in [12, Section 3], and that discussion applies as well to the heat equation with absorp-
tion. Moreover, as in [12], we will construct certain classes of antisymmetric solutions to (1.1) on RN by
constructing solutions on Q,, and extending them to RN by antisymmetry.

Since both the present paper and [12] are based on the framework developed in [9], we need to recall
some definitions and notation used in [9]. Let p,, be the weight function defined on Q,, by

|X|y+2m

Pm(x) = m

forall x € Qyy,

where 0 < y < N. We consider the Banach space
xm’y = {l/): Qm - ]R’ pml/) € LOO(Qm)}y

endowed with the norm ||l/)||xm’y = [pmPlreo(q,, for all P € Xy ). The closed ball of radius M on Xy, is
denoted by

Buny,m = {P € X,y such that [P|x, , < M}.

my —
As observed in [9, p. 344], By, the closed ball By, » endowed with the weak * topology of Xy, is a com-
pact metric space (hence complete and separable).

Let 0 > 0. For each A > 0, we let Dg denote the dilation operator defined by

DJu(x) = A%u(Ax), (1.4)

where u is a function defined on Q,,, or on RM. A function Y: Qpn — R is homogeneous of degree —¢ if
Dgll) = for all A > 0. The operators D}, A > 0, act on the spaces Xy, y, but leave the norm invariant, i.e.
leave the ball By, u invariant, if and only if o = y + m. In fact, we have

IDSPllx,, = A%NpmPA )o@ = A7 Y™ omA)PA )o@ = A7 Y™ [Pl (1.5)
forallA >0and ¥ € Xy,y.
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The function ¢ defined on Q,, by
Yo(x) = Cm,y(pm(x))_1 = Cm,yX1 "'Xm|x|_y_2m; X € Qp, (1.6)

where ¢,y = y(y +2) -+ (y + 2m - 2), will play a central role. It is homogeneous of degree —(y + m), belongs
to Xpm,y, and satisfies [[ollx,,, = Cm,y. Moreover, we have Dio(x) = A%=+myyo(x) for all o, A > 0, and so
IDSollx,,, = A7~ Y*™cy, . Its interest lies in the fact that

Po(0) = (-1)"0102 -+ Im(IXI™), X € Q.

The heat semigroup on Q,,, denoted e®~, is given by

ep(0 = [ Kix,yp) dy (1.7)
Qm
for all t > 0, where
N N |xi’y}"2 m Ixify,'lz \X,"ryi\z
Ki(x,y) = (4mt)"2 H e [e= &  —e "4 . (1.8)
j=m+1 i=1

See, for example, [11, Proposition 3.1, p. 514]. It is well known that e® is a Cy semigroup on Co(Q,,), the
space of continuous functions f: Qm — R such that f =0 on the boundary 0Q, and f(x) — 0 as |x| — oo
in Qp. It is also well defined on X, ,, and ethm Xm,y = Co(Qm) N X,y is continuous for all ¢ > 0. See [9,
Theorem 1.1, p. 343]. We recall the commutation relation between et®m and the operators DY,

DgeNthn = ethnp? (1.9)
forall A > 0 and o > 0, and for future use, we note the following identity, which is immediate to verify:

JKt(X,Y)Y1"‘Ym dy =X1:+Xm (1.10)
Om

forallt > O0andall x € Q.

In terms of behavior on the sectors Q,,, our goal is to study the well-posedness of equation (1.1) on the
space X,y and to obtain results on the large time behavior of solutions in the three cases a = ),J%m, o> yJ%m,
and a < wim By interpreting these results for antisymmetric solutions on RY, we will extend some known
results, [3, Theorem 1.3, Theorem 1.4] and [6], in the case m = 0. We now describe these results in detail.

In Section 2, we consider the Cauchy problem

us — Au+ |ul*u =0,
(1.11)

u(0) = ug € Xp,y.

It is well known that, given any ug € Co(IRV), there exists a unique function u € C([0, co0), Co(RN)) which is
a classical solution of (1.1) on R¥ for ¢ > 0 and such that u(0) = up, which we denote by

u(t) = 8(t)uo, (1.12)

where u(t) = u(t, -). Likewise, for any ugp € Co(Qyn), there exists a unique function u € C([0, 00), Co(Qn))
which is a classical solution of (1.1) for t > 0 and such that u(0) = ug. This defines a global semiflow §,,(t)
on Co(Qp). In other words,

Sm(tug = u(t), (1.13)

where u(t) = u(t, -) is the solution of (1.1) with initial value ug € Co(Qy,). In fact, existence and uniqueness
of solutions in Co(Qp) follows from the existence and uniqueness of solutions in ug € Co(RY) since S(t) pre-
serves antisymmetry; it suffices to consider the antisymmetric extension of ug € Co(Qy,) to an element of
Co(RM)n A.

Similarly, given any ugp € L9(Qy,), 1 < g < 0o, we deduce by Kato’s parabolic inequality (see Lemma A.1
and Corollary A.2 in the appendix) and the fact that D(Qy,) is dense in L9(Q,,) that there exists a unique
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u € C([0, ), L9(Q,,)) which is a classical solution of (1.1) for ¢t > 0 and such that u(0) = ug. Alternatively,
see [6, Proposition 1.1, p. 261] for a proof using accretive operators. Again by preservation of antisymmetry,
the result of [6], valid for RY, holds also on Q,,. Thus, the semiflow $,,(t) extends to L4(Q,,), and formula
(1.13) is valid also for ug € L1(Q).

Here we consider initial data ug € Xp,,. Our first main result is the following.

Theorem 1.2, Let me {1,2,...,N}, 0 <y <N and a > 0. If ug € X,y, then there exists a unique solution

u € C((0, ), Co(Qn)) of equation (1.1) such that

(i) u(t) > uginLi (Qnm)ast— o0,

(ii) there exists C > 0, independent of ug, such that lu®lx,,, < Cluollx,,, forallt > 0.

In addition, the following properties hold.

(iii) For allvg € Xpm,y, [u(t) —v(t)| < et |uy — vo|, where v is the solution of (1.1) with initial value vq satisfying
(i) and (ii).

(iv) There exists C > 0 such that |u(t, x)| < Cxq -+ xpm(t + |x|2)‘# luollx,,, for all t > 0 and for all up € Xp,y.

(v) The solution u(t) satisfies the integral equation

t
u(t) = etmug - j et ((u(s)[%u(s)) ds (1.14)
0
forall t > 0, where the integrand is in L*((0, t); Co(Qm)).
(vi) If vo € Xom,y, Vo = 0, and |uol < vo, then [u(t)| < v(t), where v is the solution of (1.1) with initial value vo
satisfying (i) and (ii).
In other words, the nonlinear operators 8y, (t), t > 0, extend in a natural way to Xy,,,. We remark that, in the

casea < y%m, this well-posedness result was established in [12, Theorems 2.3 and 2.6] by a different method

and with plus and minus sign in the term of the nonlinearity. Furthermore, the analogous results on the whole
space RN follow from [1, Theorem 8.8, p. 536].

Definition 1.3. Letm € {1,2,...,N},0 <y < Nanda > 0. Given ug € Xp,, weset S, (t)uo = u(t) forall t > 0,
where u € C((0, co), Co(Qpn)) is the unique solution of (1.1) satisfying (i) and (ii) of Theorem 1.2.

We also establish the continuous dependence properties of solutions of equation (1.1) with initial values
in Xpm,y.

Theorem 1.4. Letm € {1,2,...,N},0<y<Nand M > 0. It follows that §,(t) is continuous B,*n,y,M — Co(Qm)
forallt > 0,where B}, ,  denotes the compact metric space topology induced by the weak * topology on Bm,y, u-

It is well known that any solution u(t) of (1.1), for example, as constructed in Theorem 1.2, is always bounded

by the spatially independent solution; more precisely,

1/a
lu(t, x)| < (%) (1.15)

for all t > 0, throughout the spatial domain of existence. See, for example, [6, p. 261]. In addition, it is clear
from Theorem 1.2 that if u is the solution of (1.1) with positive initial data uy > 0, then

u(t) < e®my (1.16)

for any t > 0. We have the following upper estimate for solutions of (1.1) that combines (1.16) and (1.15) into
one estimate which implies them both. Its proof is given in Section 3.

Proposition 1.5. LetN >1,m e {1,...,N},0<y <Nanda > 0.Letug € Xp,y, Uo = 0. Then the solution u of
(1.1) with initial data u(0) = uy satisfies the upper estimate

etbmyg(x)

(1 + at(etbnug(x))?)*

u(t, x) <

forallt > 0 and all x € Qy,.
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After proving global well-posedness of Cauchy problem (1.11), i.e. Theorems 1.2 and 1.4, we seek to describe
the large time behavior of solutions of (1.1) on Q,, with initial values in X, . Our basic approach is to study
the effect of certain space-time dilations on such a solution, and to relate the resulting behavior to the effect of
related spatial dilations on the initial value. In particular, we consider the space-time dilation operators I'Y,
A > 0, defined by

Tu(t, x) = A%u(A’t, Ax) = D§[u(A?t)](x) (1.17)

forall A, 0 > 0, where the spatial dilation operator Dg is given by (1.4). If u € C((0, 00), Co(Qn,)) is solution of
equation (1.1), then qu isasolution of (1.1) ifand onlyif o = % Moreover, if a solution u has initial value ug,
either in the sense of Co(Q,,) or in some more general sense, then Fﬁ/ %u has initial value Di/ %ug. Ifug € Xm,y,
the function D,zl/ %ug belongs to X,y for all A > 0, and the uniqueness of solutions of (1.1) implies that Fﬁ/ “u
coincides with 8, (- )Di/ “Ug. Thus, we have the relation

T2/%[8 (- )uol = Sm(-)[D3/%uo] (1.18)

for all ug € Xy,,y. We emphasize that, at this point, there is no assumed relationship between a and m. For-
mula (1.18) holds for any semiflow generated by (1.1) in place of 8,,(- ), as long as the space of initial values
is invariant under the dilations Dﬁ/ % and initial values give rise to unique solutions.

A solution u of (1.1) is self-similar if Fi/ %u = u for all A > 0 or, equivalently, if
X
Vit
where f(x) = u(1, x) is called the profile of u. It follows that if a self-similar solution u of (1.1) has initial
value ug, then Di/ ug = ug forallA > 0,i.e. up ishomogeneous of degree —%. Conversely, if ug is homogeneous
of degree —% and u(t) is a solution with initial value ug in some appropriate sense, then Fi/ %u has the same
initial value for all A > 0. Assuming that uniqueness of solutions having a given initial value has been proved
in the appropriate class of functions, one then concludes that u = I‘ﬁ/ uforall A > 0, i.e. that u is a self-similar
solution.

More generally, we say that a solution u of (1.1) is asymptotically self-similar if

u(t, x) = t-”“f( ) - Dié“f(x),

lim T3/%u = U, (1.19)
A—00

in some appropriate sense, and that U is also a solution to (1.1). If so, the limit is necessarily a self-similar
solution. See [5, Section 3] for a discussion of several equivalent definitions of asymptotically self-similar
solutions. Formally, if we put t = 0 in (1.19), we obtain

lim D3/%uq = ¢, (1.20)
A—oo

where ¢ = U(0) is homogeneous of degree —%. In Section 4, we study the long-time asymptotic behavior of
solutions to (1.1) with initial values in Xy, in the case a = y%m The first result shows that (1.20) implies
(1.19).

Theorem 1.6. Let m € {1,2,...,N}, 0<y <N and ¥ € By yu. Let a >0 be such that a = y%m Suppose
that there exists ¢ € B,y m such that limy_q, Drrml/) =@ in B, y. It follows that ¢ is homogeneous of
degree —(y + m) and that the solution u(t) = S, (t)y is asymptotically self-similar to the self-similar solution
U(t) = Sm(t)g.

As is by now well established [3-5], the notion of asymptotically self-similar solution can be naturally
extended by allowing different limits in (1.20) and (1.19) along different sequences (A,),s0 With A,, — oo.
The next step in our analysis is to generalize Theorem 1.6 in this fashion. To accomplish this, for ug € Xy,
and M > luollx,,,, we consider the set of all accumulation points of D){er up as A — oo, given by

2¥(uo) = {z € Bm,y,u; there exists A, — oo such that lim DK:muo =zin B, ul. (1.21)

Since B, , ) is a compact metric space, Z¥(uo) is a nonempty compact subset forall ug € Xy,y, and indepen-
dent of M > |luolx,,, by [9, Proposition 3.1, p. 356]. In particular, if ug is homogeneous of degree —(y + m),
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then ZY(up) = {uo}. We set u(t) = 8,,(t)up, and we also define the omega-limit set of all accumulation points
ofl“’%"’u(l,) =t ut, VE-)ast — oo by

Q¥(up) = {f € Co(Qm); there exists t, — oo such that nangOIIFf;mSm(l)uo - flze(a,,) = 0} (1.22)

Relation (1.18) and Theorem 1.4 are the essential elements needed to investigate the relationship between
QY(up) and ZY(uo), which is given by our next main result.

Theorem 1.7. Letm € {1,2,...,N},0 <y < Nand a > O such that a = y%m.lfuo € Xim,y» then
Q¥ (uo) = 8m(1)ZY (uo).

In particular, Q¥ (uo) < Sm(1)B}, , u and is therefore a compact subset of Co(Qm)-

The last relation shows that, in the case a = y%m, the complexity in the large time behavior of a solution, as

expressed in QY (ug), is determined by the complexity in the spatial asymptotic behavior of its initial value as

expressed in Z¥ (ug). Furthermore, Theorem 1.7 above is inspired from [3, Theorem 1.3, p. 83] which requires

o> %, and we observe that, in Theorem 1.7, if y + m > N, then a < % Since B,*n,y’M is separable and ZY (uo)

can contain any countable subset of By, s, we show that 2 (Uo) = By, , y for some choice of Uy € By, | -
Using [9, Theorem 1.4, p. 345], we obtain the following result.

Corollary 1.8. Letm € {1,2,...,N},0<y < Nand M > 0. Let a > 0 be such that « = y%m Then there exists
Uo € Bin,y,m N CP(Qm) N Co(Qm)

such that Q¥(Up) = 8m(1)Bm,y,u-

Remark 1.9. If ug belongs to X,y N Xy, with y < y' < N, then ZY(up) = {0}. In fact, for all A > 0,

D} ™ uo(0)] = XM ug(A)] < CAY x|+ ™ — 0

as A — co uniformly on {x € Qp; |x| > &} for all € > 0. Thus, Z(uo) = {0}. For example, if a = y%m > y,ﬁ,

the function ¢(x) = x7 - -xmlxl‘y"zm Tyxi>1} € Xm,y' N Xpm,y. It follows from Theorem 1.7 that Q¥(¢p) = {0}.
However, we might have Q"' (@) # {0}.

In Section 5 of this paper, we consider the case a > y%m Since a + ﬁ, there is a disconnect between the
transformations which preserve the set of solutions to (1.1), i.e. Fﬁ/ % and those which leave invariant the
norm of the space X, , where the solutions live, i.e. I, Indeed, by (1.17) and (1.5), it follows that, for
Uo € Xm,y,

ITSSm(t)uollx,, = I1DI8m(A2t)uollx,,, = A7V ™S (A O)uollx,,, - (1.23)

Since |8 (A2 Huollx,,, < Clluollx,,, for some C > 0, by Theorem 1.2, it follows, setting o = % in (1.23), that if
% <y + m,then ||F§/“Sm(t)u0||xmyy — 0as A — oo, uniformly for all ug in a bounded set of X;,,, and all t > 0.

It is clear from (1.23) that, for ug € Xp,y, the transformations most likely to yield some nontrivial asymp-
totic behavior are T}, ™. In other words, we still need to study Q¥ (uo) as given by (1.22), and likewise 2¥(uo)
as given by (1.21). However, we cannot expect the relationship between these two objects to be given as in
Theorem 1.7 since the transformations do not preserve solutions of (1.1).

If u is a solution of (1.1), then v = I, is the solution of v¢ — Av + A2~0+M|y|ay = 0. If a > ),J%m, it fol-
lows that, as A — oo, the function v satisfies an equation which approaches the linear heat equation. Hence
we should not be surprised if, in this case, Q¥ (ug) and ZY (up) are related by the linear heat equation. The next
theorem makes this idea precise, both in the asymptotically self-similar case, and the more general case of

arbitrary ug € Xp,y. It is analogous to [3, Lemma 5.1, p. 110].

Theorem 1.10. Letm e {1,...,N},0<y < Nand M > 0. Let a be such that a > y%m We then have the follow-

ing conclusions.

() Ifuo, ¢ € Bm,y,u is such that limy_o, D} ™" uo = ¢ in Br,.y.m» then @ is homogeneous of degree —(y + m),
and u(t) = Sm(t)uo is asymptotically self-similar to U(t) = e*n .

(i) Q(uo) = e2n2Y(uo) for all ug € Xpm,y.

(iii) There exists Ug € Bym,y,m N C®°(Qm) N Co(Q) such that Q¥ (Uyp) = eA'"Bm,y,M.
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In Section 6 of this paper, we consider the case a < y%m As in the case of Theorem 1.10, the transformations

which leave solutions invariant, i.e. Fi/ %, do not leave invariant the norm of X, ,, which is the space where the
solution lives. Nonetheless, unlike in the case a > y%m, the transformations Fi/ % reveal nontrivial asymptotic
behavior. Because of (1.23), to study this asymptotic behavior, we need to leave the context of the space X,y .

This is best illustrated by the result of Gmira and Véron [6] in the case of RV. If we express the upper
bound (1.15) in terms more suggestive of the long-time asymptotic behavior of the solution, we see that,

considering only positive solutions,
1 1/a
(T2fu)(1, %) = /%t x Vo) < (E) . (1.24)

The main result of [6] can be stated as follows. Suppose a < % Let ug € L4(RY) for some 1 < g < co, or
Co(RY), with ug > 0 be such that, for every k > 0, there exists Ro > 0 such that ug(x) > k|x|~2/%, |x| > Ro,
i.e.lim inf|x|_>oo|x|2/“u0(x) = co. It follows that if u(¢, x) is the resulting solution of (1.1), then

1/a
ty(t, x Vi) — (é) (1.25)

uniformly on compact subsets of RY. In light of the upper bound (1.24), the result (1.25) is rather sharp.
In the case of the sector Q,,, we have the following result, where Cg’”(Qm) denotes the space of bounded
uniformly continuous functions on Q,, which are zero on 0Q,.

Theorem 1.11. Letm e {1,...,N},0<y < Nand a > O such that a < y%m.Let Uo € Xm,y withug > 0, and let
u(t) = 8y (t)ug be the resulting solution of (1.1) as given by Theorem 1.2. Suppose that there exist Ry > 0 and
co > O such that

Uo(x) = copo(x), x € Qm, Ix| = Ro, (1.26)
where g is given by (1.6). Then
tlim tYu(t, xVt) = g(x) (1.27)

uniformly on compact subsets of Q,, where g ¢ Cg’”(Qm) is the profile of the self-similar solution of (1.1) given
by Proposition 6.3.

Remark 1.12. Condition (1.26) implies that, for any ¢ > 0,

|2/(1

|x]“"%up(x) = co
C

i
[X|—00,X1 X |X|M>
since 2 >y + m.
Remark 1.13. Using (6.9) below and (1.8), we have that g in (1.27) satisfies the explicit bound
a VTn(1,x) < g(x) < (ag) MV In((1 - €),X), x€Qm,

forall 0 < € < 1, where

2V

m

In(6,) = 1‘!(% j e dy).
25

In Section 7 of this paper, we reinterpret the results of the previous sections on the global well-posedness and

the asymptotic behavior of 8,(t)uo, uo € Xp,y, in the case of antisymmetric functions defined on the whole

space RV, Recall that the heat semigroup on RY is given by e = G; x ¢ for all ¢ € 8'(R"), where G; is the

Gauss kernel on RY,

Ix12

Ge(x) = (4mt)" 2 e~ it

forall t > 0 and x € RV. The heat semigroup e® was studied in [4] on the space

W = {u e LL (RN\{0}); Ix|%u(x) e L°(RY)} with0 <o <N. (1.28)
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It was observed in [9] that we can consider the case N < ¢ < 2N for some class of antisymmetric initial values
in WY, See [9, Corollary 1.7, p. 346] and the discussion just after.
If : Qn — R, we denote by 1 its pointwise extension to R which is antisymmetric with respect to
X1, X2, ooy X I € Xy, @ has a natural interpretation as an element of 8'(RN). See [9, Definition 1.6,
p. 346]. We also define the space
Xy = (s Y € Xy} € S'(RY)

with the norm ||(p||m = @i, 1., forall ¢ € X,,. We also consider
md = {’Ja Y e 3m,y,M}-

We denote by m the ball m endowed with the weak * topology. m inherits the metric space
structure from By, . In addition, we observe that m c WY*™M with continuous injection. However the
two norms are not equivalent. On the other hand, B, , » ¢ (B4™)* where (B};™)* denote the closed ball of
radius M on WY*™ endowed with the weak * topology, but here the metric on % is equivalent to the one
it inherits from the metric space (B}";m)*. See Proposition 7.1 below.

The heat semigroup et? is well-defined on m, and m = em% See [9, Proposition 5.1, p.361].
The last formula is the key to the study equation (1.1) in the space m The following result is essentially
a reformulation of Theorem 1.2 for antisymmetric functions on RV,

Theorem 1.14. Let me {1,2,...,N},O<y<Nand a >0.If vg € m, then there exists a unique solution
v e C((0, c0), Co(RN) N A) of equation (1.1) such that
(i) v(t) > voinLi (RM\{0})ast — 0,
(ii) there exists C > 0, independent of v, such that ||v(t)||m <C ||vo||m forallt > 0.
In addition, the following properties hold.
(iii) Forallwg € m, [v(t) — w(t)] < e™|vo — wol, where wis the solution of (1.1) with initial value wy satisfying
(i) and (ii).

(iv) v(t) satisfies the integral equation

t

V() = efvg — j eI (y(s)|*v(s)) ds forallt> 0.
0

Since m c WY+m where WY*™M is given by (1.28), the last result gives a new class of initial values for which
we have global well-posedness of solutions in the case a < % (wheny + m > N). See [1] and [3, Section 4] for
information about non-uniqueness of solutions in the case a < %

The semiflow 8(t) defined by (1.12) extends to m as the following.

Definition 1.15. Letm € {1,2,...,N},0 <y < Nanda > 0.Givenvg € Xp,y, weset 8(f)vo = v(t) forall t > 0,
where v € C((0, c0), Co(RN) n A) is the unique solution of (1.1) given by Theorem 1.14.

From the construction in Theorem 1.14 and the uniqueness part, we have 8(t)ug = 8;(?)50 for all t > 0 and
up € Xpm,y. As in the case of the sectors Q,, the flow §(¢) depends continuously on the initial values. The
following is an adaptation of Theorem 1.4.

Theorem 1.16. Letm € {1,2,...,N},0 <y < Nand M > 0. Then §(t) is continuous, % — Co(RM), for all
t> 0.

We now consider the long-time asymptotic behavior of the solutions described in Theorem 1.14. In analogy
with (1.21) and (1.22) above, and using a notation consistent with [4, formulas (1.17) and (1.18)] and [3, Def-
inition 1.2], we make the following definitions. For vq € m, we define the w-limit set of possible asymptotic
forms of vy by

Q"*™(vg) = {z € B,,.ur; there exists A, — oo such that lim D}"™vo = zin Bry}s
and the w-limit set of all limits of F{EmS(l)vo ast — oo by

W' M(vo) = {f € Co(RYN); there exists t, — oo such that lim IIF’:;mS(l)vo ~ flzomyy = O}.
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The following three theorems are reformulations of the results above on the asymptotic behavior of solu-
tions, adapted from the case of the sectors Q, to the case of antisymmetric functions on RY, in the three

. . . 2
cases: a equals, is greater than, and is less than vim®

Theorem 1.17. Letm € {1,2,...,N},0 <y <Nand M > 0. Let a > O be such that a« = ),J%m It follows that

() ifvo, ¢ € Bm,yu are such that limy_.c, D} "vo = @ in m then ¢ is homogeneous of degree —(y + m),
and the solution v(t) = 8(t)vg of (1.1) is asymptotically self-similar to U(t) = $(t)p,

(i) W™ (vo) = S(1)QY*™(vo) for all v € Xy,

(iii) there exists Vo € By,y,m N C®(RN) such that wY*™(Vy) = 8(1)Bm,y,m-

Theorem 1.18. Letm e {1,...,N},0<y <Nand M > 0. Let « > O be such that a > ),J%m It follows that

(i) ifvo, € m/[ are such that lim)_,, D;'ervo =@in %, then ¢ is homogeneous of degree —(y + m),
and the solution v(t) = 8(t)vo of (1.1) is asymptotic to the self-similar solution of the linear heat equation
U(t) = eo,

(i) w*™(vo) = e2QY*™(vo) for all vo € By,

(iii) there exists Vo € Byy,m N C°(RY) such that w¥*™(Vo) = 2By, m-

Theorem 1.19. Letm € {1,...,N},0 <y < N and a > O such that a < yJ%m.Let Vo € X,y With volq,, = 0, and
let v(t) = 8(t)vo be the resulting solution of (1.1) as given by Definition 1.15. Suppose that there exist Ry > O
and co > 0 such that vo(x) = coo(x), x € Qm, |x| = Ro, where 1 is given by (1.6). Then

lim tY%v(t, xVt) = g(x)
t—oo

uniformly on compact subsets of RN, where g € CP¥(RN) is the antisymmetric (bounded, uniformly continuous)
profile of the self-similar solution of (1.1) given by Proposition 7.3.

Finally, in the appendix, for completeness, we give a proof of Kato’s parabolic inequality and the main appli-
cation for which we use it. Also, we present some results which we found during the course of research for this
article, which we feel have some independent interest, but which ultimately were not needed for the proofs
of the main results. One of them concerns the lowest eigenvalue and corresponding eigenfunction for —A on
B1 = {x € Qp, : |x| < 1} with Dirichlet boundary conditions.

2 Existence and Continuity Properties of Solutions

The purpose of this section is to study well-posedness of equation (1.1) with initial values in X, , and to give
the proofs of Theorem 1.2 and Theorem 1.4. For this purpose, we need several results from [9], sometimes in
a slightly stronger version. The first result below is a slight improvement of [9, Proposition 2.5, p. 353].

Proposition 2.1. Letm e {1,...,N},0 <y <Nandy € Xy,y. Then emih - hast— 0in Llloc(Qm). In par-
ticular, the convergence is also in D' (Q,,).

Proof. Let 1 € Xy, and let K be a fixed compact in Q. Let € = d(0,K) > 0, and let n € C®(RY) denote
a radial cut-off function satisfying
(i) 0<n<iforallxeRN,

(ii) n(x) = 1forall x € RN with |x| < £,
(iii) n(x) = 0 for all x € RN with |x| > £.
We write
eBbmyp = e ] + e [(1 - ). (2.1)
Using the inequality

xi-yp)? (i+yp)? 5o XiVi _ %iv)? .
e A —e W =e e J eSds < lTy'e* T forallie{l,...,m},
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we deduce from (1.8) that, forall x, y € Qp,
m
Ke(x,y) < t‘m(nxiyi)Gt(x -y). (2.2)
i=1

Therefore,

et [np](x)| < C j KeGa y)y1 - Ymn )l 2" dy < CEMxy -+ X j Gelx - )yl dy.
Om lyl<$

£, we have [x —y| > |x| - |y| = §, it follows that
£2
e [np](xX)| < Cxy - - Xt~ NIV e~ 1@ J ly|¥dy forallx eK.

£
lyl<5

Since, for x € K (hence |x| > €) and |y| <

This implies that e®n [nY] — 0 a.e. pointwise on K as t — 0. Moreover, by Proposition [9, Theorem 1.1 (i),
p. 343], we have |e!®[ni]| < Cio for all ¢ > 0. Thus, by the dominated convergence theorem, e [ni] — 0
inL1(K)ast — 0.

On the other hand, since (1 — )y € LP(Q,,) for p > max{1, Hlm}, it follows that e!2m[(1 - Yl - Q-
inLP(Q.)ast — 0.In particular, since K ¢ Q,, is compact, efbn[(1 - nyY] — Yin L1(K)ast — 0.Using (2.1),
we obtain e® ) — Y in Ll (Qp)ast — 0. This completes the proof. O

loc

We also need to use a stronger version of [9, Lemma 2.6, p. 355], as follows.

Lemma 2.2. Letm € {1,...,N}and O <y < N. There exists C > 0 such that

_y+2m
le®mp(x)] < Cx1 - xm(t+ IXIP)" 7 [Plx,,,

forallt>0,x € Qpandp € Xp,y.

Proof. It suffices to prove the lemma for ¥ = 1. Since 1o is homogeneous, we know that et} is self-
similar, and so

e®niho(x) = t_mef<%), (2.3)

where f := e i)g. By [9, Proposition 2.2, p. 349], we have
fix) = ebmPo(x) < CPo(x) < Cxy -+ XX~

for all x € Q,,. Therefore, there exists C > 0 such that f(x) < Cxq---xpn(1 + |x|2)‘@ for |x| > 1. On the other
hand, for all x € Q,,, we have
fo0 = [ Kate o) dy.
Qm
Using inequality (2.2), we obtain

b=

2
f(x) < Cxq -+ Xm J Gi(x = y)y2 -y Iyl V2™ dy < Cxq -+ Xm J e lyl™ dy
Qm IRN

< Cx1 - X (€] 17)(%) < Cx1 -+ Xm(1 + [x|?)
by [1, Corollary 8.3, p. 531]. Hence, for |x| < 1, we have
f) < Cxp -+ x(1 + [x]2)755"
Therefore, there exists C > 0 such that
f00) < Cxy -+ X (1 + 1)~
for all x € Q. Using relation (2.3), we deduce that

empox) = Cxy - xn(t-+ X))

This proves the result. O
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The following is a version of [1, Corollary 8.3, p. 531] adapted from RN to Q.

Corollary 2.3. Letm e {1,...,N},0 <y < NandA > 0. There exists C > O such that if T > 0 and ug € Xy y is
+2m

such that |lug(x)| < Axq -+ X (T + lez)‘y 7 for x € Qp, then

y+2m

lefmug(x)] < Cxq - Xpm(T + £+ |x]2)” 2

forallt > 0 and all x € Qy,.

Proof. From Lemma 2.2, the result is true for 7 = 0. Next, we consider the case 7 = 1. We put

y+2m

gX) =x1 - xm(L+ X177 .

Using (2.2), we obtain

e®ng(x) < X1 Xm J Gilx —y)y3 - ya(+ Iy~ dy
RN
< xn [ G-y dy.
RN
By [1, Corollary 8.3, p. 531], we have
e™g(x) < Cxy -+ Xt (1 + 4 [XI)E < Cxy o1+ €4 M)

fort > 1+ |x|%, sothat 26)™ < (1 + ¢ + |x|2)™™.
+2m +2m
Ift <1+ |x|?, wehave (1 +|x|2)""7" < C(1+¢t+|x]2)~"7", so it suffices to prove that

e g(x) < Cxy - xm(1 + ¥?)75"

Using (1.10), we obtain
tAm _ 9\ yr2m
etmg(x) = | Kk y)yr-—ym(1+1yl7)” 2 dy <xq++ Xm.
Qm

Hence, for |x| < 1,
tAm 2\ yr2m
etmg(x) < Cxp - xm(1 4+ |x|7)" 2 .

In addition, g € Xp,,y, so, by [9, Theorem 1.1 (i), p. 343],
e®mg(x) < Cho(x) < Cxq - X |x| V7M.
Therefore, if |x| > 1 5o that (1 + |x|2)"7" < (2]x|)’*2™, we have
ePrg(x) < Cxq -+ xm(1 + Ix|2)~5".

It follows that
+2m
le®®mug(x)] < ePrg(x) < Cxp -+ xm(1+ £+ |x]2) T (2.4)
forall x € Q;, and all t > 0. This proves the result for T = 1.

For the general case, we proceed by scaling and observe that

_y+2m
DViMg(x) = X1+ Xm(T + |X|*)" 2 .
VT

Using formula (1.9) and inequality (2.4), we obtain

y+2m

le®mug(x)| < e™ [DViMg](x) = DY [etPngl(x) < Cxy -+ Xm(T + t+ x|7) 7.
T VT

This completes the proof. O
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We will also use the following lemma, which gives a property of convergence in LllO -(Qm) which is not shared
by convergence in D'(Qp).

Lemma 2.4. Let (Wi)k=1 € Bm,y,m and w € By, y i be such that wy —— win LY (Q,). Then

k—o00 loc
e iwi | —— e |w| in Co(Qpy).
k—o00

Proof. Since wy — winL} (Qn), then |wi| — [w|in L} (Qn); hence [wi| — |w|in D'(Qy). From [9, Proposi-

tion 3.1 (i), p. 356], and since (Wi k=1, IW| € Bm,y,m, we deduce that |wi| — [w|in B,y Since by [9, Propo-
sition 4.1 (ii), p. 359], et : By — Co(Qm) is continuous, it follows that etbr|wi| — et®mw| in Co(Qm)
as k — oo. O

We now give the proof of Theorem 1.2.

Proof of Theorem 1.2. Let ug € X,y and let (K;)n>1 be the sequence of nondecreasing compacts in Qy
defined by

Kn = {x € Qy, such that d(x, 0Q,,) > % and |x| < n}.

We consider the function
Uo,n = §nllo, (2.5)
where ¢, is a cut-off function satisfying
(1) &n e C®°(Qm),
(i) 0<é, < 1forall x € Qp,
(iii) &, (x) = 1 for all x € K,
(iv) &q(x) =0 forall x € Qup\Kp1.
Note that uo,, € X,y foralln > 1, and
o luonlx,, <luon+illx,, < luolx,,;
e Upn — Up pointwise and in LY (Q,,) (hence in D'(Q,,)) as n — oo;

loc
« for afixed compact K on Q,, there exists ny such that ugp , = up on K for all n > ng.

Existence: The proof is motivated by the proof of [1, Theorem 8.8, p. 536]. Since ug,, € L?(Qn), 1 < p < 00,
we consider the unique solution u, € C([0, co0), LP(Q,)) N C((0, 00), Co(Qy)) of (1.1) with initial value
Uo,n € LP(Qp). It follows from Kato’s parabolic inequality (see Corollary A.2 in the appendix) that, for all
n, £ € N*,

[un(t) — up(t)] < €™ |ug,n —ug el forallt > 0. (2.6)

Since |ug,n — Uo,e| < |uo,n — Uo| for all € > n, we have
[un(t) — ue(t)] < €™ |ug,n — uol (2.7)

forall ¢ > 0 and ¢ > n. In addition, [uo,n - uollx,,, < 2luollx,,, forall n > 1, and (uo,n — o) — 0 in Llloc(Qm)

as n — oo, and so it follows from Lemma 2.4 that e |ug, , — ug| — 0 in Co(Qy) as n — oco. Therefore, from
(2.7), un(t) is a Cauchy sequence in Co(Qy,) for all t > 0, and so there exists a function u(t) such that uy(t)
converge to u(t) in Co(Q,). Furthermore, by letting £ — oo in (2.6), we obtain

[un(t) — u(t)] < eO2n ey, —up]

forall t > £ > 0. Since e |ug , — up| — 0in Co(Q) as n — oo, and e is Cy contraction on Co(Qy,), we
deduce that u, converges to u on L*([g, 00), Co(Qp,)) for all € > 0. The limit function u € C((0, c0), Co(Qm))
is clearly a solution of (1.1).

Again by Corollary A.2, we have

[un ()] < e |uo,nl < e luol € X,y
for all n > 1. In addition, by letting n — oo, we obtain
lu(t)] < e™uol, (2.8)

and so, by [9, Theorem 1.1 (i), p. 343], we deduce that |lu(t)|lx,,, < Clluollx,,, forall ¢ > 0. This proves (ii).
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1

It remains now to show that u(t) — uo in L;,

that up,, = up on K. Thus,

(Qp) as t — 0. We fix a compact subset K ¢ Q,, and n such

j|u<t> ~uol = j|u<t) ol < j|u<t) U] + j|un(t) ~Uoul-

K K K K

By letting £ — oo in (2.6), we have
lun(t) — u(®)] < e fug,n — uol.

Proposition 2.1 shows that e/ |ug , — uo| — |uo,n — tol in LL (Qp) as t — 0. Therefore,

1
loc
tAn, =0
e "ug,n — upl — |lug,n — uol =0,
t—0
K K

and so leu(t) —up(t)] — Oas t — 0. Since uy € C([0, 00), LP(Qy)), we have un(t) — uo,n in LP(Qm) ast — 0
so that
J|un(t) —Uonl >0 ast— 0.

K

1

i0c(Qm) as t — 0, and so (i) is proved.

This proves that u(t) converges to up in L

Uniqueness: Lets > 0, and let u, v be two solutions of (1.1) satisfying (i) and (ii). We have
lu(t +s) - v(t +s)| < e®mu(s) - v(s)| < e |u(s) - uol + e |v(s) - uo|

forall t >s>0.Let M > Cluollx,,,- Since u(s), v(s) € B,*n’yyM for all s > 0 and u(s), v(s) — ug in Llloc(Qm)
as s — 0, it follows from Lemma 2.4 that the right-hand side of the last inequality tends to 0 in Co(Q,)
as s — 0. This gives |u(t +s) — v(t + s)] — 0 as s — 0. But, since u, v € C((0, c0), Co(Q,)), we deduce that
lu(t +s)—v(t+s)| — |lu(t) - v(t)|ass — 0 foreveryfixed t > 0. By uniqueness of the limit, we have u(t) = v(t)
forall t > 0.

Additional properties: We next give the proof of statements (iii), (iv), and (vi). In fact, by (2.8), we have
lu(t)] < ef®n|uy|, and so, from Lemma 2.2, we obtain

+2m

_Y
lu(t, )| < Cx1 -+ xXm(t + X177 |uollx,,

for all t > 0 and x € Qp,. In addition, if ug, vo € Xy,y, we denote u(t) and v(t) the corresponding solutions.
For all n > 1, we let ug,, = upéy and vo n = voé,, where &, is the cut-off function defined by (2.5). Then, for
alln>1,

|un(t) = Va(t)] < €™ |ug n = Vo nl.

Letting n — oo and using Lemma 2.4, we deduce that
lu(t) - v(t)] < e lug - vol.

Finally, assertion (vi) is true since, under the same conditions, |u,(t)| < v,(t) by well-known comparison
results.

Integral equation: Since ug,, € LP(Qp) for all p > max([1, Naj “the corresponding solution u,(t) satisfies the
integral equation

t
Un() = €7t = [ € (un()]"un () i
0
for all t > 0, where each term is in C([0, 00); LP(Qm)).

Since up,n — up in 3;n,y,M as n — oo, we know, for example by Lemma 2.4, that ethm Uo,n — etbmyg in
Co(Qp)asn — oo forall t > 0. On the other hand, forall0 < s < ¢,

el (Jun ()] “un()) — e (|u(s)|*u(s)) on Co(Qm) asn — co.
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From property (iii) above and [6, inequality (1.8), p. 261], we have
Un($) < Cx1 - xm(s + X125 and  [un(s)| < (as)"1/
for all s > 0. Therefore, forall0 < € < 1,
|tn ()| = |un($)]*E | (5)] M+
< Clun(9)| "1 (W ()4 (s + |x|?)~ 5 (1400)

C
< w000+ I 2)-t3t (rae)

where w(x) = x1 -+ xm(s + [x|*)" % < 1. We then take € < sothat (y+m)(1+ag)=y +m,0<y <N

and 0 < y < y'. It follows that

a(y+m)

C !+2m
un($)*" € xa - Xl + )2 (2.9)
We deduce by Corollary 2.3 that
(t-s)A a+1 C 2
e un (ST < Xy Xm(E + 1]
forall t > s > 0. Likewise, since uy,(s) — u(s) in Co(Qm),
C
(9| (5)[ 41 < g -+ (E + [x]2 (2.10)
forallt > s > 0sothats — e(t=9)8n|y(s)|** is in L1((0, t); Co(Qm))-
We deduce, using the dominated convergence theorem,
t t
[ e uns)tun(s) ds — [ eI uts)u(s) ds asn - o,
0 0
and so that the solution u(t) satisfies
t
u(t) = e®myg - J e (|u(s)|%u(s)) ds.
0
This proves (v).
Note that (2.10) implies that
t
I e=9m (|u(s)|%u(s)) ds| < Ctéxixy - --
0
with € and y' as above. O
The following lemma is needed to establish Theorem 1.4.
Lemma 2.5. Let (uy,)n=0 be a sequence of solutions of (1.1), u, € C((0, ), Co(Qn)), satisfying
[un(t, X)| < CxX1 - Xm(t + [x|12)"""  forallx € Qu andall t > 0. (2.11)

There exists a subsequence (Un, ) k=0 and a solution g € C((0, o), Co(Qm)) of (1.1) such that u,, — gask — oo,
in C([1, 00), Co(Qp)) for every T > 0.

Proof. Fix T > 0. Using (2.11) with t = Z 5, we deduce that the set {un( ), n > 1} is bounded in LP(Q,,) for
all p satisfying max(1, +m) < p < co. By standard smoothing effects, we see that the u,(7) = Sm(§)un(§)
are uniformly bounded in WH(Q,,). Thus, {u,(1)} is relatively compact in C(Q ) for all R > 1, where
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QR = {x € Qu; || < R}. Using the decay estimate (2.11), {u,(1)} is also relatively compact on Co(Q,). By con-
tinuous dependence in Co(Qy,) of (1.1), it follows that {u,(-), n > 1} is relatively compactin C([7, T], Co(Qm))
forall T > 7, the limit points being solutions of (1.1). Since, by (2.11), [un(t)|z~ — 0 as t — co uniformly in
n > 1, we may let T = co in the previous property. By letting 7 — 0 and using a diagonal procedure, we see
that there exists a solution g € C((0, ), Co(Qy)) of (1.1) and a subsequence (up, k=0 such that u,, — g as
k — coin C([1, 00), Co(Qy)) for every T > 0. O

Proof of Theorem 1.4. Let (Uo,n)nz0 € Bm,y,m and uo € Bm,y,m such that uo,n — uo in B, ) as n — oo. Let
u(t) = 8m(t)up and un(t) = Sy (t)up,n for all t > 0 be the corresponding solutions of (1.1) as in Definition 1.3.
By Theorem 1.2 (iv), we have

lun(t, X)] < Cx1 -~ X (£ + [X|2) ™5 (2.12)

for all x € Q,, and t > 0. It follows from Lemma 2.5 that there exists a solution g € C((0, c0), Co(Qy,)) of
(1.1) and a subsequence (up,)r=0 such that u,, — g as k — oo in C([1, c0), Co(Qm)) for every 7 > 0. To
see that g(t) — ug in Llloc(Qm) as t — 0, we consider a compact K c Q,, and let O be an open, bounded,
and regular subset of Q,, with K ¢ O. By (2.12), we have |u,(t, x)] < C for all x € O, t > 0, and n > 0. Since
Uo, (Uo,n)n=0 € By, i and uo,n — Uo in By, | )y as n — co, we have by [9, Proposition 3.1 (i), p.356] that
Uo,n — Up in D'(Qp); we conclude using [3, Lemma 2.6, p. 89] that g(t) — ug in L1(0) as t — 0. Therefore,
g(t) — upin Llloc(Qm) as t — 0, and from uniqueness of solutions of (1.1), we have g = u so that the limit g is
determined by uo. In particular, it does not depend on the subsequence (up, )i>0 so that the whole sequence

(Un)n=o converges to u in C([1, c0), Co(Qm)) for every 7 > 0. This completes the proof. O

3 An Upper Bound on Solutions

In this section, we prove Proposition 1.5. This proposition is stated for solutions on the domain Q,,, but in
fact is valid for solutions of (1.1), or rather the associated integral equation, on any domain Q. Accordingly,
we state here the more general version. Both the statement and proof are inspired by the statement and proof
of [13, Theorem 1]. Moreover, we introduce some notation which will be used solely in this section.

Let Q c RN be a domain, not necessarily bounded, and let Co(Q) be the space of continuous functions
f: Q — R such that f = 0 on the boundary 0Q and f(x) — 0 as |x| — oo in Q. Let e2 be the heat semigroup
on Co(Q), given by a kernel k; = k¥ as follows:

ef(x) = j ke(x, y)FY) dy. (.1)

Q

In particular, if f € LL (Q), f > 0, then eff is likewise defined by formula (3.1).

loc

Theorem 3.1. Fixa > 0. Let ug € L}OC(Q), Ug > 0, and suppose that the continuous function u: (0, T) — Co(Q)

is a nonnegative solution of the integral equation
t
u(t) = eug - J =98 (y(s)™1) ds.
0

It follows that

tA
u(t, %) < ((e®uo(x)) ™ + at) % = (1 ; t:O()(())) )
+ at(etbug(x))®

forallO <t < Tandallx € Q.

Proof. Fix0 < 1 < T, and set

t
G(t) = eT D2y (t) = ey — J T ((s)%* ) ds forall 0< t < 1. (.2)
0
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It is clear from the integral expression in (3.2) that G: [0, 7] — Co(Q) is a continuous, decreasing function
with G(0) = e™ug and G(1) = u(t). Furthermore, G: (0, 7] — Co(Q) is continuously differentiable, and

G,(t) _ _e(T—t)A(u(t)oHl) - _ J krft( - y)u(t, y)a+1 dy.
Q

Since, for all x € Q, the measure k;_¢(x, y) dy on Q has total mass less than or equal to 1, Jensen’s inequality
implies that

a+1
G'(t) = - j Ke—e(-, yu(t, )t dy < —(j ke putt ) dy) = ~(eT0u(0) = -G L.
Q Q

Integrating this last differential inequality on [0, t], we obtain

1

0= GOy anie

which is the same as 1

((e™ug)~ + at)/a’

This is true for 0 < 7 < T and O < t < 7. The result follows by setting t = 7 > 0. O

e D0y (t) <

Remark 3.2. Using an argument similar to the above, one can obtain an analogous estimate for positive
solutions of the more general equation
ue = Au - f(u),

® 1 do<ooforalls>0.

where f is a positive, convex, increasing C? function in (0, co) such that F(s) = s T

Precisely, we have
u(t) < F Y (F(e™up) + t),

where F~1 is the inverse function of F.

4 Self-similar Asymptotic Behavior on Sectors

In this section, we consider equation (1.1) in the case % =y+m.Letuo € Xp,y, and set u(t) = 8y, (f)up. Using
(1.18), we can re-write definition (1.22) of the w-limits set Q¥ (up) in the equivalent form

Q¥(up) = {f € Co(Qm); there exists A, — oo such that nllrgo||8m(1)D§:“uo - flz(a,,) = 0}

We begin by proving Theorem 1.6 which corresponds to the particular case when Q¥ (up) contains one
nontrivial element.

Proof of Theorem 1.6. Using limits in the sense of D'(Q,,), we have
y+m y+mg q. y+m . y+m ~y+m . y+m
Dy = Dy (lim Dy 79) = lim Dy "Dy = lim Dty = ¢

for all p > 0. It follows that ¢ is homogeneous of degree —(y + m). By uniqueness of solutions of (1.1), we
deduce that the corresponding solution U(t) = 8, (t)¢ is self-similar. By Theorem 1.4, we have

Jim $,m(D}™" 9 = Sm(t)p
in Co(Qp,) for all ¢ > 0. From (1.18) and Theorem 1.2 (iii), we obtain
Jim TS () = U(+)  in C([t, t]; Co(Qm))
—00

forall 0 < 7 < t so that §,,(¢) is asymptotically self-similar to the self-similar solution U(¢). O
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We give now the proof of Theorem 1.7.

Proof of Theorem 1.7. Let ug € Xi,y and M > 0 be such that M > |luollx,, - If f € §n(1)2ZY(uo), then there
exists z € Z¥(up) such that f = $,,(1)z. Since z € Z¥(up), there exists A, — oo such that Dy+mu0 —zin
B, VM- We deduce by Theorem 1.4 that Sm(l)Dy+mu0 — 8n(1)z = f in Co(Qy). Then f € Qy(uo) and so
Sm(l)Zy(uo) < Q¥(uo).

Conversely, if f € Q¥ (ug), then there exists A, — oo such that Sm(l)D”muo — fin Co(Qm). Since B}, M
is compact, there exist a subsequence (A, )k=1 such that Dy muo — win By Y, M- Again by Theorem 1.4,
Sm(l)Dy+kmu0 - Sm(1)win Co(Qm) as k — co. Therefore, we havef Sm(1)W € Sp(1)ZY (uo). This proves the
result. O

Proof of Corollary 1.8. This follows immediately from [9, Theorem 1.4, p. 345] and Theorem 1.7. O

5 Linear Asymptotic Behavior on Sectors

In this section, we study the long-time asymptotic behavior of solutions to (1.1) in the case % <y + m. The key
point is that, under the dilations D’\’/*E'", which preserve the norm of Xy, the integral term in (1.14) decays
faster than the difference between the two other terms. This is the content of the next proposition.

Proposition 5.1. Letm € {1,...,N},0 <y < Nanda > Osuchthata > y%m.Letuo € Xm,y and u(t) = Sm(t)uo
It follows that D’\'Em(u(t) —effmyy) - 0in Co(Q) as t — co.

Proof. We know that, forall t > 0,

t 1
u(t) — ey = - j e =9 (|y(s)|%u(s)) ds = —tj e!(=9n (Jy(ot)|*u(ot)) do.
0 0

Therefore, using (1.9), we have

1 1
DI u(®) - e®nuo) = ¢ [ DIl 1-0n (u(@D)] u(at) do = ~t [ e~ (D u(ot)u(ot) do
0 0

On the other hand, estimating as in (2.9), we see that

lu(ot)|*** < e
forall 0 < € < min(1, W) where y <y’ < N satisfies y - y' = —ae(y + m). Therefore,
D@Dl = £ utot, VEOI™ < S X1 Xm0 4 )
By Corollary 2.3, we deduce that
=9 (DM (o)) < T EF xy e xm (1 + |2 # 24
It follows that
1 1
1DV (u(t) - )] < tJ e (DY (o)) do < CE'F e j % < Cre-5")
0 0
Since a(y + m) > 2, we see that D’\’/tt’"(u(t) —ef®myy) — 0in Co(Qp) as t — oo. This proves the result. O

Proof of Theorem 1.10. The three statements in this theorem follow from Proposition 5.1 and, respectively,
[9, Corollary 4.2, p. 360, Corollary 1.3, p. 345 and Theorem 1.4, p. 345]. O
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6 Nonlinear Asymptotic Behavior on Sectors

In this section, we consider equation (1.1) with nonnegative initial value uy € Xy, in the case a < yJ%m, and
our goal is to prove Theorem 1.11. First however, we need to show that the hypothesis on the initial condi-
tion ug, which gives a lower bound for large |x|, implies a lower bound on the resulting solution at any fixed
positive time. The key point is the behavior near the boundary. We prove the following result.

Proposition 6.1. Let ug € Xy,,, with ug > 0, and suppose that there exist p > 0 and ¢ > 0 such that, for all
X € Qm with x| 2 p, ug(x) > cho(x), where g is given by (1.6). Let u(t,-) = u(t) = S (t)up be the resulting
solution of (1.1) as given by Theorem 1.2, and fix any to > 0. It follows that vo = 8,,(to)uo verifies the condition

c'x1x5 -+ X, 0<|x|<1,
vo(x)Z{ 1 am I (6.1)

! —
c'x1Xg - X IX[TYF2M x| > 1,
for some ¢’ > 0, where the constant ¢' may depend on ty.

We refer the reader to [8] for results of this type on a general domain. The present situation differs from that
in [8] in that the sector Q,, does not have the required regularity, and also that here we include the possibility
that ug could be identically zero on a bounded subset of Q,,. Unlike [8], our proof makes use of the explicit
form of the kernel for the heat semigroup on Q,.

Proof. We first note that it suffices by comparison to prove this for the specific initial value

0, Qm, ,
o(x) = X € Om, X <p 6.2)
Clpo(x)y X € Qm, |X| Zp’

where 1 is given by (1.6), and p > 0 is arbitrary. To accomplish this, we first prove that, for any fixed ¢y > O,
Vo = efobmy verifies (6.1), where ug is given by (6.2). For this purpose, since the estimate is linear, the value
of ¢ > 01in (6.2) is of no importance.
Thus, we consider e/®muy on Q,, given by (1.7) and (1.8), where uy is given by (6.2). Using the fact that
eS—eS > 2sforalls > 0, we see thatif x,y € Qp and 1 < i < m (so that x; > 0 and y; > 0), then
2 Ixi+y;

Xy _ 2 K2 wil2 Xy Xi¥i Xiyil _w? il Xiyil _w* i

e W —e  a =e ae 4 [ea —e kx| > 4 @~ 4t 2t e 2, (6.3)

In addition, for m + 1 < j < N, we have (since (s — )2 < 252 + 2r?)

12

It follows that

ePryg(x) = J K¢(x, y)uo(y) dy

Qm
N N biy? iyl Iyl
:(4nt)‘7J H e H[e_ i —e i Jup(y)dy
O j=m+1 i=1
N _x? yI?
> CX1Xp - Xyt " (47TE) 2 @720 J y1y2-+-yme 2 uo(y) dy
Qm
-m N w2 2.2 > b2 —y-2m
=CX1X2 Xt " (4mit) 2 e 7 YiVs - Yme 2yl dy. (6.4)
VEQnm
lylzp

This shows in particular that, for any ¢t > 0, e/®mu satisfies (6.1), but only on any given bounded set in Q.
We turn our attention to the case where |x| is large. For x € Q,, let

Qm(x) ={y € Qm : 0 < x; < y; <max[2x;, 2], 1 <i<m, 0<|xj| <|yil <max[2]|x;],2], m<i< N}.
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If y € Qpm(x), then

N
ly|? = Zyl Zmax[2|x1| 212 z (4x? + 4) = 4x|* + 4N.
i=1 i=1

Since this calculation is for large |x|, we may suppose that |x|> > N, and so we see that
Y€ Qm(x) = |yl <2V2|x| < 4lx].
Also, we want to use the specific formula in (6.2), so we impose |x| > p, where p is as in (6.2). Hence
y€Qmx) = lyl2p.
We can now calculate

e uo(x) = JKt(x,y)uo(y)dyz j Ke(x, y)uo(y) dy = j KX, y)y1y2 - Ymly| V2™ dy

Qm Qm(x) Qp (%)
> 47V J K(x, y)y1y2---ymdy
Qu (%)
max|[2x;,2]
CYdmy i —y—2m L oyl iyl
=t [ e - e M yay
-1 g

><< ﬁ J e‘lxi;# dy,-)

=M |<lyi <max(2]x],2]

m max[2x;,2] R
—y=2m,,,|-y-2m _N _ Ixi=yil Ixi+yil?
=4 Ix| @ty 2 ([] [e" @ —e  a Jyidy;

i=1

N max|[2|x;|,2]
Ixi 1| |X*x

X( I1 j e @ +e ]d)’z>- (6.5)
i=1+m

[xi
We first need to examine the integral
max|[2x;,2]

_Ixyil? Ixityil?

[e” 7" —e” @ lyidyi

Xi

for 1 <i < m, under two different circumstances, O < x; < 1 and x; > 1. Consider first the case x; > 1. We have,
since y; > x;,

max[2x;,2] 2 e 2 i 2 ?
_ Ixiyil LT +yx _ bxiyil” -k +y’ L T
j [e T ])/1 dy; > Xi j [e a4t — ] d)/l = j[e - e “ ] dyl
Xi Xi 0
Xi Xi
il 2612yl _il? 12512
Xi [le7 4 —e" e Jdy = x; | e” A [1—e” A ] dy;
0 0

1
_1 _ﬂ 1
>xi[l-e t]je i dy; = Crx;.
0

We next consider the case x; < 1. We have, by (6.3),
max{2xi.2] Ixi=yl? Ixg+yil2 iy Vil? Ix;12 yz il
_ ioyil® [ i l] bl e oy dy; = xje TJ-[T’]e‘ 2 dy;

[e" 3 —e " ]yldyl_

H%N

Xi

2 2
. ly;l
> xie‘% J [y—tl]e g dy; = C?Xi.
1
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We second need to examine the integral

max(2|x;|,2]
Ixi=yil® Ixi+yil?

[e” @ +e a ]dy;

]

form + 1 <i < N, under two different circumstances, O < |x;| < 1 and |x;| > 1. Consider first the case |x;| > 1.
We have, if in addition x; < 0, thatis —x; > 1,

max|[2|x;|,2] 5 —2X; 5
_ Ixi-yil Ix;+yil? _ Ixi-yil \xl+y,\
[e""a  +e " Jdy;= J[e a - +ear |dy;
[xil —X;
*in —Xi
Ixi +}’x _@
> | [e @ Jdyi= | e % dy;
—Xi 0
1
Iyil?
> J - dy; =
0

We have, if in addition x; > O, thatis x; > 1,

max[2]x;],2] 2x;
Ixi=yil? Ixi+yil? Ixi=yil? Ix; +y,

[e” @ +e ]dyi=j[e’ it +e” 1dyi

xil Xi
ZX,' Xi
"‘l’yl _@
> | le % ]dyi= | e dy;
Xi 0

1
lyil®
> je‘# dyi = C}.
0
. . IO e/ G ./
We next consider the case |x;| < 1. By the inequality e™ "4 ~ > e” 2 e~ 2r , we have

max[2]x;,2] 5 2 2 2 ¢ >
Ixi=y;l Ixj+yil Ll by l? =
@ e iz [ ane [ e ayz et [ ayi-c
Ixil ! ! '

In all cases, we have

max[2x;,2] i \x1+y,
- lyidyi = Cex; for1<i<m, (6.6)
Xi
max[2|x;l,2]
[e"x’?%IZ b e ldyi=C; form+1<i<N, (6.7)
[xil

whenever x € Q. It therefore follows from (6.5), (6.6), (6.7) that, if x € Q,,, then
e®rnug(x) > Cex1xz -+ Xmlx| V2™, |x| > max[VN, p]. (6.8)

Combining (6.4) and (6.8), we obtain that, for any fixed t > 0, e!®mu satisfies (6.1).

We next show the same result for u(t, - ) = u(t) = 8,,(t)up being the resulting solution of (1.1), where ug
is given by (6.2). To do so, set w(t) = et u(t), where u = [cp¥*™]% > ||u0||gm(0m). Since u(t) < llugllL~(q,, forall
t > 0, we have u(t)* < p forall t > 0. It follows that

w'(t) = e!tu'(t) + eFuu(t) > et u' (t) + e*u(t)®u(t) = e* Au(t) = Aw(t).

Hence w(t) > e w(0) = e!®nyyg. In other words, u(t) > e *et®my,, which implies the desired result. O
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Remark 6.2. In addition to being well-posed in Co(Qp,), in LY(Q,,) for 1 < g < 0o, as noted in the introduc-
tion, and in X,y,,, as per Theorem 1.2, equation (1.1) is globally well-posed in L°(Q,,) in the following sense.
For every ug € L®(Qy,), there is a unique solution u € C((0, co); Cg’”(Qm)) of the integral equation (1.14),
where Cg’“(Qm) denotes the closed subspace of L (Q,) of bounded, uniformly continuous functions on Q,,
which are zero on 0Q,,, but not necessarily as |x| — co. This solution has the following additional proper-
ties: the function u is a classical solution of (1.1) on (0, c0) X Qu, [[u(t) — etm Uollre,) — 0ast — 0, and
lu(t)| < (at)/* forall t > 0. One way to see this is first to establish the corresponding result on L®(RN), but of
course with CP*(RY) instead of Cg’“(Q m), and then to restrict to antisymmetric functions on RY. The result
on RY follows from standard arguments, i.e. contraction mapping, parabolic regularity, and comparison. We
refer the reader to [2, Appendices B and C] for detailed information about e on C b.u(RN). In particular, [2,
Lemma B.1] establishes that e®h e CP¥(RV) for all h € L=(RY), and [2, Theorem C.1], which is still valid for
the nonlinear heat equation with absorption, establishes the necessary regularity.
Proposition 6.3. Let m € {1, 2, ..., N} and a > 0. There exists a self-similar solution V(t, x) = t‘l/“g(%) of
equation (1.1) such that g € Cg’”(Qm), the space of bounded uniformly continuous functions on Q., which are
zero on 0Qp, 8 > 0, and

a Vaebnp < g < (ag) M/ *e1-8np (6.9)

forall 0 < € < 1, where h(x) = 1 is the constant function on Qp,.
The self-similar solution V is characterized by

V= lim I'3/%, (6.10)
A—00

where v is the solution to (1.1) with initial value vo = h, as described in Remark 6.2, the dilations I‘i/ % are defined
by (1.17), and where the limit (6.10) is uniform on compact subsets of (0, co) x Q.

We observe that, in the case m = 0, the corresponding self-similar solution is (at)~1/4,

Proof. Throughout this proof, we let h € L*°(Q,,) denote the specific function h(x) = 1, x € Q,,. It follows
from (1.9) that
(B h)(Ax) = (e h)(x) (6.11)

Next we let v = v(t, x) be the global solution of (1.1) or (1.14) with initial value v = h, i.e. vo(x) = v(0,x) = 1
for all x € Q,, as described in Remark 6.2. For all A > 0, v,(t, x) = A2/?v(A2t, Ax) is likewise a solution of
(1.1) or (1.14), but with initial value vo 1 (x) = v1(0, x) = A>/%v,(Ax) = A2/* forall x € Q.. Since A — vg 5 is an
increasing function, by comparison so must be A — v;. Moreover, we know that

valt, x) < (at)" 1 (6.12)

so that the v; must converge to some function V(¢, x) < (at)~1/%, and in particular, V(t) € L®(Q,,) for t > 0.
Since each v, is a solution of the integral equation (1.14) on every interval [g, T] ¢ (0, c0), the same must be
true for VV by the monotone convergence theorem. Hence V is a solution of (1.1) and V € C((0, 0o); Cg’”(Qm))
since initial values in L*(Q,,) give rise to solutions of (1.14) in C((0, co0); Cg’“(Qm)) as per Remark 6.2. Note
that, by parabolic regularity and standard compactness arguments, the convergence of the v, to V is uni-
form on compact subsets of (0, co) x 5,,,. Moreover, V a self-similar solution, being the limit of the dilated
solutions v,. Thus, we can write

V(t, x) = t‘”“g(%),

whereg = V(1) € Cg’"(Qm) is the profile of V.
As for the behavior of g, we first observe that, for t > 0 and € > 0, by (6.12),

valt +€,-) < e (vi(e)) < (ag) V%enp,
Letting A — oo, we see that, for t > 0 and € > 0,

V(t+¢€) < e V(e) < (ag) Y%ebBnh
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so that g = V(1) < (ag)~Y/?e(1=8An} for all small O < € < 1. Also, V(2t) < (at)"}/%et®np, On the other hand,
we claim that, forall t > 0,
V(t) > (at)"%etBnp, (6.13)

To see this, we first show that
v(t) = (1 + at)"Veetlnp, (6.14)

Indeed, if we set w(t) = (1 + at)*/®v(t) so that w(0) = v(0) = h, then, since v(t) < (1 + at)~*/% (which follows
in particular from Proposition 1.5 since |e!2nv,| < 1), we get that

w ()= (1 +a) (@) + (1 + at) V' () = (1 + at) V() + (1 + at) /2 () = Aw(b),
which implies that w(t) > e®»w(0) = e®h. This proves (6.14). By (6.11), it follows that
va(t, X) = A2%(1 + aA2t) V(B ) (Ax) = (A2 + at) Veetbnp, (6.15)

The lower bound (6.13) now follows by letting A — coin (6.15). Hence g = V(1) > a~/%ebnp,
Finally, we note the perhaps curious result that V(2t) < (at)"%ef®h < V(t) forall t > 0. O

Proof of Theorem 1.11. By the hypotheses on ug and by Proposition 6.1, we have that, for ¢y > O,
u(to, X) > cxq -+~ Xp min[1, [x|772™] (6.16)

on Q,,, and we know that u(ty) € Co(Q,,). Up to a translation in time and since we are concerned with the
large time behavior, we may suppose that ug € X,y N Co(Qm), Uo = 0, and it verifies (6.16).
In fact, it suffices to assume

Uo(x) = cxq - - X min[1, [x|7Y2"]. (6.17)

Indeed, suppose ug(x) = cxq - -- Xy min[1, [x|7Y~2™] < vo(x) < ¢’ for some ¢’ > ¢, and that u(t, x), v(t, x), and
w(t, x) are the solutions of (1.1) with initial values, respectively, ug, vo, and wo = ¢’. We know by comparison
that

tY%u(t, x V) < tV%v(t, xVE) < tYw(t, xVt).

Hence if we prove that
tlim tY%u(t, xVt) = g(x)
—00

uniformly on compact subsets of Q,, then clearly, since, by Proposition 6.3 along with a rescaling,
tllglo Mo w(t, xVt) = g(x)

also uniformly on compact subsets of ﬁm, it follows that
tlirglo t%v(t, xVt) = g(x)

uniformly on compact subsets of Q,,. Thus, we now assume the initial value uq € Xm,y is given by (6.17), and
we denote by u(t) = 8,,(t)ug the resulting solution of (1.1) given by Theorem 1.2.
We use a method introduced in [7]. Consider the space-time dilations defined by (1.17) with ¢ = %,

ur(t, x) = Fi/“u(t, x) = A2 uA%t,Ax), A>0,t>0, x € Q.
In particular, u, is the solution of (1.1) with initial data
up A(x) = Di/“uo(x) = A% (Ax) = A2 %xq - X min AT, ATV x|V 2 x € Q. (6.18)

Since % >y + m, it follows that u 1(x) is an increasing function in A > O for all x € Q. (It is the minimum of
two functions which are obviously increasing in A.) Consequently, the solutions u,(t, x) are likewise increas-
ingin A > 0. We note also that the solutions w,(t, x) are increasing in A > 0 (as in the proof of Proposition 6.3),
where w is the solution with initial value wg = ¢’ as above.
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Since
u(t, x) < wi(t,x) < V(t,x) in (0, co) X Qp,

where V is the self-similar solution of Proposition 6.3, it follows that the limit

Alim uy(t, x) = U(t, x) < V(t, x) (6.19)
—00
exists and

u,(t, x) < U(t, x) (6.20)

for all A > 0. Moreover, by parabolic regularity and standard compactness arguments, the limit (6.19) is
uniform on compact subsets of (0, c0) x Q.

We next wish to show that U(t, x) = V(t, x) on (0, co) x Q,,. For this, we need to obtain a lower bound
for U. Let A > 0, and consider the family of truncated initial values

uy A (x) = minfup 1 (x), Al, x € Qp.
Let z‘: be the solution of (1.1) with initial data ué )- By comparison principle and (6.20),
Z3 (6, x) <up(t, x) < U(t,x) in [0, 00) x Qp

for every A > 0 and A > 0. Moreover, it is clear from (6.18) that, for each fixed A > 0, the initial values u‘g 1)
are an increasing function of A > 0, and so therefore must be the solutions zf(t, x). Furthermore, the initial
values satisfy the monotone limit

Jlim uy A (x) = A, (6.21)

and the corresponding solutions converge in a monotone fashion to some function

lim Z3(t, %) = Za(t, x) < U(t, x). (6.22)

We next consider the integral equation satisfied by zf (t),1i.e. equation (1.14) with initial value ug‘ )~ Using
(6.21) and (6.22) along with the monotone convergence theorem, we see that Z, (t) satisfies

t
Zu(t) = ePnA - j el (12,4(5)*Z4(s)) ds,
0

i.e. Z, is the solution of (1.14) with initial value Z4(0) = A on Qy,.

We know by (the proof of) Proposition 6.3 that limg_.o, Z4(t) = V(t), which implies, along with (6.22),
that V(t, x) < U(t, x). Thus, by (6.19), V(t, x) = U(t, x).

Thus, we have shown that

lim up(t, x) = lim A2%u(A%t, Ax) = V(¢, x) = ¢ 1/ (i) 6.23
Agl(;lou/l( X) dim u( x) = V(t, x) g 7i (6.23)
where the limit is uniform on compact subsets of (0, co) x Q. The result now follows first by setting t = 1 in
(6.23), and then by replacing A2 by 7. O

7 Case of RV

In this section, we consider the extension of the results in the previous section on the sectors Q, to the
case of antisymmetric functions on RY. Recall that if i: Q,, — R, then 1 denotes its pointwise extension
to RN which is antisymmetric with respect to x1, X2, . . ., X;s. Similarly, if K c Qpn, then K ¢ RN denotes its
antisymmetric extension. Similar notation is used for spaces of functions, etc.

The following two results show the equivalence of various kinds of convergence on Q,, to the correspond-
ing convergence on RV,
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Proposition 7.1. Letm e {1,...,N},0 <y <Nand M > 0. Let (Yi)k=1 C Bm,y,m and y € By, y m. The follow-
ing are equivalent:

@) Y« —>l/)1n3myMask—>oo;

(i) Yr — P inD'(Qm) as k — oo;

(i) Yx — P in 8'(RN) as k — oo;

(iv) Y — P in By, u as k — oo;

() Yx — ¥ in D' (RN\{0}) as k — oo;

vi) Y — Pin (BY™* ask — co.

Proof. From [9, Proposition 3.1 (i), p. 356] and [9, Proposition 5.1, p. 361], statements (i), (ii), (iii), and (iv)
are equivalent. From [4, Proposition 2.1 (i), p. 1110], we have that (v) and (vi) are equivalent. It is clear that
(v) implies (ii) and (iii) implies (v). This proves the result. O

Proposition 7.2. Let me {1,...,N}, 0 <y <N and M > 0. Let (Yi)r=1 C Bm,y,u and P € By, yu. The two
following statements are equivalent:

© Y - PinLi, (Qm) ask — co;

(ii) Px — Pin Ly (RM\{0}) as k — oo.

Proof. (i) = (ii). It suffices to show IpslxlsR|ﬂ - $| dx — 0forall 0 < p < R < co. We know by assumption (i)
that, for every 6 > O,

Jlﬁ-ﬁldx:Zm J|’,bk—l,[)|dx—>0 as k — oo,
< Ks
where K5 = {x € Q;; : p < |x| < R, dist(x, 0Q,,) > 6}. On the other hand,

jwk—wmxszszpodHo as§ 0,
K K§

where K§ = {x € Qp : p < |x| <R, dist(x, 0Q) < 6}. Thus, given € > 0, fix § > 0 so that

€
j Ill)k — ll)| dx < W
KC
for all k > 1, and then choose kg > 0 so that f Ky [Yr—Pldx < zmﬂ forall k > ko.
(ii) = (i). Let K be a compact of Q,. Then, by continuity of the reflection function, K is a compact of RN\ {0}
and lel/Jk -YPldx=2"" L?Il/)k - l/)| dx — 0 as k — co. Hence (i) holds. This establishes the result. O

In light of Propositions 7.1 and 7.2, Theorems 1.14, 1.16, 1.17, 1.18, and 1.19 are now immediate conse-
quences of the analogous results on the sector Q,,, either by re-interpretation as results about antisymmetric
functions on RY as described in [12, Section 3], or by simply re-doing the proofs essentially line for line but
considering the antisymmetric extension to RN of all the functions defined on Q,.

We wish, however, to specifically identify the self-similar solution on RY which is the antisymmetric
extension of the self-similar solution constructed in Proposition 6.3, as we think it is of sufficient independent
interest.

Proposition 7.3. Let m € {1, 2, ..., N} and a > 0. There exists a self-similar solution V(t, x) = t‘l/“g( X ) of
equation (1.1) such that g € C» “(IRN ), the space of bounded uniformly continuous functions on RV, g is antz-
symmetric in X1, X2, ... , Xm, and

a Vel h(x) < g(x) < (ae) V2P h(x),  x e Qp,

forall0 < € < 1, where h € L°(RRN) is the antisymmetric function such that h(x) = 1, x € Qp,.
The self-similar solution V is characterized by
= hm raay

A—00

where v is the solution to (1.1) on RN with initial value v = h, as described in Remark 6.2, the dilations Fﬁ/ a
are defined by (1.17), and where the limit (6.10) is uniform on compact subsets of (0, co) x RN,
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A Appendix

We give here the proof of the parabolic version of the Kato’s inequality, and we use it to establish a basic
estimation used to prove Theorem 1.1. See also [10, Lemma A.1, p. 570].

Lemma A.1 (Kato’s parabolic inequality). Let Q ¢ R x RN be any open set. Let u € L1 (Q) be such that

loc

-Mu=f inD'(Q),

withf e L loc Q). Then |ul; — Alu| < sign(u)f in D'(Q), where
1 ifu>0,
sign(u) = 4-1 ifu<o0,
0 ifu=0

Proof. If F: R — Ris a C? convex function and z: Q — R a C? function, then

(0t — A)F(2) = F'(2)0:z - [F'(2)Az + F" (2)|Vz|?]
= F'(2)(0¢ - Nz - F"'(2)|Vz)?
< F'(2)(0; - N)z.
Mollify u to ux = px * u such that uy € C*°(Q), where py is a sequence of mollifiers. Note that uy — u

and (0; - Aux — (0 —A)u in LL (Q) as k — co. It follows that (d; — A)F(ux) < F'(ui)(9; — A)ug. We set
F(z) = V&2 + z2. We obtain then

loc

(0¢ - A)F(uk)_F( )( t = Dug. (A.1)

By a simple calculation, we have |F(ux) — F(u)| < |lux| - ul| < |u - ul; then F(ux) — F(u)ask — coin Ly (Q)
as well as pointwise a.e., and (0; — A)F(uy) — (at A)F(u) as k — oo in D’(Q). Since |F | < 1, then the
dominated convergence theorem implies that 7 u as k — coin LL (Q). Letting k — oo in (A.1), we

F(u) loc
obtain

(0¢ A)F(u)sF( )( -DNu= Fu )f (A.2)

Since F(u) — |u| uniformly as £ — 0 such that (3¢ — A)F(u) — (0 — A)|u| in D'(Q). Also, F(uu) |u| in LIOC(Q)
(again by the dominated convergence theorem). By letting € — 0 in (A.2), we obtain (d; — A)|u| < sign(u)f.
This completes the proof. O

We have the following result, which is an application of Kato’s inequality.

Corollary A.2. Let X = Co(Qm) or LP(Qy) forsome 1 < p < oco. Letu, v € C((0, o), X) be two solutions of equa-
tion (1.1) with initial values, respectively, ug, vo € X. Then |u(t) — v(t)| < e®®n|ug — vo| forall t > 0.

Proof. Denote by w the unique solution with initial value wq = '”0 vol ¢ X,
Let z = |u — v|. Applying Lemma A.1 with Q = (0, co) x Qp andf [v|*v — |u|*u € C(Q), we have

z¢ = Az + ||ul*u - |v|®v| < 0.
Since ||ul*u — |[v|%v| > 27%|u — v|**! = 27%2%*1, we deduce that z; — Az + 27%2%*1 < 0. Letz = 4. Then
+1

—AZ+Z% <0 = we— Aw + W

Since z(0) = w(0), it follows from the comparison principle that z < w. Since
t
w(t) = erwg - J e\ =9 (w(5)@ 1) ds < ePmwy,
0

the result follows. O
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Finally, we give two results which we found during our research for this article, and which we believe have
an independent interest, but which ultimately were not needed for the proofs of the main results.
Consider the eigenvalue problem, on some domain B ¢ RY, ~AH = AH, where A € R. We look for a solu-
tion of the form
H(x) = x1x2 -+ xmQ(r), (A.3)
where r = (x2 + X3 +--- + x3)'/2. We note that, for 1 <i < m,
- ,, . or
0iH(X) = x1X2 -+ Xi - X Q(r) + X1X2 - - Xm Q Qv
1

X
~ 12 1
=X1X2 -+ Xj - X Q(r) + X1x2 -+ - X Q (r)T,

where x; means that x; is missing from the product, and

. N2 2 _ 42
FH() = 26106+ & xn @ (N2 +x10 x| @ 0(32) + QD]
r r r
Q'(r) r-x;
r

+X1X2"'Xm[Q”(r)<)$)2+Q’(r) 3 ]

=2X1X2 " Xm

andif m <i < N, then
2

O2H(x) - X1X2"'Xm[Q”(r)(§)2 N Q'(r)rz ';Xi ]

It follows that

oo

u 2m
AHG) = Y 0FHO0 = X1z x| Q1) + Q") +
i-1

WQ’U)]. (A.4)

=X1X++ -xm[Q”(r) +
Proposition A.3. Let By = {x € Qp, : x| < 1} c RY, and let A > 0 be the lowest eigenvalue of —A on B, with
Dirichlet boundary conditions. It follows that there exists an eigenfunction H : B; — [0, ) of the form (A.3),
where Q: [0, 1] — [0, co) is decreasing with Q(0) = 1 and Q(1) = 0 and r = (x3 + X3 + -+ + x3,) /2. Moreover,
the value of A > 0 is precisely the lowest eigenvalue of —A on the unit ball in RN+>™ with Dirichlet boundary

o . . . . . . ! ] 2 2 2 1/2
conditions, and its corresponding eigenfunction is precisely Q(r'), where r' = (X7 + X5 + -+ + Xx,2) 2,

Proof. Let Q(r'), where ' = (x] + x3 + -+ + x%,,,,)"/%, denote the radially symmetric, radially decreasing,
nonnegative eigenfunction of —A on the unit ball in R¥N*2™ [normalized so that Q(0) = 1], with eigenvalue
A > 0. In particular, the function Q: [0, 1] — [0, co) satisfies the differential equation

N+2m-1

-1Q"(s) + Q'(s)| =AQ(s), O0<s<1. (A.5)

Let H: By — R* be given by (A.3), where r = (x3 + X3 + -+ + x%)/2. It follows from (A.4) and (A.5) that
—AH = AH on By and that H(x) = O for all x € 0B;. Since H(x) > O for all x € By, it follows that A is the lowest
eigenvalue of —A on B;. O

Let us now give a remark about the elliptic equation verified by 1.

Remark A.4. LetN>1,m € {0,1,...,N},0 <y < N, and i be given by (1.6). Then
Yo

~Apo = (y +2m)(N - 2 - Y)W

for all x € Q.

Proof. By (1.6), the function 1 can be written in the form (A.3), that is,

Yo(x) = x1 -+ x,n Q(r),
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with Q(r) = Cmyr ™2™, 1= (2 + -+ + x% + -+ + x3) V2, where cp,y = y(y +2) -+ (y + 2m - 2). For such a Q,
we have

Q"(r) Q' (N =cmyly+2m)ly+2m+1-(N+2m-1)]r72m2

—y-2m-2

N+2m-1
+f
=Cmy(y+2m)(y +2 - N)r

The result follows then by (A.4). O
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this research.
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